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Preface

On March 8, 2010, Professor Emilio Elizalde Rius, a renowned Spanish and Catalan scientist in
the area of mathematical physics, quantum field theory and cosmology, is celebrating his sixtieth
birthday. This special volume contains a selected collection of his more important articles written
during the last thirty years.

It is quite natural that such a book is being edited by Tomsk State Pedagogical University
(TSPU). Professor Emilio Elizalde (ICE, CSIC-IEEC, Barcelona) has been collaborating very
intensively with mathematical physics/cosmology researchers from Tomsk State Pedagogical Uni-
versity during the last twenty years. In total he has published more than one hundred papers
written together with TSPU professors. Among his collaborators one can count the leaders of the
aforementioned theoretical physics directions: Prof. V.V. Obukhov (General Relativity and Mat-
hematical Physics), Prof. S.D. Odintsov (Cosmology and Quantum Gravity), Prof. K.E. Osetrin
(General Relativity and Mathematical Physics) as well as several other professors of TSPU.

The scientific relations between TSPU and ICE-IEEC were developed to a very high level
during the last years. There was established a cooperation agreement between ICE-IEEC, Barce-
lona and TSPU, Tomsk. Our students and professors are often guests of ICE-IEEC, Barcelona.
A number of common conferences has been organized. Moreover, Professor Emilio Elizalde is
nominated to become honorary professor of TSPU in 2010.

The research activity by Emilio Elizalde is very wide, as one can see from his brief CV attached
at the end of this volume as well as from his publications list. He has got a number of fundamental
results in zeta-regularization techniques (where three monographs are published), mathematical
physics, observational and theoretical cosmology, quantum gravity and quantum field theory. We
are proud of the fact that some of these fundamental results have been obtained together with his
Tomsk colleagues.

Needless to say that on his 60th birthday Prof. Emilio Elizalde is extremely active in research,
publishing a dozen of scientific papers a year. This definitely means that we can expect a lot more
brilliant results from him in the future. TSPU presents this special volume to Emilio as a gift
on his 60th anniversary. All his Tomsk friends and colleagues wish him excellent health for many
years to come and even more fundamental scientific achievements.

Prof. V.V. Obukhov
Prof. S.D. Odintsov
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Some personal remembrances of my scientific life

My scientific career officially started on a June 29th, some years ago, during the Saint Day’s
celebration of my first mentor, Prof. Pedro Pascual who, over a glass of Torres Sangre de Toro
wine, handed me a couple of references by Hans Bethe related with the missing neutrinos problem.
I completed my Master Thesis on this issue. For my PhD Thesis, written under the supervision
of Profs. Joaquim Gomis and Pascual, I studied the compatibility of the relativistic equations of
Quantum Field Theory for higher-spin particles under minimal coupling, in the light-cone reference
frame. And also the relation, both ways, of this process with the corresponding one for equations
which are invariant under the Galileo group (very fashionable then, owing to Levy-Leblond’s
papers). In particular, I studied the interconnections between the respective symmetry groups,
at the classical and quantum levels, clarifying thereby some of the basic problems (technical
and conceptual) which appeared in establishing those relations. Later, as a young Post-Doc
in Hamburg, as a Fellow of the Alexander von Humboldt Foundation, the study of some other
intriguing questions of the time—as quark confinement (the Savvidy model, the Callan-Dashen-
Gross approach, instantons, merons and solitonic solutions in general)—brought me to consider
the analytic continuation of some classes of zeta functions. They proved to be useful in the search
for effective models of quark confinement. In any case, this problem was also extremely hard (as
the next decades would undoubtedly show) and, as with the solar-neutrino issue I did not consider
myself to be skilful enough to make a breakthrough contribution there. Maybe this was my second
crucial mistake. Be as it may, having mastered some basic zeta function regularization techniques,
I started to apply them to a lot of different situations in the years to come. Back in 1977, Steven
Hawking had written a seminal paper on zeta regularization [Commun. Math. Phys. 55, 133]
which, with near one-thousand citations, remains today the most cited reference on the subject.
This is a real accomplishment, for a work on dry mathematical-physics. A book written with my
collaborators in Barcelona (among them Prof. Sergei Odintsov from TSPU) seventeen years later
[Zeta regularization techniques with applications, World Sci, 1994], with ca. five-hundred, is the
second most cited reference ever on this same subject. Another work I wrote in 1995, the Springer
Verlag monograph Ten physical applications of spectral zeta functions, goes third in the raw, with
ca. three-hundred citations. It is just fair to say that, in the subject of zeta functions—together
with my then students A. Romeo and S. Leseduarte, post-doc K. Kirsten, and collaborators
S. Zerbini, A. Bytsenko, G. Cognola and S.D. Odintsov—our school gained solid international
recognition, which resulted in some ten works over the hundred citation mark, and this in a field
where it is quite hard to get mentioned. Such performance is unparalleled internationally, in this
area I mean, and reflects in many ways, some of which would be difficult to quantify precisely. A
couple of hints follow.

I always like to recall the time when the worldwide web started and when, some years later,
it became popular among American students (and professors too), and I suddenly begun to get
by e-mail a rapidly growing number of questions on zeta functions, from the very elementary to
extremely hard ones—also from several distinguished colleagues who already mastered the new
invention. I then suddenly realized that I had become an international authority on the subject.
Other proofs of my leadership in the field, as calls to be a principal speaker at relevant conferences,
invitations to give seminars at top-ranked universities (including Harvard, Cambridge, Oxford,
the MIT, etc.), fellowship appointments in scientific societies, memberships in Editorial Boards of
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various International Journals, participation in numerous panels and commissions, my becoming
over the years a PI of tenths of projects, an exhausting work as referee at many different instances,
and so on, followed. This may be seen as a mere accumulation of tedious work during several
decades but, anyhow, it has got some salt and pepper! Indeed, I keep copies of sentences written
by numerous colleagues in journal articles, letters, referee reports, and other means, where they
freely ponder my papers with adjectives such as (I transcribe them literally): ‘most beautiful’, ‘very
impressed’, ‘will influence permanently’, ‘extremely useful’, ‘removed the mystery from’, ‘another
beautiful paper’, ‘very important’, ‘highly interesting’, ‘a joy to read’, and so on. This gives me
real pleasure.

As a consequence of my working in such an interdisciplinary field, I produced results that
are of primary importance for the mathematical community dealing with zeta and other special
functions, and some other results which are more useful in specific applications, as the ones already
mentioned on effective models of QFT, in particular, for the study of quantum vacuum fluctuations
and their manifestations, as the Casimir force, in quite different configurations and set ups, from
laboratory nano-physics to applications in cosmology and quantum gravity. From among the first,
I am most proud of my seminal contributions to the Chowla-Selberg series formula, which did
considerably extend the important results of these two authors on the subject. A simple search
under this same acronym in any standard searching platform will reflect my leadership in this field.
And this is work I did basically alone, as the typical mathematician. One of the generalized zeta
functions, to which I extended the results of Chowla and Selberg, is now sometimes known under
my name. Also, I am quite proud of the results we obtained with my Italian colleagues (mentioned
above) on the multiplicative anomaly (or defect) of the zeta determinant of a pseudo-differential
operator. Here, again, I led this block of research, albeit I do acknowledge, in all its value, the
guidance and support of Professor Isadore Singer in this subject that still lies rather on the verge
of standard Mathematics. Together with my collaborators, we actually did pioneering work here,
maybe too advanced to its time, for which reason, in my opinion, it quite probably has not been
recognized in all its value yet.

Turning now to my work on zeta functions with applications in Physics, some of our most
successful papers deal with the calculation of heat-kernel coefficients for some relevant problems,
as the MIT bag model of quark confinement and other compact configurations, and also with the
computation of the contribution of the vacuum (Casimir) energy to braneworld models. These
results could eventually provide a natural and very economic mechanism of stabilization of these
configurations through quantum effects. And, finally, with several calculations of quantum vacuum
contributions that appear in fundamental models of physics, as some specific string theories, and
other. I have often told how, in the middle 80’s, Enrique Gaztañaga came to my office at the
Diagonal Ave. in search of a subject for a Thesis; it came out that I had just participated in a
GIFT Meeting at Peñ́ıscola, where Mike Turner and Ricky Kolb had been talking, very excitedly,
on the first 3D map (a slice, in fact) of the Universe (the famous CfA Survey of M. Geller and
J. Huchra). Many theoretical physicists (Ed Witten, for one) immediately started work on this
point map, trying to fit fundamental theories into an explanation of the large voids and strange
clusters (as God’s finger, the man’s image, and others) of the point distribution. This was both
the beginning of my involvement in cosmology and of Enrique’s very successful career. From
those large-scale structure analysis, counts in cells, and data reduction and compression, I was
driven to basic cosmological issues and to Quantum Gravity ones, attracted also to these fields
by the coming to Barcelona—after a post-doc stay with Professor Enrique Álvarez in Madrid—of
Sergei D. Odintsov. Sergei had quite a different background, and this rendered our collaboration
enormously successful over the years: Dr. Odintsov came back as a visiting scholar, at different
epochs, with money I could get for him from several different sources, as the Spanish Ministry
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and the Catalan Government, until he obtained a prestigious ICREA professorship.
This opened, once more, a new path in my scientific life, zeta function techniques being still

useful, sometimes, to deal with some particular problems, but which mainly demanded different
mathematical tools of classical and quantum gravity and specific know-how of the field, in which
Sergei was an expert (together with J. Buchbinder and I. Shapiro he had just written what is
one of the most successful books and basic reference on Quantum Gravity). Along these subjects,
we have been working with alternative models to General Relativity, as phantom models, Gauss-
Bonnet, and general F(R) and F(G) models, recently including non-local ones, with impressive
successes, especially in the last half-a-dozen years, mainly together with Prof. Sin’ichi Nojiri,
from Japan, and also with the Italian colleagues. In the mentioned subjects, we have now a
record of six papers among the twenty most cited references in the ArXives. The merit here must
go in big part to Sergei and Sin’ichi, but in an important way those are also by-products of my
leadership, in growing over the years a strong group on quantum physics and theoretical cosmology
in Barcelona, which is now leading this field not only in Barcelona, and in the whole of Spain,
but which is presently one of the most successful teams on the international scene in the above
mentioned subjects. Once more, this makes me very happy.

As a remarkable part of my profile, I must also stress that I have carried out a very extensive
outreach activity in bringing scientific knowledge to the society, both in Spain and abroad. I need
mention my activity as a book writer, in Spanish and Catalan (fifteen books in all, from high-
school texts to dictionaries), articles for popular science journals, over sixty articles for newspapers
and magazines, some including profound social discussions, as science and religion, the origin of
the universe, etc., my work as a translator of books, of Scientific American articles and the like
from several languages into Spanish and Catalan. Also, the large amount of conferences I have
given in schools, town-halls, social clubs, auditoriums, etc. I have been regularly participating
in Graduierten Kollegs and other PhD Programs in Europe (Germany, France, Italy, Spain) and
America (USA, Brazil). A detailed account of my outreach activities along these lines during the
last few months can be found on my webpage (just google: Emilio Elizalde).

Finally, another important aspect of my activity, which I am extremely proud of, is my teaching
record at Barcelona University during twenty-five years and, very particularly, of the success of
my several graduate students (and of my undergraduates, too, some of whom have written to me
acknowledgment letters that I keep as a valuable treasure), accomplished in a wide spectrum of
different fields: from heavy quark physics to informatics engineering, from observational cosmology
to sport physics, from financial mathematics to large-scale structure, from data compression to
the Casimir effect. I am very proud of the fact that some of my former students, Prof. J. Soto,
Dr. A. Romeo, Prof. S. Gómez, Dr. S. Leseduarte, Dr. P. Fosalba, Dr. S.R. Hildebrandt, Dr.
M. Tierz, Prof. E. Gaztañaga, and post-doc Prof. K. Kirsten, among others, are now quite well
known scientists and university professors, some of them, in different countries worldwide. To
wit, during my career I have been forming a good number of competent young professionals. My
group in Barcelona has traditionally consisted of just four to six people, in constant renovation
every few years. This is, by the way, quite exceptional in Spain, where groups have tended to grow
incestuously, by accumulation of former students. The variety of subjects dealt with in those PhD
thesis and the fact that my students did leave the group after finishing work, to pursue independent
careers, resulted in my being a true generator of ‘scientific spin-offs’. I often complain, however,
about the fact that—in order to do this task—I have to devote a considerable part of my precious
time to raise funds from several different sources, in order to procure the means for the whole
group to work decently: to travel anywhere to a good conference, to organize different activities,
to buy powerful computers, to invite good scientists to Barcelona, etc. This has truly constituted
an important activity and has made possible the visits and stays of many colleagues from all over
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the world, in special from countries with good scientific schools—but with little financial means.
In particular from Tomsk, the TSPU (including Profs. V. Obukhov, K. Osetrin, I. Buchbinder,
P. Lavrov, etc.) and from other Russian Universities (as Prof. A. Bytsenko, K. Bronnikov, A.
Burinskii, and many more), what I have always considered to be a very substantial activity as
well.

Prof. Emilio Elizalde
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We discuss some controversial aspects of the evaluation of the thermal energy of a scalar field in a one-
dimensional compact space. The calculations are carried out using a generalized zeta function approach.
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I. INTRODUCTION

In a recent paper Brevik, Milton, and Odintsov �1� calcu-
lated the thermal energy associated with several types of
quantum fields living in S1�Sd�1 geometries with d�2,3.
In particular, the thermal energy of a quantum neutral scalar
field defined on a one-dimensional compact space at finite
temperature (S1�S1) was found by those authors to depend
quadratically and also linearly on the temperature in the
high-temperature limit. Their result reads

E����
1
24a � 2�a� � 2� 1

2� , a/��1, �1�

where � is the reciprocal of the thermal equilibrium tempera-
ture T. This expression is in agreement with the correspond-
ing one obtained by Kutasov and Larsen �2� �in the high-
temperature limit� but at variance with the one obtained by
Klemm et al. �3�. These last authors justify their result by
arguing that the contribution of the zero modes becomes sig-
nificant only when the saddle-point approximation does not
hold anymore. This disagreement has caused some doubts
concerning the correctness of Brevik et al.’s evaluation.
Some other authors also strongly support the necessity of
getting rid of the zero mode �see, for instance, �4��, a com-
mon practice also in, e.g., zeta function regularization. How-
ever, it has been argued by Dowker that the correct result for
the thermal energy for this particular arrangement of quan-
tum field and geometry contains a positive, linearly depen-
dent term in the temperature that in the high-temperature
limit cancels exactly the corresponding negative term in Eq.
�1� �see �5� and references therein�. This same result can be
inferred from Cardy’s analysis of partition functions for con-
formal field theories in higher dimensions �6�. In addition to
causing a fundamental problem concerning the associated

entropy function, this disagreement may have consequences
for the Verlinde-Cardy relations �7,8�.
The purpose of this brief note is to examine such ques-

tions a little further. We will see that a generalized zeta func-
tion approach to the problem shows that �i� there is indeed a
contribution to the thermal energy of the spatial zero mode as
calculated independently by Dowker �9� and Dowker and
Kirsten �10�, and also Cardy �6�; �ii� although the thermal
energy is independent of the scaling mass inherent to zeta
function regularization, the free energy and the entropy as-
sociated with the spatial zero mode depend on the scaling
mass; and, finally, �iii� there is no sense in discarding the
terms that depend on the scaling mass, since this would lead
to a violation of the fundamental thermodynamical relations;
in fact, these need the inclusion of a dimensionful parameter
to go with � and provide the unit scale in such a way that the
laws of thermodynamics are obeyed by the thermodynamics
of the zero mode. Or, to put it in other words, it does not
seem to make sense to choose a particular, convenient value
of the scaling mass at this stage of the procedure, any such
value being inescapably arbitrary. The full resolution of the
problem can only be obtained after carrying out a compul-
sory renormalization procedure which makes contact with
physical experiment.

II. ZETA FUNCTION APPROACH TO THE PARTITION
FUNCTION

We begin by briefly sketching a generalized zeta function
�11� approach to the partition function of a quantum scalar
field in thermal equilibrium with a heat bath at a fixed tem-
perature ��1.
The zeta function for conformally coupled massless scalar

fields living on a compact dR-dimensional manifold at finite
temperature reads

�� s; 	2�
R

�2
� �Tr� 	2�
R

�2
� �s

��2s�

��

2 ��s, �2�
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where 	2ª�2�	2/	2� , � is the scaling mass, 
�(D
�2)/4(D�1) is the conformal parameter, and R is the Ricci
curvature scalar. Here D�dR�1 where dR denotes the num-
ber of dimensions of the manifold. The eigenvalues �

2 of the
Euclidean d’Alembertian operator are given by

�
2
�� 2�n� � 2��M �

2

a2 �
2

, �3�

where, in principle, n�0,�1,�2, . . . . Here M
�

2/a2 denote
the eigenvalues of the Laplace operator on the
dR-dimensional manifold. For a bosonic neutral scalar field
the partition function can be obtained from the zeta function
through

log Z����
1
2 ��� s�0; 	2�
R

�2
� . �4�

We can separate the infinite temperature sector, which
corresponds to n�0, i.e., the zero mode associated with the
compactified Euclidean temporal dimension, from the finite
temperature sector and at the same time isolate the spatial
zero mode in the following way. Suppose that the spatial
zero mode corresponds to ��0 and the remaining � are
shifted to ��1 such that ��0,1,2, . . . with an appropriate
degeneracy factor taken into account. For convenience, how-
ever, suppose initially that the spatial zero mode is absent.
Then taking Eq. �3� into Eq. �2�, performing a Mellin trans-
form, and making use of the Poisson sum formula �or Jacobi
theta function identity�

�
n���

�

e�n2��
�
1
��
�
n���

�

e�n2�/�, �5�

with ��4�t/�2, we have

�� s; 	2�
R

�2
� �

�2s

��s ��0
�

dt ts�1�
l�0

�

D�e�(M
�

2/a2)t �
n���

�

e�(4�2n2/�2)t

�
�2s

��s �
�

�4�
�
��0

�

Dl�
0

�

dt ts�3/2e�(M
�

2/a2)t
�
�2s

��s �
�

��
�
��0

�

D�

��
n�1

� �
0

�

dt ts�3/2e�n2�2/4t�M
�

2/a2t, �6�

where Dl is the degeneracy factor. It is not hard to see that
the spatial zero mode can be taken into account by consid-
ering the additional term

�ZM� s; 	2�
R

�2
�

�
�2s

��s �
�

��
�
n�1

� �
0

�

dt ts�3/2e�n2�2/4t. �7�

The contribution of the spatial zero mode as it stands is di-
vergent, the origin of this divergence being the simultaneous
consideration of two zero modes, the temporal and the spa-
tial ones. Nevertheless, we can regularize it and extract its
finite contribution in several ways. One of these ways is to
apply Eq. �5� and discard terms that do not depend on � or
contribute to the partition function with a term which is lin-
ear in � . We obtain

�ZM� s; 	2�
R

�2
� �2���2� � 2s�R�2s �. �8�

Since �R(0)�0, we can expect a scaling mass dependence
of some or all thermodynamical quantities associated with
the spatial zero mode. The derivative at s�0 reads

�ZM� � s�0; 	2�
R

�2
�

�4 log���2� � �R�0 ��4���0 �. �9�

The last term is linear in � and can be discarded, as we did
above �its contribution can readily be absorbed in the regu-
larization mass �).
An alternative way �much more elegant mathematically�

of treating the thermal contribution of the zero mode is to
proceed along the lines pioneered in �12�, that is, �in a nut-
shell� to use the ordinary formulas of zeta regularization until
the end, while ‘‘lifting’’ the zero modes �e.g., preventing
them from becoming zero�, both the spatial and temporal
ones in this case, with the help of two small parameters �say
� and �), which are finally taken to zero after the whole zeta
regularization process �which uses the ordinary expressions
in the absence of zero modes� has been carried through. This
method provides, in some situations, a justification of the
usual principal part prescription �see �12��, and in the present
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case leads also to a complete cancellation �more than that, it
actually avoids the appearance� of the divergences that we
have just discarded on physical �dimensional� grounds.
Making use of the integral representation for the modified

Bessel function of the third kind �13�

�
0

�

dx x��1e�a/x�bx
�2� ab �

�/2

K��2�ab � �10�

for the temperature-dependent part describing the nonzero
modes, and adding the zero mode contribution, we have

log Z�����
�

2a ���0

�

D�M ��
1
2log���2� �

��
��0

�

D�log�1�e��M� /a�, �11�

where we have also used the explicit form of K1/2(z) �13�.
Notice that in this approach—and also in the one described
in �12�—there is no temperature-dependent pole as in �9�.
The factor 2� in the denominator of the log term in this
equation is fully arbitrary �it can obviously be absorbed into
the � parameter�. It would lack any sense to set � equal to a
particular value �say 1 or 2�), as � clearly provides the
�regularization� scale.
Equation �11� can be applied to several situations con-

cerning scalar conformally coupled fields on a
dR-dimensional manifold. The first term of Eq. �11� is asso-
ciated with the zero temperature vacuum energy, the second
one describes the thermal corrections due to the spatial zero
mode �when present; if not so, this term just has to be de-
leted�, and the third one is the thermal contribution due to
real excitations of the conformally coupled fields on Sd�1.
This simple and easy to interpret formula is the result of the
generalized zeta function approach used here.

III. THE THERMODYNAMICS ASSOCIATED WITH THE
ZERO MODE

We consider, to start with, the thermodynamics associated
with the zero mode. First of all, let us remark that the ther-
mal energy associated with the zero mode does not depend
on the scaling mass, in fact,

EZM�����
d
d�log ZZM���

�
d
d�log���2� ��

1
�
. �12�

On the contrary, the free energy and the entropy do. The free
energy is

FZM�����
1
�
log ZZM����

1
�
log���2� � , �13�

and the entropy reads

SZM������2
d
d�

1
�
log ZZM���

��log���2� ��1. �14�

Since the thermal energy and the free energy are related by

�F����� E����C , �15�

we see that, in order to have complete compatibility between
Eqs. �12� and �13�, we must necessarily choose C
�log(�/2�). One can also verify, quite easily, that the fun-
damental relation between the three quantities above,

S���E�F �, �16�

is actually satisfied by Eqs. �12�, �13�, and �14�. These results
are in complete agreement with the ones obtained by Cardy
�6�, provided that we choose ��2� ‘‘in inverse length
units.’’ Their physical relevance, however, is dubious be-
cause, as we have already advanced and clearly see now, in
order to maintain internally consistent thermodynamics, the
need for a dimensionful parameter � is unavoidable and set-
ting it equal to any particular value at this stage �that is,
setting a mass scale arbitrarily� is not justified. For this rea-
son, in the following we will leave the zero mode aside
�however, we will discuss the effect of its inclusion a little
later�.

IV. THE HIGH-TEMPERATURE REGIME

For conformally coupled scalar fields on Sd�1, the rel-
evant contribution from Eq. �11� �skipping the zero mode�
reads

log Z������
��0

�

���1 �d�2log�1�e��(��1)/a�. �17�

And, also from Eq. �11�, the zero temperature vacuum en-
ergy is

E0�
1
2a ���0

�

���1 �d�2���1 ��
1
2a ��1�d �. �18�

Let us consider the one-dimensional compact space for
which dR�1 and D�d�2. In this case

E0�
1
2a ���1 ���

1
24a . �19�

On the other hand, Eq. �17� reads

log Z������
��1

�

log�1�e���/a�, �20�

where we have shifted the quantum number � by one unit.
Since the thermal energy is given by
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Ẽ�����
d
d�log Z���, �21�

one can combine Eqs. �19�, �20�, and �21� to obtain the total
energy, in the form

E����E0�Ẽ���

��
1
24a�

1
a ���1

� l

e��/a
�1

. �22�

One can now make use of an appropriate sum formula, say
Euler-MacLaurin, Abel-Plana, or Poisson, in one of its sev-
eral versions, to evaluate the sum on the right-hand side of
Eq. �22�. As an alternative to Euler-MacLaurin’s formula em-
ployed in �1�, let us consider here the Abel-Plana sum for-
mula

�
n�1

�

f �n ���
1
2 f �0 ���

0

�

dx f �x �

�i�
0

�

dx
f � ix �� f ��ix �

e2�x�1
. �23�

A straightforward application of this expression, with f (x)
�x/(e�x/a�1), leads to

E�����
1
2� �

1
24a � 2�a� � 2, a/��1, �24�

which is the result obtained in �1� and questioned in �5�. The
inclusion of the zero mode here would have certainly led,
unambiguously, to a cancellation of the ��1 dependence.
But this is a very specific feature of the thermal energy,
which is the only thermodynamical quantity that does not
depend on the regularization scale of the zero mode.
Notice that Eq. �22� is more appropriate for a low-

temperature representation of the energy, and upon the use of
the Abel-Plana sum formula it yields the high-temperature
result. As is well known, this is a property of this kind of
sum formula �starting with the Jacobi identity�, which relates
a series expansion valid for, say, low values of the relevant
parameter with a corresponding series expansion for large
values of the parameter. In spite of those formulas being
identities �both expansions correspond, of course, to the
same function�, one should be careful not to mix terms of
one of the expansions with terms of the other one.
It can be verified precisely that it is the third term in the

Abel-Plana formula that exactly cancels the zero temperature
contribution. In fact, the contribution of this term reads

i�
0

�

dx
f � ix �� f ��ix �

e2�x�1
��

0

�

dx
x

e2�x�1
�
1
24 . �25�

Observe also that the result given by Eq. �24� is closed, in
the sense that the use of the Abel-Plana sum formula does
not allow for exponential corrections; hence it holds only in
the very high-temperature regime.

V. THE LOW-TEMPERATURE REGIME

We will now construct an alternative representation for
the thermal energy. Contrary to what has been done in the
preceding section, through most of the present one we will
be dealing with expressions valid in the high-temperature
regime, and toward the end we will make use of the Abel-
Plana formula in order to obtain the desired low-temperature
expansion.1
In order to obtain, to begin with, a high-temperature rep-

resentation of the free energy, we make use of the Poisson
sum formula, in the form

�
n�1

�

f �n ���
f �0 �
2 ��

0

�

dx f �x �

�2�
n�1

� �
0

�

dx f �x �cos�2�nx �, �26�

where here f (x)�log(1�e��x/a). A straightforward applica-
tion of Eq. �26� to Eq. �20� yields

log Z����
f �0 �
2 �I�0 ��2�

n�1

�

I�n �, �27�

where

I�n �ª�
0

�

dx f �x �cos�2�nx �,

n�0,1,2,3, . . . . �28�

The integrals defined by I(n) can be readily evaluated with
the help of formulas to be found in �13�, and the result is

log Z����
f �0 �
2 �

�2a
6� �

�

24a

�
1
2 �n�1

� 1
ncoth� 2�

2na
� � . �29�

The contribution due to f (0) can be explicitly calculated as
follows. Expanding the log as usual we can write

f �x ���
1
2�i�c�i�

c�i�
d���������1 �� �xa � ��

�30�

where we have made use of the representation

1Both the high- and low-temperature expansions can be derived,
in a completely equivalent but more direct way, from the represen-
tation of Eq. �22� in terms of the normalized Eisenstein series E2(�)
�4,14�.
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e�s
�
1
2�i�c�i�

c�i�
d�����s��,

s ,c real, �s��1,c	1. �31�

In the limit x→0 the finite contribution of f (x) is deter-
mined by the double pole of the integrand in Eq. �30� at �
�0,

lim
x→0

f �x �� f �0 ��log� �

2�a � . �32�

On the other hand, we can also make use of the expansion

coth�x ��1�2�
p�1

�

e�2px, x	0. �33�

As a consequence, after discarding an unphysical �formally
divergent� constant we end up with

log Z����
�2a
6� �

1
2log� �

2�a ��
�

24a

� �
p ,n�1

� 1
n e

�4�2n p a/�. �34�

It follows that the thermal part of the free energy in this
representation is given by

F̃�����
1
�
log Z���

��
�2a

6�2
�
1
2�log� �

2�a ��
1
24a

�
1
� �
p , n�1

� 1
n e

�4�2n p a/�. �35�

As in the case of Sec. II, an alternative calculation can be
performed using standard zeta function methods ab initio,
namely, the transform �31� already in the expansion of the
starting expression �17�. The final result obtained is exactly
the same, but the calculation is very much shortened and �as
before� it avoids at every step the formation of divergences.2
Notice that our result, Eq. �35�, has a log term and there-

fore does not fulfill the general relations given in �2�, namely,
that the high-temperature expansion of the free energy must
have the general form

�F̃���a�ad� 2�a� � d�ad�1ad� 2�a� � d�2

�•••�a0� 2�a� � 0�O�e�4�2a/��, �36�

the coefficients of this expansion satisfying the relation

�
k�0

d/2

��1 �k�2k�1 �a2k�0. �37�

If not for the log term, these relations would be fulfilled.
Observe, however, that there would not be an immediate
cancellation of the log term if we had included the zero mode
contribution. In fact, the matching of the zero mode term
log(��/2�), with the one, with opposite sign, coming from
the high-T limit, �log(�/2�a), is not a triviality. On the
contrary, it has a very deep meaning: it takes place if and
only if we prescribe that the regulating mass-dimensional
parameter be set exactly equal to the inverse of the compac-
tification length, ��1/a . This may certainly be viewed as a
most natural choice and a physically meaningful one—1/a
being the only characteristic dimension in our model—but
even then this is no substitute for the pertinent renormaliza-
tion procedure.
The total free energy is

F����E0�F̃���

��
�2a

6�2
�
1
2�log� �

2�a ��
1
� �p ,n�1

� 1
n e

�4�2n p a/�.

�38�

The total energy reads

E����
d
d� ��F����

�
�2a

6�2
�
1
2� �

4�2a

�2
�
p ,n�1

�

pe�4�2np a/�, �39�

and can be summed over n to yield the high-temperature
representation

E����
�2a

6�2
�
1
2� �

4�2a

�2
�
p�1

� p

e�4�2pa/�
�1

. �40�

If we now, as before, make use of the Abel-Plana sum for-
mula �23�, we obtain

E�����
1
24a , a/�
1. �41�

Notice that, as anounced above, we have here started from a
high-temperature representation for the energy and now,
upon the use of the Abel-Plana sum formula, we obtain the
energy in the zero temperature limit, a procedure that can be
considered the reciprocal of the one employed in Ref. �1�.
Notice also that in the Abel-Plana formula the first term leads
to the zero temperature term, the second cancels out the lin-
ear contribution, and the third one cancels out the Stefan-
Boltzmann term.

2We owe to K. Kirsten this observation and the correction of an
error in our previous result.
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VI. FINAL REMARKS

In this brief analysis, we have focused on the possible
contribution of the spatial zero mode to the thermal energy of
a scalar field in a S1�S1 geometry. We have shown that,
although the thermal energy does not depend on the scaling
mass � , the partition function, the free energy, and the en-
tropy do depend on the choice of value for this parameter.
The important obstruction to be circumvented is to satisfy
the third law of thermodynamics for, as it stands, the entropy
�14� associated with the spatial zero mode diverges in the
zero temperature limit, a fact also noticed in �1�. It was ar-
gued in �9� that the scaling mass can be redefined. Unfortu-
nately, any attempt at redefining the scaling mass, that is, at
eliminating the scaling mass dependence from Eq. �14�, will
lead to clear contradictions among the thermodynamical re-
lations linking the basic quantities �12�, �13�, and �14�. In
fact, the scaling mass parameter cannot be made to disap-
pear. At most, it can be traded for a characteristic mass or
inverse length of the system considered �here 1/a , the in-
verse compactification radius�. A subsequent renormalization
procedure seems inescapable, which makes contact in the
end with physical reality.
Let us point out that, although we have here considered a

very simple model, in order to keep all terms under easy
control and render the argument clear, the results obtained
are valid under much more general circumstances, affecting
very general physical systems that develop zero modes. The
treatment has been that of �a natural extension of� the zeta
function regularization prescription.
To sum up, only if one restricts the analysis to the thermal

energy—and nothing else—can one avoid the situation here
presented, since this is the only thermodynamical quantity
that does not depend on the scaling mass. It would seem,

thus, that coherence forces one to set the zero mode and its
thermodynamics aside. Notice also that the thermal energy,
the entropy, and the free energy of the zero mode do not
explicitly depend on the radius �or characteristic compactifi-
cation length� of the manifold. This means that �at least at the
one-loop level� their contribution to any isothermal
process—e.g., the only ones permitted if the system is in
thermal equilibrium with a heat bath—will not be physically
observable. But this consideration would be completely re-
versed if the necessity for setting in fact ��1/a were to
prevail in the ends �as one of the factions in the already
mentioned controversy tends to support�, and this would
open the door to an experimental manifestation of the zero
mode and to the possibility of answering in the affirmative
the important question of the controversial physical rel-
evance of these zero modes. In that sense, a fine experimen-
tal validation of Eq. �24� would be crucial �the presence or
absence of the linear dependence�. From what we have seen,
this would imply, necessarily, the breaking of the thermody-
namical relations and the necessity of reformulating the third
principle in the quantum field theory domain.

ACKNOWLEDGMENTS

The authors are indebted to K. Kirsten for several valu-
able observations. A.C.T. wishes to acknowledge the hospi-
tality of the Institut d’Estudis Espacials de Catalunya �IEEC/
CSIC� and the Universitat de Barcelona, Departament
d’Estructura i Constituents de la Matèria, and the financial
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We derive general expressions at the one-loop level for the coefficients of the covariant structure of the
neutrino self-energy in the presence of a constant magnetic field. The neutrino energy spectrum and index of
refraction are obtained for neutral and charged media in the strong-field limit (MW��B�me ,T ,� ,�p�) using
the lowest Landau level approximation. The results found within the lowest Landau level approximation are
numerically validated, summing in all Landau levels, for strong B�T2 and weakly strong B�T2 fields. The
neutrino energy in leading order of the Fermi coupling constant is expressed as the sum of three terms: a
kinetic-energy term, a term of interaction between the magnetic field and an induced neutrino magnetic
moment, and a rest-energy term. The leading radiative correction to the kinetic-energy term depends linearly on
the magnetic field strength and is independent of the chemical potential. The other two terms are only present
in a charged medium. For strong and weakly strong fields, it is found that the field-dependent correction to the
neutrino energy in a neutral medium is much larger than the thermal one. Possible applications to cosmology
and astrophysics are considered.
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I. INTRODUCTION

There are many astrophysical systems on which the phys-
ics of neutrinos in a magnetic field plays an important role.
Let us recall that proto-neutron stars typically possess very
strong magnetic fields. Large magnetic fields B�1012
�1014 G have been associated with the surface of superno-
vas �1� and neutron stars �2�, and fields perhaps as large as
1016 G with magnetars �3�. Even larger fields could exist in
the star’s interior. It is presumed from the scalar virial theo-
rem �4� that the interior field in neutron stars could be as
high as 1018 G. A magnetic field such as this (�1018 G) in
the interior of a compact star will be larger in two orders than
the chemical potential characterizing its quark matter density.
Unveiling the interconnection between the star magnetic

field and its particle current flows could shed new light on
the question of the star evolution. For example, it is well
known that neutrinos drive supernova dynamics from begin-
ning to end. Neutrino emission and interactions play a cru-
cial role in core collapse supernovae �5�. Their eventual
emission from the proto-neutron star contains nearly all the
energy released in the star explosion. Neutrino luminosity,
emissivity and the specific heat of the densest parts of the
star are governed by charged and neutral current interactions
involving matter at high densities and in the presence of
strong magnetic fields. Thus, a total understanding of the star
cooling mechanism in a strongly magnetized medium is cru-
cial for astrophysics.
On the other hand, the explanation of large-scale magnetic

fields observed in a number of galaxies, and in clusters of

galaxies �6� seems to require the existence of seed fields of
primordial origin �7�. According to several mechanisms �8�,
strong primordial fields �1024 G could be generated at the
electroweak transition. Even larger fields have been associ-
ated with superconducting magnetic strings, which would
generate fields �1030 G in their vicinity if created after in-
flation �9�.
Were primordial magnetic fields present in the early uni-

verse, they would have had nontrivial consequences for
particle-physics cosmology. For instance, as it is well known,
oscillations between neutrino flavors may change the relative
abundance of neutrino species and may thereby affect pri-
mordial nucleosynthesis �for a recent review on neutrinos in
cosmology see �10��. Therefore, if a strong magnetic field
(MW��B�me ,T ,� ,�p�, with MW and me the W-boson and
electron masses respectively� modifies the neutrino energy
spectrum of different flavors in different ways, a primordial
magnetic field can consequently influence the oscillation pro-
cess in the primeval plasma �11�.
The propagation of neutrinos in magnetized media has

been previously investigated by several authors �12–15�.
Weak-field calculations were done for magnetized vacuum in
Refs. �12,13�, and at T�0 and ��0 (� is the electric
chemical potential� in Ref. �14�. In the ��0 case, as long as
B�T2, both the field- and temperature-dependent leading
contributions to the neutrino energy resulted of 1/MW

4 -order
�12–14�. In the charged plasma �15�, the field-dependent
terms were much larger, �1/MW

2 , but they vanished in the
(�→0)-limit. The weak-field results of papers �12–15� led
to the idea that the magnetic-field effects could be significant
in astrophysics, because of the field- and �-dependent terms
of order 1/MW

2 , but were irrelevant (�1/MW
4 -order� in the

early universe due to its charge-symmetric character (�
�0). Hence, it has been assumed that in cosmology the

*On leave at Department of Mathematics, Massachusetts Institute
of Technology, 77 Massachusetts Avenue, Cambridge, MA 02139-
4307, USA.
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main contribution to neutrino energy was the purely thermal
term of order T4/MW

4 �16�. However, as we will show below,
a strong magnetic field (MW��B�me ,T ,� ,�p�) gives rise
to a new contribution to the neutrino energy that is linear in
the field, independent of the chemical potential, and that is of
the same order (1/MW

2 ) as the largest terms found in the
weak-field charged-medium case. This new result can turn
magnetic-field effects relevant for cosmology.
In recent papers �17,18�, we investigated the effects of a

strong magnetic field on neutrinos in magnetized vacuum
�i.e. with T�0 and ��0). There, to facilitate the calcula-
tions in the strong-field limit, we extended the Ritus’ Ep-
eigenfunction method of diagonalization of the Green func-
tions of spin-1/2 charged particle in electromagnetic field
�19,20�, to the case of spin-1 charged particles �17�. This
formulation, which is particularly advantageous for strong-
field calculations, provides an alternative method to the
Schwinger approach to address QFT problems in electro-
magnetic backgrounds �21�. The use of Ritus’ method made
it very convenient to study the neutrino-self-energy in mag-
netized media, since it allowed to diagonalize in momentum
space both the electron and the W-boson Green’s functions in
the presence of a magnetic field. Ritus’ formalism has also
been recently applied to investigate nonperturbative QFT in
electromagnetic backgrounds �22�.
From the above considerations it is clear that strong mag-

netic fields can play a significant role in a variety of astro-
physical systems, and possibly also in the early universe. For
these applications, the analysis has to be carried out in the
presence of a medium. Thus, in the present paper we extend
the results obtained in papers �17� and �18� to include finite
temperature and density, performing a detailed study of the
effects of a strong magnetic field on neutrino propagation in
neutral and charged media, and discussing possible applica-
tions to astrophysics and cosmology.
We stress that in calculating the neutrino self-energy in a

magnetized medium, we should consider, as usual, its
vacuum and statistical parts. In this case the vacuum part
depends on the magnetic field, and for strong fields it can
make important contributions even at high temperatures T2
�eB . The reason is that the vacuum and statistical terms
have different analytical behaviors, due to the lack of the
statistic ultraviolet cutoff in the vacuum part. This fact gives
rise to a field-dependent vacuum contribution (1/MW

2 -order�
which is larger than the thermal one (1/MW

4 -order�, into the
self-energy. Therefore, as shown in this paper, a strong mag-
netic field can become more relevant than temperature for
neutrino propagation in neutral media.
The plan of the paper is as follows. In Sec. II we consider

the radiative correction to the neutrino dispersion relation in
the presence of a constant magnetic field. We introduce the
general covariant structure of the neutrino self-energy in the
presence of an external field, and find the dispersion relation
as a function of the coefficients of each independent term in
the covariant structure. The general form of the found dis-
persion relation goes beyond any given approximation and
medium characteristic and serves as a guidance for particular
applications. The general expressions for the coefficients of

the self-energy structures in the presence of the magnetic
field are found in the one-loop approximation in Sec. III. The
leading behavior in the 1/MW

2 expansion of those coefficients
is then calculated in Sec. IV in the strong-field limit �i.e. in
the lowest Landau level �LLL� approximation� for neutral
and charged magnetized media. These results are then used
in Sec. V to find the corresponding neutrino dispersion rela-
tions and the indexes of refraction in neutral and charged
strongly magnetized media. In Sec. VI, the LLL-
approximation is numerically corroborated by summing in
all Landau levels and finding the values of the coefficients
for parameter ranges corresponding to strong B�T2 and
weakly strong B�T2 fields. Possible applications to cosmol-
ogy and astrophysics are discussed in Sec. VII. Finally, in
Sec. VIII we summarize the main outcomes of the paper and
make some final remarks.

II. NEUTRINO SELF-ENERGY GENERAL STRUCTURE IN
A MAGNETIC FIELD

The neutrino field equation of motion in a magnetized
medium, including radiative corrections, is

�p” �� ��L�0 �1�

where the neutrino self-energy operator �(p) depends on the
parameters characterizing the medium, as for instance, tem-
perature, magnetic field, particle density, etc.
The operator �(p) is a Lorentz scalar that can be formed

in the spinorial space taking the contractions between the
characteristic vectors and tensors of the system with all the
independent elements of the Dirac ring. Explicit chirality re-
duces it to

� �R� L , ��V��� �2�

where L ,R�
1
2 (1��5) are the chiral projector operators, and

V� is a Lorentz vector that can be spanned as a superposition
of four basic vectors that can be formed from the character-
istic tensors of the problem. In a magnetized medium, be-
sides the neutrino four-momentum p� , we have to consider
the magnetic-field strength tensor F�� , to form the covariant
structures

� �p ,B ��ap” 	�bp”��cp�F̂̃�����idp�F̂����. �3�

In Eq. �3� we introduced the notations F̂���(1/�B�)F�� ,
and F̂̃���(1/2�B�)����F�. In the covariant representation
the magnetic field can be expressed as B��

1
2 ����u�F�,

where u� is the vector four-velocity of the center of mass of
the magnetized medium. The presence of the magnetic field,
and hence of the dimensionless magnetic field tensor F̂��
and its dual F̂̃�� , allows the covariant separation in Eq. �3�
between longitudinal and transverse momentum terms that
appears naturally in magnetic backgrounds
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p” 	�p�F̂̃��F̂̃����, p”��p�F̂��F̂����. �4�

Coefficients a, b, c, and d are Lorentz scalars that depend on
the parameters of the theory and the approximation used.
Notice that finite temperature and/or density would not intro-
duce any new term into Eq. �3�. This formulation is indeed
the most general one for a magnetized medium. In magne-
tized space, even if T���0, the vector u� is present, since
the presence of a constant magnetic field fixes a special Lor-
entz frame: the rest frame �on which u��(1,0,0,0)] where
the magnetic field is defined (u�F���0). Thus, the inclu-
sion of a medium does not break any additional symmetry.
To express �̄(p ,B) in terms of u� only means, therefore, to
make a change in the selected basis vectors.1
The neutrino energy spectrum in a magnetic background

can be found from Eq. �1� as the nontrivial solution of

det�p” �� �p ,B ���0. �5�

Using the covariant structure �3�, the dispersion relation
�5� takes the form

p0
2
�p3

2
�
�1�b �2�d2

�1�a �2�c2
p�

2 . �6�

One of the main goals of this paper is to find the coeffi-
cients a, b, c, and d, in the one-loop approximation, and
hence, the dispersion relations for different systems in the
presence of strong magnetic-field backgrounds.

III. ONE-LOOP NEUTRINO SELF-ENERGY

Let us consider the one-loop corrections to the neutrino
self-energy in the presence of a constant magnetic field. To
leading order in the Fermi coupling constant the main field-
dependent contribution to the self-energy comes from the
bubble diagram �Fig. 1�a�� with internal lines of virtual
charged leptons and W-bosons, and from the tadpole diagram
�Fig. 1�b�� with virtual loop of charged leptons.
In a neutral medium only the bubble diagram contributes,

while in a charged medium both diagrams should be consid-
ered. However, only the bubble distinguishes between neu-
trino flavors, since the flavor of the internal charged lepton is
directly associated to the flavor of the propagating neutrino
�i.e., the one appearing in the external legs�. For the tadpole,
because the internal boson is the neutral Z-boson, the
charged leptons corresponding to different families are
linked to the same neutrino flavor. Therefore, with regard to
magnetic field effects on neutrino oscillations, the bubble
contribution is the essential one. Thus, because the ultimate
goal of our study is to elucidate the possible effect of a
strong magnetic field on neutrino flavor oscillations, hence-
forth we only consider the bubble diagram contribution, rep-
resented in Fig. 1�a�, into the neutrino self-energy.
The bubble contribution to the one-loop self-energy is

��x ,y ��
ig2

2 R��S�x ,y ��
�GF�x ,y ���L �7�

where S(x ,y) and GF(x ,y)�� are the Green’s functions of
the electron and W-boson, in the presence of the magnetic
field, respectively. Since both virtual particles are electrically
charged, the magnetic field interacts with both of them pro-
ducing the Landau quantization of the corresponding trans-
verse momenta �17,18�.
The electron Green’s function, diagonal in momentum

space at arbitrary field strength, was obtained in Refs.
�19,20� by Ritus, using what has become an alternative
method to the Schwinger approach �21� to deal with QFT
problems on electromagnetic backgrounds. In this method
the electron Green’s function in configuration space is given
by

S�x ,y ���
l

� d3q̂

�2��4
Eq�x �

1

�• q̄�me
Ēq�y � �8�

where q̂��(q0,0,q2 ,q3), Ēq��0Eq
†�0, and the magnetic

field has been specialized in the rest frame along the
Z-direction �i.e. given in the Landau gauge as A�

ext

�Bx1��2).
The transformation functions Eq(x) in Eq. �8� play the

role, in the presence of magnetic fields, of the usual Fourier
functions eiqx in the free case and are given by

Eq�x ���
�
Eq��x � ���, �9�

with spin matrix

 ����diag���1 ,���1 ,��1 ,���1�, ���1, �10�

and eigenfunctions

Eq��x ��N�!�exp i� q̂• x̂ �D!��� �11�

where N(!)�(4��eB�)1/4/�!! is a normalization factor
and D!(�) denotes the parabolic cylinder functions �23�
with argument ���2�eB��x1�(q2 /eB)� and positive
integer index

1This point will turn clear in Sec. IV when expressing �̄(p ,B) in
terms of u� in the charged medium.

FIG. 1. One-loop contributions to the neutrino self-energy in a
magnetized medium. �a� Bubble graph: The dashed line represents
the test neutrino, the solid line a charged lepton of the same family
of the test neutrino, and the wiggly line the W-boson. �b� Tadpole
graph: The dashed line represents the test neutrino, the solid line a
charged lepton of any species, and the zigzag line the Z-boson.
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!�!� l ,���l�
�

2 �
1
2 , !�0,1,2, . . . . �12�

The integer l in Eq. �12� labels the Landau levels l
�0,1,2, . . . .
The electron momentum eigenvalue in the presence of the

magnetic field, q̄ , is given by

q̄���q0,0,�sgn�eB ��2�eB�l ,q3� �13�

Ritus’ technique for spin-1/2 particles was recently ex-
tended to the spin-1 particle case in Refs. �17,18�. In this
case the corresponding W-boson Green’s function can be di-
agonalized in momentum space as

GF�k ,k������2��4�̂ (4)�k�k��
��

�

k̄2�MW
2 �14�

where �̂ (4)(k�k�)��3(k�k�)�nn� , and the W-boson mo-
mentum eigenvalue in the presence of the magnetic field, k̄ ,
is given by the relation

k̄2��k0
2
�k3

2
�2�n�1/2�eB , n�0,1,2, . . . �15�

with n denoting the W-boson Landau levels. Considering the
mass-shell condition k̄2��MW

2 in Eq. �15�, we can identify
at eB	MW

2 the so called ‘‘zero-mode problem’’ �24,25�. As
known, at those values of the magnetic field a vacuum insta-
bility appears giving rise to W-condensation �25�. In our cal-
culations we restrict the magnitude of the magnetic field to
eB�MW

2 , so as to avoid the presence of any tachyonic
mode.
The W-boson Green’s function in configuration space is

then

GF�x ,y �����
n

� d3k̂

�2��4
�k
�
��x �

��
�

k̄2�MW
2 �k�

† ��y � �16�

where the transformation functions are

�k
�
��x ��P���Fk�x ���P�1

� �17�

with

P���
1
�2 � �2 0 0 0

0 1 1 0
0 i �i 0

0 0 0 �2
� �18�

and

�Fk�x ���� �
��0,�1

Fk��x ��" (�)�� . �19�

The matrices " (�) are explicitly given in terms of the
W-boson spin projections � by

" (�)
�diag��� ,0 ,�� ,1 ,�� ,�1 ,�� ,0�, ��0,�1 �20�

and the eigenfunctions Fk� are

Fk��x ��N�!��exp i� k̂• x̂ �D!�
�
� �21�

with N(!�) a normalization factor similar to that appearing
in Eq. �11�, and D!�

(
) denoting the parabolic cylinder func-
tions with argument 
��2�eB�(x1�k2 /eB) and positive in-
teger index !� given in terms of the W-boson Landau num-
bers n and spin projections � as

!��!��n ,���n���1, !��0,1,2, . . . . �22�

As the neutrino is an electrically neutral particle, the
transformation to momentum space of its self-energy can be
carried out by the usual Fourier transform

�2��4� (4)�p�p����p ,B �

�� d4xd4ye�i(p•x�p�•y)��x ,y �. �23�

Substituting with Eqs. �7�, �8�, and �16� on the right-hand
side �RHS� of Eq. �23� we obtain

�2��4� (4)�p�p����p ,B ��
ig2

2 � d4x� d4ye�i(p•x�p�•y)
 R� ����
l

� d3q̂

�2��4
Eq�x �

1

�• q̄�me
Ēq�y ��

�����
n

� d3k̂

�2��4
�k
�
��x ��k�

† ��y �

k̄2�MW
2 � �L� . �24�

The coefficients of the covariant expression for �(p ,B) can be found using the explicit form �24� in the covariant
expression

�2��4� (4)�p�p����p ,B ��a�p” 	�b�p”��c�p�F̂̃�����id�p�F̂����. �25�

Introducing in Eq. �24� the transformation functions Eq and �k
�
� , and taking into account the following properties of the

spinor matrices:
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 �� �†� �� �,  �� � �� �� �� �,  �� � �� ��0

� 	 �� �� �� �� 	, �� �� �� �� ���,

L �� �� �� �L , R �� �� �� �R �26�

where the notation � 	
�(�0,�3) and ��

�(�1,�2) was used, we find for the coefficients appearing in Eq. �25� the following
general expressions in the one-loop approximation �henceforth we consider sgn(eB)	0, to simplify the notation�:

a��
ig2

2p 	
2 �l ,n � d4x� d4y� d3q̂

�2��4
� d3k̂

�2��4
e�i(p•x�p�•y)

� q̄2�me
2�� k̄2�MW

2 �
#�q0�q3��p3�p0�In�2,l�1�x �In�2,l�1* �y �

��q3�q0��p3�p0�In ,l�x �In ,l* �y �$ �27�

b��
ig2

2p�

2 �l ,n � d4x� d4y� d3q̂

�2��4
� d3k̂

�2��4
e�i(p•x�p�•y)

� q̄2�me
2�� k̄2�MW

2 �
#�p2�ip1�q̄2In�1,l�x �In�1,l�1* �y �

��p2�ip1�q̄2In�1,l�1�x �In�1,l* �y �$ �28�

c��
ig2

2p 	
2 �l ,n � d4x� d4y� d3q̂

�2��4
� d3k̂

�2��4
e�i(p•x�p�•y)

� q̄2�me
2�� k̄2�MW

2 �
#�q0�q3��p3�p0�In�2,l�1�x �In�2,l�1* �y �

��q3�q0��p3�p0�In ,l�x �In ,l* �y �$ �29�

d��
�ig2

2p�

2 �l ,n � d4x� d4y� d3q̂

�2��4
� d3k̂

�2��4
e�i(p•x�p�•y)

� q̄2�me
2�� k̄2�MW

2 �
#�p2�ip1�q̄2In�1,l�x �In�1,l�1* �y �

��p2�ip1�q̄2In�1,l�1�x �In�1,l* �y �$ �30�

where

In ,l�x ��2��eB exp� i x̂•� k̂� q̂ ��%n�
/�2 �% l��/�2 �
�31�

and %m(x) are the orthonormalized harmonic oscillator wave
functions, defined in terms of the Hermite polynomials
Hm(x) as

%m�x/�2 ��
2�m/2

���m!�1/2
Hm�x/�2 �exp��x2/4�. �32�

Expressions �27�–�30�, when substituted in Eq. �25�, give
the general formula for the one-loop neutrino self-energy in a
constant magnetic field of arbitrary strength. Note that, in
this approach, the W-boson/magnetic-field interaction is kept
in the poles of the self-energy operator through the effective
momentum k̄2, as well as in the harmonic oscillator wave
functions %n(
/�2).

IV. NEUTRINO SELF-ENERGY IN THE STRONG-FIELD
LIMIT

Since in the strong-field limit (MW��B�me ,T ,� ,�p�)
the gap between the electron Landau levels is larger than the
rest of the parameters entering in the electron energy, it is

consistent to use the LLL approximation in the electron
Green’s function, while in the W-boson Green’s function,
because MW��B , we must sum in all W-boson Landau lev-
els.
The neutrino self-energy in a magnetized vacuum was

found within this approximation in Ref. �17�. In what fol-
lows, we extend that result to neutral and charged media,
introducing finite temperature and density effects. However,
since the vacuum contribution is always present in the statis-
tical calculations of the self-energy, we summarize below the
results found in Ref. �17�.
In the strong field approximation (l�0) the covariant

structure of the neutrino self-energy reduces to

�2��4� (4)�p�p���̄0�p ,B ��a0�p” 	�c0�p�F̂̃����. �33�

That is, b� and d� are zero and

a0��
ig2�p3�p0�

2p 	
2 �

n
� d4x� d4y� d3q̂

�2��4

�� d3k̂

�2��4
�q3�q0�In ,0�x �In ,0* �y �e�i(p•x�p�•y)

�q 	
2
�me�� k̄2�MW

2 �

�34�
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c0���a0� . �35�

After summing in n and integrating in x, y, and k̂ we
obtain

a0���c0��
ig2��p3�p0�

2p 	
2 e�p

�

2 /2eB

�� d2q 	
�q3�q0�

�q 	
2
�me���q 	�p 	�

2
�eB�MW

2 �
. �36�

Integrating in q 	 and considering that MW
2

�eB ,me
2 ,p 	

2 ,
we obtain for the neutrino self-energy in the strongly mag-
netized vacuum

�̄0�p ,B ��a0p” 	�c0p�F̂̃���� �37�

with coefficients given by

a0��c0�
�g2eB

2�4��2MW
2 e

�p
�

2 /2eB. �38�

Notice the 1/MW
2 -order of the leading contribution in the

LLL approximation. Using the zero-temperature weak-field
results of Ref. �12� we can identify the scalar coefficients of
the general structure �3� for that case as

ã0� b̃0�0, c̃0��
3
2 d̃0�

6g2eB

�4��2MW
2 . �39�

If we compare the vacuum results at weak-field, Eq. �39�,
with those at strong field, Eq. �38�, we can see that in both
cases the nonzero coefficients have field-dependent leading

contributions of 1/MW
2 -order. However, as we will show in

Sec. V, they will play very different roles in the neutrino
energy spectrum, since they are associated to different self-
energy structures. While the strong-field results �38� produce
a magnetic-field dependence in the neutrino energy spectrum
which is linear in the Fermi coupling constant, the weak-field
results �39� generate a smaller second-order contribution.

A. Neutral medium in strong magnetic field

In a neutral medium the self-energy operator can be writ-
ten as

�̄�p ,B ���̄0�p ,B ���̄T�p ,B �, �40�

where �̄0 is the vacuum contribution �given in the strong-
field approximation by Eqs. �37� and �38��, and �̄T is the
statistical part which depends on temperature and magnetic
field �in a charged medium the statistical part can also de-
pend, of course, on the chemical potential�. Our goal now is
to find �̄T(p ,B) in the parameter range MW��B
�me ,T ,�p�. Here we can also assume that the electrons are
confined to the LLL. Thus, performing the same calculations
as in Eqs. �34�–�36� we arrive at a self-energy operator
�̄(p ,B) with a structure identical to Eq. �33�, and coeffi-
cients given by an expression similar to Eq. �36�, but with
the Matsubara replacement, &dq0→(2�i/�)�m���

� �q4
�(2m�1)�/� , m�0,�1,�2, . . . � , corresponding to the
discretization of the fourth component q4 of the fermion mo-
mentum, obtained after introducing the Wick rotation to Eu-
clidean space (q0→iq4), � being the inverse of the tempera-
ture ��1/T .
After summing in m and extracting the vacuum part �36�,

we obtain that the coefficients corresponding to the thermal
contribution �̄T(p ,B) are given by

a0��T ���c0��T ��
�i2�2g2eB�p3�ip4�

p 	
2 e�p

�

2 /2eB� (4)�p�p��� dq3
 q3�p42��2
2
��1

2��2ip4�1
2

�1��p4
2
��2

2
��1

2�2�4�1
2p4
2�
f F��1�

�
�q3�ip4��p4

2
��2

2
��1

2��2ip4�2
2

�2��p4
2
��2

2
��1

2�2�4�2
2p4
2�

f B��2�� �41�

where

f F��1��
1

1�e��1
, f B��2��

1

1�e��2
�42�

are the fermion and boson distribution functions respectively,
with effective energies

�1��q3
2
�me

2,

�2���q3�p3�2�MW
2

�2eB . �43�

To do the integral in Eq. �41� we take into account the
approximation MW��B'T�me ,�p�. Thus, to leading or-
der we can neglect the contribution of the boson distribution,
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since it is damped by the exponential factor e�MW /T. Inte-
grating in momentum and expanding in powers of 1/MW

2 , we
obtain, up to leading order,

�̄T�p ,B ��a0�T �p” 	�c0�T �p�F̂̃���� �44�

a0�T ���c0�T ��
�g2eBT2

24MW
4 e�p

�

2 /2eB. �45�

Hence, the thermal contribution is one order smaller in
powers of 1/MW

2 than the field-dependent vacuum contribu-
tion �38�. Notice that in the strong-field approximation the
thermal contribution �45� has the same 1/MW

4 -order as the
corresponding thermal contributions at weak �14� and zero
�16� field.
We should call attention to the fact that when calculating

the thermal contribution to the e-W bubble by using the
Schwinger proper-time method �21�, some authors �14� have
considered the following expansion:

G�k ,B �� ��
���

MW
2 �

��� 
2
� � �

MW
4 �O�  2F��MW

6 � �46�

within the W-boson Green function in the presence of a con-
stant magnetic field

G�x ,y �� ��(�x ,y �� d4k

�2��4
eik•(x�y)G�k ,B �� � ,

�47�

where

(�x ,y ��exp i
e
2 y�F

��x� �48�

is the well-known phase factor depending on the applied
field �27�, and  (k) is the energy-momentum transfer.
Based on this expansion, it has been argued that the non-

local lower contribution to the bubble diagram should be of
order 1/MW

4 , and that the local (1/MW
2 )-order term only con-

tributes at finite density. While this argument is correct when
applied to the statistical part of the self-energy operator �it
explains the 1/MW

4 order appearing in the thermal coeffi-
cients a0(T) and c0(T) in Eq. �45��, it is not valid for the
self-energy vacuum contribution. For the vacuum (T�0, �
�0) contribution the situation is different, since we cannot
neglect the internal momenta as compared with MW in the
poles of the W-boson Green’s function, due to the lack of the
ultraviolet cutoff which is present in statistics. Thus, when
calculating the vacuum part, the first term in Eq. �46� should
be replaced by ��� /(MW

2
�k2). Such momentum depen-

dence in the pole of the W-boson Green’s function makes a
nontrivial contribution of (1/MW

2 )-order into the nonlocal
part of the bubble diagram. Observe that the W-boson
Green’s function obtained in our approach, Eq. �14�, only has
such structure indeed, and that the vacuum results at strong
�38� and weak �39� fields give rise to nonlocal (1/MW

2 )-order
contributions to neutrino self-energy.

B. Charged medium in strong magnetic field

We consider now a medium with a finite density of elec-
tric charge. As usual, a finite density is reflected through the
shift q0→q0�� in the momenta of the particles with non-
zero charge associated to � . The chemical potential, depend-
ing on the value of the charge density, plays the role of an
external parameter. In stellar medium, for example, the elec-
tric charge is fixed by the net charge of the baryons, which,
due to their large masses, are usually treated as a classical
background. Here the following comment is in order: in elec-
troweak matter at finite density there exists the possibility to
induce additional ‘‘chemical potentials’’ �28�. These chemi-
cal potentials are nothing but dynamically generated back-
ground fields given by the average )W0

3* and )B0* of the zero
components of the gauge fields. They are known to appear,
for instance, in the presence of finite lepton/baryon density
�28� �for recent applications related to this effect see Refs.
�29��. In our case, a possible consequence of the condensa-
tion of such average fields could be the modification of the
effective chemical potential of the W-boson, which then
might be different from the electron chemical potential. Nev-
ertheless, that modification, even if present in the case under
study, will have no relevant consequence, as the W-boson
contribution will be always suppressed by the factor
e�MW /T.
In the strong-field approximation �i.e. after considering

the LLL approximation in the neutrino self-energy �25�–
�30�� the nonzero coefficients of the neutrino self-energy in
the charged medium are given in Euclidean space by

a0���c0��
ig2�2�p3�ip4�

�p 	
2 e�p

�

2 /2eB

��
m

� dq3 �q3�iq4*�

��q4*�2��1
2���q4*�p4�2��2

2�
, �49�

This expression is similar to Eq. �36� after taking into ac-
count the Matsubara replacement &dq0→(i/�)�m���

� �q4
�(2m�1)�/� , m�0,�1,�2, . . . � , with the additional
change q4→q4* , where q4*�q4�i� .
After carrying out the temperature sum in Eq. �49�, and

subtracting the vacuum part �36�, we arrive at
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a0��T ,����c0��T ,���
�i�2g2eB�p3�ip4�

2p 	
2 e�p

�

2 /2eB� (4)�p�p��� dq3
 �q3��1�

�1�� i�1�p4�2��2
2�
f F

���1�

�
�q3��1�

�1�� i�1�p4�2��2
2�
f F

���1��
�q3��2�ip4�

�2�� i�2�p4�2��1
2�
f B

���2��
�q3��2�ip4�

�2�� i�2�p4�2��1
2�
f B

���2�� �50�

where

f F
���1��

1

1�e�(�1��) , f B
���2��

1

1�e�(�2��) �51�

are the fermion/antifermion and boson/antiboson distribu-
tions respectively. Here, we obtain an equal energy split for
both distributions since both charged particles have the same
electric charge and thus are characterized by the same chemi-
cal potential.
Assuming the approximation MW��B�� ,T ,me ,�p�,

Eq. �50� is reduced in leading order to

a0��T ,����c0��T ,���
�i�4g2�p3�ip4�

MW
2 p 	

2

��N0
�

�N0
��e�p

�

2 /2eB� (4)�p�p�� �52�

where the notation N0
� for the electron/positron number den-

sities in the LLL

N0
�

��eB� � dq3
2�2

f F
���1� �53�

was introduced.
It is interesting to consider the situation where ��T ,

which is a natural condition in many astrophysical environ-
ments. In this case Eq. �52� becomes

a0��T ,����c0��T ,��

�
�i2�2g2eB�p3�ip4��

MW
2 p 	

2 e�p
�

2 /2eB� (4)�p�p��.

�54�

After analytic continuation to Minkowski space, we find that
the leading contribution to the statistical part of the self-
energy in a strongly magnetized charged medium is

�̄T ,��p ,B ��a0�T ,��p” 	�c0�T ,��p�F̂̃���� �55�

a0�T ,����c0�T ,���
g2eB�p3�p0��

2�2��2MW
2 p 	

2 e
�p

�

2 /2eB.

�56�

The apparent dependence on the momentum components
p0 , p3 of the coefficients a0(T ,�), c0(T ,�) is deceiving, as
we can easily rewrite Eqs. �55�,�56� in a more convenient

way using the base formed by the four-velocity u� and the
covariant magnetic field vector B��

1
2 ����u�F�, as

�̄T ,��p ,B �� ā0�T ,��u” � c̄0�T ,��B” �57�

ā0�T ,���
�g2eB�

2�2��2MW
2 e

�p
�

2 /2eB,

c̄0�T ,���
g2e�

2�2��2MW
2 e

�p
�

2 /2eB. �58�

From Eqs. �57�,�58� we see that the leading term in the
statistical part of the self-energy in the charged medium in
strong magnetic field is independent of the momentum and
proportional to 1/MW

2 , thus of larger order than the statistical
contribution of the neutral case �Eq. �45��.
Comparing our result �57�,�58� with those found at weak

field �15�, we see that the coefficient of the structure B” has
similar qualitative characteristics. That is, both c coefficients
are linear in � and have the same order, 1/MW

2 . Neverthe-
less, the coefficients of the structure u” significantly differ in
the strong and weak cases. In the weak-field limit ā only
depends on the density, thus its leading contribution is pro-
portional to �3 �this is the characteristic term of the MSW
effect �26��. However, for fields larger than � , the relation
�B��3 holds, and the leading becomes proportional to �B ,
as in Eq. �58�. Thus, in the strong field case it is the field the
parameter that drives the main dependence of both structures
in �̄T ,� .

V. NEUTRINO INDEX OF REFRACTION IN STRONG
MAGNETIC FIELD

The neutrino index of refraction, defined by

n�
�p�
E� �p��

�59�

where p and E are the neutrino momentum and energy re-
spectively, is a quantity that plays a significant role in neu-
trino flavor oscillations in a medium �26�. A flavor-dependent
index of refraction would enhance the periodical change be-
tween different flavors of neutrinos travelling through the
medium.
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To find the index of refraction we need to know the dis-
persion relation E�E(�p�). In the presence of a medium the
energy spectra of the massless left-handed neutrinos are
modified due to their weak interaction with the particles of
the background. In a magnetized medium, even though the
neutrinos are electrically neutral, they feel the magnetic field
indirectly through their interaction with the charged particles
of the medium whose properties are affected by the field.
As discussed in Sec. II, in a magnetized medium the gen-

eral form of the neutrino dispersion relation is given by Eq.
�5�, with the self-energy depending on the medium charac-
teristics. As follows, we present the neutrino energy spec-
trum and index of refraction for magnetized neutral and
charged media.

A. Neutrino index of refraction in strongly magnetized neutral
medium

In the strongly magnetized neutral medium the dispersion
relation is obtained from

det�p” ��̄0�p ,B ���̄T�p ,B ���0, �60�

with �̄0(p ,B) and �̄T(p ,B) explicitly given in Eqs. �37�,�38�
and �44�,�45� respectively. The solution of Eq. �60� in lead-
ing order in the Fermi coupling constant is

p0���p��2/a (0)�p�B̂��

���p��1�a (0)sin2�� . �61�

In Eq. �61�, � is the angle between the direction of the neu-
trino momentum and that of the applied magnetic field, and
the coefficient a (0)�a0�a0(T) is explicitly given by

a (0)�
�g2eB

8MW
2 � 1

�2��2
�

T2

3MW
2 �exp��p�

2 /eB �. �62�

From Eq. �62� it is clear that in the strong-field limit the
thermal correction a0(T) to the neutrino energy is much
smaller than the vacuum correction a0 . As we will discuss in
Sec. VIII, this result can be significant for cosmological ap-
plications in the case that a strong primordial magnetic field
could exist in the primeval plasma.
The neutrino (�)/antineutrino (�) energies are given by

E���p0 respectively. Substituting Eq. �61� into Eq. �59�
we obtain for the neutrino �antineutrino� index of refraction
in a neutral medium

n�1�a (0)sin2� . �63�

Equation �63� implies that the index of refraction depends
on the neutrino direction of motion. The order of the anisot-
ropy is g2(�eB�/MW

2 ). Maximum field effects take place for
neutrinos propagating perpendicularly to the magnetic field.
That is, the maximum departure of the neutrino phase veloc-
ity from the light velocity c, occurs at ���/2. Notice that in
the neutral magnetized medium the magnetic field effect
does not differentiate between neutrinos and antineutrinos.

Here the following comment is in order. If we consider
the weak-field results �39� obtained in Ref. �12� for the neu-
trino self-energy, in the dispersion relation �6� we obtain

E
�
� ��p��1�

5
18c̃0

2sin2� � . �64�

In Eq. �64�, as the energy depends on c̃0
2, we can see that the

weak field produces a negligible second order correction in
term of the Fermi coupling constant expansion �i.e. a
1/MW

4 -order effect�. It can be corroborated that the inclusion
of temperature in this approximation also produces a second
order correction �14�.
Thus, we conclude that the strong field produces an effect

qualitatively larger, which is even more important than the
thermal one. We call the reader’s attention to the fact that the
field-dependent vacuum contribution to the neutrino energy
�61� has the same order in the Fermi coupling constant as the
ones found in a charged medium at zero �26� and weak �15�
fields.

B. Neutrino index of refraction in a strongly magnetized
charged medium

Now we consider the effect of a strong magnetic field in
neutrino propagation in a charged medium. In this case the
dispersion relation is

det�p” ��̄0�p ,B ���̄T ,��p ,B ���0, �65�

with �̄0(p ,B) and �̄T ,�(p ,B) given in Eqs. �37�,�38� and
�57�,�58� respectively. The solution of Eq. �65� is

E���
4a0�

�1�2a0�
���p�2�2a0�p3�4��p3

1�2a0
. �66�

In leading order in the Fermi coupling constant, expres-
sion �66� is approximated by

E���p��1�a0sin2���M•B�E0 �67�

where

M�
�E0
�B�

p
�p�
, �68�

and

E0��2GFe�p
�

2 /2eB�N0
�

�N0
�� . �69�

On the RHS of Eq. �67�, the first term is the modified
neutrino kinetic energy, with the field-dependent radiative
correction already found in the neutral case �see Eq. �61��;
the second term can be interpreted as a magnetic-moment/
magnetic-field interaction energy, withM playing the role of
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a neutrino effective magnetic moment; and the third term is a
rest energy induced by the magnetized charged medium.
We underline that, contrary to the case of the neutrino

anomalous magnetic moment found beyond the standard
model by including right-chiral neutrinos �30�, the induced
magnetic moment here obtained does not require a massive
neutrino. We remind the reader that we are only considering
left-chiral Dirac neutrinos, so the magnetic moment in Eq.
�67� cannot be associated with the anomalous magnetic mo-
ment structural term ���F�� in the self-energy. This struc-
ture is forbidden in the present case by the explicit chirality
of the standard model. In the case under study we have that
although the neutrino is a neutral massless particle, the
charged medium can endow it, through quantum corrections,
with a magnetic moment proportional to the induced neu-
trino rest energy. Thus, we are in the presence of a peculiar
magnetic moment created thanks to the particle-antiparticle
imbalance of the charged medium. Such a charge asymmetry
permits the formation of a net virtual current that, due to the
magnetic field, circulates in a plane perpendicular to the neu-
trino propagation and therefore produces an effective mag-
netic moment in the direction of the neutrino momentum.
In a charged medium CP-symmetry is violated �31�, and a

common property of electroweak media with CP violation is
a separation between neutrino and antineutrino energies. In
the present case this property is manifested in the double
sign of E0 in Eq. �67�. Although this difference depends on
the magnetic field entering in N0

� , we stress that it depends
on the magnitude of the magnetic field but not on its direc-
tion. Thus, the energy anisotropy connected to the first two
terms of Eq. �67� is the same for neutrinos and antineutrinos.
The neutrino/antineutrino energy in the charged medium

in the presence of a weak field has been found �15� to be

E
�
� ��p��b�

p•B
�p�

�a�, �70�

with

a��
g2

4MW
2 �N��N��,

b��
eg2

2MW
2 � d3p

�2��32E

d
dE � f�� f��, �71�

where N� are the electron/positron number densities, and f�

the electron/positron distributions.
Comparing the strong-field �67� and the weak-field �70�

dispersion relations, we see that the field-dependent correc-
tion to the kinetic energy appearing in the strong-field ap-
proximation is absent in the leading order of the weak-field
case. For a strong-field, that correction turns out to be impor-
tant for neutrinos propagating perpendicular to the magnetic
field. Another difference between Eqs. �67� and �70�, is that
in the last dispersion relation the rest energy a� does not
depend on the magnetic field. This is the pure medium con-
tribution that gives rise to the well known MSW effect �26�.
As discussed above, in the strong-field case, where all pa-

rameters, including � and �p� are assumed smaller than �eB ,
such a term is negligible compared to the contribution E0
which is proportional to the field. In both approximations
there is an additional anisotropy related to the induced mag-
netic moment term, which is linear in the magnetic field and
depends on the imbalance between particles and antipar-
ticles. We should notice that this anisotropic term changes its
sign when the neutrino reverses its motion. This property is
crucial for a possible explanation of the peculiar high pulsar
velocities �32�. Nevertheless, for the anisotropic term that
modifies the kinetic energy in the strong-field approximation,
the neutrino energy-momentum relation is invariant under
the change of � by �� .
Substituting Eq. �67� into Eq. �59� we obtain that the

neutrino/antineutrino index of refraction in the charged me-
dium is given by

n��1�a0sin2��
M•B�E0

�p�
. �72�

The result �72� implies that the index of refraction depends
on the neutrino direction of motion relative to the magnetic
field. Moreover, neutrinos and antineutrinos have different
index of refractions and therefore different phase velocities
even if they move in the same direction. For neutrinos, if
N0

�
	N0

� �i.e. if there is a larger number of electrons than
positrons� the index of refraction for B�0 is smaller than
one, so their phase velocities will be smaller than light ve-
locity. Thus, in the charged medium with strong magnetic
field, neutrinos behave as massive particles. This is in agree-
ment with the behavior they have in a dense medium, even in
the absence of magnetic field �26�. On the other hand, for
antineutrinos the index of refraction �the one with the posi-
tive sign in front of E0 in Eq. �72�� can be larger than one.
For instance, for antineutrinos moving opposite to the field-
line directions the index of refraction is

n��1�
2E0
�p�

	1. �73�

Thus, antineutrinos will have phase velocities larger than
c and depending on the magnetic field strength and electron
density. In this regard we should mention that particles with
zero rest mass can even have group velocities that exceed c
in anomalously dispersive media �33�. Moreover, in non-
trivial backgrounds, particles with superluminal propagations
are not intrinsically forbidden in quantum field theories. For
instance, superluminal photons appear in curved spaces �34�,
Casimir vacua �35� and in QED with compactified spatial
dimensions �36�. Discussions about the nonviolation of mi-
crocausality by the existence of such superluminal velocities,
as well as the lack of a contradiction between such a phe-
nomenon with the bases of special theory of relativity, can be
found in Refs. �33,34,37�. There, it was noted that the ‘‘front
velocity,’’ the one related to the index of refraction in the
infinite frequency limit, is the one that cannot exceed c, since
it is related to the signal transmission.
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VI. STRONG FIELD AND LLL APPROXIMATION:
NUMERICAL TEST

In the calculation of the neutrino self-energy in the strong-
field limit (MW��B�me ,T ,� ,�p�) done in Sec. IV, we as-
sumed that the main contribution to the self-energy loop dia-
gram came from electrons in the LLL, since in the strong-
field limit the energy gap between electron Landau levels is
much larger than the electron average energy in the medium.
In this section we will check the validity of these arguments
with the help of numerical calculations.
Taking into account that the relevant physical quantity in

this study is the neutrino energy, we can concentrate our
analysis on the self-energy coefficients that give the largest
contribution to the dispersion relation. It is easy to check,
from the analytical structure of Eqs. �27�–�30�, that the lead-
ing term in the expansion of the coefficients in powers of
1/MW

2 can be at most of order 1/MW
2 . Keeping in mind that

the only coefficients that could contribute with a 1/MW
2 -order

term in the dispersion relation �6� are a and b �coefficients c
and d appear squared in Eq. �6� and their contribution to the
dispersion relation should start at least with terms of order
1/MW

4 ], we can approximate the dispersion relation �6� by

p0
2��p�2�2�a�b �p�

2 . �74�

Then, to validate the LLL approximation we should nu-
merically study the ratio

+�
a�b
a0�b0

, �75�

where a and b are respectively obtained from Eqs. �27� and
�28�, summing in all the Landau levels and taking parameter
values in the strong-field region MW��B�me , T, �p�. The
coefficients a0 and b0 are the corresponding values at T�0
in the LLL. In the denominator of Eq. �74� we are neglecting
the thermal contributions a0(T) and b0(T) since they would
make an insignificant contribution (1/MW

2 -order smaller� as
compared with the vacuum ones in the parameter range T

MW . In Sec. IV, we showed that b0�0, and that a0 is
given by Eq. �38�.
The strong-field conditions can be naturally found in

many astrophysical systems like magnetars, neutron stars,
etc. In cosmological applications, however, the viable pri-
mordial fields can never be much larger than the
temperature,2 as according to the equipartition principle, the
magnetic energy can only be a small fraction of the universe
energy density. This argument leads to the relation eB/T2
�O(1). Clearly, this is not a situation very consistent with a
strong-field approximation. However, even under this condi-
tion, it is natural to expect that the thermal energy should be

barely enough to induce the occupation of just a few of the
lower electron Landau levels, and one would not be sur-
prised if the LLL approximation still gives the leading con-
tribution to the dispersion relation.
To investigate Eq. �75� it will be more convenient to in-

dependently study the variation range for each coefficient
ratio,

+a�
a�T�0 ��a�T �

a0
�+a�B�0,T�0 �,

+b�
b�T�0 ��b�T �

a0
�+b�B�0,T�0 �, �76�

where a(T�0)�b(T�0)� and a(T)�b(T)� are respectively
the vacuum and thermal contributions of each coefficient
a(b). Here we subtract the ultraviolet divergent zero-field,
zero-temperature parts +a(B�0,T�0), +b(B�0,T�0), as
they can only contribute, after renormalization, with negli-
gible zero-field terms. The validity of the LLL approximation
should imply that +a,1 and +b
1 for the range of param-
eters considered. In the first part of this section we examine
the validity of the LLL in the zero-temperature case obtain-
ing +a(T�0)�a(T�0)/a0�+a(B�0,T�0),1, +b(T
�0)�b(T�0)/a0�+b(B�0,T�0)
1. In the second part,
we do a similar analysis, for the thermal part of a, finding
that +a(T)�a(T)/a0
1, as expected from the theoretical
considerations given in Sec. IV �see the discussion below Eq.
�48��. As this last numerical calculation is performed for
magnetic fields that can even be a few orders smaller than
T2, the result +a(T)
1 confirms the appropriateness of the
LLL-approximation for a rather wide range of primordial
fields. The analysis of the finite temperature part of coeffi-
cient b�+b(T)�b(T)/a0� is not explicitly done in the paper,
however, it is not hard to see that it gives rise to a similar
result, that is, +b(T)
1.

A. Vacuum contribution

If we introduce in expressions �27� and �28� the integral
representations

1

q̄2�me
2��

0

�

d� exp�� q̄2�me
2�� , �77�

1

k̄2�MW
2 ��

0

�

d� exp�� k̄2�MW
2 �� , �78�

and take into account the recurrence relation �39�

�2l �1/2% l�1�
���	
�
�% l�
�, �79�

in Eq. �28�, it is possible to rewrite coefficients a� and b� as
2In cosmology the electric chemical potential is so small that we
can always assume it is zero.
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a��
�ig2eB

2�2��6p 	
2� d4x� d4y� d3q̂� d3k̂e�i(p1x1�p1�•y1)eix̂•( k̂� q̂� p̂)�i ŷ•( p̂�� k̂� q̂)

��
0

�

d��
0

�

d�#e�(q 	
2
�me

2)��(k 	
2
�MW

2
�eB)���q0�q3��p3�p0���q0�q3��p3�p0�r2t�S�S�$ �80�

b��
ig2�eB �3/2

�2��6p�

2 � d4x� d4y� d3q̂� d3k̂e�i(p1x1�p1�•y1)eix̂•( k̂� q̂� p̂)�i ŷ•( p̂�� k̂� q̂)

��
0

�

d��
0

�

d�
 e�(q 	
2
�me

2)��(k 	
2
�MW

2
�eB)������

1�t p2�i
����

1�t p1�rtS�S�� . �81�

Here, S� and S� are found doing the sum in Landau levels with the help of Mehler’s formula �38�

S���
l�0

�

% l���% l����t l����1�t2���1/2exp�� �2���2

2
� exp� �����t �2

1�t2
�82�

where t�exp�(2eB�), ���2eB(x1�q2 /eB) and ����2eB(y1�q2 /eB). S� is obtained from Eq. �82� by replacing t
→r�exp�(2eB�), �→
��2eB(x1�k2 /eB) and ��→
���2eB(y1�k2 /eB).
Integrating in x̂ , ŷ , q̂ and k2 , and introducing the variable changes x1→
 and y1→
�, we find

a��
�ig2eB�

p 	
2 �4�p�p���

��

�

d2k 	 �
0

�

d��
0

�

d��
��

�

d
�
��

�

d
�#e�[(q 	�p 	)
2
�me

2]��(k 	
2
�MW

2
�eB)�e�i(
�
�)p1 /�eB��1�r2t �

��p0
2
�p3

2���k0�k3��p3�p0���k0�k3��p3�p0�r2t�S��S�$ �83�

b��
2ig2�eB �3/2�

p�

2 �4�p�p���
��

�

d2k 	 �
0

�

d��
0

�

d��
��

�

d
�
��

�

d
�
 e�[(q 	�p 	)
2
�me

2]��(k 	
2
�MW

2
�eB)�� 
�
�

1�t p2�i

�
�

1�t p1

�
2p2

2

�eB�1�t �
�e�i(
�
�)p1 /�eBrtS��S�� �84�

where

S������1�t2���1/2exp�� �
�p2 /�eB�2��
��p2 /�eB�2

2 � exp� ��
��p2 /�eB ���
�p2 /�eB �t�2

1�t2
. �85�

After Wick rotating to Euclidean space and doing the Gaussian integrals in k3 , k4 , 
 and 
�, we finally obtain

a���4�p�p��g2�2�
0

�

d��
0

�

d�
�

�����2

cosh���2��
sinh�����

exp��m̂e
2��M̂W

2 ��exp�� �����
p̂ 	
2
�

1
cth����cth��� p̂�

2 �
�86�

b����4�p�p��g2�2�
0

�

d��
0

�

d�
1

�����

sinh���

sinh2�����
exp��m̂e

2��M̂W
2 ��exp�� �����

p̂ 	
2
�

1
cth����cth��� p̂�

2 �
�87�

where we introduced the normalized parameters m̂e�me /�eB , p̂��p� /�eB , and M̂W�MW /�eB . Equations �86� and �87�
are as far as we can go in the calculation of a� and b� after summing in all Landau levels without using any approximation.
In the zero-field limit the coefficients �86� and �87� reduce to

aB�0� �bB�0� ���4�p�p��g2�2�
0

�

d��
0

�

d�
�

�����3
exp�� ��

��

���
p̄�
2

�M̄W
2 � � �88�
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where M̄W�MW /me , p̄��p� /me .
Our goal now is to investigate the validity of the LLL approximation for the zero-temperature contribution of the coeffi-

cients in the parameters’ range: MW��B�me ,�p�. With this purpose, in Figs. 2 and 3 we plot,

+a�T�0 ��
a�aB�0

a0
vs log m̂�1

���2,2� �89�

and

+b�T�0 ��
b�bB�0

a0
vs log m̂�1

���2,2� �90�

respectively. Here a0 is the LLL coefficient defined in Eq. �38�. Notice that primed and unprimed variables are related through
a��(2�)4� (4)(p�p�)a , b��(2�)4� (4)(p�p�)b .
From Fig. 2 it can be seen that +a(T�0),1 when �eB'me ,�p�, while, from Fig. 3, we see that +b(T�0)
1 in all the

range 10�2me-�eB-102me . This result corroborates the initial assumption that the LLL approximation gives the leading
contribution to the vacuum part of the neutrino self-energy at strong fields (MW��B�me ,�p�).

B. Thermal contribution

Let us consider now the finite temperature contributions. The finite temperature part of the coefficient a� can be found in
the following way. We start from Eq. �83�, perform the Wick rotation to Euclidean space, replace the integral in the four-
momentum by the temperature sum &dk4→(2�T)�n���

� �with k4�2�nT), and integrate in k3 , to obtain

a���4�p�p��
g2eB���

p 	
2 �

0

�

d��
0

�

d��
��

�

d
�
��

�

d
�� S��S� e�2p32/(���)

����
e�[(p 	)

2
�me

2]��(MW
2

�eB)�e�i(
�
�)p1 /�eB

��2�T � �
n���

� 
 �1�r2t ��p0
2
�p3

2��
�p3
���

��p3�p0���p3�p0�r2t��ik4��p3�p0�r2t��p3�p0���
�e�(���)k4

2
�2i�p0k4� .

After integrating in 
 and 
�, and introducing the elliptic theta functions representation �38�

.3�u/��� �
n���

�

exp� i���n2�2nu �� �91�

we find

a��a (1)�a (2) �92�

where

a (1)��4�p�p��
g2�2��T̂

p̂ 	
2 �

0

�

d��
0

�

d� sinh�1�����

exp� �2

��� � p̂32
����

exp�� p̂ 	
2
�m̂e

2�� exp�M̂W
2 � exp�

p̂�

2

coth��coth�

�� � p̂3
���

�r�1t�1/2� p̂0� p̂3��rt1/2� p̂3� p̂0���� p̂0
2
� p̂3

2��r�1t�1/2�rt1/2��.3��2 p̂0T̂�/i4�T̂2������ �93�

and
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a (2)��4�p�p��
g2�2��T̂

p̂ 	
2 �

0



d��
0

�

d sinh�1��

exp� �2


� p̂32
�

exp�� p̂ 	
2
�m̂e

2�� exp�M̂W
2 ����

�exp�
p̂�

2

coth ��coth����
� r̄ t̄ 1/2� p̂3� p̂0�� r̄�1 t̄�1/2� p̂0� p̂3��

	�.3��2 p̂0T̂�/i4�T̂2�

�2 p̂0
. �94�

In Eq. �94� we introduced the notation

r̄�exp�2����, t̄�exp�2� . �95�

Integrating Eq. �94� by parts and adding the result with Eq. �93�, we obtain

a���4�p�p��
g2�2��T̂
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d
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0

�

d��
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2�� exp� �2
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�exp�

p̂�

2

coth��coth� 
 2� p̂3 p̂0���
� p̂3cosh���2��� p̂0sinh���2���� p̂ 	

2cosh���2���� � p̂ 	
2
�m̂e
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�M̂W

2 ��
2� p̂3

2

���

�� 1

sinh2�
�

1

sinh2� � p̂�

2

�coth��coth��2
� � p̂3sinh���2��� p̂0cosh���2����� p̂3cosh���2��� p̂0sinh���2����

�.3��2 p̂0T̂�/i4�T̂2������. �96�

To isolate the temperature part of a�, we have to subtract the zero-temperature �vacuum� contribution from Eq. �96�. With
this aim, we use the Jacobi imaginary transformation �38�

.3�u/������i���1exp��i�u2/��.3� u� /� 1
� � , �97�

to write

.3��2 p̂0T̂�/i4�T̂2�������
exp�� p̂0

2�2/������

2T̂��������
�1� �

n���

�

� exp�� n2

4T̂2�����
�

p̂0�n

T̂�����
� � �98�

where the symbol �n���
� � means that the term n�0 was taken out.

Then, to subtract the vacuum term from a� is equivalent to make in Eq. �96� the following substitution:

.3��2 p̂0T̂�/i4�T̂2������→.3��2 p̂0T̂�/i4�T̂2�������
exp�� p̂0

2�2/������

2T̂��������
, �99�

.3��2 p̂0T̂/i4�T̂2�→.3��2 p̂0T̂/i4�T̂2��
exp�� p̂0

2�

2T̂���
, �100�

.3�0/i4�T̂2�→.3�0/i4�T̂2��
1

2T̂���
, �101�

which leads to
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Equation �102� gives the thermal part of the a� taking into
account all Landau levels. To compare the thermal and the
LLL contributions we plot log a(T)/a0 vs log T̂�1 in Fig. 4.
From Fig. 4 we see that in all the range of temperatures

considered, the thermal contribution is consistently smaller
in several orders than the LLL contribution. This result,
along with those obtained in Figs. 2 and 3, imply that +
,1, thereby validating the LLL approximation in the strong
and weakly strong field cases (MW��B�me ,�p�, eB
�T2). In addition, we would like to underline the consis-
tency of these numerical results with the arguments used in
Sec. IV �see discussion after Eq. �45��, in the sense that the
finite temperature part should be much smaller than the
vacuum contribution.

VII. APPLICATIONS TO COSMOLOGY
AND ASTROPHYSICS

Two natural environments where the results of the present
paper can be of interest are, on one side, stars possessing
large magnetic fields �neutron stars, magnetars, etc.�, and, on
the other, the early universe, which presumably was perme-

ated by large primordial magnetic fields that eventually be-
came the seeds �8,40� of the galactic fields that are observed
today at scales of 100 Kpc �6� and larger.
The effects of primordial magnetic fields on neutrino

propagation are of special interest during the neutrino decou-
pling era, on which a large number of these particles escaped
the electroweak plasma with the possibility to develop sig-
nificant oscillations. The strength of the primordial magnetic
field in the neutrino decoupling era can be estimated from
the constraints derived from the successful nucleosynthesis
prediction of primordial 4He abundance �41�, as well as on
the neutrino mass and oscillation limits �42�. These con-
straints, together with the energy equipartition principle, lead
to the relations

me
2-eB-m�

2 , B/T2�2, �103�

with m� being the muon mass. Then, it is reasonable to
assume that between the QCD phase transition epoch and the
end of nucleosynthesis a primordial magnetic field in the
above range could have been present �17�.

FIG. 2. Plot of +a(T�0) vs log m̂e
�1 for field range 10�2me

-�eB-102me and parameter values � p̂ 	��� p̂���10�1�2m̂e ,
M̂W�105m̂e .

FIG. 3. Plot of +b(T�0) vs log m̂e
�1 for field range 10�2me

-�eB-102me and parameter values � p̂ 	��� p̂���10�1�2m̂e ,
M̂W�105m̂e .
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Unlike the stellar material, whose density can be of order
one, we know that the early universe was almost charge sym-
metric, with a particle-antiparticle asymmetry of only
10�9–10�10. Therefore, when considering possible conse-
quences of our results for the early universe, we should re-
strict the discussion to the neutral case (��0).
For the neutral case, it is known that at weak field all the

corrections in the neutrino energy density, whether they de-
pend on the field and/or temperature, are second order in the
Fermi coupling constant �16,12,14�, therefore negligible
small. Nevertheless, it can be seen from Eqs. �61�,�62� that if
sufficiently strong magnetic fields were present in the prime-
val plasma, they would yield corrections to the energy den-
sity that are linear in the Fermi coupling constant. Moreover,
as shown in Sec. VI, the strong-field approximation that led
to these corrections is reliable even for magnetic fields in a
more realistic range �i.e. as those satisfying condition �103��.
Notice that a field satisfying Eq. �103� would be effec-

tively strong with respect to the electron-neutrino, but weak
for the remaining neutrino flavors. If such a field existed
during the decoupling era, it could significantly affect the
�e↔�� ,�� and �e↔�s resonant oscillations �11�, as the field
would differently modify the energy of �e compared to those
of �� , �� and �s . The interesting new thing here is that
despite the fact that these oscillations would take place in an
essentially neutral medium, because of the strong field they
will be as significant as those produced by the MSW mecha-
nism �26� in a dense medium. A peculiarity of the strong-
field effects on the neutrino energy density is to give rise to
anisotropic resonant oscillations. That is, the oscillation
probability depends on the direction of the neutrino propaga-
tion with respect to the magnetic field.
Another interesting question related to primordial mag-

netic fields is whether they influenced neutrino propagation
prior to the electroweak phase transition, since some of the
mechanisms of primordial magnetic field generation allow
their existence at very early epochs �7,8�. Before the elec-
troweak transition a primordial magnetic field could only
exist in the form of a U�1� hypermagnetic field �45�. Any
non-Abelian ‘‘magnetic’’ field would decay at high tempera-
tures because it would acquire a nonperturbative infrared
magnetic mass g2T . The implications of primordial hyper-
magnetic fields in neutrino propagation before the elec-
troweak phase transition have been studied in Refs. �43,44�.

In �43� the strong-field effects led to a large anisotropy in the
leptons’ energies. The anisotropy was due to the degeneracy
in the energy, which in the leading order does not depend on
the transverse momentum component. It is in contrast with
the magnetic field case, which takes place after the elec-
troweak phase transition, where, although an anisotropy in
the neutrino energy is also present, no degeneracy occurs
�see Eqs. �61�,�62��. This different behavior is a direct con-
sequence, on one hand, of the nonzero neutrino hypercharge
and hence of the minimal coupling of these particles to the
hypermagnetic field; and on the other, of their electrical neu-
trality, which implies that they can interact with a magnetic
field through radiative corrections only.
We underline that the anisotropy in the energy spectrum

of neutrinos in background fields could provide an indepen-
dent way to verify the existence of primordial magnetic
fields, since a field-induced anisotropy would be reflected as
an imprint in a yet undetected and elusive cosmic back-
ground of neutrinos produced during the decoupling era.
For astrophysical applications we should turn our atten-

tion to the star interiors characterized by high densities of
charged particles under strong magnetic fields. As shown in
Sec. V, in the charged medium case the strong-field approxi-
mation gives rise to a modification of the kinetic part of the
neutrino energy �first term in Eq. �67��, that is not present in
leading order at weak field �Eq. �70�� �15�. Due to this new
term the largest field-dependent contribution to the neutrino
kinetic energy comes from neutrinos propagating perpen-
dicularly to the field.
It is worth noticing that the anisotropic term associated

with the effective magnetic moment in the dispersion rela-
tions �67� and �70� changes sign when neutrinos reverse their
direction of motion. On the other hand, the kinetic energy
term in Eq. �67� remains unchanged when the neutrinos
move in opposite direction, even though it depends on the
direction of propagation of the neutrinos with respect to the
magnetic field. As known �32�, the anisotropy associated to
the magnetic-moment contribution to the neutrino energy can
be relevant for a possible explanation of the peculiar high
pulsar velocities. It would be interesting to consider the com-
bined effects of the two different anisotropies to understand
whether they could affect the dynamics of proto-neutron
stars.
Another possible ground of applications of our results is

supernova neutrinos. Core collapse supernovae are domi-
nated by neutrinos and their transport properties. In addition,
the observation of neutrinos from supernova, which is essen-
tial to confirm the basic picture of supernova explosion, can
be affected by neutrino oscillations. As we have pointed out
in this paper, neutrino transport and oscillations can be both
modified by the presence of a strong magnetic field. Mag-
netic fields as strong as 1014 to 1016 G could exist in the first
seconds of neutrino emission inside the supernova core �46�.
Thus, the electron-neutrino energy spectrum found in this
paper, within the strong-field limit for the charged medium,
should be considered for any study of neutrino oscillations
under those conditions.

FIG. 4. Plot of log„a(T)/a0… vs log(T̂) for field range 10�2T
-�eB-102T and parameter values � p̂ 	��� p̂���10�1�2m̂e , M̂W

�105m̂e , m̂e�0.1.
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VIII. CONCLUDING REMARKS

In this paper we carried out a thorough study of the propa-
gation of neutrinos in strongly magnetized neutral and
charged media. We started from the most general structure of
the neutrino self-energy in a magnetic field, expressing it as
the sum of four independent covariant terms with coeffi-
cients that are functions of the physical variables of the
theory and whose values depend on the approximation con-
sidered. General expressions of the four coefficients at one-
loop approximation were given in Eqs. �27�–�30�.
The coefficients were then calculated in the strong-field

limit using the LLL aproximation for the electrons. The LLL
was assumed to be valid in the parameter range MW��B
�me ,�p�, eB�T2. To justify it one should keep in mind that
under these conditions most electrons would not have
enough energy to overcome the gap between the Landau lev-
els. Hence, they will be mainly confined to their lower levels
and the leading contribution would come from the LLL. This
assumption was also corroborated for the above parameters’
range by numerical calculations summing in all Landau lev-
els.
The dispersion relation of the neutrinos was written as a

function of the four coefficients of the self-energy structures,
allowing in this way to straightforwardly obtain the neutri-
no’s energy in the strong-field limit for each physical case.
In concordance with results previously obtained in

charged media at weak fields �15,14�, in the strong-field case
an energy term associated with the interaction between the
magnetic field and the effective magnetic moment was also
found at leading order in GF . This interaction energy disap-
pears in the neutral medium, since in a charged-symmetric
plasma the contribution to the effective magnetic moment
coming from electrons and positrons cancels out.
A main outcome of our investigation was to show that in

strongly magnetized systems a term of different nature
emerges in both charged and neutral media. The new term,
which is linear in the magnetic field and of first order in GF ,
enters as a correction to the neutrino kinetic energy in the
presence of a strong-magnetic field. This correction is
present even in a strongly magnetized vacuum, since it is
related to the vacuum part (T�0, ��0) of the neutrino self-
energy at B�0.

A characteristic of the field-dependent corrections to the
neutrino energy is that they produce an anisotropic index of
refraction, since neutrinos moving along different directions
have different field-dependent dispersion relations. We
should underline that while the magnetic moment interaction
term produces a maximum field effect for neutrinos propa-
gating along the field lines, the field correction to the kinetic
energy does not contribute to those propagation modes, but
on the contrary, the maximum kinetic-energy effect takes
place for neutrinos propagating perpendicularly to the field
direction. We stress that the anisotropy does not differentiate
between neutrinos and antineutrinos.
The charged medium results reported in the current work

can be of interest for the astrophysics of neutrinos in stars
with large magnetic fields. On the other hand, our finding for
the neutral medium can have applications in cosmology, if
the existence of high primordial magnetic fields is finally
confirmed. Contrary to some authors’ belief �14,10� that, re-
gardless of the field intensity, the neutrino dispersion relation
in the early universe is well approximated by the dispersion
relation in the zero field medium, our results indicate that
strong, and even weakly strong, magnetic fields can give rise
to a contribution to the neutrino energy that is several orders
larger than the pure thermal contribution.
The field-dependent correction to the neutrino energy in a

neutral medium with strong magnetic field can have an im-
pact in neutrino flavor-oscillations in the primeval plasma
�11� and therefore affect primordial nucleosynthesis. Hence,
this new effect could be important to establish possible limits
to the strength of the primordial magnetic field.
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As far as the laws of mathematics refer to reality, they are not certain; and
as far as they are certain, they do not refer to reality.

A Einstein

Abstract
An interesting example of the deep interrelation between physics and
mathematics is obtained when trying to impose mathematical boundary
conditions on physical quantum fields. This procedure has recently been re-
examined with care. Comments on that and previous analysis are provided here,
together with considerations on the results of the purely mathematical zeta-
function method, in an attempt at clarifying the issue. Hadamard regularization
is invoked in order to fill the gap between the infinities appearing in the QFT
renormalized results and the finite values obtained in the literature with other
procedures.

PACS number: 03.70.+k

1. Introduction

The question, phrased by Eugene Wigner as that of the unreasonable effectiveness of
mathematics in the natural sciences [1] is an old and intriguing one. It goes back to Pythagoras
and his school (all things are numbers), even probably to the Sumerians, and maybe to more
ancient cultures, which left no trace. I Kant and A Einstein also contributed to this idea with
profound reflections, and mathematical simplicity, and beauty, have remained for many years
crucial ingredients when having to choose among different plausible possibilities.

An example of unreasonable effectiveness is provided by the regularization procedures
in quantum field theory (QFT) based upon analytic continuation in the complex plane
1 On leave from ICE, Consejo Superior de Investigaciones Cientı́ficas, and IEEC, Edifici Nexus, Gran Capità 2-4,
08034 Barcelona, Spain.
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(dimensional, heat-kernel, zeta-function regularization and the like). That one obtains
a physical, experimentally measurable, and extremely precise result after these weird
mathematical manipulations is, if not unreasonable, certainly very mysterious. For many
highly honourable physicists these remained always illegal practices. Such methods are now
fully justified and blessed with Nobel Prizes, but more because of the many and very precise
experimental checkouts (the effectiveness) than for their intrinsic reasonableness.

A simple example may be clarifying. Consider the calculation of the zero-point energy
(vacuum to vacuum transition, also called Casimir energy [2]) corresponding to a quantum
operator, H, with eigenvalues λn : E0 = 〈0|H |0〉 = 1

2

∑
n λn, where the sum over n may

involve several continuum and discrete indices. Only in special cases will this sum be
convergent. Generically one has a divergent series, to be regularized by different means.
The zeta-function method [3]—which stands on solid and flourishing mathematical grounds
[4]—will interpret it as the value of the zeta function of H: ζH (s) = ∑

n λ−s
n , at s = −1

(we set h̄ = c = 1). Generically ζH (s) is only defined as an absolutely convergent series for
Re s > a0 (a0 an abscissa of convergence), but it can be continued to the whole complex plane,
with the possible appearance of poles as only singularities. If ζH (s) has no pole at s = −1
then we are done; if it hits a pole, further elaboration is necessary. That the mathematical
result one thus gets coincides with the experimental one, constitutes here our specific example
of unreasonable effectiveness of mathematics.

In fact things do not turn out to be so simple. One cannot assign a meaning to the absolute
value of the zero-point energy, and any physical effect is an energy difference between two
situations, such as a quantum field in curved space as compared with the same field in flat space,
or one satisfying boundary conditions (BCs) on some surface as compared with the same in its
absence, etc. This difference is the Casimir energy: EC = EBC

0 − E0 = 1
2 (Tr H BC − Tr H).

And here the problem appears. Imposing mathematical boundary conditions on physical
quantum fields turns out to be a highly non-trivial act. This was discussed in much detail in a
paper by Deutsch and Candelas a quarter of a century ago [5]. These authors quantized em and
scalar fields in the region near an arbitrary smooth boundary, and calculated the renormalized
vacuum expectation value of the stress–energy tensor, to find that the energy density diverges
as the boundary is approached. Therefore, regularization and renormalization did not seem
to cure the problem with infinities in this case and an infinite physical energy was obtained
if the mathematical BCs were to be fulfilled. However, the authors argued that surfaces have
non-zero depth, and its value could be taken as a handy (dimensional) cut-off in order to
regularize the infinities. This approach will be recovered later in this paper. Just two years
after Deutsch and Candelas’ work, Kurt Symanzik carried out a rigorous analysis of QFT in
the presence of boundaries [6]. Prescribing the value of the quantum field on a boundary
means using the Schrödinger representation, and Symanzik was able to show rigorously that
such representation exists to all orders in the perturbative expansion. He showed also that the
field operator being diagonalized in a smooth hypersurface differs from the usual renormalized
one by a factor that diverges logarithmically when the distance to the hypersurface goes to
zero. This requires a precise limiting procedure and point splitting to be applied. In any case,
the issue was proved to be perfectly meaningful within the domains of renormalized QFT. In
this case the BCs and the hypersurfaces themselves were treated at a pure mathematical level
(zero depth) by using delta functions.

Recently, a new approach to the problem has been postulated [7]. BCs on a field, φ, are
enforced on a surface, S, by introducing a scalar potential, σ , of Gaussian shape living on and
near the surface. When the Gaussian becomes a delta function, the BCs (Dirichlet here) are
enforced: the delta-shaped potential destroys all the modes of φ at the surface. For the rest, the
quantum system undergoes a full-fledged QFT renormalization, as in the case of Symanzik’s
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approach. The results obtained confirm those of [5] in the several models studied albeit they
do not seem to agree with those of [6]. They are also in clear contradiction to those quoted in
the usual textbooks and review articles dealing with the Casimir effect [8], where no infinite
energy density when approaching the Casimir plates has been reported.

2. A zeta-function approach

Too often has it been argued that sophisticated regularization methods, as the zeta-function
procedure, get rid of infinities in an obscure way (e.g. through analytic continuation), so that,
in contrast to what happens with cut-offs, one cannot keep trace of the infinites, which are
cleared up without control, leading sometimes to erroneous results.

One cannot refute a statement of this kind rigorously, but it should be noted that more than
once (if not always) the discrepancies between the result obtained by using the zeta procedure
and other—say cut-off like—approaches have been proved to emerge from a misuse of zeta
regularization, and not to stem from the method itself. When employed properly, the correct
results have been recovered (for a good number of examples, see [3, 4, 9, 10]).

Take the most simple case of a scalar field in one dimension, φ(x), with a BC of Dirichlet
type imposed at a point, e.g. φ(0) = 0. We would like to calculate the Casimir energy for this
configuration, that is, the difference between the zero-point energy corresponding to this field
when the BC is enforced, and the zero-point energy in the absence of any BC. Taken at face
value, both energies are infinite. The regularized difference may still be infinite when the BC
point is approached (this is the result in [7]) or might turn out to be finite (even zero, which is
the result given in some standard books on the subject).

Let us try to understand this discrepancy. We have to add up all energy modes (trace of
H). For the mode with energy ω, the field equation reduces to

−φ′′(x) + m2φ(x) = ω2φ(x). (1)

In the absence of a BC, the solutions to the field equation can be labelled by k = +
√

ω2 − m2 >

0, as φk(x) = A eikx + B e−ikx , with A,B being arbitrary complex (for the general complex),
or as φk(x) = a sin(kx) + b cos(kx), with a, b being arbitrary real (for the general real
solution). Now, when the mathematical BC of Dirichlet type, φ(0) = 0, is imposed, this
does not influence at all the eigenvalues, k, which remain exactly the same (as stressed in the
literature). However, the number of solutions corresponding to each eigenvalue is reduced by
one-half to: φ

(D)
k (x) = A(eikx − e−ikx), with A being arbitrary complex (complex solution),

and φ
(D)
k (x) = a sin(kx), with a being arbitray real (real solution). In other words, the

energy spectrum (for omega) that we obtain in both cases is the same, a continuous spectrum
ω =

√
m2 + k2, but the number of eigenstates corresponding to a given eigenvalue is twice as

large in the absence of the BC.2

Of course these considerations are elementary, but they seem to have been put aside
sometimes. They are crucial when trying to calculate (or just to give sense to) the Casimir
energy density and force. More to this, just in the same way as the traces of the two matrices
M1 = diag (α, β) and M2 = diag (α, α, β, β) are not equal in spite of having ‘the same

2 To understand this point even better (by taking recourse to what is learned in the maths classes at high school),
consider the fact that further, by imposing Cauchy BC: φ(0) = 0, φ′(0) = 0, the eigenvalues still remain the same,
but for any k the family of eigenfunctions shrinks to just the trivial one: φk(x) = 0,∀k (the Cauchy problem is an
initial value problem, which completely determines the solution).
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spectrum α, β’, in the problem under discussion the traces of the Hamiltonian with and
without the Dirichlet BC imposed yield different results, both of them divergent, namely

Tr H = 2 Tr H BC = 2
∫ ∞

0
dk

√
m2 + k2. (2)

By using the zeta function, we define

ζ BC(s) :=
∫ ∞

0
dκ(ν2 + κ2)−s ν := m

μ
(3)

with μ being a regularization parameter with dimensions of mass3. We get

ζ BC(s) =
√

π�(s − 1/2)

2�(s)
(ν2)1/2−s (4)

and consequently,

Tr H BC = 1

2
ζBC(s = −1/2)

= m2

4
√

π

[
1

s + 1/2
+ 1 − γ − log

m2

μ2
− �(−1/2) + O(s + 1/2)

]∣∣∣∣
s=−1/2

. (5)

As is obvious, this divergence is not cured when taking the difference of the two traces in
order to obtain the Casimir energy:

EC/μ = EBC
0

/
μ − E0/μ = −EBC

0

/
μ = �(−1)m2

8μ2
. (6)

We just hit the pole of the zeta function, in this case.
How is this infinite to be interpreted? What is its origin? Just by taking recourse to the

pure mathematical theory (durch reine Mathematik), we already get a perfect description of
what happens and understand well where does this infinite energy4 come from. It clearly
originates from the fact that imposing the BC has drastically reduced to one-half the family
of eigenfunctions corresponding to any of the eigenvalues which constitute the spectrum of
the operator. And we can also advance that, since this dramatic reduction of the family
of eigenfunctions takes place precisely at the point where the BC is imposed, the physical
divergence (infinite energy) will originate right there, and nowhere else.

While the analysis above cannot be taken as a substitute for the actual modelization of
Jaffe et al [7]—where the BC is explicitly enforced through the introduction of an auxiliary,
localized field, which probes what happens at the boundary in a much more precise way—it
certainly shows that pure mathematical considerations, which include the use of analytic
continuation by means of the zeta function, are in no way blind to the infinities of the physical
model and do not produce misleading results, when the mathematics is used properly. And it
is very remarkable to realize how close the mathematical description of the appearance of an
infinite contribution is to that provided by the more physical realization in [7].

3 Always necessary in zeta regularization, since the complex powers of the spectrum of a (pseudo-) differential
operator can only be defined, physically, if the operator is rendered dimensionless, which is done by introducing this
parameter. This is also an important issue, which is sometimes overlooked.
4 In mathematical terms, this is the infinite value for the trace of the Hamiltonian operator.
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3. The case of two-point Dirichlet boundary conditions

A similar analysis can be done for the case of a two-point Dirichlet BC: φ(a) = 0, φ(−a) = 0.
Straightforward algebra shows, in this situation, that the eigenvalues k are quantized, as
k = π̇/(2a), so that

ω� =
√

m2 +
�2π2

4a2
� = 0, 1, 2, . . . (7)

The family of eigenfunctions corresponding to a given eigenvalue, ω�, is of continuous
dimension 1, exactly as in the former case of a one-point Dirichlet BC, namely, φ�(x) =
b sin

(
�π
2a

(x − a)
)
, where b is an arbitrary, real parameter5. To repeat, the act of imposing

Dirichlet BC on two points has the effect of discretizing the spectrum but there is no further
shrinking in the number of eigenfunctions corresponding to a given (discrete) eigenvalue.

The calculation of the Casimir energy, by means of the zeta function, proceeds in this
case as follows [3, 4, 9, 10]. To begin with, it may be interesting to recall that the zeta-
‘measure’ of the continuum equals twice the zeta-‘measure’ of the discrete. In fact, just
consider the following regularizations:

∑∞
n=1 μ = μ

∑∞
n=1 n−s

∣∣
s=0 = μζR(0) = −μ

2 , and∫∞
μ

dk = ∫∞
0 dk(k + μ)−s

∣∣
s=0 = μ1−s

s−1

∣∣
s=0 = −μ, which prove the statement.

The trace of the Hamiltonian corresponding to the quantum system with the BC imposed,
in the massive case, is obtained by means of the zeta function

ζ BC(s) :=
∞∑

�=1

(
m2

μ2
+

π2�2

4μ2a2

)−s

=
(μ

m

)2s

[
−1

2
+

�(s − 1/2)

�(s)

am√
π

+
2πs

�(s)

(
2am

π

)1/2+s ∞∑
n=1

ns−1/2Ks−1/2(4anm)

]

(8)

Kν being a modified Bessel function of the third kind (or MacDonald’s function). Thus, for
the zero-point energy of the system with two-point Dirichlet BC, we get

Tr H BC/μ = 1

2
ζBC(s = −1/2) = −�(−1)m2

8μ2
− m

2πμ

∞∑
n=1

1

n
K1(2πnm/μ) (9)

where μ is, in this case, μ := π/(2a) (a fixes the mass scale in a natural way here). As in the
previous example, we finally obtain an infinite value for the Casimir energy, namely

EC/μ = EBC
0

/
μ − E0/μ = �(−1)m2

8μ2
− m

2πμ

∞∑
n=1

1

n
K1(2πnm/μ). (10)

It is, therefore, not true that regularization methods using analytical continuation (in
particular, the zeta approach) are unable to see the infinite energy that is generated on the
boundary-condition surface [5–7] (see equation (19) below). The reason is still the same as
in the previous example: imposing a two-point Dirichlet BC amounts again to halving the
family of eigenfunctions which correspond to any given eigenvalue (all are discrete, in the
present case, but this makes no difference). In physical terms, this means having to apply an
infinite amount of energy on the BC sites, in order to enforce the BC. In absolute analogy,
from the mathematical viewpoint, halving the family of eigenfunctions immediately results in
the appearance of an infinite contribution, under the form of a pole of the zeta function.
5 The contribution of the zero mode (� = 0) is controverted, but we are not going to discuss this issue here (see e.g.
[11] and references therein).
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The reason why these infinities (the one here and that in the previous section) do not
usually show up in the literature on the Casimir effect is probably because textbooks on the
subject focus towards the calculation of the Casimir force, which is obtained by taking minus
the derivative of the energy with respect to the plate (or point) separation (here w.r.t. 2a). Since
the infinite terms do not depend on a, they do not contribute to the force (as is recognized
explicitly in [7]). However, some erroneous statements have indeed appeared in the above-
mentioned classical references, stemming from the lack of recognition of the catastrophical
implications of the act of halving the number of eigenfunctions, when imposing the BC. The
persistence of the eigenvalues of the spectrum was probably misleading. We hope to have
clarified this issue here.

4. How to deal with the infinities

Here, the infinite contributions have shown up at the regularization level, but a more careful
study [7] is able to prove that they do not disappear even after renormalizing in a proper
way. The important question is now: are these infinities physical? Will they be observed
as a manifestation of a very large energy pressure when approaching the BC surface in a lab
experiment? No doubt such questions will be best answered in that way, e.g. experimentally.
If, in contrast, this sort of large pressures fails to manifest itself, this might be a clear indication
of the need for an additional regularization prescription. In principle, this seems to be forbidden
by standard renormalization theory, since the procedure has been already carried out to the
very end: there remains no additional physical quantity which could possibly absorb the
divergences (see [7]).

In any case, there are circumstances—both in physics and in mathematics—where certain
‘non-orthodox’ regularization methods have been employed with promising success. In
particular, Hadamard regularization in higher-post-Newtonian general relativity [12] and
also in recent variants of axiomatic and constructive QFT [13]. Among mathematicians,
Hadamard regularization is nowadays a rather standard technique in order to deal with singular
differential and integral equations with BCs, both analytically and numerically (for a sample
of references see [14]). Indeed, Hadamard regularization is a well-established procedure in
order to give sense to infinite integrals. It is not to be found in the classical books on infinite
calculus by Hardy or Knopp; it was Schwartz [15] who popularized it, rescuing Hadamard’s
original papers. Nowadays, Hadamard convergence is one of the cornerstones in the rigorous
formulation of QFT through micro-localization, which on its turn is considered by specialists
to be the most important step towards the understanding of linear PDEs since the invention of
distributions (for a beautiful, updated treatment of Hadamard’s regularization see [16]).

Let us briefly recall this formulation. Consider a function, g(x), expandable as

g(x) =
k∑

j=1

aj

(x − a)λj
+ h(x) (11)

with λj being complex in general and h(x) a regular function. Then, it is immediate that∫ b

a+ε
dx g(x) = P(1/ε) + H(ε), P being a polynomial and H(0) finite. If the λj /∈ N, then one

defines the Hadamard regularized integral as

=
∫ b

a

dx g(x) :=
∫ b

a

h(x) dx −
k∑

j=1

aj

λj − 1
(b − a)1−λj . (12)
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Alternatively, one may define, for α /∈ N, p < α < p + 1, and f (p+1) ∈ C[−1,1], Kαf :=
1

�(−α)
=∫ 1

−1 dt
f (t)

(1−t)α+1 , to obtain, after some steps,

Kαf =
p∑

j=0

f (j)(−1)

�(j + 1 − α)2α−j
+

1

�(p + 1 − α)
−
∫ 1

−1
(1 − t)p−αf (p+1)(t) (13)

where the last integral is at worst improper (Cauchy’s principal part). If λ1 = 1, the result is
a1 ln(b − a), instead. If λ1 = p ∈ N, calling Hp(f ; x) := =∫ 1

−1 dt
f (t)

(t−x)p+1 , |x| < 1, we get

Hp(f ; x) =
∫ 1

−1

⎡
⎣f (t) −

p∑
j=0

f (j)(x)

j !
(t − x)j

⎤
⎦ dt

(t − x)p+1
+

f (j)(x)

j !
=
∫ 1

−1

dt

(t − x)p+1−j

(14)

where the first term is regular and the second one can be easily reduced to

1

(p − j)!

dp−j

dxp−j
−
∫ 1

−1

dt

t − x
(15)

being the last integral, as before, a Cauchy PP.
An alternative form of Hadamard’s regularization, which is more fashionable for physical

applications (as is apparent from the expression itself) is the following [12]. For the
case of two singularities, at 	x1, 	x2, after excising from space two little balls around them,
R

3\ (Br1(	x1) ∪ Br2(	x2)
)
, with Br1(	x1) ∩ Br2(	x2) = ∅, one defines the regularized integral as

being the finite part of the limit

=
∫

d3xF(	x) := FPα,β→0

∫
d3x

(
r1

s1

)α (
r2

s2

)β

F (	x) (16)

where s1 and s2 are two (dimensionful) regularization parameters [12]. This is the version that
will be employed in what follows.

5. Hadamard regularization of the Casimir effect

We now use Hadamard’s regularization as an additional tool in order to make sense of the
infinite expressions encountered in the boundary value problems considered before. As it
turns out from a detailed analysis of the results in [7] (which we shall not repeat here, for
conciseness), the basic integrals which produce infinities, in the one-dimensional and two-
dimensional cases there considered, are the following.

In one dimension, with Dirichlet BC imposed at one (x = 0) and two (x = ±a) points,
respectively, by means of a delta-background of strength λ (see [7]), one encounters the two
divergent integrals:

E1(λ,m) = 1

2π

∫ ∞

m

dt√
t2 − m2

[
t log

(
1 +

λ

2t

)
− λ

2

]
(17)

E2(a, λ,m) = 1

2π

∫ ∞

m

dt√
t2 − m2

{
t log

[
1 +

λ

t
+

λ2

4t2
(1 − e−4at )

]
− λ

}
. (18)

Using Hadamard’s regularization, as described before, we obtain for the first one, equation (17),

E1(m) = λ

4π

(
1 − ln

λ

m

)∣∣∣∣
λ→∞

+ =
∫

(19)
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where the first term is the singular part when the limit λ → ∞ is taken, and the second—which
is Hadamard’s finite part—yields in this case

=
∫

= −m

4
. (20)

Such result is coinciding with the classical one (0, for m = 0). Note in particular, that the
further ln m divergence as m → ∞ is hidden in the λ-divergent part, and this behaviour
does explain why the classical results which are obtained using hard Dirichlet BC—which
corresponds as we just prove here to the Hadamard’s regularized part—cannot see it.

In the case of a two-point boundary at x = ±a (separation 2a), equation (18), we get a
similar equation (19) but now the regularized integral is as follows. For the massless case, we
obtain

=
∫

= − π

48a
(21)

which is the regularized result to be found in the classical books. In the massive case, m �= 0,
after some additional work the following fast convergent series turns up (cf equation (10))

=
∫

= − m

2π

∞∑
k=1

1

k
K1(4akm). (22)

Thus equation (19) yields strictly the same result (10) that was already obtained by imposing
the Dirichlet BC ab initio. What has now been gained is a more clear identification of the
singular part, in terms of the strength of the delta potential at the boundary. This will be the
general conclusion, common to all the other cases considered here.

Correspondingly, for the Casimir force we obtain the finite values6

F2(a) = − π

96a2
(23)

in the massless case, and in the massive one

F2(a,m) = −m2

π

∞∑
k=1

[
K0(4akm) +

1

4akm
K1(4akm)

]
. (24)

These expressions coincide with those derived in the above-mentioned textbooks on the
Casimir effect, and reproduced before by using the zeta-function method (just take minus the
derivative of equation (19) w.r.t. 2a).

The two-dimensional case turns out to be more singular [7]—in part just for dimensional
reasons—and requires additional wishful thinking in order to deal with the circular delta
function sitting on the circumference where the Dirichlet BC is imposed. Here one encounters
the basic singular integral, for the term contributing to the second Born approximation (we
use the same notation as in [7]),

σ̃ (p) =
∫ ∞

0
dr rJ0(pr)σ (r) σ (r) = bλ exp

[
− (r − a)2

2ω2

]
(25)

with J0 being a Bessel function of the first kind, and
∫∞

0 dr σ (r) = λ, σ (r)
ω→0−→ λδ(r − a).

Hadamard’s regularization yields now (the τ replacing the σ in the regularized version)

τ(r, p) = cλ(rp + 1)−ω/2 exp

[
− (r − a)2

2ω2

]
ω→0−→ λδ(r − a) (26)

6 Note that the force F(a) is given here as minus the derivative of the total energy E(a) w.r.t. 2a, since this is the
distance between the two Dirichlet points (not a).
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with p being a (dimensionful) regularization parameter, the constant c being given by
c−1 = ∫∞

0 dr r−ω exp
[− (r−a)2

2ω2

]
, which exists and is perfectly finite; in particular, c−1(ω =

0.1, a = 1) = 0.25. Then,

τ̃ (p) = 2π

∫ ∞

0
drrJ0(pr)τ (r, p) = 2πλa(ap + 1)−ω/2J0(ap). (27)

It turns out that, for the Casimir energy, we get in this case (notation as in [7])

E
(2)

λ2 [τ ] = λ2a2

8

∫ ∞

0
dp (ap + 1)−ωJ0(ap)2 arctan(p/2m)|ω→0

= λ2a2

8

{
1

2ω
+

γ + 3 ln 2

2a
+ 4m

[
γ − 2√

π
[1 − ln(am)] h(4a2m2)

]}
(28)

where h(z) := 2F3 ((1/2, 1/2); (1, 1, 3/2); z) and γ is the Euler–Mascheroni constant; in
particular, for instance h(1) = 1.186 711, which is quite a nice value. Recall also that ω is the
width of the Gaussian δ, which is the very physical parameter considered in [5]. When this
width tends to zero an infinite energy appears (the width controls the formation of the pole).
The rest of the result is the Hadamard regularization of the integral, e.g.7

=
∫ ∞

0
dpJ0(ap)2 arctan(p/2m). (29)

Again, the finite part reverts to the results obtained in the literature with Dirichlet BC ab initio.
To summarize, it has been proved here—in some particular but rather non-trivial and

representative examples—that the finite results derived through the use of Hadamard’s
regularization exactly coincide with the values obtained using the more classical, less fully-
fledged methods to be found in the literature on the Casimir effect. Moreover, Hadamard’s
prescription is able to separate and identify the singularities as physically meaningful cut-
offs. Although the validity of this additional regularization is at present questionable, the fact
that it bridges the two approaches is already remarkable, maybe again a manifestation of the
unreasonable effectiveness of mathematics.
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We present a very quick and powerful method for the calculation of heat kernel
coefficients. It makes use of rather common ideas, as integral representations of the
spectral sum, Mellin transforms, non-trivial commutation of series and integrals
and skillful analytic continuation of zeta functions on the complex plane. We apply
our method to the case of the heat kernel expansion of the Laplace operator on a
D-dimensional ball with either Dirichlet, Neumann or, in general, Robin boundary
conditions. The final formulas are quite simple. Using this case as an example, we
illustrate in detail our scheme —which serves for the calculation of an �in principle�
arbitrary number of heat kernel coefficients in any situation when the basis func-
tions are known. We provide a complete list of new results for the coefficients
B3 ,..., B10 , corresponding to the D-dimensional ball with all the mentioned bound-
ary conditions and D�3,4,5. © 1996 American Institute of Physics.
�S0022-2488�96�00102-0�

I. INTRODUCTION

An important issue for more than twenty years now has been to obtain explicitly the coeffi-
cients which appear in the short-time expansion of the heat kernel K(t) corresponding to a
Laplacian-like operator on a D-dimensional manifold M. In mathematics this interest extends to
basically all of Geometric Analysis, including in particular, the well-known connection that exists
between the heat equation and the Atiyah-Singer index theorem,1 but also analytic torsion, sharp
inequalities of borderline Sobolev and Moser–Trudinger type, etc. In physics, the importance of
that expansion is notorious in different domains of quantum field theory, where it is commonly
known as the �integrated� Schwinger–De Witt proper-time expansion.2,3 In this context, the heat-
equation for an elliptic �in general pseudoelliptic� differential operator P and the corresponding
zeta function �P(s) has been realized to be a particularly useful tool for the determination of
effective actions4 and for the calculation of vacuum or Casimir energies5 �a fundamental issue for
understanding the vacuum structure of a quantum field theory�. Here usually the derivative
�P� (0) of the zeta function

4 and its value at s��1/2 �sometimes the principal part� are needed.5,6
In this paper we would like to exploit another property of the zeta function �P(s) correspond-

ing to an elliptic operator P , namely its well-known close connection with the heat kernel expan-
sion. In spite of the fact that almost everybody is aware of such connection, its actual use in the
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literature has remained very scarce until now. If the manifold M has a boundary �M, the
coefficients Bn in the short-time expansion have both a volume and a boundary part.7,8 It is usual
to write this expansion in the form

K� t ���4	t �� D/2 

k�0,1/2,1, . . .

�

Bktk, �1.1�

with

Bk��
M

dVbn��
�M

dScn . �1.2�

For the volume part very effective systematic schemes have been developed �see for example
Refs. 9–11�. The calculation of cn , however, is in general more difficult. Only quite recently has
the coefficient c2 for Dirichlet and for Neumann boundary conditions been found.12–17 Very new
results on the coefficient B5/2 for manifolds with totally geodesic boundaries will be given in Ref.
18.

When using the general formalism of Ref. 12 for higher-spin particles, Moss and Poletti19,20
found a discrepancy with the direct calculations of D’Eath and Esposito21 �see also Refs. 22–25�.
The latter results have been confirmed in Refs. 26,27, where a new systematic scheme for the
calculation of c2 has been designed in the context of the Hartle–Hawking wave-function of the
universe and for the case when the whole set of basis functions is known26,27. Finally, very
recently the discrepancy has been resolved completely28 and now the results that are found using
the general algorithm29 are in agreement with those coming from the direct calculations21–27.

The connection between the heat kernel expansion, Eq. �1.1� and the associated zeta function
is established through the formulas30

Res ��s ��
Bm/2�s

�4	�m/2��s � , �1.3�

for s�m/2, (m�1)/2, ..., 12; ��2l�1�/2, for l�N0 , and

���p ����1 �pp!
Bm/2�p

�4	�m/2 , �1.4�

for p�N0 . The aim of the present article is to show that these equations, �1.3� and �1.4�, can
actually serve as a very convenient starting point for the calculation of the coefficients Bk , even in
the cases when the eigenvalues of the operator P under consideration are not known. The good
knowledge in explicit zeta-function evaluations that have been accumulated in the past few years
�for a review of many results in this respect, see Ref. 31� will allow us to elaborate a very
competitive method of calculation of the heat kernel coefficients which makes use of rather
common ingredients, such as integral representations of the spectral sum, Mellin transforms,
non-trivial commutation of series and integrals and skillful analytic continuation of zeta functions
on the complex plane.

To explain the method in detail we will consider the Laplace operator on the D-dimensional
ball with Dirichlet, Neumann or �in general� Robin boundary conditions. Earlier investigations on
the first few coefficients are due, for D�1, to Stewartson and Waechter ,32 to Waechter in D�233
and to Kennedy34,35 in up to D�5 dimensions. Concerning the four-dimensional ball, another
rather large work is documented in Refs. 36,37, where the focus is in conformal deformations of
the metrics, the four-ball being treated explicitly in the second of these papers �for recent results
on the functional determinant of the Laplace operator on the three- and four-dimensional ball see
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also Ref. 38�. In these references the method was based on the use of Laplace transformations of
the heat kernel K(t) itself. In that method an intermediate cut off has to be introduced at some
point—because one needs to consider the Laplace transform of a function which is singular at
t�0. In contrast, in our approach it is the complex argument s of the zeta function of the Laplace
operator which very neatly serves for the regularization of all sums �in just the usual way31�.

The layout of the paper is as follows. In section II we briefly describe the eigenvalue problem
of the massive Laplace operator on the ball and derive a representation of the associated zeta
function in terms of a contour integral. We consider the massive Laplace operator because the
analytical continuation procedure is slightly easier for the case of non-vanishing mass. In section
III we describe how an analytical representation of the zeta function —valid in the strip �1�N�/
2�Rs�1— can be obtained for any N , restricting our considerations in this section to D�3 and
to the case of Dirichlet boundary conditions. This representation will display very clearly the
meromorphic structure of the zeta function. As is then shown in section IV, from this representa-
tion it is quite immediate to read off special properties, as the ones reflected by �1.3� and �1.4�, in
order to find the heat kernel coefficients. In section V we explain the small changes in the
procedure that are necessary in order to treat Robin boundary conditions, in general. Finally, in
section VI we study the modification to be introduced in the formulas for considering any arbitrary
dimension D . In Appendix A we exhibit some technical details of the calculation and in appen-
dices B, C and D we give explicit tables of the heat kernel coefficients for Dirichlet, Neumann and
general Robin boundary conditions, for the dimensions D�3,4,5.

II. HEAT KERNEL COEFFICIENTS ON THE D-DIMENSIONAL BALL

As explained in the introduction, we are interested in the zeta function of the operator
���m2� on the D-dimensional ball BD��x�R

D;�x ��R� endowed with Dirichlet, Neumann or
Robin boundary conditions. The zeta function is formally defined as

��s ��

k
�k

�s , �2.1�

with the eigenvalues �k being determined through

���m2��k�x ���k�k�x � �2.2�

�k is in general a multiindex here�, together with one of the three boundary conditions above. It is
convenient to introduce a spherical coordinate basis, with r��x� and D�1 angles
����1 ,...,�D�2,��. In these coordinates, a complete set of solutions of Eq. �2.2� together with one
of the mentioned boundary conditions may be given in the form

� l ,m ,n�r ,���r1� D/2Jl� �D�2 �/2�wl ,nr �Y l� D/2���, �2.3�

with Jl�(D�2)/2 being Bessel functions and Y l�D/2 hyperspherical harmonics.39 The wl ,n �	0� are
determined through the boundary conditions by

Jl� �D�2 �/2�wl ,nR ��0, for Dirichlet boundary conditions,

u
R Jl� �D�2 �/2�wl ,nR ��wl ,nJl��D�2 �/2� �wl ,nr ��r�R�0, for Robin boundary conditions.

�2.4�

As is clear, the case u��1�D/2� of the �general� Robin boundary conditions corresponds to the
Neumann boundary conditions. In this notations, using �l ,n�wl ,n2 �m2, the zeta function can be
given in the form
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��s ��

n�0

�



l�0

�

dl�D ��wl ,n
2

�m2��s, �2.5�

where wl ,n �	0� is defined as the n-th root of the l-th equation. Here the sum over n is extended
over all possible roots wl ,n on the positive real axis, and dl(D) is the number of independent
harmonic polynomials, which defines the degeneracy of each value of l and n in D dimensions.
Explicitly,

dl�D ���2l�D�2 �
� l�D�3 �!
l!�D�2 �! . �2.6�

Furthermore, here and in what follows the prime will always mean derivative of the function with
respect to its argument.

To distinguish in the notation among the different cases, we will use the indices D, N and R
to denote Dirichlet, Neumann and Robin boundary conditions, respectively. Thus, we will write
�D , �N and �R for the corresponding zeta functions. Using for the moment the unified notation
�l�(D�2)/2(wl ,nR��0 for the boundary condition Eq. �2.4�, it turns out that Eq. �2.5� may be
written under the form of a contour integral on the complex plane,

��s ��

l�0

�

dl�D ��
�

dk
2	i �k

2
�m2��s �

�k ln� l� �D�2 �/2�kR �, �2.7�

where the contour � runs counterclockwise and must enclose all the solutions of �2.4� on the
positive real axis �for a similar treatment of the zeta function as a contour integral see Refs.
26,27,40�. This representation of the zeta function in terms of a contour integral around some
circuit � on the complex plane, Eq. �2.7�, is the first step of our procedure.

Depending on the value of the dimension D and on the boundary conditions chosen, the
analysis of the zeta function, Eq. �2.7�—to be given below— will differ, but just in small details.
For this reason, we will only describe at length the case of the three-dimensional ball with
Dirichlet boundary condition. The derivation of the analogous results for the other boundary
conditions and higher dimensions will then be clear, and shall be indicated only briefly.

III. A QUICK PROCEDURE FOR CALCULATING HEAT KERNEL COEFFICIENTS

As explained above, we will illustrate the procedure in the case of the three-dimensional ball
with Dirichlet boundary conditions. For D�3 the degeneracy is dl(3)�2l�1, so that the starting
point of the calculation reads �we omit further indication of the dimension in the notation�

�D�s ��

l�0

�

�2l�1 ��
�

dk
2	i �k

2
�m2��s �

�k ln Jl� 1/2�kR �. �3.1�

As it stands, the representation �3.1� is valid for Rs	3/2. However, we are interested in the
properties of �D(s) in the range Rs�0 and thus, we need to perform the analytical continuation to
the left domain of the complex plane. Before considering in detail the l-summation, we will first
proceed with the k-integral alone.

The first specific idea is to shift the integration contour and place it along the imaginary axis.
In order to avoid contributions coming from the origin k�0, we will consider �with ��l�1/2� the
expression

�D
�

��
�

dk
2	i �k

2
�m2��s �

�k ln�k
��J��kR ��, �3.2�
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where the additional factor k�� in the logarithm does not change the result, for no additional pole
is enclosed. One then easily obtains

�D
�

�
sin�	s �

	
�
m

�

dk�k2�m2��s �

�k ln�k
��I��kR �� �3.3�

valid in the strip 1/2�Rs�1. A similar representation valid for m�0 has been given in Refs.
41,42.

As the second step of our method, we make use of the uniform expansion of the Bessel
function I�(k) for �→� at z�k/� fixed.43 One has

I���z ��
1

�2	�

e��

�1�z2�1/4 �1�

k�1

� uk� t �
�k � , �3.4�

with t�1/�1�z2 and ���1�z2�ln�z/�1� �1�z2)]. The first few coefficients are listed in Ref.
43, higher coefficients are immediate to obtain by using the recursion43

uk�1� t ��
1
2 t
2�1�t2�uk�� t ��

1
8�0

t
d��1�5�2�uk���, �3.5�

starting with u0(t)�1. As is clear, all the uk(t) are polynomials in t . Furthermore, the coefficients
Dn(t) defined by

ln�1�

k�1

� uk� t �
�k ��


n�1

� Dn� t �
�n

�3.6�

are easily found with the help of a simple computer program.
Now comes what can be considered as the third step of our method. By adding and subtracting

N leading terms of the asymptotic expansion, Eq. �3.6�, for �→�, Eq. �3.3� may be split into the
following pieces

�D
�

�ZD
� �s �� 


i��1

N

Ai
� ,D�s �, �3.7�

with the definitions

ZD
� �s ��

sin�	s �
	

�
mR/�

�

dz� � z�R � 2�m2��s
�

�z

�� ln�z��I��z����ln� z��

�2	�

e��

�1�z2�
1
4
��


n�1

N Dn� t �
�n � , �3.8�

and

A
�1
� ,D

�
sin�	s �

	
�
mR/�

�

dz� � z�R � 2�m2��s �

�z ln�z
��e���, �3.9�

A0
� ,D

�
sin�	s �

	
�
mR/�

�

dz� � z�R � 2�m2��s �

�z ln�1�z2�� 1/4, �3.10�
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Ai
� ,D

�
sin�	s �

	
�
mR/�

�

dz� � z�R � 2�m2��s �

�z �Di� t �� i
� . �3.11�

The essential idea is conveyed here by the fact that the representation �3.7� has the following
important properties. First, by considering the asymptotics of the integrand in Eq. �3.8� for
z→mR/� and z→�, it can be seen that the function

ZD�s ��

l�0

�

�2l�1 �ZD
l� 1/2�s �

is analytic on the strip �1�N�/2�Rs�1. For this reason, it gives no contribution to the residue of
�D(s) in that strip. Furthermore, for s��k ,k�N0 , k��1�N/2, we have Z(s)�0 and, thus, it
also yields no contribution to the values of the zeta function at these points. Together with Eqs.
�1.3� and �1.4�, this result means that the heat kernel coefficients are just determined by the terms
AiD(s) with

Ai
D�s ��


l�0

�

�2l�1 �Ai
l� 1/2 ,D�s �. �3.12�

As they stand, the Ai� ,D�s� in Eqs. �3.9�, �3.10� and �3.11� are well defined on the strip 1/2�Rs�1
�at least�. And we will now show that the analytic continuation in the parameter s to the whole of
the complex plane, in terms of known functions, can be performed. Keeping in mind that Di(t) is
a polynomial in t , all the Ai� ,D(s) are in fact hypergeometric functions, which is seen by means of
the basic relation 44

2F1�a ,b;c;z ��
��c �

��b ���c�b ��0
1
dttb�1�1�t �c�b�1�1�tz ��a.

Let us consider first in detail A�1
� ,D(s), A0� ,D(s), and the corresponding A�1

D (s), A0D(s). One finds
immediately that

A
�1
� ,D�s ��

m�2s

2�	
Rm

�� s� 1
2 �

��s � 2F1� �
1
2 ,s�

1
2 ;
1
2 ;�� �

mR � 2��
�

2 m
�2s, �3.13�

A0
� ,D�s ���

1
4 m

�2s
2F1� 1,s;1,�� �

mR � 2���
1
4 m

�2s�1�� �

mR � 2��s

, �3.14�

where in the last equality we have used that 2F1(a ,s;a;x)�(1�x)�s.
The next step is to consider the summation over l . For A�1

� ,D(s) this is best done using a
Mellin–Barnes type integral representation of the hypergeometric functions

2F1�a ,b;c;z ��
��c �

��a ���b �
1
2	i�C

dt
��a�t ���b�t ����t �

��c�t � ��z � t, �3.15�

where the contour is such that the poles of ��a�t���b�t�/��c�t� lie to the left of it and the poles
of ���t� to the right.44 After interchanging the summation over l and the integration in �3.15�, the
result will be a Hurwitz zeta function, which is defined as
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�H�s;v ��

l�0

�

� l�v ��s, Rs	1. �3.16�

However, as is well known, one has to be very careful with this kind of manipulation with what
has been realized and explained with great detail in Refs. 45–47. This point is of crucial impor-
tance �it has been the source of many errors in the literature over the past ten years31� and can be
considered as the fourth step of our original procedure here. Applying the method, as described in
the mentioned references, to A�1

D (s),

A
�1
D �s ��


l�0

�

�2l�1 ��m�2s

2�	
Rm

��s� 1/2�
��s � 2F1� �

1
2 ,s�

1
2 ;
1
2 ;�� l� 1/2

mR � 2� �

l� 1
2

2 m�2s� ,
it turns out that we may interchange the 
l and the integral in Eq. �3.15� only if for the real part
RC of the contour the condition RC ��1 is satisfied. However, the argument ���1/2�t���s�1/
2�/��1/2�t� has a pole at t�1/2. Thus the contour C coming from �i� must cross the real axis to
the right of t�1/2, and then once more between 0 and 1/2 �in order that the pole t�0 of ���t� lies
to the right of it�, before going to �i�. That is, before interchanging the sum and the integral we
have to shift the contour C over the pole at t�1/2 to the left, cancelling the �potentially divergent�
second piece in A�1

D (s). Closing then the contour to the left, we end up with the following
expression in terms of Hurwitz zeta functions

A
�1
D �s ��

R2s

2�	��s �


j�0

�
��1 � j

j! �mR �2 j
�� j�s� 1/2�

s� j �H�2 j�2s�2;1/2�. �3.17�

For A0D one only needs to use the binomial expansion in order to find

A0
D�s ���

R2s

2��s �
j�0

�
��1 � j

j! �mR �2 j��s� j ��H�2 j�2s�1;1/2�. �3.18�

The series are convergent for �mR ��1/2. These representations �3.17� and �3.18� show very clearly
the analytic structure of A�1

D (s) and A0D(s). As the fifth �and final� step of our procedure, we are
left with the quite simple task of explictly evaluating this analytic structure, namely of finding its
poles and some point values, and of adding all contributions together.

The point values A�1,0
D ��p�,p�N0—respectively their residues at s�1/2, ��2l�1�/2,

l�N0— necessary for the calculation of the associated heat kernel coefficients are immediate to
obtain, using

�H�1�� ,1/2��
1
�

�O ��0�,

����n ��
1
�

��1 �n

n! �O ��0�. �3.19�

However, before we can actually calculate �an in principle arbitrary number of� the heat kernel
coefficients, we need to obtain analytic expressions for the AiD(s), i�N. As is easy to see, they are
similar to the ones for A�1

D (s) and A0D(s) above. We need to recall only that Di(t), Eq. �3.6�, is a
polynomial in t ,
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Di� t ��

a�0

i

x i ,at i�2a, �3.20�

which coefficients xi ,a are easily found by using Eqs. �3.5� and �3.6� directly, or either by using the
direct recursion relations presented in appendix A. Thus the calculation of Ai� ,D(s) is essentially
solved through the identity

�
mR/�

�

dz� � z�R � 2�m2��s �

�z t
n
��m�2s n

2�mR �n
��s� n/2���1�s �

��1� n/2� �n�1�� �

mR � 2��s� n/2

.

�3.21�

The remaining sum may be done as mentioned for A0D, and we end up with

Ai
D�s ���

R2s

��s �
j�0

�
��1 � j

j! �mR �2 j�H��1�i�2 j�2s;1/2�

a�0

i

x i ,a
� i�2a ���s�a� j� i/2�

��1�a� i/2 � .

�3.22�

In summary we have obtained the analytic expression of all the asymptotic terms coming from
expansion �3.4� in its most elementary form, which involves the very familiar Hurwitz zeta
functions and Gamma functions only. Expressions �3.17�, �3.18� and �3.22� constitute the explicit
starting point for the calculation of an —in principle arbitrary— number of heat kernel coefficients
in an extremely quick way.

IV. HEAT KERNEL COEFFICIENTS FOR DIRICHLET BOUNDARY CONDITIONS ON THE
THREE-DIMENSIONAL BALL

Let us now see how the analysis in Sec. II can be used for a very effective calculation of the
heat kernel coefficients. The dependence of the coefficients on the mass is already contained in the
coefficients of the massless case through

Km� t ��Km�0� t �e�m2t

and for this reason we shall restrict ourselves to m�0. For the sums in �3.17�, �3.18� and �3.22�
this means that only j�0 will contribute.

We shall distinguish between the coefficients Bk with integer and half-integer index k , be-
cause the situation is actually different in both cases. In fact, corresponding to Eq. �1.3� �resp. Eq.
�1.4��, the residue of �resp. the value of the function� �D is needed.

Let us start with the case of integer index k�N , so that Res �D�3/2�k� is to be calculated. In
order that ZD(s) does not contribute, one has to choose N�2k�1 and thus only the asymptotic
terms A jD(s), j��1,0,1,...,2k�1, will provide some contribution. Furthermore, one may see very
easily which terms in the different A jD(s) contribute. An important feature is, that for i�2n ,
n�N 0 , AiD(s) does not contribute to Bk for k�N . The relevant residues are found to be

Res A
�1
D � 32�k ��

��1 �k�1

�k�1 �!
R3�2k

2�	��5/2�k �
�H� 1�2k;

1
2 � ,

Res A2k�1
D � 32�k ���

R3�2k

2��3/2�k � 
a�0

2k�1

x2k�1,a
�2k�1�2a �a!
��1/2�a�k � ,

and for n�N , n�k�1, k�3n ,
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Res A2n�1� 32�k ��
��1 �kR3�2k

��3/2�k � �H� 1�2n�2k;
1
2 � 
a�0

k�1�n

x2n�1,a
��1 �a�n�2n�2a�1 �

�k�1�a�n �! ,

whereas for n�k�1, k	3n , we have

Res A2n�1� 32�k ��
��1 �kR3�2k

��3/2�k � �H� 1�2n�2k;
1
2 � 
a�0

2n�1

x2n�1,a
��1 �a�n�2n�2a�1 �

�k�1�a�n �! .

From these results we readily obtain the heat kernel coefficients through

Res �D� 32�k ��Res

l�0

k

A2l�1
D � 32�k �� Bk

�4	�3/2��3/2�k � .

The coefficients up to B10 are listed in appendix B.
Let us now consider the calculation of the coefficients corresponding to half-integer index

Bk�1/2,k�N . Here the value of �D(3/2�k� is needed and one finds N�2k . It is apparent that the
AiD(s) with odd i , i�2 j�1, j�N 0 , do not contribute now. The relevant values of the AiD(s) read

A0
D�1�k ���

R2�2k

2 �H� 1�2k;
1
2 � ,

A2k
D �1�k ����1 �k�k�1 �!R2�2k


a�0

2k

x2k ,a
a!

�a�k�1 �! ,

and for n�N , n�k�1, k�3n�1,

A2n
D �1�k ���2R2�2k�k�1 �!�H� 1�2n�2k;

1
2 � 
a�0

k�n�1

x2n ,a
��1 �n�a

�k�n�a�1 �!�a�n�1 �! ,

whereas for n�k�1, k	3n�1, we have

A2n
D �1�k ���2R2�2k�k�1 �!�H� 1�2n�2k;

1
2 �
a�0

2n

x2n ,a
��1 �n�a

�k�n�a�1 �!�a�n�1 �! .

And from these results, we finally obtain

�D�1�k ��

n�0

k

A2n�1�k ��
��1 �k�1�k�1 �!

�4	�3/2 Bk� 1/2 .

The heat kernel coefficients Bk�1/2 are listed in appendix B too. Using
�H(�n;q���Bn�1(q)/(n�1),n�N 0 , the results might have been given, equivalently, in terms
of Bernoulli polynomials Bn�1(q).

V. ROBIN BOUNDARY CONDITIONS ON THE THREE-DIMENSIONAL BALL

When Robin boundary conditions are imposed, using the same method of the preceding
sections we can write the zeta function as

�R�s ��

l�0

�

�2l�1 ��
�

dk
2	i �k

2
�m2��s �

�k ln� uR Jl� 1/2�kR ��kJl� 1/2� �kR �� �5.1�
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and, in analogy with Eq. �3.3�, we then consider

�R
�
�
sin�	s �

	
�
m

�

dk�k2�m2��s �

�k ln�k��� uR I��kR ��kI���kR � � � . �5.2�

Employing the same idea as for Dirichlet boundary conditions, this time we have in addition the
following uniform asymptotic expansion 43

I����z ��
1

�2	�

e���1�z2�1/4

z �1�

k�1

�
vk� t �
�k � , �5.3�

with the vk(t) determined by

vk� t ��uk� t ��t� t2�1 ��12 uk�1� t ��tuk�1� � t �� .
In analogy with Eq. �3.6�, we write

ln�1�

k�1

�
vk� t �
�k

�
u
�
t� 1�


k�1

� uk� t �
�k � ��


n�1

� Mn� t �
�n

, �5.4�

where the functions Mn(t) are easily obtained. At this point we see already, that for Robin
boundary conditions no additional calculation is necessary. Comparing the expansion �5.3� with
�3.4� and introducing AiR(s) for the contributions coming from the asymptotic terms, one has

A
�1
R �s ��A�1

D �s �, A0
R�s ���A0

D�s �. �5.5�

Furthermore, the functions Mi(t) are of the form

Mi� t ��

a�0

2i

z i ,at i�a �5.6�

�notice that here, in contrast with the case of Dirichlet boundary conditions, all powers between i
and 3i are present�. As a result, we find

Ai
R�s ���

R2s

��s �
j�0

�
��1 � j

j! �mR �2 j�H��1�i�2 j�2s;1/2�

a�0

2i

z i ,a
� i�a ���s� j� � i�a �/2�

��1� � i�a �/2� .

�5.7�

One can show again that only the even indices i contribute to the residues of �R(s), whereas the
odd ones will contribute to the point values.

Restricting ourselves as before �see the comment in the previous section� to the massless case,
the results for the heat kernel coefficients may now be read off from the formulas in the previous
section. One has

Res A
�1
R � 32�k ��Res A

�1
D � 32�k � ,

Res A2k�1
R � 32�k ���

R3�2k

2��3/2�k � 
a�0

4k�2

z2k�1,a
�2k�1�a ���1� a/2�

��1/2�k� a/2� ,
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where the expressions for A2n�1
R are found from the results in Sec. III, once x2n�1,a has been

replaced with z2n�1,2a. The coefficients for Neumann boundary conditions are given in appendix
C, and for the general case �u arbitrary� in appendix D. For the point values the analogous
formulas read

A0
R�1�k ���A0

D�1�k �,

A2k
R �1�k ����1 �kR2�2k�k�1 �!


a�0

4k

z2k ,a
�2k�a ���1� a/2�
2��1�k� a/2� ,

and once more the replacement of x2n ,a with z2n ,2a leads to the results for A2nR . The results for the
heat kernel coefficients are summarized in appendices C and D.

VI. GENERALIZATION TO THE D-DIMENSIONAL BALL

As we will now explain, for the generalization of our results to the case of a D-dimensional
ball almost no additional calculations are necessary. Let us discuss first the case of Dirichlet
boundary condition. The starting point of the analysis is now

�D�s ��

l�0

�

dl�D ��
�

dk
2	i �k

2
�m2��s �

�k lnJl� �D�2 �/2�kR �. �6.1�

It is easy to see that the above treatment for the individual terms of the l-series,

�D
�

��
�

dk
2	i �k

2
�m2��s �

�k lnJ��kR � �6.2�

remains valid, once we have set ��l�(D�2�/2. In order to use our procedure for the whole
l-summation, what remains to be done is to substitute for the degeneracy dl(D) its value in
powers of l�(D�2�/2, in order to find again expressions in terms of the Hurwitz zeta function
�H(s;(D�2�/2�. Writing

dl�D ��

��1

D�2

e��D �� l� D�2
2 � �, �6.3�

the final results for A�1
D (s), A0D(s) and AiD(s), i�N , may be read off from Eqs. �3.17�, �3.18� and

�3.22�. We find

A
�1
D �s ��

R2s

4�	��s �


j�0

�
��1 � j

j! �mR �2 j
�� j�s� 1/2�

s� j � 

��1

D�2

e��D ��H�2 j�2s�1��;�D�2 �/2�� ,
�6.4�

A0
D�s ���

R2s

4��s �
j�0

�
��1 � j

j! �mR �2 j��s� j �� 

��1

D�2

e��D ��H�2 j�2s��;�D�2 �/2�� , �6.5�

Ai
D�s ���

R2s

2��s �
j�0

�
��1 � j

j! �mR �2 j� 

��1

D�2

e��D ��H����i�2 j�2s;�D�2 �/2��
�

a�0

i

x i ,a
� i�2a ���s�a� j� i/2�

��1�a� i/2� . �6.6�
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We shall spare the reader the analogous results for Robin boundary conditions. They need not be
given explicitly, since the procedure is absolutely clear by now. Let us just write down the relevant
residues and point values of �D(s) �the Robin case follows from the replacements explained in
Sect. V�. They read

Res A
�1
D � 32�k ��

��1 �k�1

�k�1 �!
R3�2k

4�	�� 52�k � 
��1

D�2

e��D ��H� 2�2k��;
D�2
2 � ,

for n�1,..., k�1, k	3n ,

Res A2n�1� 32�k ����1 �k
R3�2k

2��3/2�k � 
��1

D�2

e��D ��H� 2�2n���2k;
D�2
2 �

� 

a�0

2n�1

��1 �n�ax2n�1,a
2n�2a�1

�k�1�n�a �!��1/2�a�n � ,

whereas for k�3n , it reads

Res A2n�1� 32�k ����1 �k
R3�2k

2��3/2�k � 
��1

D�2

e��D ��H� 2�2n���2k;
D�2
2 �

� 

a�0

k�n�1

��1 �n�ax2n�1,a
�2n�2a�1 �

�k�1�n�a �!��1/2�a�n � .

For higher indices it is advisable to distinguish between D even and D odd. For D odd contribu-
tions arise for n�k ,...,k�(D�3)/2, and read

Res A2n�1� 32�k ���
R3�2k

4��3/2�k � e1�2n�2k 

a�0

2n�1

x2n�1,a
�2n�2a�1 ��a�n�k �!

��1/2�a�n � ,

�6.7�

whereas for D even the indices run from n�k , ...,k�(D�4�/2, and the results are

Res A2n� 32�k ���
R3�2k

2��3/2�k � e2�2n�2k

a�0

2n

x2n ,a
��3/2�k�a�n �

�a�n�1 �! .

Let us conclude with the list of point values. The leading asymptotics A�1
D gives only contribu-

tions for k�0,

A�1�0 ���
1
2
��1

D�2

e��D ��H� ���1;
D�2
2 � .

Furthermore, for n�1,...,k�1, we have

A2n�1�k ���R2�2k�k�1 �!

��1

D�2

e��D ��H� ���2n�2�2k;
D�2
2 �

�

a�0

2n

x2n ,a
��1 �a�n

�a�n�1 �!�k�1�a�n �! ,
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if k	3n�1, and if k�3n�1

A2n�1�k ���R2�2k�k�1 �!

��1

D�2

e��D ��H� ���2n�2�2k;
D�2
2 �

� 

a�0

k�n�1

x2n ,a
��1 �a�n

�a�n�1 �!�k�1�a�n �! .

Finally, for D odd and for n�k ,...,k�(D�3�/2,

A2n�1�k ��
1
2 ��1 �

k�k�1 �!R2�2ke1�2n�2k

a�0

2n

x2n ,a
�a�n�k �!
�a�n�1 �! ,

whereas for D even the indices run from n�k�1,...,k�(D�2�/2, and the result reads

A2n�1�1�k ��
1
4 ��1 �

k�k�1 �!R2�2ke2n�2k 

a�0

2n�1

x2n�1,a
�2n�1�2a ���1/2�k�a�n �

��1/2�a�n � .

The formulas above simplify a bit if we write the degeneracy �2.6� under the form

dl�D ��
2

�D�2 �! � � l� D�2
2 � 2��D2 �2 � 2�� . . .�� l� D�2

2 � , for D odd,

dl�D ��
2

�D�2 �! � � l� D�2
2 � 2��D2 �2 � 2�� . . .�� l� D�2

2 � 2, for D even,

so that e2k(D)�0 for D odd and e2k�1(D)�0 for D even, k�N .
Furthermore, one might use the following recursion for the coefficients e�(D) appearing in

the expression of the degeneracy dl(D), Eq. �6.3�,

e2��D�2 ��
1

D�D�1 � �e2��2�D ���D2 �1 � 2e2��D �� , for D even,

e2��1�D�2 ��
1

D�D�1 � �e2��3�D ���D2 �1 � 2e2��1�D �� , for D odd,

where we have used the definitions e�k(D)�0 for k�N0 and e�(D)�0 for �	D�2.
We have performed explicit calculations for D�4 and D�5. One has in these cases

dl�4 ��� l�1 �2, e1�4 ��0, e2�4 ��1,

dl�5 �� 1
3 � l� 3

2��� l� 3
2�
2
�

1
4� , e1�5 ���

1
12 , e2�5 ��0, e3�5 �� 1

3 .

The results for the heat kernel coefficients are presented in appendices B, C and D.

VII. CONCLUSIONS

As promised in the introduction, we have developed in this paper a very convenient method in
order to deal with the problem of the calculation of heat kernel coefficients corresponding to an
arbitrary elliptic operator with any of the usual boundary conditions �Dirichlet, Neumann or
Robin�, with the only proviso that the behavior of some basis for its spectrum should be known
�even if the eigenvalues themselves are actually unknown�.
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This is indeed a very common case in mathematical physics, what confers to our procedure a
wide generality of application. Another fundamental characteristic of the method is its extreme
simplicity, which comes in part from the quite strong background on zeta function computations
that we have acquired during the last half a dozen years. This knowledge confers to the new
method the same elegance that the procedure of zeta function regularization �including the analytic
continuation techniques and non-trivial series commutation that it involves� has in itself.

Finally, we have tried our method with explicit examples and gave several tables of heat
kernel coefficients that have been calculated here �with relative ease� for the first time. For the
near future we envisage to investigate other physical applications where the method can prove
useful.

Note: At the final stage of our analysis, P. Gilkey made us aware of related research by M.
Levitin,48 who has further developed the approach of Kennedy,34,35 also with the aim of calculat-
ing higher-order heat kernel coefficients. We are indebted to M. Levitin for sending us his results,
which have served as a very good check of our calculations. All results in common with his are in
complete agreement.
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APPENDIX A: RECURSION RELATION FOR THE COEFFICIENTS xi,a

In this appendix we present the recursion relations for the coefficients xi ,a , Eq. �3.20�. For
convenience let us introduce for i�N , a�0,...,i ,

xi ,a�
ci�1,a

2 i�1� i�2a � .

Then, starting with c1,0��1, we find the following recursion relation,

ci ,0�� i�2 �ci�1,0�
1
2
s�1

i�1

ci�s ,0cs ,0 ,

ci ,i�1��4�3i �ci�1,i�2�
1
2
s�1

i�1

ci�s ,i�s�1cs ,s�1 ,

and for a�1,..., i�2, we have

ci ,a�� i�2�2a ��ci�1,a�ci�1,a�1�

�
1
2
s�1

i�1 � 

j�Max�0,1�a�s�i �

Min�a ,s�1 �

ci�s ,a� jcs , j� 

j�Max�0,a�s�i �

Min�a�1,s�1 �

ci�s ,a� j�1cs , j� .
This relation can be used very effectively for the calculation of the coefficients xi ,a .
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APPENDIX B: HEAT KERNEL COEFFICIENTS FOR DIRICHLET BOUNDARY
CONDITIONS

In this appendix we list our results for the heat kernel coefficients of the Laplace operator in
three, four and five dimensions with Dirichlet boundary conditions. Here and in the following
appendices, the first coefficients B0 ,..., B5/2 are listed for completeness and may also be found in
Refs. 34,35 or derived from Ref. 12.

In three dimensions we have found that

B0�
3
4 	R

3, B1/2��2	3/2R2,

B1�
8	R
3 , B3/2��

1
6 	

3/2,

B2��
16	
315R , B5/2��

	3/2

120R2 ,

B3��
64	
9009R3 , B7/2��

47	3/2

20160R4 ,

B4��
202816	
72747675R5 , B9/2��

521	3/2

443520R6 ,

B5��
25426048	

15058768725R7 , B11/2��
9521	3/2

11531520R8 ,

B6��
90878576896	

67689165418875R9 , B13/2��
34344493	3/2

47048601600R10

B7��
22835854180352	

17531493843488625R11 , B15/2��
36201091	3/2

47048601600R12 ,

B8��
1509389910845640704	

1019964780320324713875R13 , B17/2��
153984929039	3/2

164481911193600R14 ,

B9��
1673450232605639069696	

872477873086005760248675R15 , B19/2��
13334525091737	3/2

10362360405196800R16 ,

B10��
643985013732181345325056	

231206636367791526465898875R17 .

In four dimensions the result is

B0�
1
2 	

2R4, B1/2��	5/2R3,

B1�2	2R2, B3/2��
11	5/2R
32 ,

B2��
4	2

45 , B5/2��
35	5/2

4096R ,
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B3��
464	2

45045R2 , B7/2��
911	5/2

196608R3 ,

B4��
107456	2

14549535R4 , B9/2��
827315	5/2

201326592R5 ,

B5��
23288576	2

3011753745R6 , B11/2��
158590273	5/2

32212254720R7 ,

B6��
20064545792	2

1933976154825R8 , B13/2��
630648945109	5/2

86586540687360R9 ,

B7��
492912963584	2

29464695535275R10 , B15/2��
70309732006867	5/2

5541538603991040R11 ,

B8��
37648078688043008	2

1204208713483264125R12 , B17/2��
1578924180477650401	5/2

62419890835355074560R13 ,

B9��
887504373820227584	2

13409327181833639595R14 , B19/2��
1018264365864160946171	5/2

17976928560582261473280R15 ,

B10��
252629551155828479492096	2

1616829624949591094167125R16 .

Finally, in five dimensions we obtain

B0�
8	2R5

15 , B1/2��
4	5/2R4

3 ,

B1�
32	2R3

9 , B3/2��	5/2R2,

B2��
128	2R
945 , B5/2�

17	5/2

360 ,

B3�
1216	2

45045R , B7/2�
157	5/2

30240R2 ,

B4�
235264	2

43648605R3 , B9/2�
5	5/2

2464R4 ,

B5�
779264	2

280598175R5 , B11/2�
593	5/2

449280R6 ,

B6�
91757946368	2

43074923448375R7 , B13/2�
32815499	5/2

28229160960R8 ,

B7�
22103738934272	2

10518896306093175R9 , B15/2�
119034319	5/2

94097203200R10 ,
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B8�
53300366610079744	2

21397862524202616375R11 , B17/2�
798608979601	5/2

493445733580800R12 ,

B9�
381809787573414866944	2

111856137575128943621625R13 , B19/2�
146801666871373	5/2

62174162431180800R14 ,

B10�
31815282789579439112192	2

6031477470464126777371275R15 .

APPENDIX C: HEAT KERNEL COEFFICIENTS FOR NEUMANN BOUNDARY
CONDITIONS

Here is a list of the results we have obtained for the heat kernel coefficients of the Laplace
operator in three, four and five dimensions with Neumann boundary conditions. In three dimen-
sions we have found

B0�
4
3 	R

3, B1/2�2	3/2R2,

B1�
8	R
3 , B3/2�

7
6 	

3/2,

B2�
16	
9R , B5/2�

47	3/2

60R2 ,

B3�
6464	
6435R3 , B7/2�

3973	3/2

10080R4 ,

B4�
14766656	
31177575R5 , B9/2�

5057	3/2

28160R6 ,

B5�
2314167424	
10756263375R7 , B11/2�

2320069	3/2

27675648R8 ,

B6�
1439468204288	
13537833083775R9 , B13/2�

11298472831	3/2

250925875200R10 ,

B7�
369968178163712	
5843831281162875R11 , B15/2�

1718717967893	3/2

57211099545600R12 ,

B8�
48366532825354366976	

1019964780320324713875R13 , B17/2�
113384991528329	3/2

4511503849881600R14 ,

B9�
781980237125923045376	

17805670879306240005075R15 , B19/2�
33839928581307889	3/2

1326382131865190400R16 ,

B10�
14392436216775440050663424	
297265675330017676884727125R17 .

In four dimensions
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B0�
1
2 	

2R4, B1/2�	5/2R3,

B1�2	2R2, B3/2�
41	5/2R
32 ,

B2�
116	2

45 , B5/2�
5861	5/2

4096R ,

B3�
99472	2

45045R2 , B7/2�
388657	5/2

393216R3 ,

B4�
18334144	2

14549535R4 , B9/2�
91095533	5/2

201326592R5 ,

B5�
6269294336	2

15058768725R6 , B11/2�
2096614963	5/2

32212254720R7 ,

B6��
1448614636544	2

13537833083775R8 , B13/2��
13041149176631	5/2

86586540687360R9 ,

B7��
38509398708224	2

100179964819935R10 , B15/2��
1498787760061463	5/2

5541538603991040R11 ,

B8��
7562397933317668864	2

13246295848315905375R12 , B17/2��
23865356170241004641	5/2

62419890835355074560R13 ,

B9��
30045051913611575296	2

36622112051226326625R14 , B19/2��
135252966433194092697787	5/2

233700071287569399152640R15 ,

B10��
307843753219621367054336	2

230975660707084442023875R16 .

And, finally, in five dimensions

B0�
8	2R5

15 , B1/2�
4	5/2R4

3 ,

B1�
32	2R3

9 , B3/2�3	5/2R2,

B2�
1024	2R
135 , B5/2�

1873	5/2

360 ,

B3�
63296	2

6435R , B7/2�
10121	5/2

1890R2 ,

B4�
504064	2

61047R3 , B9/2�
198463	5/2

55440R4 ,
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B5�
125689856	2

30879225R5 , B11/2�
34154807	5/2

34594560R6 ,

B6��
56447170574848	2

157941385977375R7 , B13/2��
16602940093	5/2

14114580480R8 ,

B7��
945576485184512	2

281253911927625R9 , B15/2��
13550828636809	5/2

5721109954560R10 ,

B8��
259104011527854628864	2

55634442562926802575R11 , B17/2��
5379580705269259	5/2

1973782934323200R12 ,

B9��
46180677500935662030848	2

9587668935011052310425R13 , B19/2��
2640354677256557617	5/2

994786598898892800R14 ,

B10��
1401638457879249954799616	2

306775722734796364174125R15 .

APPENDIX D: HEAT KERNEL COEFFICIENTS FOR ROBIN BOUNDARY CONDITIONS

We conclude our list of results with the leading coefficients for general Robin boundary
conditions for D�3,4 and 5.

In three dimensions, we have found

B0�
4	R3

3 , B1/2�2	3/2R2,

B1��
4	R
3 �1�6u �, B3/2�

	3/2

6 �1�24u2�,

B2�
2	
45R �1�18u�60u2�120u3�, B5/2�

	3/2

60R2 �2�15u�60u2�120u3�120u4�,

B3�
	

45045R3 �1633�12870u�46904u2�107536u3�144144u4�96096u5�,

B7/2�
	3/2

10080R4 �151�1008u�3612u2�8400u3�13440u4�13440u5�6720u6�,

B4�
	

436486050R5 �8243319�51363270u�169826940u2�395830040u3�676878800u4

�835097120u5�665121600u6�266048640u7�,

B9/2�
	3/2

1774080R6 �14639�80784u�249304u2�556600u3�976800u4�1330560u5

�1340416u6�887040u7�295680u8�,
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B5�
	

301175374500R7 �3517532467�17760354570u�49945523040u2�105573378240u3

�182023225440u4�259648898880u5�295543449600u6�252181862400u7

�142779436800u8�40794124800u9�.

In four dimensions, the results read

B0�
	2R4

2 , B1/2�	5/2R3,

B1��2	2R2�1�2u �, B3/2�
	5/2R
32 �9�32u�64u2�,

B2��
4	2

45 �1�30u3�,

B5/2��
	5/2

4096R �59�224u�2048u3�4096u4�,

B3��
16	2

45045R2 �75�286u�286u2�858u3�3003u4�3003u5�,

B7/2��
	5/2

393216R3 �5807�21024u�29952u2�7168u3�110592u4�196608u5�131072u6�,

B4��
32	2

14549535R4 �11726�39368u�62016u2�36176u3�75582u4�230945u5�277134u6

�138567u7�,

B9/2��
	5/2

201326592R5 �2961171�9105152u�14440448u2�13142016u3�458752u4

�25427968u5�46137344u6�41943040u7�16777216u8�,

B5��
64	2

15058768725R6 �6419236�17976600u�27448200u2�28336920u3�14866740u4

�14709420u5�49365705u6�65189475u7�47805615u8�15935205u9�.

Finally, in five dimensions we have found

B0�
8	2R5

15 , B1/2�
4	5/2R4

3 ,

B1��
8	2R3

9 �5�6u �, B3/2�
	5/2R2

3 �3�8u�8u2�,

B2�
4	2R
135 ��5�6u�60u2�120u3�, B5/2�

	5/2

360 ��17�240u
2
�480u4�,
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B3�
2	2

135135R �87�13442u�35464u2�61776u3�48048u4�96096u5�,

B7/2�
	5/2

7560R2 ��88�483u�1806u2�2940u3�1680u4�3360u5�3360u6�,

B4�
	2

43648605R3 ��539501�4050078u�12086660u2�23878744u3�23715952u4

�1478048u5�26604864u6�17736576u7�,

B9/2�
	5/2

2661120R4 ��18927�99616u�302720u2�576048u3�748704u4�473088u5�177408u6

�591360u7�295680u8�,

B5�
	2

90352612350R5 ��935536567�4964319990u�13111462800u2�25019918880u3

�34365190560u4�32451298368u5�12409401600u6�12609093120u7�20397062400u8

�8158824960u9�.

This concludes our lists of explicit tables for the heat kernel coefficients. In the same way, results
for any desired dimension D are very easy to obtain from the formulas in the text.
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Abstract: The multiplicative anomaly associated with the zeta-function regularized
determinant is computed for the Laplace-type operatorsL1 = −�+V1 andL2 = −�+V2,
with V1, V2 constant, in a D-dimensional compact smooth manifold MD, making use
of several results due to Wodzicki and by direct calculations in some explicit examples.
It is found that the multiplicative anomaly is vanishing for D odd and for D = 2. An
application to the one-loop effective potential of the O(2) self-interacting scalar model
is outlined.

1. Introduction

Within the one-loop or external field approximation, the importance of zeta-function
regularization for functional determinants, as introduced in [1], is well known, as a
powerful tool to do with the ambiguities (ultraviolet divergences) present in relativistic
quantum field theory (see for example [2]-[4]). It permits to give a meaning, in the
sense of analytic continuation, to the determinant of a differential operator which, as the
product of its eigenvalues, is formally divergent. For the sake of simplicity we shall here
restrict ourselves to scalar fields. The one-loop Euclidean partition function, regularised
by zeta-function techniques, reads [5]

lnZ = −1
2
ln det

LD

μ2
=
1
2
ζ ′(0|LD) +

1
2
ζ(0|LD) ln μ2 ,

where ζ(s|LD) is the zeta function related to LD – typically an elliptic differential oper-
ator of second order – ζ ′(0|LD) its derivative with respect to s, and μ2 a renormalization
scale. The fact is used that the analytically continued zeta-function is generally regular
at s = 0, and thus its derivative is well defined.
When the manifold is smooth and compact, the spectrum is discrete and one has
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ζ(s|LD) =
∑

i

λ−2s
i ,

λ2i being the eigenvalues ofLD. As a result, one canmake use of the relationship between
the zeta-function and the heat-kernel trace via the Mellin transform and its inverse. For
Re s > D/2, one can write

ζ(s|LD) = TrL−s
D =

1
�(s)

∫ ∞

0
ts−1 K(t|LD) dt , (1.1)

K(t|LD) =
1
2πi

∫
Re s>D/2

t−s
�(s)ζ(s|LD) ds , (1.2)

where K(t|LD) = Tr exp(−tLD) is the heat operator. The previous relations are valid
also in the presence of zero modes, with the replacementK(t|LD) −→ K(t|LD)− P0,
P0 being the projector onto the zero modes.
A heat-kernel expansion argument leads to the meromorphic structure of ζ(s|LD)

and, as we have anticipated, it is found that the analytically continued zeta-function is
regular at s = 0 and thus its derivative is well defined. Furthermore, in practice all the
operators may be considered to be trace-class. In fact, if the manifold is compact this is
true and, if the manifold is not compact, the volume divergences can be easily factorized.
Thus

Kt(LD) =
∫
dVDKt(LD)(x) (1.3)

and

ζ(LD, z) =
∫
dVDζ(LD|z)(x), (1.4)

where Kt(LD)(x) and ζ(LD|z)(x) are the heat-kernel and the local zeta-function, re-
spectively.
However, if an internal symmetry is present, the scalar field is vector valued, i.e. φi

and the simplest model is the O(2) symmetry associated with self-interacting charged
fields in R4. The Euclidean action is

S =
∫
dx4φi

[(−� +m2)φi +
λ

4!
(φ2)2

]
, (1.5)

where φ2 = φkφk is theO(2) invariant. The Euclidean small disturbances operator reads

Aij = Lij +
λ

6
�
2δik +

λ

3
�i�k, Lij =

(−� +m2) δik , (1.6)

in which� is the Laplace operator and� the background field, assumed to be constant.
Thus, one is actually dealing with a matrix-valued elliptic differential operator. In this
case, the partition function is [6]

lnZ = − ln det
∥∥∥∥Aik

μ2

∥∥∥∥ = − ln det
[
(L + λ

2�
2)

μ2
(L + λ

6�
2)

μ2

]
. (1.7)
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As a consequence, one has to deal with the product of two elliptic differential operators.
In the case of a two-matrix, one has

ln det(AB) = ln detA + ln detB . (1.8)

Usually the way one proceeds is by formally assuming the validity of the above re-
lation for differential operators. This may be quite ambiguous, since one has to em-
ploy necessarily a regularization procedure. In fact, it turns out that the zeta-function
regularized determinants do not satisfy the above relation and, in general, there ap-
pears the so-called multiplicativity (or just multiplicative) anomaly [7, 8]. In terms of
F (A,B) ≡ det(AB)/(detA detB) [8], it is defined as:

aD(A,B) = lnF (A,B) = ln det(AB)− ln det(A)− ln det(B) , (1.9)

in which the determinants of the two elliptic operators, A and B, are assumed to be
defined (e.g., regularized) by means of the zeta-function [1]. It should be noted that the
non vanishing of the multiplicative anomaly implies that the relation

ln detA = Tr lnA (1.10)

does not hold, in general, for elliptic operators like A = BC.
It turns out that this multiplicative anomaly can be expressed by means of the non-

commutative residue associated with a classical pseudo-differential operator, known as
theWodzicki residue [9]. Its important role in physics has been recognized only recently.
In fact, within the non-commutative geometrical approach to the standard model of the
electroweak interactions [10, 11], the Wodzicki residue is the unique extension of the
Dixmier trace (necessary to write down the Yang-Mills action functional) to the larger
class of pseudo-differential operators (�DO) [12]. Other recent contributions along
these lines are [13–15]. Furthermore, a proposal to make use of the Wodzicki formulae
as a practical tool in order to determine the singularity structure of zeta-functions has
appeared in [16] and the connection with the commutator anomalies of current algebras
and the Wodzicki residue has been found in [17]
The purpose of the present paper is to obtain explicitly themultiplicative anomaly for

the product of two Laplace-like operators – by direct computations and by making use
of several results due to Wodzicki – and to investigate the relevance of these concepts in
physical situations. As a result, the multiplicative anomaly will be found to be vanishing
for D odd and also for D = 2, being actually present for D > 2, withD even.
The contents of the paper are the following. In Sect. 2 we present some elementary

computations in order to show the highly non-trivial character of a brute force approach
to the evaluation of the multiplicative anomaly associated with two differential operators
(even with very simple ones). In Sect. 3 we briefly recall several results due to Wodz-
icki, concerning the noncommutative residue and a fundamental formula expressing
the multiplicative anomaly in terms of the corresponding residue of a suitable pseudo-
differential operator. In Sect. 4, the Wodzicki formula is used in the computation of the
multiplicative anomaly inRD and, as an example, theO(2) model inR4 is investigated.
In Sect. 5, a standard diagrammatic analysis of theO(2) model is discussed and evidence
for the presence of the multiplicative anomaly at this diagrammatic level is given. In
Sect. 6 we treat the case of an arbitrary compact smooth manifold without boundary.
Some final remarks are presented in the Conclusions. In the Appendix a proof of the
multiplicative anomaly formula is outlined.
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2. Direct Calculations

Motivated by the example discussed in the introduction, onemight try to perform a direct
computation of the multiplicative anomaly in the case of the two self-adjoint elliptic
commuting operators Lp = −� + Vp, p = 1, 2, inMD, with Vp constant. Actually, we
could deal with the shifts of two elliptic �ODs. For the sake of simplicity, we may put
μ2 = 1 and consider all the quantities to be dimensionless. At the end, one can easily
restore μ2 by simple dimensional considerations.
In order to compute themultiplicative anomaly, one needs to obtain the zeta-functions

of the operators. Let us begin with MD smooth and compact without boundary (the
boundary case can be treated along the same lines) and let us try to express ζ(s|L1L2)
as a function of ζ(s|Lp). If we denote L0 = −� and by λi its non-negative, discrete
eigenvalues, the spectral theorem yields

ζ(s|L1L2) =
∑

i

[(λi + V1)(λi + V2)]−s . (2.1)

Making use of the identity

(λi + V1)(λi + V2) = (λi + V+)2 − V 2− , (2.2)

with V+ = (V1 + V2)/2 and V− = (V1 − V2)/2, and noting that

V 2−
(λi + V+)2

< 1 , (2.3)

for every individual λi, the binomial theorem gives

[(λi + V1)(λi + V2)]−s =
∞∑
k=0

�(s + k)
k!�(s)

V 2k− (λi + V+)−2s−2k , (2.4)

an absolutely convergent series expansion, valid without further restriction. Let us as-
sume that Re s is large enough in order to safely commute the sum over i with the sum
over k. From the equations above, we get

ζ(s|L1L2) = ζ(2s|L0 + V+) +
∞∑
k=1

�(s + k)
k!�(s)

V 2k− ζ(2s + 2k|L0 + V+) . (2.5)

This series is convergent for largeRe s andprovides the sought for analytical continuation
to the whole complex plane.
To go further, we note that, when |c| < λ1 (smallest non-vanishing eigenvalue of

L), one has

ζ(s|L + c) = ζ(s|L) +
∞∑
k=1

�(s + k)
k!�(s)

(−c)kζ(s + k|L) , (2.6)

Let us use this expression for L1 and L2. Since

V1 = V+ + V− , V2 = V+ − V− , (2.7)

one has
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ζ(s|L1) = ζ(s|L0 + V+ + V−)

= ζ(s|L0 + V+) +
∞∑
k=1

�(s + k)
k!�(s)

(−V−)kζ(s + k|L0 + V+) , (2.8)

and

ζ(s|L2) = ζ(s|L0 + V+ − V−)

= ζ(s|L0 + V+) +
∞∑
k=1

�(s + k)
k!�(s)

(V−)kζ(s + k|L0 + V+) . (2.9)

For s = 0, there are poles, but adding the two zeta-functions for suitable Re s andmaking
the separation between k odd and k even, all the terms associated with k odd cancel. As
a result

ζ(s|L1) + ζ(s|L2) = 2ζ(s|L0 + V+)

+
∞∑

m=1

�(s + 2m)
(2m)!�(s)

(V−)2mζ(s + 2m|L0 + V+) . (2.10)

For suitable Re s, from Eqs. (2.5) and Eq. (2.10) we may write

ζ(s|L1L2)− ζ(s|L1)− ζ(s|L2) = ζ(2s|L0 + V+)− 2ζ(s|L0 + V+)

+
∞∑

m=1

(V−)2m

�(s)

[
�(s +m)
m!

ζ(2s + 2m|L0 + V+)

− 2
�(s + 2m)
(2m)!

ζ(s + 2m|L0 + V+)
]
, (2.11)

The multiplicative anomaly is minus the derivative with respect to s in the limit
s → 0. Thus, it is present only when there are poles of the zeta functions evaluated
at positive integer numbers bigger than 2. From the Seeley theorem, the meromorphic
structure of the zeta function related to an elliptic operator is known, also in manifolds
with boundary, the residues at the poles being simply related to the Seeley-DeWitt heat-
kernel coefficients Ar. For example, For a D-dimensional manifold without boundary
one has [18]

ζ(z|L) = 1
�(z)

∞∑
r=0

Ar

z + r − D
2
+
J(z)
�(z)

, (2.12)

J(z) being the analytical part. Since there are no poles at s = 0 forD odd and forD = 2
in the zeta functions appearing on the r.h.s. of Eq. (2.11), we can take the derivative at
s = 0, i.e.

aD(L1, L2) =
∞∑

m=1

(V−)2mζ(2m|L0 + V+)
[

�(m)
�(m + 1)

− 2 �(2m)
�(2m + 1)

]
. (2.13)

As a consequence, for D odd and for D = 2 the multiplicative anomaly is vanishing.
ForD > 2 and even, there are a finite number of simple poles other than at s = 0 in

Eq. (2.11). As an example, in the important caseD = 4, in a compact manifold without
boundary, the zeta function has simple poles at s = 2, s = 1, s = 0, etc. Only the first
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one is relevant, the other being harmless. Separating the term corresponding to l = 1,
only this gives a non vanishing contribution when one takes the derivatives with respect
to s at zero. Thus, a direct computation yields

a4(L1, L2) =
A0V

2
−

2

=
VD

�(�π)∈ (V1 − V2)2 . (2.14)

It follows that it exists potentially, an alternative direct method for computing the multi-
plicative anomaly for the shifts of two elliptic�DOs and its structure will be a function
of V 2− and of the heat-kernel coefficients Ar, which, in principle, are computable (the
first ones are known). We will come back on this point in Sect. 6, using the Wodzicki
formula.
However, we observe that, here, the multiplicative anomaly is a function of the series

of zeta-functions related to operators of Laplace type. One soon becomes convinced that
it is not easy to go further along this way for an arbitrary D-dimensional manifold.
We conclude this section with explicit examples.

Example 1. MD = RD. Let us start with a particularly simple example, i.e.MD = RD.
The two zeta-functions ζ(s|Li) are easy to evaluate and read

ζ(s|Li) =
VD

(4π)
D
2
V

D
2 −s

i

�(s− D
2 )

�(s)
, i = 1, 2 , (2.15)

where VD is the (infinite) volume of RD. We need to compute ζ(s|L1L2). For Re s >
D/2, starting from the spectral definition, one gets

ζ(s|L1L2) = 2VD

4π)
D
2 �(D2 )

∫ ∞

0
dkkD−1 [k4 + (V1 + V2)k2 + V1V2]−s

. (2.16)

For Re s > (D − 1)/4, the above integral can be evaluated [19], to yield

ζ(s|L1L2) =
√
2πVD�(2s− D

2 )

2s(4π)
D
2 �(s)

(
α2 − 1) 1−2s4 (V1V2)

D
4 −s P

1
2−s

s−
D+1
2
(α) , (2.17)

Pμ
ν (z) being the associate Legendre function of the first kind (see for example [19]), and

α =
V1 + V2
2
√
V1V2

. (2.18)

This provides the analytical continuation to the whole complex plane. ForD = 2Q + 1,
one easily gets

ζ(0|L1L2) = 0,

ζ ′(0|L1L2) =
√
2πVD�(−Q− 1

2 )

(4π)
D
2

(
α2 − 1) 14 (V1V2)D4 P 1

2
−

D+1
2
(α)

=
VD�(−Q− 1

2 )

(4π)
D
2

[
2(V1V2)

D
2 (1 + cosh(Dγ))

]1/2
, (2.19)
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in which cosh γ = α. The first equation says that the conformal anomaly vanishes. On
the other hand, one has for D odd,

ζ ′(0|L1) + ζ ′(0|L2) =
VD�(−Q− 1

2 )

(4π)
D
2

(
V

D
2
1 + V

D
2
2

)
, (2.20)

As a consequence, making use of elementary properties of the hyperbolic cosine, one
gets a(L1, L2) = 0. Namely, forD odd the multiplicative anomaly is vanishing (see [8]).
For D = 2Q, the situation is much more complex. First the conformal anomaly is

non-zero, i.e.

ζ(0|L1L2) = VD

(4π)Q
(−1)Q
Q!

[
(V1V2)Q/2 cosh(Qγ)

]
, (2.21)

and, in general, the multiplicative anomaly is present. As a check, for D = 2, we get

ζ(0|L1L2) = −V2
4π

[
(V1V2)1/2 cosh γ

]
= −V2

4π
(V1 + V2)

=
1
4π
a1(A) = ζ(0|A) , (2.22)

whereA = −�I +V is a 2×2 matrix-valued differential operator, I the identity matrix,
V = diag (V1, V2), and a1(A) is the first related Seeley-De Witt coefficient, given by the
well known expression

∫
dx2(− tr V ).

Unfortunately, it is not simple to write down – within this naive approach – a rea-
sonably simple expression for it, because the associate Legendre function depends on s
through the two indices μ and ν. However, it is easy to show that the anomaly is absent
when V1 = V2, therefore it will depend only on the difference V1 − V2. Thus, one may
consider the case V2 = 0. As a result, Eq. (2.16) yields the simpler expression

ζ(s|L1L2) =
√
2πVD

(4π)
D
2 �(D2 )

�(D2 − s)�(2s− D
2 )

�(s)
V

D
2 −2s
1 . (2.23)

In this case the multiplicative anomaly is given by

a(L1, L2) = ln det(L1L2)− ln det(L1) , (2.24)

since the regularized quantity ln det(L2) = 0. It is easy to show that, when D is odd,
again aD(L1, L2) = 0. When D = 2Q, one obtains

a2Q(L1, L2) =
VD

(4π)Q
(−1)Q
2Q!

V Q
1 [�(1)− �(Q)] . (2.25)

We conclude this first example by observing that the multiplicative anomaly is absent
when Q = 1, D = 2, and that it is present for Q > 1, D > 2 even. The result obtained
is partial and more powerful techniques are necessary in order to deal with the general
case. Such techniques will be introduced in the next section.

117



Cosmology, the Quantum Vacuum, and Zeta Functions

620 E. Elizalde, L. Vanzo, S. Zerbini

Example 2. MD = S1 × RD−1, D = 1, 2, 3, . . .. In this case the zeta functions corre-
sponding to Li, i = 1, 2, are given by

ζ(s|Li) =
π(D−1)/2−2s

�(s + (1−D)/2)
22s+1LD−2s�(s)

∞∑
n=−∞

[
n2 +

(
L

2π

)2
Vi

](D−1)/2−s

(2.26)

(i = 1, 2, here L is the length of S1). In terms of the basic zeta function (see [20]):

ζ(s; q) ≡
∞∑

n=−∞

(n2 + q)−s (2.27)

=
√
π

�(s− 1/2)
�(s)

q1/2−s +
4πs

�(s)
q1/4−s/2

∞∑
n=1

ns−1/2Ks−1/2(2πn
√
q),

whereKν is the modified Bessel function of the second kind, we obtain

ζ(s|Li) =
π−D/2

�(s)

[
2−DL�(s−D/2)V D/2−s

i

+22−s−D/2Ls+1−D/2V
D/4−s/2
i

∞∑
n=1

ns−D/2Ks−D/2(nL
√
V1)

]
(2.28)

≡ ζ (1)(s|Li) + ζ (2)(s|Li).

For the determinant we get, for D odd,

detLi = exp
{

−π−D/2
[
2−DL�(−D/2)V D/2

i

+(2L)1−D/2V
D/4
i

∞∑
n=1

n−D/2KD/2(nL
√
Vi)

]}
, (2.29)

for D even (D = 2Q),

detLi = exp

⎡
⎣− L

Q!

(
− 1
4π

)Q

V Q
i

⎛
⎝ Q∑

j=1

1
j

− ln Vi

⎞
⎠

+ 4L
(√

Vi

2πL

)Q ∞∑
n=1

n−QKQ(nL
√
Vi)

]
. (2.30)

As for the product L1L2, using the same strategy as before, after some calculations we
obtain (here we use the short-hand notation L± ≡ L0 + V±, cf. equations above):

det(L1L2) = (detL+)2 exp

⎧⎨
⎩−

[Q/2]∑
p=1

2L
V 2p− (−V+)Q−2p

(2p)!(Q− 2p)!(4π)Q

×
⎡
⎣1− C +

1
2 (Q− 2p)! +

1
2

p−1∑
j=1

1
j

− ψ(2p)− ln V+

⎤
⎦

−
∞∑

p=[Q/2]+1

V 2p−

p
ζ (1)(2p|L+)−

∞∑
p=1

V 2p−

p
ζ (2)(2p|L+)

⎫⎬
⎭ , (2.31)
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where [x] means ‘integer part of x’ and C is the Euler–Mascheroni constant. We can
check from these formulas that the anomaly (1.9) is zero in the case of odd dimension
D. Actually, this is most easily seen, as before, by using the expression corresponding
to (2.16) for the present case. It also vanishes forD = 2. The formula above is useful in
order to obtain numerical values for the case D even, corresponding to different values
ofD and L (the series converge very quickly). The results are given in Table 1. We have
looked at the variation of the anomaly in terms of the different parameters: L,D, V1 and
V2 while keeping the rest of them fixed. Within numerical errors, we have checked the
complete coincidence with formula (4.5) in Sect. 4.

Table 1.Values of the multiplicative anomaly a(L1, L2) in terms of the parameters:L, D, V1 and V2. Observe
its evolution when some of the parameters are kept fixed while the others are varied. In all cases, a perfect
coincidence with Wodzicki’s expression for the anomaly is obtained (within numerical errors)

L D V1 V2 a(L1, L2)
1 2 2 2 0.
0.1 2 8 3 –1.8686× 10−14

1 2 8 3 –2.0817× 10−17

5 2 8 3 –1.4572× 10−16

10 2 8 3 –1.4572× 10−16

1 2 10 1 2.87× 10−12

1 4 10 1 0.064117
1 6 10 1 –0.028063
1 8 10 1 0.0151245
1 10 10 1 –0.003636
1 12 10 1 0.0006124
1 14 10 1 –0.00008166
1 16 10 1 9.09× 10−6

1 4 2 1 0.0007916
1 4 5 2 0.007124
1 4 1 6 0.019789
1 6 2 1 –0.0000945
1 6 5 2 –0.001984
1 6 1 6 –0.005512
0.1 4 7 2 0.001979
0.5 4 7 2 0.009895
1 4 7 2 0.019789
2 4 7 2 0.0395786
5 4 7 2 0.098947
10 4 7 2 0.197893
20 4 7 2 0.395786
0.1 6 7 2 –0.00070865
0.5 6 7 2 –0.00354326
1 6 7 2 –0.0070865
2 6 7 2 –0.014173
5 6 7 2 –0.0354326
10 6 7 2 –0.07008652
20 6 7 2 –0.141730

Example 3. MD = RD with Dirichlet b.c. on p pairs of perpendicular hyperplanes. The
zeta function is, in this case,
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ζ(s|Li) =
π(D−p)/2−2s

�(s + (p−D)/2)
2D−p+1

∏p
j=1 aj �(s)

∞∑
n1,...,np=1

⎡
⎣ p∑

j=1

(
nj

aj

)2
+ Vi

⎤
⎦
(D−p)/2−s

, (2.32)

where the aj , j = 1, 2, . . . , p, are the pairwise separations between the perpendicular
hyperplanes. For the determinant, we get, forD − p = 2h + 1 odd,

detLi =

exp

⎧⎪⎨
⎪⎩− πh+1/2

22h+2
∏p

j=1 aj
�(−h− 1/2)

∞∑
n1,...,np=1

⎡
⎣ p∑

j=1

(
nj

aj

)2
+ Vi

⎤
⎦

h−1/2
⎫⎪⎬
⎪⎭ , (2.33)

and, for D − p = 2h even,

detLi = exp

⎧⎪⎨
⎪⎩

(−π)h
22h+1h!

∏p
j=1 aj

⎡
⎢⎣
⎛
⎝2 + h h−1∑

j=1

1
j

⎞
⎠ ∞∑

n1,...,np=1

⎡
⎣ p∑

j=1

(
nj

aj

)2
+ Vi

⎤
⎦

h

+
∞∑

n1,...,np=1

⎡
⎣ p∑

j=1

(
nj

aj

)2
+ Vi

⎤
⎦

h

ln

⎡
⎣ p∑

j=1

(
nj

aj

)2
+ Vi

⎤
⎦
⎤
⎥⎦
⎫⎪⎬
⎪⎭ . (2.34)

For the calculation of the anomaly one follows the same steps of the two preceding
examples and we are not going to repeat this again. In order to obtain the final numbers
one must make use of the inversion formula for the Epstein zeta functions of these
expressions [20, 2].

3. The Wodzicki Residue and the Multiplicative Anomaly

For the reader’s convenience, we will review in this section the necessary information
concerning theWodzicki residue [9] (see, also [7] and the references toWodzicki quoted
therein) that will be used in the rest of the paper. Let us consider a D-dimensional smooth
compact manifold without boundaryMD and a (classical) �DO, A, of orderm, acting
on sections of vector bundles on MD. To any �DO, A, it corresponds to a complete
symbol a(x, k), such that, modulo infinitely smoothing operators, one has

(Af )(x) ∼
∫

RD

dk

(2π)D

∫
RD

dyei(x−y)ka(x, k)f (y) . (3.1)

The complete symbol admits an asymptotic expansion for |k| → ∞, given by

a(x, k) ∼
∑

j

am−j(x, k) , (3.2)

and fulfills the homogeneity property am−j(x, tk) = tm−jam−j(x, k), for t > 0. The
numberm is called the order of A.
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IfP is an elliptic operator of order p > m, according toWodzicki one has the follow-
ing property of the non-commutative residue, which we may take as its characterization.

Proposition. The trace of the operator AP−s exists and admits a meromorphic con-
tinuation to the whole complex plane, with a simple pole at s = 0. Its Cauchy residue at
s = 0 is proportional to the so-called non-commutative (or Wodzicki) residue of A:

res(A) = pRess=0 Tr(AP−s) . (3.3)

The r.h.s. of the above equation does not depend on P and is taken as the definition of
the Wodzicki residue of the �DO, A.

Properties.

(i) Strictly related to the latter result is the one which follows, involving the short-t
asymptotic expansion

Tr(Ae−tP ) �
∑

j

αjt
D−j

p −1 − res(A)
p

ln t +O(t ln t) . (3.4)

Thus, theWodzicki residue ofA, a�DO, can be read off from the above asymptotic
expansion selecting the coefficient proportional to ln t.

(ii) Furthermore, it is possible to show that res(A) is linear with respect to A and
possesses the important property of being the unique trace on the algebra of the
�DOs, namely, one has res(AB) = res(BA). This last property has deep implica-
tions when including gravity within the non-commutative geometrical approach to
the Connes-Lott model of the electro-weak interaction theory [12, 10, 11].

(iii) Wodzicki has also obtained a local form of the non-commutative residue, which
has the fundamental consequence of characterizing it through a scalar density. This
density can be integrated to yield the Wodzicki residue, namely

res(A) =
∫

MD

dx

(2π)D

∫
|k|=1

a−D(x, k)dk . (3.5)

Here the component of order−D of the complete symbol appears. Form the above
result it immediately follows that res(A) = 0 when A is an elliptic differential
operator.

(iv) We conclude this summary with the multiplicative anomaly formula, again due to
Wodzicki. A more general formula has been derived in [8]. Let us consider two
invertible elliptic self-adjont operators, A and B, onMD. If we assume that they
commute, then the following formula applies:

a(A,B) =
res
[
(ln(AbB−a))2

]
2ab(a + b)

= a(B,A) , (3.6)

where a > 0 and b > 0 are the orders of A and B, respectively. A sketch of the
proof is presented in the Appendix. It should be noted that a(A,B) depends on a
�DO of zero order. As a consequence, it is independent on the renormalization
scale μ appearing in the path integral.
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(v) Furthermore, it can be iterated consistently. For example

ζ ′(A,B) = ζ ′(A) + ζ ′(B) + a(A,B), (3.7)
ζ ′(A,B,C) = ζ ′(AB) + ζ ′(C) + a(AB,C)

= ζ ′(A) + ζ ′(B) + ζ ′(C) + a(A,B) + a(AB,C) .

As a consequence,

a(A,B,C) = a(AB,C) + a(A,B) . (3.8)

Since a(A,B,C) = a(C,B,A), we easily obtain the cocycle condition (see [8]):

a(AB,C) + a(A,B) = a(CB,A) + a(C,B) . (3.9)

4. TheO(2) Bosonic Model

In this sectionwe comeback to the problemof the exact computation of themultiplicative
anomaly in themodel considered in Sect. 2. Strictly speaking, the result of the last section
is valid for a compact manifold, but in the case of RD the divergence is trivial, being
contained in the volume factor. The Wodzicki formula gives

a(L1, L2) =
1
8
res
[
(ln(L1L−1

2 ))
2] . (4.1)

We have to construct the complete symbol of the �DO of zero order [ln(L1L−1
2 )]2. It is

given by

a(x, k) =
[
ln(k2 + V1)− ln(k2 + V2)

]2
. (4.2)

For large k2, we have the following expansion, from which one can easily read off the
homogeneuos components:

a(x, k) =
∞∑
j=2

cjk
−2j =

∞∑
j=2

a2j(x, k) , (4.3)

where

cj =
j∑

n=1

(−1)j
n(j − n)

(
V n
1 − V n

2
) (
V j−n
1 − V j−n

2

)
. (4.4)

As a consequence, due to the local formula one immediately gets the following result:
for D odd, the multiplicative anomaly vanishes, in perfect agreement with the direct
calculation of Sect. 2. This result is consistent with a general theorem contained in [8].
ForD even, ifD = 2 one has no multiplicative anomaly, while forD = 2Q,Q > 1,

one gets

a(L1, L2) =
VD(−1)Q
4(4π)Q�(Q)

Q−1∑
j=1

1
j(Q− j)

(
V j
1 − V j

2

)(
V Q−j
1 − V Q−j

2

)
. (4.5)
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It is easy to show that for V2 = 0 this expression reduces to the one obtained directly in
Sect. 2.
In the O(2) model, for D = 4, we have

a(L1, L2) =
V4

4(4π)2
(V1 − V2)2 =

V4
36(4π)2

λ2�4 , (4.6)

which, for dimensional reasons, is independent of the renormalization parameter μ.
Then, the one-loop effective potential reads

Veff = − lnZV4
=
M 4
1

64π2

(
−3
2
+ ln

M 2
1

μ2

)
+
M 4
2

64π2

(
−3
2
+ ln

M 2
2

μ2

)
+

1
72(4π)2

λ2�4 , (4.7)

with

M 2
1 = m

2 +
λ

2
�
2, M 2

2 = m
2 +

λ

6
�
2 . (4.8)

Thus, the additional multiplicative anomaly contribution seems to modify the usual
Coleman-Weinberg potential. A more careful analysis is required in order to investigate
the consequences of this remarkable fact.

5. Feynman Diagrams

The necessity of the presence of the multiplicative anomaly in quantum field theory
can also be understood perturbatively, using the background field method. The effective
action of the O(2) model in a background field � will be denoted by �(�, φ), where φ
is the mean field. Then, if �0(φ) denotes the effective action with vanishing �, it turns
out that

�(�, φ) = �0(� + φ). (5.1)

Therefore, the nth order derivatives of � with respect to φ at φ = 0 determine the
vertex functions of the O(2) model in the background external field. The one-loop
approximation to � is again given by log det(L1L2), and the determinant of either of
the operators, L1 and L2, corresponds to the sum of all vacuum-vacuum 1PI diagrams
where only particles of masses squaredM 2

1 = m2 + λ�
2/2 orM 2

2 = m2 + λ�
2/6 flow

along the internal lines. In Fig. 1 we have depicted this, by using a solid line for type-1
particles and a dashed line for type-2 particles.
Thus, for example, the inverse propagator at zero momentum for type-1 particle,

as computed from the above effective potential, is obtained from the second derivative
with respect to φ1. The only 1PI graphs which contribute are shown in Fig. 2. This is
clearly not the case, as the full theory exhibits a trilinear coupling φ2(φ1)2 which gives
the additional Feynman graph depicted in Fig. 3. Without investigating this question
any further, we can safely affirm already that a perturbative formula for the Wodzicki
anomaly given in terms of Feynman diagrams should exist. It surely owes its simple form
to very subtle cancellations among an infinite class of Feynman diagrams. We conclude
this section with some remarks. In the present model, the existence of a multiplicative
anomaly of the type considered could be a trivial problem, in fact it has the same
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+

LogDet(L 1 ) )+ LogDet(L 2
Fig. 1. The Feynman graph giving the one-loop effective potential without taking into account the anomaly

+

Fig. 2. Contributions coming from 1PI graphs

form as the classical potential energy. This suggests that it can be absorbed in a finite
renormalization of the coupling constant of the theory. Secondly, this anomaly gives no
contribution to the one-loop beta function of the model, since it is independent of the
arbitrary renormalization scale, but it certainly contributes to the two-loop beta function.
And, finally, we have seen that the anomaly can be interpreted as an external field effect
which, in the present model, could be relevant only when the theory is coupled to an
external source. Therefore, it should be very interesting to study its relevance in at least
two other situations, namely the cases of a spontaneously broken symmetry and of QED
in external background fields.

Fig. 3. Additional Feynman graph of the full theory

6. The Case of a General, Smooth and Compact ManifoldMD Without Boundary

Since the multiplicative anomaly is a local functional, it is possible to express it in
terms of the Seeley-De Witt spectral coefficients. Let us consider again the operator
Lp = L0 + Vp, with L0 = −� acting on scalars, in a smooth and compact manifoldMD

without boundary. We have to compute the Wodzicki residue of the �DO,[
ln(L1L−1

2 )
]2
. (6.1)
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With this aim, if V1 < V2, we can consider the �DO

[
ln(L1L−1

2 )
]2
e−tL1 , (6.2)

and compute the ln t term in the short-t asymptotic expansion of its trace.We are dealing
here with self-adjoint operators and thus, by using the spectral theorem, we get

Tr
[(
ln(L1L−1

2 )
)2
e−tL1

]
=
∫ ∞

V1

dλρ(λ|L1) [ln λ− ln(λ + V2 − V1)]2 e−tλ , (6.3)

where ρ(λ|L1) is the spectral density of the self-adjoint operator L1.
Now, it is well known that the short-t expansion of the above trace receives contri-

butions from the asymptotics, for large λ, of the integrand in the spectral integral. The
asymptotics of the spectral function associated with L1 are known to be given by (see,
for example [21, 22], and the references therein)

ρ(λ|L1) �
r<D/2∑

r=0

Ar(L1)
�(D2 − r)

λ
D
2 −r−1 , (6.4)

here the quantities Ar(L1) are the Seeley-De Witt heat-kernel coefficients while, for
large λ, we have in addition

[ln λ− ln(λ + V2 − V1)]2 �
∞∑
j=2

bjλ
−j , (6.5)

being the bj computable, for instance b2 = (V2 − V1)2 , b3 = −2(V2 − V1)3, etc. As a
result, we get the short-t asymptotics in the form

Tr
[(
lnL1L−1

2
)2
e−tL1

]
�

r<D/2∑
r=0

Ar(L1)
�(D2 − r)

∞∑
j=2

bjt
r+j−

D
2 �(D2 − r − j, tV1) , (6.6)

where �(z, x) is the incomplete gamma function. From this expression one obtains the
following results:

(i) If D is odd, say D = 2Q + 1, the first argument of the incomplete gamma function
is never zero or a negative integer. Thus, the ln t is absent and, from the Wodzicki
theorem, the multiplicative anomaly is absent too, again in agreement with the
Kontsevich-Vishik theorem [8] and the explicit calculations in the previous sections.

(ii) If D is even, we have to search for the log terms only, that is −Q + r + j = 0, for
r ≥ 0 and j ≥ 2. As a result, for D = 2 the log term is absent once more, again in
agreement with the explicit calculations of the previous sections. The multiplicative
anomaly is present starting fromD ≥ 4. In the important case whenD = 4, it turns
out that the multiplicative anomaly is identical to the one, related with R4, that has
been evaluated previoisly. Terms depending on the curvature become operative only
for D ≥ 6.
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7. Conclusions

In this paper, the multiplicative anomaly associated with the zeta-function regularised
determinant of two�DOs of Laplace type on a D-dimensional smooth manifold without
boundary has been studied. From a physical point of view, this condition does not seem
to be too restrictive, because the one-loop effective potential may be expressed as a
logarithm of the determinant of such kind of elliptic differential operators.
We have shown how a direct calculation leads to analytical difficulties, even in the

most simple examples. Fortunately, a very elegant formula for themultiplicative anomaly
has been found by Wodzicki and we have used it here in order to compute the anomaly
explicitly. It isworthmentioning that, froma computational point of view, this constitutes
a big improvement, since one can make use of the results concerning the computation of
the one-loop effective potential, related to second order elliptic differential operators of
Laplace type. Furthermore, within the background field method, we have identified the
presence of the multiplicative anomaly in the diagrammatic perturbative approach too.
With regard to our example, namely the product L1L2, we have shown that the

multiplicative anomaly is vanishing for D odd and also for D = 2. This seems to be
related with the fact that we have only considered differential operators of second order
(Laplace type). For first-order differential operators (Dirac like), things could be quite
different, in principle, and we will consider this important case elsewhere.
Another interesting issue is the generalization of all these procedures to smooth

manifolds with a boundary. Again one should expect to obtain different results in those
situations.
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Appendix A: The Wodzicki formula for the multiplicative anomaly

In this Appendix, for the reader’s convenience we present a proof of the multiplicative
anomaly formula along the lines of Ref. [8].
Recall that if P is an elliptic operator of order p > a, according to Wodzicki. One

has the following property of the non-commutative residue related to the �DO A: in a
neighborhood of z = 0, it holds

z Tr(AP−z) =
1

�(1 + z)
res(A)
p

+ zRA(P ) +O(z2) . (A.1)

The quantity RA(P ) will play no role in the final formula.
Now we resort to the following

Lemma. If η is a �DO of zero order, a, and B a �DO of positive order, b, and γ and
x positive real numbers then, in a neighborhood of s = 0, one has

sTr(ln ηη−xsB−γs) =
res(ln η)

�(1 + γs)γb
− sx

res((ln η)2)
�(1 + γs)γb

+ sRln η(B) +O(s2) . (A.2)
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The lemma is a direct consequence of the formal expansion
η−xs = e−xs ln η = I − xs ln η +O(s2) (A.3)

and of Eq. (A.1). From the above lemma, it follows that

lim
s→0

∂s

[
sTr(ln ηη−xsB−γs)

]
= C

res(ln η)
b

− x
res[(ln η)2]

γb
+Rln η(B) , (A.4)

in which C is the Euler–Mascheroni constant.
Now consider two invertible, commuting, elliptic, self-adjont operators A and B on

MD, with a and b being the orders of A and B, respectively. Within the zeta-function
definition of the determinants, consider the quantity

F (A,B) =
det(AB)

(detA)(detB)
= ea(A,B) . (A.5)

Introduce then the family of �DOs,

A(x) = ηxB
a
b , η = AbB−a , (A.6)

and define the function

F (A(x), B) =
det(A(x)B)

(detA(x))(detB)
. (A.7)

One gets

F (A(0), B) =
detB

a+b
b

(detB
a
b )(detB)

= 1

(A.8)

F (A( 1b ), B) =
det(AB)

(detA)(detB)
= F (A,B) .

As a consequence, one is led to deal with the following expression for the anomaly
a(A(x), B) = lnF (A(x), B)

= − lim
s→0

∂s

[
Tr(A(x)B)−s − TrA(x)−s − TrB−s

]
. (A.9)

This quantity has the properties: a(A(0), B) = 0 and a(A( 1b ), B) = a(A,B).
The next step is to compute the first derivative of a(A(x), B) with respect to x, the

result being

∂xa(A(x), B) = lim
s→0

∂s

[
Tr
(
ln ηη−xsB−s

a+b
b

)
−Tr
(
ln ηη−xsB−s

a
b

)]
. (A.10)

Making now use of Eq. (A.3), one obtains

∂xa(A(x), B) = C
res(ln η)

b
− x

res[(ln η)2]
a + b

− C
res(ln η)

b
+ x
res[(ln η)2]

a

= x
b

a(a + b)
res[(ln η)2] . (A.11)

And, finally, performing the integration with respect to x, from 0 to 1/b, one gets
Wodzicki’s formula for the multiplicative anomaly, used in Sect. 3, namely

a(A,B) = a(B,A) =
res
[
(ln(AbB−a))2

]
2ab(a + b)

. (A.12)
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Abstract: After recalling the precise existence conditions of the zeta function of a
pseudodifferential operator, and the concept of reflection formula, an exponentially con-
vergent expression for the analytic continuation of a multidimensional inhomogeneous
Epstein-type zeta function of the general form

ζA,�b,q(s) =
∑

�n∈Zp

(�nTA�n +�bT�n + q)−s,

with A the p× p matrix of a quadratic form,�b a p vector and q a constant, is obtained.
It is valid on the whole complex s-plane, is exponentially convergent and provides the
residua at the poles explicitly. It reduces to the famous formula of Chowla and Selberg
in the particular case p = 2, �b = �0, q = 0. Some variations of the formula and physical
applications are considered.

1. Introduction: Existence of the Zeta Function of a Pseudodifferential
Operator (�DO)

A pseudodifferential operator A of order m on a manifold Mn is defined through its
symbol a(x, ξ), which is a function belonging to the spaceSm(Rn×Rn) ofC∞ functions
such that for any pair of multi-indexs α, β there exists a constant Cα,β so that∣∣∂α

ξ ∂
β
xa(x, ξ)

∣∣ ≤ Cα,β(1 + |ξ|)m−|α|. (1)

The definition of A is given, in the distribution sense, by

Af (x) = (2π)−n

∫
ei<x,ξ>a(x, ξ)f̂ (ξ) dξ, (2)
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where f is a smooth function, f ∈ S [remember that S = {f ∈ C∞(Rn);
supx|xβ∂αf (x)| < ∞,∀α, β ∈ Rn

}
], S ′ being the space of tempered distributions and

f̂ the Fourier transform of f . When a(x, ξ) is a polynomial in ξ one gets a differential
operator. In general, the orderm can be complex. The symbol of a �DO has the form

a(x, ξ) = am(x, ξ) + am−1(x, ξ) + · · · + am−j(x, ξ) + · · · , (3)

being ak(x, ξ) = bk(x) ξk.
Pseudodifferential operators are useful tools, both in mathematics and in physics.

They were crucial for the proof of the uniqueness of the Cauchy problem [1] and also for
the proof of the Atiyah-Singer index formula [2]. In quantum field theory they appear
in any analytical continuation process (as complex powers of differential operators,
like the Laplacian) [3]. And they constitute nowadays the basic starting point of any
rigorous formulation of quantum field theory through microlocalization, a concept that
is considered to be the most important step towards the understanding of linear partial
differential equations since the invention of distributions [4].
For A a positive-definite elliptic �DO of positive orderm ∈ R, acting on the space

of smooth sections of an n-dimensional vector bundle E over a closed, n-dimensional
manifoldM , the zeta function is defined as

ζA(s) = tr A−s =
∑

j

λ−s
j , Re s >

n

m
≡ s0. (4)

The quotient s0 = dimM/ordA is called the abscissa of convergence of ζA(s), which
is proven to have a meromorphic continuation to the whole complex plane C (regular
at s0), provided that the principal symbol of A (that is am(x, ξ)) admits a spectral
cut: Lθ = {λ ∈ C; Argλ = θ, θ1 < θ < θ2}, SpecA ∩ Lθ = ∅ (the Agmon–Nirenberg
condition). Strictly speaking, the definition of ζA(s) depends on the position of the cut
Lθ, not so that of the determinant [5] detζ A = exp[−ζ ′

A(0)], which only depends on
the homotopy class of the cut. The precise structure of the analytical continuation of the
zeta function is known in general [6]. The only singularities it can have are simple poles
at

sk = (n− k)/m, k = 0, 1, 2, . . . , n− 1, n + 1, . . . . (5)

The applications of the zeta-function definition of a determinant in physics are very
important [7, 8]. A zeta function with the same meromorphic structure in the complex
s-plane and extending the ordinary definition to operators of complex order m ∈ C\Z
(it is clear that operators of complex order do not admit spectral cuts), has been obtained
in Ref. [9]. The construction starts there from the definition of a trace, obtained as the
integral over the manifold of the trace density of the difference between the Schwartz
kernel of A and the Fourier transformed of a number of first homogeneous terms (in ξ)
of the usual decomposition of the symbol (3) of A.

2. Exponentially Convergent Analytic Continuation (with Explicit Poles and
Residua) of our Zeta Function

A fundamental property shared by zeta functions of any nature is the existence of a
reflection formula. For a generic zeta function, Z(s), it has the form:
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Z(ω − s) = F (ω, s)Z(s), (6)

and allows for its analytical continuation in a very easy way – what is the whole story
of the zeta function regularization procedure (or at least the main part of it). But the
analytically continued expression thus obtained is just another series, which has again
a slow convergence behavior, of power series type (actually the same that the original
series had, in its own domain of validity). Some years ago, the notorious mathematicians
S. Chowla and A. Selberg found a formula, for the case p = 2, �b = 0 and q = 0 above
[10], that yields exponentially quick convergence, and not only in the reflected domain.
They were extremely proud of that formula – as one can appreciate by reading the
original paper, where actually no hint about its derivation was given. In Ref. [11] we
generalized this expression to inhomogeneous zeta functions, but staying always in two
dimensions (p = 2), for this was commonly believed to be an unsurmountable restriction
of the original formula (see, for instance, Ref. [12]). The generalization we carried out
in [11] was already non-trivial and a very detailed account of this step is given in [13]
(where a misprint of the original derivation is corrected). Finally, we have realized that
an extension to an arbitrary number of dimensions is actually possible. In fact, here we
shall obtain formulas for arbitrary p and arbitrary values of�b and q.
The starting point will be Poisson’s resummation formula in p dimensions, which

arises from the distribution identity∑
�n∈Zp

δ(�x− �n) =
∑

�m∈Zp

ei2π �m·�x. (7)

(We shall indistinctly write �m ·�x ≡ �mT�x in what follows.) Applying this identity to the
function

f (�x) = exp
(

−1
2
�xTA�x +�bT�x

)
, (8)

with A an invertible p× p matrix, and integrating then over �x ∈ Rp, one obtains
∑

�n∈Zp

exp
(

−1
2
�nTA�n +�bT�n

)

=
(2π)p/2
√
detA

∑
�m∈Zp

exp
[
1
2

(
�b + 2πi�m

)T

A−1
(
�b + 2πi�m

)]
.

(9)

We are going to consider the following zeta function

ζA,�c,q(s) =
′∑

�n∈Zp

[
1
2
(�n + �c)T A (�n + �c) + q

]−s

≡
′∑

�n∈Zp

[
Q (�n + �c) + q

]−s
, Re (s) >

p

2
.

(10)

The aim is to obtain a formula that gives (the analytical continuation of) this multidi-
mensional zeta function in terms of an exponentially convergent multiseries and which
is valid in the whole complex plane, exhibiting the singularities (simple poles) of the
meromorphic continuation – with the corresponding residua – explicitly. The prime in
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the summatories of Eq. (10) means that the point �n = �0 is to be excluded from the sum.
Such restriction is irrelevant as long as q �= 0 (the contribution of this single point being
immediately obtainable), but to define the zeta function in this way is essential in order
to be able to reach the limit q → 0 (as we shall do later). The only condition on the
matrix A is that it corresponds to a (non-negative) quadratic form, that we call Q. The
vector �c is arbitrary, while q will (for the moment) be a positive constant.

2.1. The main expression (inhomogeneous case). Use of the Poisson resummation for-
mula (9) yields, after some work, the following expression:

ζA,�c,q(s) =
(2π)p/2qp/2−s

√
detA

�(s− p/2)
�(s)

+
2s/2+p/4+2πsq−s/2+p/4

√
detA �(s)

×
′∑

�m∈Zp

1/2

cos(2π�m · �c) (�mTA−1 �m
)s/2−p/4

Kp/2−s

(
2π
√
2q �mTA−1 �m

)
, (11)

where Kν is the modified Bessel function of the second kind and the subindex 1/2 in
Zp
1/2 means that only half of the vectors �m ∈ Zp intervene in the sum. That is, if we take
an �m ∈ Zp we must then exclude−�m (as a simple criterion one can, for instance, select
those vectors in Zp\{�0} whose first non-zero component is positive). Equation (11)
fulfills all the requirements demanded before. It is notorious to observe how the only
pole of this inhomogeneous Epstein zeta function appears explicitly at s = p/2, where
it belongs. Its residue is given by the formula:

Ress=p/2ζA,�c,q(s) =
(2π)p/2

√
detA �(p/2)

. (12)

With a bit of care, it is relatively simple to obtain the limit of expression (11) as q → 0.
However, instead of proceeding in this way (what we shall do later), it is advisable to

construct first a direct recurrent formula for the case q = 0. This is certainly the natural
option in such a case, where no cut-off q exists to safeguard the t-integration (there is no
way to use the Poisson formula on all p indices of �n at once). However, we can still deal
with this case by using the Poisson resummation formula on some of the p indices �n only,
say on just one of them, n1. Poisson’s formula on one index reduces to the celebrated
Jacobi identity for the θ3 function

θ3
(
z |τ ) = 1 + 2 ∞∑

n=1

qn2 cos(2nz), q = eπiτ , |q| < 1, τ ∈ C, (13)

the identity being:

θ3
(
z |τ ) = 1√−iτ e

z2/(πiτ )θ3

(
z

τ

∣∣∣∣−1τ
)
, (14)

or, in other words

∞∑
n=−∞

en2πiτ+2niz =
1√−iτ

∞∑
n=−∞

e(z−nπ)2/(πiτ ) (15)
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(for a classical reference see, e.g. Ref. [14]). Here z and τ are arbitrary complex, z, τ ∈
C, with the only restriction that Im τ > 0 (in order that |q| < 1). For the applications,
it turns out to be better to recast the Jacobi identity as follows (with πiτ → −t and
z → πz):

∞∑
n=−∞

e−n2t+2πinz =
√
π

t

∞∑
n=−∞

e−π2(n−z)2/t, (16)

equivalently
∞∑

n=−∞

e−(n+z)2t =
√
π

t

[
1 +

∞∑
n=1

e−π2n2/t cos(2πnz)

]
, (17)

with z, t ∈ C, Re t > 0.

2.2. Recurrent expression (and the homogeneous case). Using this last formula on the
first component, n1, of the summation vector �n, we obtain (for the sake of simplicity
of the final expressions, we shall just consider now the case �c = �0, but the result can be
generalized to �c �= �0 quite easily):

ζA,�0,q(s) = 2
∞∑

n1=1

(
an21 + q

)−s

+
1

�(s)

′∑
�n2∈Zp−1

[√
π

a
�(s− 1/2) (�nT

2 �p−1�n2 + q
)1/2−s

+
4πs

as/2+1/4

∞∑
n1=1

cos
(πn1
a
�bT�n2

)
n

s−1/2
1

(
�nT
2 �p−1�n2 + q

)1/4−s/2

× Ks−1/2

(
2πn1√
a

√
�nT
2 �p−1�n2 + q

)]
, (18)

which can be written as

ζA,�0,q(s) = ζa,�0,q(s) +
√
π

a

�(s− 1/2)
�(s)

ζ
�p−1,�0,q(s− 1/2)

+
4πs

as/2+1/4 �(s)

′∑
�n2∈Zp−1

∞∑
n1=1

cos
(πn1
a
�bT�n2

)

×ns−1/2
1

(
�nT
2 �p−1�n2 + q

)1/4−s/2
Ks−1/2

(
2πn1√
a

√
�nT
2 �p−1�n2 + q

)
. (19)

This is clearly a recurrent formula in p, the number of dimensions, the first term of the
recurrence being

ζa,�0,q(s) = 2
∞∑
n=1

(
an2 + q

)−s = q−s +
√
π

a

�(s− 1/2)
�(s)

q1/2−s

+
4πs

�(s)
a−1/4−s/2q1/4−s/2

∞∑
n=1

ns−1/2Ks−1/2

(
2πn
√
q

a

)
. (20)

133



Cosmology, the Quantum Vacuum, and Zeta Functions

88 E. Elizalde

To take in these expressions the limit q → 0 is immediate. One obtains:

ζA,�0,0(s) = 2a
−sζ(2s) +

√
π

a

�(s− 1/2)
�(s)

ζ
�p−1,�0,0(s− 1/2)

+
4πs

as/2+1/4 �(s)

′∑
�n2∈Zp−1

∞∑
n1=1

cos
(πn1
a
�bT�n2

)

×ns−1/2
1

(
�nT
2 �p−1�n2

)1/4−s/2
Ks−1/2

(
2πn1√
a

√
�nT
2 �p−1�n2

)
. (21)

In the above formulas, A is a p × p symmetric matrix A =
(
aij

)
i,j=1,2,... ,p

= AT ,
Ap−1 the (p − 1) × (p − 1) reduced matrix Ap−1 =

(
aij

)
i,j=2,... ,p

, a the component
a = a11, �b the p− 1 vector �b = (a21, . . . , ap1)T = (a12, . . . , a1p)T , and finally, �p−1 is
the following (p− 1)× (p− 1) matrix �p−1 = Ap−1 − 1

4a
�b⊗�b.

Let us now get back to the case q = 0 starting from the beginning (e.g., the zeta
function given by Eq. (10), with q = 0). From that expression, the recurrence (21) can
be obtained directly in the same way – this is rather obvious, since q plays no role in
the derivation. What is not so obvious is to realize that the limit as q → 0 of Eq. (11)
is exactly the recurrent formula (21). More precisely, what is obtained in the limit is
the reflected formula which one gets after using the well known Epstein zeta function
reflection

�(s)Z(s;A) =
π2s−p/2
√
detA

�(p/2− s)Z(p/2− s;A−1), (22)

being Z(s;A) the Epstein zeta function [15]. After some thinking, such a result is easy
to understand. Summing up, we have thus checked that our formula (11) is valid for any
q ≥ 0, since it contains in a hidden way, for q = 0, the recurrent expression (21).
As announced at the beginning, the formulas derived here can be considered as

generalizations (in more than one sense) of the Chowla-Selberg (CS) formula. All share
the same properties that are so much appreciated by number-theoretists as pertaining
to the CS formula. In a way, these expressions can be viewed as improved reflection
formulas for zeta functions; they are in fact much better than those in several aspects.
Namely, while a reflection formula connects one region of the complex plane with
a complementary region (with some intersection) by analytical continuation, the CS
formula and our formulas are valid on the whole complex plane, exhibiting the poles of
the zeta function and the corresponding residua explicitly. Even more important, while
a reflection formula is intended to replace the initial expression of the zeta function – a
power series whose convergence can be extremely slow – by another power series with
the same type of convergence, it turns out that the expressions here considered give the
meromorphic extension of the zeta function, on the whole complex s-plane, in terms of
an exponentially decreasing power series (as was the case with the CS formula, that one
being its most precious property).
Actually, exponential convergence strictly holds under the condition that q ≥ 0.

However, the formulas themselves are valid for q < 0 or even complex. What is not
guaranteed for general q ∈C is the exponential convergence of the series, nor its power-
like convergence, for that matter. Those analytical continuations in q must be dealt
with specifically, case by case. The physical example of a field theory with a chemical
potential falls clearly into this class.
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2.3. Particular case p = 2. The above statements apply both for the cases q > 0 and
q = 0. The last situation is more involved, however. One is led to employ the recurrence
relation (21) several times (p− 1, in general), what gives rise each time to an additional
series of Bessel functionsKν (exponential convergence). For completeness, let us write
down the corresponding series when p = 2 explicitly. They are, with q > 0 [13],

ζE(s; a, b, c; q) =

−q−s +
2πq1−s

(s− 1)√�
+
4

�(s)

[( q
a

)1/4( π√
qa

)s ∞∑
n=1

ns−1/2Ks−1/2

(
2πn
√
q

a

)

+
√
q

a

(
2π
√

a

q�

)s ∞∑
n=1

ns−1Ks−1

(
4πn
√
aq

�

)
(23)

+
√
2
a
(2π)s
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n=1

ns−1/2 cos(πnb/a)
∑
d|n

d1−2s
(

� +
4aq
d2

)1/4−s/2

Ks−1/2

(
πn

a

√
� +

4aq
d2

)]
,

where � = 4ac− b2 > 0, and, with q = 0, the CS formula [10]

ζE(s; a, b, c; 0) = 2ζ(2s) a−s +
22s

√
π as−1

�(s)�s−1/2 �(s− 1/2)ζ(2s− 1)

+
2s+5/2πs

�(s)�s/2−1/4√
a
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n=1

ns−1/2σ1−2s(n) cos(πnb/a)Ks−1/2

(πn
a

√
�

)
,

(24)

where σs(n) ≡∑d|n d
s, sum over the s-powers of the divisors of n. (There is a misprint

in the transcription of formula (24) in Ref. [12]). We observe that the rhs’s of (23) and
(24) exhibit a simple pole at s = 1, with common residue:

Ress=1ζE(s; a, b, c; q) =
2π√
�
= Ress=1ζE(s; a, b, c; 0). (25)

3. The Case of a Truncated Range

Themost involved case in the family of Epstein-like zeta functions corresponds to having
to deal with a truncated range. This comes about when one imposes boundary conditions
of the usual Dirichlet or Neumann type [13]. Jacobi’s theta function identity and Pois-
son’s summation formula are then useless and no expression in terms of a convergent
series for the analytical continuation to values of Re s below the abscissa of convergence
can be obtained. The best one gets is an asymptotic series expression. However, the issue
of extending the CS formula or, better still, themost general expressionwe have obtained
before for inhomogeneous Epstein zeta functions, is not an easy one. This problem has
seldom (if ever) been properly addressed in the literature.

135



Cosmology, the Quantum Vacuum, and Zeta Functions

90 E. Elizalde

3.1. Example 1. To illustrate the issue, let us consider the following simple example in
one dimension:

ζG(s; a, c; q) ≡
∞∑

n=−∞

[
a(n + c)2 + q

]−s
, Re s > 1/2. (26)

Associated with this zeta functions, but considerably more difficult to treat, is the trun-
cated series, with indices running from 0 to∞,

ζGt
(s; a, c; q) ≡

∞∑
n=0

[
a(n + c)2 + q

]−s
, Re s > 1/2. (27)

In this case the Jacobi identity is of no use. How to proceed then? The only way is to
employ specific techniques of analytic continuation of zeta functions [13]. The usual
method involves three steps [16]. The first step is elementary: to write the initial series
as a Mellin transformed one,

∞∑
n=0

[
a(n + c)2 + q

]−s =
1

�(s)

∞∑
n=0

∫ ∞

0
dt ts−1 exp

{−[a(n + c)2 + q]t} . (28)

The second is to expand in power series part of the exponential, while leaving always a
converging exponential factor,

∞∑
n=0

[
a(n + c)2 + q

]−s =
1

�(s)

∞∑
n=0

∫ ∞

0
dt

∞∑
m=0

(−a)m
m!

(n + c)2mts+m−1e−qt. (29)

The third and most difficult step is to interchange the order of the two summations –
which the aim to obtain a series of zeta functions – whichmeans transforming the second
series into an integral along a path on the complex plane, that has to be closed into a
circuit (the sum over poles inside reproduces the original series), with a part of it being
sent to infinity. Usually, after interchanging the first series and the integral, there is a
contribution of this part of the circuit at infinity, which provides in the end an additional
contribution to the trivial commutation. More important, what one obtains in general
through this process is not a convergent series of zeta functions, but an asymptotic series
[13]. That is, in our example,

∞∑
n=0

[
a(n + c)2 + q

]−s ∼
∞∑

m=0

(−a)m�(m + s)
m!�(s) qm+s ζH (−2m, c) + additional terms. (30)

Being more precise, as an outcome of the whole process we obtain the following result
for the analytic continuation of the zeta function [17]:

ζGt
(s; a, c; q) ∼

(
1
2

− c

)
q−s +

q−s

�(s)
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q/a). (31)
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(Note that this expression reduces to Eq. (20) in the limit c → 0.) The first series on the
rhs is asymptotic [16, 18]. Observe, on the other hand, the singularity structure of this
zeta function. Apart from the pole at s = 1/2, there is a whole sequence of poles at the
negative real axis, for s = −1/2,−3/2,−5/2, . . . , with residua:

Ress=1/2−jζGt
(s; a, c; q) =

(2j − 1)!! qj

j! 2j
√
a

, j = 0, 1, 2, . . . . (32)

3.2. Example 2. As a second example, in order to obtain the analytic continuation to Re
s ≤ 1 of the truncated inhomogeneous Epstein zeta function in two dimensions,

ζEt
(s; a, b, c; q) ≡

∞∑
m,n=0

(am2 + bmn + cn2 + q)−s, (33)

we can proceed in two ways: either by direct calculation following the three steps as
explained above or else by using the final formula for the Epstein zeta function in one
dimension (example 1) recurrently. In both cases the end result is the same:
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(s; a, b, c; q) ≡

∞∑
m,n=0

(am2 + bmn + cn2 + q)−s

∼ (4a)s

�(s)

∞∑
m,n=1

(−1)m�(m + s)
m!

(2a)2m(�n2 + 4aq)−m−sζH

(
−2m; bn

2a

)

− b q1−s

(s− 1)��(s− 1)
∞∑
n=0

(−1)n�(n + s− 1)Bn

n!

(
4aq
�

)−n

+
q−s

4
+

πq1−s

2(s− 1)√�

+
1
4

(√
π

a
+
√
π

c

)
�(s− 1/2)

�(s)
q1/2−s

+
1

�(s)

[
2
( q
a

)1/4( π√
qa

)s ∞∑
n=1

ns−1/2Ks−1/2

(
2πn
√
q

a

)

+
(aq

�

)1/4(
π

√
a

q�

)s ∞∑
n=1

ns−1/2Ks−1/2

(
2πn
√
aq

�

)

+
√
q

a

(
2π
√

a

q�

)s ∞∑
n=1

ns−1Ks−1

(
4πn
√
aq

�

)

+
√
2
a
(2π)s

∞∑
n=1

ns−1/2 cos(πnb/a)

×
∑
d|n

d1−2s
(

� +
4aq
d2

)1/4−s/2

Ks−1/2

(
πn

a

√
� +

4aq
d2

)⎤⎦ . (34)

The first series on the rhs is in general asymptotic, although it converges for a wide
range of values of the parameters. The second series is always asymptotic and its first
term contributes to the pole at s = 1. As in the case of Eq. (23), the pole structure is here
explicit, although much more elaborate. Apart from the pole at s = 1, whose residue is
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Ress=1ζEt
(s; a, b, c; q) =

π

2
√

�
− b

�
, (35)

there is here also a sequence of poles at s = ±1/2,−3/2,−5/2, . . . , with residua:

Ress=1/2−jζEt
(s; a, b, c; q) =

(2j − 1)!! qj

j! 2j+2

(
1√
a
+
1√
c

)
, j = 0, 1, 2, . . . . (36)

The formula above, Eq. (34), is really imposing and hints already towards the con-
clusion that the derivation of a general expression in p dimensions for the zeta function
considered in Sect. 2 but with a truncated range is not an easy task.

4. Some Uses of the Formulas

These formulas are very powerful expressions in order to determine the analytic structure
of generalized inhomogeneous Epstein type zeta functions, to obtain specific values of
these zeta functions at different points, and from there, in particular, the Casimir effect
and heat kernel coefficients, and also in order to calculate derivatives of the zeta function,
and from them, in particular, the associated determinant.Notice that obtaining derivatives
of the formulas in Sect. 2 presents no problem. Only for truncated zeta functions (Sect.
3) the usual care must be taken when dealing with asymptotical expansions. We shall
illustrate these uses with three specific applications.

4.1. Application 1. In a recent paper by R. Bousso and S. Hawking [19], where the trace
anomaly of a dilaton coupled scalar in two dimensions is calculated, the zeta function
method is employed for obtaining the one-loop effective action,W , which is given by
the well known expression

W =
1
2
[
ζA(0) lnμ2 + ζA′(0)

]
, (37)

with ζA(s) = trA−s. In conformal field theory and in a Euclidean background manifold
of toroidal topology, the eigenvalues of A are found perturbatively (see [19]), which
leads one to consider the following zeta function:

ζA(s) =
∞∑

k,l=−∞

(�kl)−s, (38)

with the eigenvalues �kl being given by

�kl = k2 + l2 +
ε2

2
+

ε2

2(4l2 − 1) , (39)

where ε is a perturbation parameter. It can be shown that the integral of the trace anomaly
is given by the value of the zeta function at s = 0. One barely needs to follow the
several pages long discussion in [19], leading to the calculation of this value, in order to
appreciate the power of the formulae of the preceding section. In fact, to begin with, no
mass term needs to be introduced to arrive at the result and no limit mass→ 0 needs to
be taken later. Using the binomial expansion (the same as in Ref. [19]), one gets
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ζ(s) =
∞∑

k,l=−∞

(
k2 + l2 +

ε2

2

)−s

− ε2s

2

∞∑
k,l=−∞

(
k2 + l2 +

ε2

2

)−1−s

(4l2 − 1)−1.
(40)

From Eq. (23) above, the first zeta function gives, at s = 0, exactly:−πε2/2. And this is
the whole result (which does coincide with the one obtained in [19]), since the second
term has no pole at s = 0 and provides no contribution.

4.2. Application 2. Another direct application is the calculation of the Casimir energy
density corresponding to a massive scalar field on a general, p dimensional toroidal
manifold (see [20]). In the spacetime M = R ×�, with � = [0, 1]p/∼, which is
topologically equivalent to the p torus, the Casimir energy density for a massive scalar
field is given directly by Eq. (11) at s = −1/2, with q = m2 (mass of the field), �b = �0,
and A being the matrix of the metric g on �, the general p-torus:

EC
M,m = ζg,�0,m2 (s = −1/2). (41)

The components of g are, in fact, the coefficients of the different terms of the Laplacian,
which is the relevant operator in the Klein-Gordon field equation. The massless case is
also obtained, with the same specifications, from the corresponding formula Eq. (21). In
both cases no extra calculation needs to be done, and the physical results follows from a
mere identification of the components of the matrixA with those of the metric tensor of
the manifold in question [20]. Very much related with this application but more involved
and ambitious is the calculation of vacuum energy densities corresponding to spherical
configurations and the bag model (see [21, 22], and the many references therein).

4.3. Application 3. A third application consists in calculating the determinant of a dif-
ferential operator, say the Laplacian on a general p-dimensional torus. A very important
problem related with this issue is that of the associated anomaly (called the multiplica-
tive or non-commutative anomaly) [23]. To this end the derivative of the zeta function
at s = 0 has to be obtained. From Eq. (11), we get
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(42)

and, from here, det A = exp −ζ ′
A(0). For p = 2, we have explicitly:
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In the homogeneous case (CS formula) we obtain for the determinant:

detA(a, b, c) =
1
a
exp

[
−4ζ ′(0)− π

√
�

6a
− 4
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n=1

σ1(n)
n

cos(πnb/a)e−πn
√

�/a

]
,
(44)

or, in terms of the Teichmüller coefficients, τ1 and τ2, of the metric tensor (for the metric,
A, corresponding to the general torus in two dimensions):

detA(τ1, τ2) =

τ2
4π2|τ |2 exp

[
−4ζ ′(0)− πτ2

3|τ |2 − 4
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n=1

σ1(n)
n

cos
(
2πnτ1
|τ |2

)
e−πnτ2/|τ |2

]
.
(45)

Needless to mention, all the good properties of the expression for the zeta function are
just transferred to the associated determinants, which are thus given, on its turn, in terms
of very quickly convergent series.
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Abstract: The concept of determinant for a linear operator in an infi-

nite-dimensional space is addressed, by using the derivative of the operator’s

zeta-function (following Ray and Singer) and, eventually, through its zeta-function

trace. A little play with operators as simple as ±I (I being the identity operator)
and variations thereof, shows that the presence of a non-commutative anomaly (i.e.,

the fact that det(AB) �= detA detB), is unavoidable, even for commuting and, re-
markably, also for almost constant operators. In the case of Dirac-type operators,

similarly basic arguments lead to the conclusion — contradicting common lore —

that in spite of being det(/D + im) = det(/D − im) (as follows from the symmetry
condition of the /D-spectrum), it turns out that these determinants may not be equal

to
√
det(/D2 +m2), simply because det[(/D+ im)(/D− im)] �= det(/D+ im) det(/D− im).

A proof of this fact is given, by way of a very simple example, using operators with

a harmonic-oscillator spectrum and fulfilling the symmetry condition. This anomaly

can be physically relevant if, in addition to a mass term (or instead of it), a chemical

potential contribution is added to the Dirac operator.

Keywords: Renormalization Regularization and Renormalons, Nonperturbative

Effects, Integrable Equations in Physics.
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1. Introduction

Many fundamental calculations of Quantum Field Theory reduce, in essence, to

the computation of the determinant of some operators. One could even venture to

say that, at one-loop order, any such theory reduces to a theory of determinants.

The operators involved are ‘differential’ ones, as the normal physicist would say.

In fact, properly speaking, they are pseudodifferential operators (ΨDO), that is, in

loose terms ‘some analytic functions of differential operators’ (such as
√
1 +D or

log(1 +D), but not! logD). This is explained in detail in refs. [1, 2, 3].

Important as the concept of determinant of a differential or ΨDO may be for

theoretical physicists (in view of what has just been said), it is surprising that this

seems not to be a subject of study among function analysts or mathematicians in

general. This statement must be qualified: I am specifically refering to determinants

that involve in its definition some kind of regularization, very much related to opera-

tors that are not traceclass. This piece of calculus — always involving regularization

— falls outside the scope of the standard disciplines and even many physically ori-

ented mathematicians know little or nothing about it. In a sense, the subject has

many things in common with that of divergent series but has not been so groundly

investigated and lacks any reference comparable to the very beautiful book of Hardy

[4]. Actually, from this general viewpoint, the question of regularizing infinite deter-

minants was already addressed by Weierstrass in a way that, although it has been

pursued by some theoretical physicists with success, is not without problems — as

a general method — since it ordinarily leads to non-local contributions that cannot

be given a physical meaning in QFT. We should mention, for completion, that there

are, since long ago, well-stablished theories of determinants for degenerate operators,

for traceclass operators in the Hilbert space, Fredholm operators, etc. [5] but, again,

these definitions of determinant do not fulfill all the needs mentioned above which

arise in QFT.

1
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Any high school student knows what a determinant is, in simple words, or at least

how to calculate the determinant of a 3×3 matrix (and some of them, even that of a
4× 4 one). But many prominent mathematicians will answer the question: What is
your favourite definition of determinant of a differential operator? with: I don’t have

any, or: These operators don’t have determinants! An even more ‘simple’ question

I dare to ask the reader (which she/he may choose to ask some other colleagues on

its turn) is the following: What is the value of the determinant of minus the identity

operator in an infinite dimensional space? Followed by: and that of the determinant∏
n∈N(−1)n? Is it actually equal to the product of the separate determinants of the
plus 1s and of the minus 1s?

In this contribution I will point out to specific situations, some of them having

become common lore already and other that have appeared recently in the literature,

concerning the concept of determinant in QFT, and I will try to give ‘reasonable’

answers to questions such as the last ones.

2. Infinite series and (almost) trivial determinants

The mathematical theory of divergent series has been very fruitful in taming the

infinites that have appeared in QFT, from the very begining of its conception. Its

role is very essential, at least in the first stage of the regularization/renormalization

procedure. Euler and Borel summation methods, and analytic continuation tech-

niques are there commonly used. But some difficulties exist that are inherent to the

theory of divergent series (see, for instance, [4]). One of them is the well-known fact

that, sometimes, by using different schemes, different results are obtained. In a well

posed physical situation, the ‘right’ one can then only be choosen after experimental

validation. Another problem is to understand, in physical terms, what you are doing,

while performing say an analytic continuation from one region of the complex plane

to another [6]. This has prevented, e.g., the zeta function regularization procedure

from getting general aceptance among common physicists.

The situation concerning infinite determinants is even worse, in a sense. There

is no book on the subject to be compared, for instance, with the above mentioned

one by Hardy and we see every day that dubious manipulations are being performed

at the level of the eigenvalues, that are then translated to the determinant itself

and elevated sometimes to the cathegory of standard results — when not of lore

theorems. The first problem is the definition of the determinant itself. Let me quote

in this respect from a recent paper by E. Witten [7]: The determinant of the Dirac

operator is defined roughly as

detD =
∏
i

λi , (2.1)

2
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where the infinite product is regularized with (for example) zeta function or Pauli-

Villars regularization. The zeta function definition of the determinant

detζD = exp
[−ζD′(0)] , (2.2)

is maybe the one that has more firm mathematical grounds [8]. In spite of starting

from the identity: log det = tr log, it is known to develop the so-called multiplicative

anomaly : the determinant of the product of two operators is not equal, in general,

to the product of the determinants (even if the operators commute!). This happens

already with very simple operators (as two one-dimensional harmonic oscillators only

differing in a constant term, Laplacians plus different mass terms, etc.). It may look

incredible, at first sight, from the tr log property and the additivity of the trace, but

we must just take into account that the zeta trace is no ordinary trace (for it involves

regularization), namely,

trζD = ζD(−1) , (2.3)

so that trζ(A+B) �= trζA+ trζB, in general. Not to understand this has originated
a considerable amount of errors in the specialized literature — falsely attributed to

missfunctions of the rigorous and elegant zeta function method!

As an example, consider the following commuting linear operators in an infinite-

dimensional space, given in diagonal form by:

O1 = diag (1, 2, 3, 4, . . . ) , O2 = diag (1, 1, 1, 1, . . . ) ≡ I , (2.4)

and their sum

O1 +O2 = diag (2, 3, 4, 5, . . . ) . (2.5)

The corresponding ζ-traces are easily obtained

trζO1 = ζR(−1) = − 1
12
, trζO2 = ζR(0) = −1

2
,

trζ(O1 +O2) = ζR(−1)− 1 = −13
12
, (2.6)

the last trace having been calculated according to the rules of infinite series summa-

tion (see, e.g., Hardy [4]). We observe that

trζ(O1 +O2)− trζO1 − trζO2 = −1
2
�= 0 . (2.7)

If this happens in such simple situation, involving the identity operator, one can

easily imagine that any precaution one can take in manipulating infinite sums might

turn out to be insufficient. Moreover, since the multiplicative anomaly — as has been

pointed out before — originates precisely in the failure of this addition property for

3
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the regularized trace, we can already guess that it also can show up in very simple

situations, as will now be proven, in fact. The appearance of the multiplicative

anomaly prevents, in particular, naive manipulations with the eigenvalues in the

determinant, as reorderings and splittings, what a number of physicists seem not to

be aware of.

For warming up, let us calculate some simple determinants with the zeta function

method. To start with, take

Δ1 =

∞∏
n=1

n . (2.8)

We have

ζ1(s) =

∞∑
n=1

n−s = ζR(s) , ζR
′(0) = −1

2
log(2π) , (2.9)

so that

Δ1 = exp

[
1

2
log(2π)

]
=
√
2π , (2.10)

a nice result. In the same way, we obtain

Δ2 =

∞∏
n=1

n−1 =
1√
2π

(2.11)

— from ζ2(s) = ζR(−s) — as should be expected.
Let us now consider the apparently more simple case

Δ3 =

∞∏
n=1

λ . (2.12)

This poses a problem to the zeta function method, which must be modified somehow

to cope with such situation. In fact, the corresponding zeta function,

ζ3(s) =

∞∑
n=1

λ−s , (2.13)

has no abscissa of convergence in the complex plane (since the sequence of eigen-

values is neither increasing nor decreasing. This can be, however, naturally solved

as follows: by taking logarithms (what is inherent with the definition of the zeta

function method) and using again the rules for infinite series, it is plain that the

result is

logΔ3 = log λ

∞∑
n=1

1 = −1
2
log λ , (2.14)
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where the factor in front of log λ may be interpreted as the ‘zeta measure’ of the set

of positive natural numbers, thus

Δ3 =

∞∏
n=1

λ = λ−(1/2) . (2.15)

This leads, in particular, to the following results:

Δ4 =

∞∏
n=1

1 = 1−(1/2) = ±1 , (2.16)

for the determinant of the identity operator, I, and

Δ5 =

∞∏
n=1

(−1) = (−1)−(1/2) = ∓i , (2.17)

for the determinant of the operator −I. As it seems clear that the determinant of
the identity operator should be 1, this tells us (by choice everywhere of the same

determination of the logarithm in the complex plane) that the determinant of −I
is −i and, that of λI, the inverse of the corresponding square root of λ in (2.15).
Notice that, in this way, we are starting to build up a set of consistency rules that

are reminiscent, in some manner, of the corresponding rules for infinite series [4].

More than this, by use of the logarithm, all the ordinary rules for infinite series

are appliable to the series of logs of eigenvalues, in particular, the ones concerning

multiplication by a common factor (used before already), or of splitting out a finite

number of first terms from the series (that is to say, a finite number of first factors

from the determinant). However, the splitting of an infinite number of terms — or

of the whole series into two — is not allowed in general. That is, again, the lesson

we have learned from the existence of the multiplicative anomaly of the determinant

when evaluated by the zeta function procedure. An additional comment is in order:

in dealing with infinite series we always take logarithms, and this introduces an

ambiguity in the zeta function definition of the determinant. This fact is well known

[9, 10] and is common to other regularization methods (as Pauli-Villars’), under

different disguises. It can duely be taken care of by sticking to one and the same

determination of the logarithm during the whole calculation.

An apparent problem — or virtue perhaps? — of the zeta function defini-

tion of infinite determinants is posed by the following example. It turns out that

the determinants

Δ6 =

∞∏
n=1

(−1)2n+1 , Δ7 =

∞∏
n=1

(−1)4n+1 , . . . (2.18)

5
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and Δ5 are all different. This originates in

ζ6(−1) = 2ζH
(
−1, 1
2

)
− 1 = −B2

(
1

2

)
− 1 = −11

12
,

ζ7(−1) = 4ζH
(
−1, 1
4

)
− 1 = −2B2

(
1

4

)
− 1 = −23

24
, . . . (2.19)

and can be interpreted as due to the change of the ‘zeta measure’ of the number

of factors in the product leading to the determinant. We could try to avoid this

problem by sticking always to the most simple characterization of the eigenvalues

series (in this case −1,−1,−1, . . . , any reference to n being superfluous). Things
are, regretfully, not that simple. Consider the determinants Δ4, Δ5, and

Δ8 =
∞∏
n=1

(−1)n , (2.20)

and try to make compatible the apparently obvious fact that

Δ8 =
√
Δ4Δ5 . (2.21)

The determinant Δ8 can be obtained in three different ways, that yield the same

result.

(i) We have, through the corresponding zeta function,

ζ8(s) =
∞∑
n=1

(−1)−ns = 1

(−1)s − 1 ,

ζ8
′(s) = log(−1)

[
1

π2s2
+
1

12
+O(s)

]
,

Δ8 = exp
[−ζ8′(0)|reg] = (−1)−1/12 . (2.22)

(ii) On the other hand, taking logs as before, from the zeta function measure of

the set of exponents, we get

logΔ8 = log(−1)
∞∑
n=1

n = log(−1)ζR(−1) ,

Δ8 = (−1)ζR(−1) = (−1)−1/12 . (2.23)

(iii) Also, we may instead choose to take derivatives, term by term, in the first

6
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expression for the zeta function

ζ8(s) =

∞∑
n=1

(−1)−ns ,

ζ8
′(s) = −

∞∑
n=1

n(−1)−ns log(−1) ,

ζ8
′(0) = − log(−1)

∞∑
n=1

n =
log(−1)
12

,

Δ8 = exp[−ζ8′(0)] = (−1)−1/12 . (2.24)

Remarkably enough, in all three cases we obtain the same result for this determinant.

Let us now try to fulfill the factorization condition (2.21). We have

Δ4 =
∞∏
n=1

1 = 1−1/2 = ±1 ,

Δ5 =

∞∏
n=1

(−1) = (−1)−1/2 = ∓i ,

Δ8 =

∞∏
n=1

(−1)n = (−1)−1/12 =
√
Δ4Δ5 = 1

−1/4 (−1)−1/4 . (2.25)

The only way to fulfill this property (2.21) is to accept that

∞∏
n=1

1 = −1!! (2.26)

On the contrary, if we insists (as almost everybody would agree on) that the determi-

nant of the identity is 1, then we must give up the property that the determinant of

the alternating series of eigenvalues 1,−1, 1,−1, . . . is equal to the subdeterminant
product of the 1s, times the subdeterminant product of the −1s. This is the most
simple reflection one could ever have expected to obtain of the multiplicative anomaly

of the determinant!

If we choose to preserve, at any price, the multiplication property of the de-

terminant and give sense to the strange fact that det I = −1, then we do attain
compatibility in eqs. (2.25) by setting

∞∏
n=1

1 = eiπ,
∞∏
n=1

(−1) = eiπ/2,
∞∏
n=1

(−1)n = e3iπ/4,
∞∏
n=1

(−1)4n = e3iπ,

. . . (2.27)
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All these are compatible zeta function definitions of the determinant (they can be

fixed from acceptable roots of 1 or −1 as given by the zeta function exponents)
satisfying the multiplication rule. However, it is easy to see that this process cannot

go for ever (and thus eliminate the anomaly): the following dets cannot possibly

fulfill the multiplicative property

∞∏
n=1

(−1)2n+1 = (−1)−11/12 �=
∞∏
n=1

(−1)2n
∞∏
n=1

(−1) . (2.28)

But maybe this is asking too much, as has been observed before, in which case we

are still left with the compatible (albeit really weird) choice (2.27).

Anyhow, it is easy to check that we do not find problems in factorizations like

∞∏
n=1

(−n) =
∞∏
n=1

(−1)
∞∏
n=1

n , (2.29)

since

ζ(s) = (−1)−sζR(s) ,
ζ ′(0) = −1

2
log(−1)− 1

2
log(2π) ,

∞∏
n=1

(−n) = e−ζ′(0) = (−1)−1/2
√
2π =

∞∏
n=1

(−1)
∞∏
n=1

n , (2.30)

or in the more involved one

∞∏
n=1

(−1)nn =
∞∏
n=1

(−1)n
∞∏
n=1

n , (2.31)

because

ζ(s) =
∞∑
n=1

(−1)−nsn−s = Φ((−1)−s, s) ,

ζ ′(0) =
iπ

12
+ Φ′(0, 1) =

iπ

12
− 1
2
log(2π) ,

∞∏
n=1

(−1)nn = e−ζ′(0) = (−1)−1/12
√
2π =

∞∏
n=1

(−1)n
∞∏
n=1

n , (2.32)

being Φ the polylogarithm function. The factorization of the determinants holds

here again, in the zeta function prescription, and this fact does not seem to be that

immediate, in view of the last calculation as compared with what we had before.

All the above considerations may sound rather trivial, but actually they are

not, and should be carefully taken into account before proceeding with the sort of

manipulations of the eigenvalues and splittings of determinants that pervade the

specialized literature.
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3. The multiplicative anomaly for Dirac type operators

Consider the ordinary Dirac equation for a massive spinor

(/D + im)ψ = 0 . (3.1)

Usually, the determinant of the Dirac operator acting in this equation is obtained by

using the following argument (see, e.g., [11])

det(/D + im) = det(/D − im) = [det(/D2 +m2)]1/2. (3.2)

This comes about from the fact that the spectrum of the Dirac massless operator /D

has the following property: if λ belongs to the spectrum, then so does −λ, that is
immediately obtained by use of the γ5 operator. Then, it turns out that the first det

in eq. (3.2) is a product of pairs of the form

(λ+ im)(−λ + im) = (−λ− im)(λ− im) = (λ− im)(−λ− im) , (3.3)

the last being the pairs appearing in the second det of eq. (3.2). This is an algebraic

argument, but there is also the corresponding geometric one, trivial after representing

the spectral points in the complex plane. Thus, the first equality in (3.2) is proven,

and the second seems obvious.

However, due to the existence of the multiplicative anomaly for infinite deter-

minants [namely, the fact that, in general, det(AB) �= (detA) (detB)], all these
formulas, obtained by ’simple’ manipulation of the eigenvalues, must be set under

suspicion and are in need of a rigorous check. Concerning eq. (3.2), the second

equality cannot be taken for granted, since it may turn out that

det[(/D + im)(/D − im)] �= det(/D + im) det(/D − im) . (3.4)

We will show below that this is indeed the case, in a very simple, parallel example

— completely under control — that uses as operator some square root of the har-

monic oscillator.

Indeed, consider the square root of the harmonic oscillator obtained by Delbourgo

in ref. [12]. This example has potentially some interesting physical applications, for

it is well known that a fermion in an external constant electromagnetic field has a

similar spectrum (Landau spectrum). Exactly in the same way as when going from

the Klein-Gordon to the Dirac equation and paying the same price of doubling the

number of components (e.g., introducing spin), Delbourgo has constructed a model

for which there exists a square root of its Hamiltonian, which is very close to the one

for the harmonic oscillator. It is in fact different from the Dirac oscillator introduced

by several other authors, corresponding to the minimal substitution �p → �p − iα�r.
The main difference lies in the introduction now of the parity operator, Q. Whereas

9
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creation and destruction operators for the harmonic oscillator, a± = P ± iX, are
non-hermitean, the combinations D± = P ± iQX are hermitean and

H± ≡ (D±)2 = P 2 +X2 ∓Q = 2Hosc ∓Q . (3.5)

Notice that the parity term commutes with Hosc. Doubling the components (σi are

the Pauli matrices)

P −→ −iσ1 ∂
∂x
, X −→ σ1x , Q −→ σ2 , (3.6)

the operators D± are represented by

D± −→ −iσ1 ∂
∂x
± σ3x . (3.7)

In the sequel, we will only consider the operator D ≡ D+. It has for eigenfunc-
tions and eigenvalues, respectively,

ψ±n (x) =
−ie−x2/2√

2n+1 (n− 1)!√π

(
−i[Hn−1(x)±Hn(x)/√2n ][
Hn−1(x)∓Hn(x)/

√
2n
]
)
, λn = ±

√
2n, n ≥ 1,

ψ0(x) =
e−x

2/2√
2
√
π

(
1

i

)
, λ0 = 0 , (3.8)

where the Hn(x) are hermitean polinomials.

The two operators we shall consider for the calculation of the anomaly are A =

D+ V and B = D− V , V being a real, constant potential with |V | < √2, that goes
multiplied with the identity matrix in the two (spinorial) dimensions (omitted here).

Obviously, this V is to be identified with the mass m, to make contact with the case

of the Dirac equation that we had at the beginning.

Notice that D + V and D− V are hermitean, commuting operators. The multi-
plicative anomaly is defined as

a(A,B) = log det(AB)− log detA− log detB = ζA′(0) + ζB ′(0)− ζAB ′(0) . (3.9)

The zeta function for the operator D reads

ζD(s) =
∑
i

λ−si =
∞∑
n=1

[1 + (−1)−s](√2n )−s = [1 + (−1)−s]2−s/2ζR(s/2) , (3.10)

ζR(s) being the usual Riemann zeta function, which has a simple pole at s = 1. The

zeta function for the operators D ± V is (see, for instance, [13])

ζD±V (s) =
∑
i

(λi ± V )−s = ζD(s) +
∞∑
n=1

(∓V )nΓ(n+ s)
n! Γ(s)

ζD(n+ s) . (3.11)

10
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Finally, the zeta function for the operator (D + V )(D − V ) = D2 − V 2 is given by

ζD2−V 2(s) = ζD(2s) +
∞∑
n=1

V 2nΓ(n+ s)

n! Γ(s)
ζD(2n+ 2s) . (3.12)

We see that the anomaly in this simple case can be obtained in terms of the derivatives

of the Riemann zeta function. The important fact is that it turns out to be nonzero

a(D + V,D − V ) = 2V 2 . (3.13)

We should point out that this result can be obtained from the Wodzicki formula for

the anomaly, even if we are working in a non-compact manifold [13]. We thus have a

very simple example of the presence of a non-trivial anomaly for operators of degree

one in a space of dimension one (spinorial, however).

One can argue that a mass term will be absorbed by renormalization and will fi-

nally yield no physical contribution. Notice, however, that the situation is much more

general than the specific case considered here, which, however, even in its simplicity

already accounts for any kind of terms not depending on the space-time coordinates.

Thus V can represent — aside from a mass term im — a constant magnetic field,

a finite temperature term, or a chemical potential. Anomalous contributions of this

kind cannot be absorbed by renormalization (see, e.g., [14]) and can acquire a direct

physical meaning [13, 15].
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Abstract
Explicit formulae for the zeta functions ζα(s) corresponding to bosonic (α = 2)
and to fermionic (α = 3) quantum fields living on a non-commutative, partially
toroidal spacetime are derived. Formulae for the most general case of the
zeta function associated with a quadratic + linear + constant form (in Z) are
obtained. They provide the analytical continuation of the zeta functions in
relation to the whole complex s plane, in terms of series of Bessel functions (of
fast, exponential convergence), thus being extended Chowla–Selberg formulae.
As is well known, this is the most convenient expression that can be found for
the analytical continuation of a zeta function; in particular, the residua of the
poles and their finite parts are explicitly given. An important novelty is the
fact that simple poles show up at s = 0, as well as in other places (simple
or double, depending on the number of compactified, non-compactified and
non-commutative dimensions of the spacetime) where they had never appeared
before. This poses a challenge to the zeta-function regularization procedure.

PACS numbers: 0230G, 0230M, 1110K

1. Introduction

For its application in practice, the zeta-function regularization method relies on the existence of
quite simple formulae that give the analytical continuation of the zeta function, ζ(s), from the
region of the complex plane extending to the right of the abscissa of convergence, Re s > s0,
to the rest of the complex plane [1–3]. These are not only the reflection formula of the
corresponding zeta function in each case, but also some other, very fundamental expressions,
such as the Jacobi theta-function identity, Poisson’s and Plana’s resummation formulae and
the Chowla–Selberg (CS) formula. However, some of these powerful expressions are often

† This paper is dedicated to Aleix E T, on the unique and promising occasion of his 18th birthday.
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restricted to specific zeta functions, and their explicit derivation is usually quite involved. For
instance, until very recently, the CS formula was only known to exist for the homogeneous,
two-dimensional Epstein zeta function. Ultimate extensions of it to more general zeta functions
in any number of dimensions will be given in section 2 of this paper.

A fundamental property shared by all zeta functions is the existence of a reflection
formula. For the Riemann zeta function it is �(s/2)ζ(s) = πs−1/2�(1 − s/2)ζ(1 − s).
For a generic zeta function, Z(s), we may write it as Z(ω − s) = F(ω, s)Z(s). This allows
for its analytic continuation in a very easy way—which is, in simple cases, the whole story
of the zeta-function regularization procedure. However, the analytically continued expression
thus obtained is just another series, which again has a slow convergence behaviour, of power
series type [4] (actually the same that the original series had, on its convergence domain).
Some years ago, Chowla and Selberg [5] found a formula, for the Epstein zeta function in the
two-dimensional case, that yields exponentially quick convergence everywhere, not just in the
reflected domain. They were very proud of it. In [6], a first attempt was made to try to extend
this expression to inhomogeneous zeta functions (very important for physical applications,
see [7]), but remaining always in two dimensions, for this was commonly believed to be an
insurmountable restriction of the original formula (see, for instance, [8]). More recently,
extensions to an arbitrary number of dimensions [9, 10], for both homogeneous (quadratic
form) and non-homogeneous (quadratic plus affine form) cases were constructed. However,
some of the new formulae (remarkably the ones corresponding to the zero-mass case, e.g.
the original CS framework!) are not explicit, since they involve solving a rather non-trivial
recurrence. (Incidentally, this explains why the CS formula had not been extended to higher-
dimensional Epstein zeta functions before.)

In section 2 we shall finish this programme, by providing for the first time explicit, CS-like
extended formulae for all possible cases involving forms of the very general type: quadratic
+ linear + constant. This will complete the construction initiated in [9, 10].

In section 3 we will move to specific applications of these formulae in non-commutative
field theory. In particular, we will obtain the explicit analytic continuation of the zeta functions
corresponding to scalar and vector fields defined on a quite general, partially non-commutative
toroidal manifold. Their pole structure will be discussed in detail. The existence of simple
poles at s = 0 comes as a novelty in the zeta-function regularization method in this case,
confirming a result obtained in [11]. In other places, up to double poles will be shown to
appear. The corresponding residua and finite parts at the poles are immediately obtained from
these expressions.

2. Extended Chowla–Selberg formulae, associated with arbitrary forms of quadratic +
linear + constant type

Let A be a positive-definite elliptic �DO of positive order m ∈ R, acting on the space of smooth
sections of E, an n-dimensional vector bundle over M , a closed n-dimensional manifold. The
zeta function ζA is defined as

ζA(s) = tr A−s =
∑

j

λ−s
j Re s >

n

m
≡ s0 (1)

where s0 = dim M/ord A is called the abscissa of convergence of ζA(s). Under these
conditions, it can be proven that ζA(s) has a meromorphic continuation to the whole complex
plane C (regular at s = 0), provided that the principal symbol of A (that is am(x, ξ)) admits a
spectral cut: Lθ = {λ ∈ C; Arg λ = θ, θ1 < θ < θ2}, Spec A ∩ Lθ = ∅ (Agmon–Nirenberg
condition). The definition of ζA(s) depends on the position of the cut Lθ . The only possible
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singularities of ζA(s) are simple poles at sk = (n − k)/m, k = 0, 1, 2, . . . , n − 1, n + 1, . . . .
Kontsevich and Vishik have managed to extend this definition to the case when m ∈ C (no
spectral cut exists) [12].

Consider now the following zeta function (Re s > p/2):

ζA,	c,q(s) =
∑
	n∈Zp

′ [ 1
2 (	n + 	c)T A (	n + 	c) + q

]−s

≡
∑
	n∈Zp

′ [
Q (	n + 	c) + q

]−s
. (2)

The prime on a summation sign means that the point 	n = 	0 is to be excluded from the sum. As
we shall see, this is irrelevant when q or some component of 	c is non-zero but, on the contrary,
it becomes an inescapable condition in the case when c1 = · · · = cp = q = 0. Note that,
alternatively, we can view the expression inside the square brackets of the zeta function as a
sum of a quadratic, a linear and a constant form, namely, Q (	n + 	c) + q = Q(	n) + L(	n) + q̄.

Our aim is to obtain a formula that gives (the analytic continuation of) this multi-
dimensional zeta function in terms of an exponentially convergent series, and which is
valid in the whole complex plane, exhibiting the singularities (poles) of the meromorphic
continuation—with the corresponding residua—explicitly. The only condition on the matrix
A is that it correspond to a (non-negative) quadratic form, which we call Q. The vector 	c is
arbitrary, while q will be (for the moment) a positive constant. As we shall see, the solution
to this problem will depend very much (its explicit form) on whether q and/or 	c are zero or
not. According to this, we will have to distinguish different cases, leading to unrelated final
formulae, all to be viewed as different non-trivial extensions of the CS formula (they will be
named ECS formulae, and will carry additional tags, for the different cases).

Use of the Poisson resummation formula in equation (2) yields [9, 10]

ζA,	c,q(s) = (2π)p/2qp/2−s

√
det A

�(s − p/2)

�(s)
+

2s/2+p/4+2πsq−s/2+p/4

√
det A �(s)

×
∑

	m∈Z
p

1/2

′
cos(2π 	m · 	c) ( 	mTA−1 	m)s/2−p/4

Kp/2−s

(
2π
√

2q 	mTA−1 	m
)

(3)

where Kν is the modified Bessel function of the second kind and the subindex 1/2 in Z
p

1/2 means
that, in this sum, only half of the vectors 	m ∈ Z

p enter. That is, if we take an 	m ∈ Z
p we must

then exclude − 	m (as a simple criterion one can, for instance, select those vectors in Z
p\{	0}

whose first non-zero component is positive). Equation (3) fulfills all the requirements of a CS
formula, but it is very different from the original one, constituting a non-trivial extension to the
case of a quadratic + linear + constant form, in any number of dimensions, with the constant
term being non-zero. We shall denote this formula, equation (3), by the acronym ECS1.

It is well known that the only pole of this inhomogeneous Epstein zeta function appears,
explicitly, at s = p/2, where it belongs. Its residue is given by

Ress=p/2ζA,	c,q(s) = (2π)p/2

�(p/2)
(det A)−1/2. (4)

2.1. Limit q → 0

After some work, one can obtain the limit of expression (3) as q → 0 (for simplicity we also
set 	c = 	0)

ζA,	0,0(s) = 21+sa−sζ(2s) +

√
π

a

�(s − 1/2)

�(s)
ζ�p−1,	0,0(s − 1/2) +

4πs

as/2+1/4 �(s)

×
∑

	n2∈Zp−1

′ ∞∑
n1=1

cos
(πn1

a
	bT	n2

)
n

s−1/2
1

(	nT
2 �p−1	n2

)1/4−s/2
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×Ks−1/2

(
2πn1√

a

√
	nT

2 �p−1	n2

)
. (5)

In equations (3) and (5), A is a p × p symmetric matrix A = (aij

)
i,j=1,2,...,p

= AT, Ap−1 the

(p−1)×(p−1) reduced submatrix Ap−1 = (aij

)
i,j=2,...,p

, a the first component, a = a11, 	b the

p−1 vector 	b = (a21, . . . , ap1)
T = (a12, . . . , a1p)T and �p−1 is the following (p−1)×(p−1)

matrix: �p−1 = Ap−1 − 1
4a

	b ⊗ 	b. More precisely, what one actually obtains by taking the
limit is the reflected formula, as one would have after using the Epstein zeta-function reflection
�(s)Z(s; A) = π2s−p/2(det A)−1/2�(p/2 − s)Z(p/2 − s; A−1), Z(s; A) being the Epstein
zeta function [13]. Finally. it can be written as (5). (It is a rather non-trivial exercise to
perform this calculation.) Note that equation (5) has all the properties demanded from a CS
formula, but it is actually not explicit. It is in fact a recurrence, rather lengthy to solve as it
stands. In fact, it can be viewed as the straightforward extension of the original CS formula
to higher dimensions. It was the main result of previous work on this subject, for the case
q = c1 = · · · = cp = 0 [9, 10].

Using a different strategy, this recurrence will be now solved explicitly, in a much simpler
way. Indeed, let us proceed in a complementary way, namely, by performing the inversion
provided by the Poisson resummation formula (or the Jacobi identity), with respect to p − 1
of the indices (say, j = 2, 3, . . . , p). This leaves us with three sums, corresponding to
positive, zero and negative values of the remaining index (n1, in this case). The zero value
of n1 (in correspondence with the rest of the ni not being all zero) classifies the number of
different situations (according to the values of the ci and q being all zero or not) into just
two cases. (As is immediate, from the start all ci can be taken to be between zero and unity:
0 � ci < 1, i = 1, 2, . . . , p.) (i) The first case is, thus, when at least one of the ci or q � 0 is
not zero. Since the case q �= 0 has been solved already, we will mean by this case now that,
say, c1 �= 0. (ii) The second case is when all q = c1 = · · · = cp = 0.

2.2. Case with q = 0 but c1 �= 0

2.2.1. General (non-diagonal) subcase. By performing inversion provided by the Poisson
resummation formula (or the Jacobi identity), with respect to p − 1 of the indices (here,
j = 2, 3, . . . , p), we readily obtain

ζAp,	c,0(s) = 2s

�(s)

(
det Ap−1

)−1/2
{
π(p−1)/2

(
a11 − 	aT

p−1A
−1
p−1	ap−1

)(p−1)/2−s

×�
(
s − (p − 1)/2

)[
ζH (2s − p + 1, c1) + ζH (2s − p + 1, 1 − c1)

]
+4πs

(
a11 − 	aT

p−1A
−1
p−1	ap−1

)(p−1)/4−s/2

×
∑
n1∈Z

∑
	m∈Z

p−1
1/2

′
cos
[
2π 	mT

(	cp−1 + A−1
p−1	ap−1(n1 + c1)

)]

×|n1 + c1|(p−1)/2−s
( 	mT A−1

p−1 	m)s/2−(p−1)/4

×K(p−1)/2−s

(
2π |n1 + c1|

√(
a11 − 	aT

p−1A
−1
p−1	ap−1

) 	mT A−1
p−1 	m

)}
−( 1

2 	cT A	c)−s
. (6)

Here, and in what follows, Ap−1 is (as before) the submatrix of Ap composed of the last
p − 1 rows and columns. Moreover, a11 is the first diagonal component of Ap, while
	ap−1 = (a12, . . . , a1p)T = (a21, . . . , ap1)

T and 	m = (n2, . . . , np)T. Note that this is an
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explicit formula, that the only pole at s = p/2 also appears explicitly and that the second term
of the rhs is a series of exponentially fast convergence. It has, therefore (as equation (3)), all
the properties required to qualify as a CS formula. We shall name this expression ECS2.

2.2.2. Diagonal subcase. In this very common, particular case the preceding expression
reduces to the simpler form:

ζAp,	c,0(s) = 2s

�(s)

(
det Ap−1

)−1/2
{
π(p−1)/2a

(p−1)/2−s

1 �
(
s − (p − 1)/2

)
× [ζH (2s − p + 1, c1) + ζH (2s − p + 1, 1 − c1)

]
+ 4πsa

(p−1)/4−s/2
1

×
∑
n1∈Z

∑
	m∈Z

p−1
1/2

′
cos
(
2π 	mT	cp−1

) |n1 + c1|(p−1)/2−s
( 	mT A−1

p−1 	m)s/2−(p−1)/4

× K(p−1)/2−s

(
2π |n1 + c1|

√
a1 	mT A−1

p−1 	m
)}

− ( 1
2 	cT A	c)−s

. (7)

We shall call this formula ECS2d.

2.3. Case with c1 = · · · = cp = q = 0

2.3.1. General (non-diagonal) subcase. As remarked in [9, 10], we had not yet been able
to obtain a closed formula, but just a (rather non-trivial) recurrence, equation (5), relating the
p-dimensional case to the (p−1)-dimensional one. After a second look, we have now realized
that we can actually still proceed as if we had in fact c1 = 1 �= 0, both for positive and for
negative values of n1. A sum, though, remains with n1 = 0—and the rest of the ni not all being
zero—which yields, once more, the same zeta function as at the beginning, but corresponding
to p − 1 indices. All in all,

ζAp,	0,0(s) = ζAp−1,	0,0(s) +
21+s

�(s)

(
det Ap−1

)−1/2
{
π(p−1)/2

(
a11 − 	aT

p−1A
−1
p−1	ap−1

)(p−1)/2−s

× �
(
s − (p − 1)/2

)
ζR(2s − p + 1) + 4πs

(
a11 − 	aT

p−1A
−1
p−1	ap−1

)(p−1)/4−s/2

×
∞∑

n=1

∑
	m∈Z

p−1
1/2

′
cos
(
2π 	mTA−1

p−1	ap−1n
)
n(p−1)/2−s

( 	mT A−1
p−1 	m)s/2−(p−1)/4

×K(p−1)/2−s

(
2πn

√(
a11 − 	aT

p−1A
−1
p−1	ap−1

) 	mT A−1
p−1 	m

)}
. (8)

This is also a recurrent expression, an alternative to (5), obtained with the help of a different
strategy.

Remarkably enough, it is easy to resolve this recurrence explicitly, and indeed to obtain
a closed formula for this case (we shall write the dimensions of the submatrices of A as
subindices), the result being

ζAp
(s) ≡ ζAp,	0,0(s) = 21+s

�(s)

p∑
j=1

(
det Ap−j

)−1/2
{
π(p−j)/2

(
ajj − 	aT

p−jA
−1
p−j 	ap−j

)(p−j)/2−s

× �
(
s − (p − j)/2

)
ζR(2s − p + j) + 4πs

(
ajj − 	aT

p−jA
−1
p−j 	ap−j

)(p−j)/4−s/2

×
∞∑

n=1

∑
	mp−j ∈Z

p−j

1/2

′
cos
(
2π 	mT

p−jA
−1
p−j 	ap−j n

)
n(p−j)/2−s
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× ( 	mT
p−jA

−1
p−j 	mp−j

)s/2−(p−j)/4

×K(p−j)/2−s

(
2πn

√(
ajj − 	aT

p−jA
−1
p−j 	ap−j

) 	mT
p−jA

−1
p−j 	mp−j

)}
. (9)

With a similar notation as above, here Ap−j is the submatrix of Ap composed of the
last p–j rows and columns. Moreover, ajj is the j th diagonal component of Ap, while
	ap−j = (ajj+1, . . . , ajp)T = (aj+1j , . . . , apj )

T and 	mp−j = (nj+1, . . . , np)T. Again, this is an
extension of the CS formula to the case in question. It exhibits all the same good properties.
Physically, it corresponds to the homogeneous, massless case. It is to be viewed, in fact, as
the genuine multi-dimensional extension of the CS formula. We shall call it ECS3.

2.3.2. Diagonal subcase. Let us particularize once more to the diagonal case, with 	c = 	0,
which is quite important in practice and gives rise to simpler expressions. For the recurrence,
we have

ζAp
(s) = ζAp−1(s) +

21+s

�(s)

(
det Ap−1

)−1/2

×
[
π(p−1)/2a

(p−1)/2−s

1 �(s − (p − 1)/2) ζR(2s − p + 1) + 4πsa
(p−1)/4−s/2
1

×
∞∑

n=1

∑
	m∈Zp−1

′
n(p−1)/2−s( 	mT A−1

p−1 	m)s/2−(p−1)/4

×K(p−1)/2−s

(
2πn

√
a1 	mT A−1

p−1 	m
)]

. (10)

As above, we can solve this finite recurrence and obtain the following simple and explicit
formula for this case:

ζAp
(s) = 21+s

�(s)

p−1∑
j=0

(
det Aj

)−1/2
[
πj/2a

j/2−s

p−j �(s − j/2) ζR(2s − j) + 4πsa
j/4−s/2
p−j

×
∞∑

n=1

∑
	mj ∈Zj

′
nj/2−s( 	mt

jA
−1
j 	mj)

s/2−j/4Kj/2−s

(
2πn

√
ap−j 	mt

jA
−1
j 	mj

)]

(11)

with Ap = diag(a1, . . . , ap), Aj = diag(ap−j+1, . . . , ap), 	mj = (np−j+1, . . . , np)T and ζR the
Riemann zeta function. Note again the fact that this and equation (9) are explicit expressions
for the multi-dimensional, generalized CS formula and, in this way, they go beyond any result
obtained previously. We name this formula ECS3d.

It is immediate to see that the term for j = 0 in the sum yields the last term, ζA1(s), of the
recurrence, that is

ζA1(s) =
+∞∑

np=−∞

′ (ap

2
n2

p

)−s

= 21+sa−s
p ζR(2s). (12)

It exhibits a pole, at s = 1/2, which is spurious—it is actually not a pole of the whole
function (since it cancels, in fact, with another one originating from the next term, with further
cancellations of this kind going on, each term with the next). Concerning the pole structure of
the resulting zeta function, as given by equation (11), it is not difficult to see that only the pole
at s = p/2 is actually there (as it should be). It is in the last term, j = p − 1, of the sum, and
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it has the correct residue, namely

Res ζAp
(s)

∣∣∣∣
s=p/2

= (2π)p/2

�(p/2)

(
det Ap

)−1/2
. (13)

The rest of the apparent poles at s = (p − j)/2 are not such: they compensate among
themselves, one term of the sum with the next, adding pairwise to zero.

Summing up, this formula, equation (11), provides a convenient analytic continuation of
the zeta function to the whole complex plane, with its only simple pole showing up explicitly.
Aside from this, the finite part of the first sum in the expression is quite easy to obtain, and
the remainder—an awful looking multiple series—is in fact an extremely fast-convergent sum,
yielding a small contribution, as happens in the CS formula. In fact, since it corresponds to the
case q = 0, this expression should be viewed as the extension of the original CS formula—for
the zeta function associated with an homogeneous quadratic form in two dimensions—to an
arbitrary number, p, of dimensions. The rest of the formulae above provide also extensions of
the original CS expression.

The general case of a quadratic + linear + constant form has been here thus completed.
As we clearly see, the main formulae corresponding to the three different subcases, namely
ECS1 equation (3), ECS2 equation (6) and ECS3 equation (9), are in fact quite distinct and
one cannot directly go from one to another by adjusting some parameters.

For the sake of completeness, we must mention the following. Notice that all cases
considered here correspond to having a non-identically-zero quadratic form Q. For Q

identically zero, that is, the linear + constant (or affine) case, the formulae for the analytic
continuation are again quite different from the ones above. The corresponding zeta function
is called Barnes’ zeta function. This case has been throughly studied in [10].

3. Spectral zeta function for both scalar and vector fields on a spacetime with a
non-commutative toroidal part

We shall now consider the physical example of a quantum system consisting of scalars and
vector fields on a D-dimensional non-commutative manifold, M , of the form R

1,d ⊗ T
p

θ (thus
D = d + p + 1). T

p

θ is a p-dimensional non-commutative torus, its coordinates satisfying the
usual relation: [xj , xk] = iθσjk . Here σjk is a real non-singular, antisymmetric matrix of ±1
entries, and θ is the non-commutative parameter.

This physical system has attracted much interest recently, in connection with M-theory
and with string theory [14–20], and also because of the fact that those are perfectly consistent
theories by themselves, which could lead to brand new physical situations. It has been shown,
in particular, that non-commutative gauge theories describe the low-energy excitations of open
strings on D-branes in a background Neveu–Schwarz two-form field [14–16].

This interesting system provides us with a quite non-trivial case where the formulae
derived above are indeed useful. For one, the zeta functions corresponding to bosonic and
fermionic operators in this system are of a different kind, never considered before. Moreover,
they can be most conveniently written in terms of the zeta functions in the previous section.
What is also nice is the fact that a unified treatment (with just one zeta function) can be given
for both cases, the nature of the field appearing there as a simple parameter, together with
those corresponding to the numbers of compactified, non-compactified and non-commutative
dimensions of the spacetime.
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3.1. Poles of the zeta function

The spectral zeta function for the corresponding (pseudo-) differential operator can be written
in the form [11]

ζα(s) = V

(4π)(d+1)/2

�(s − (d + 1)/2)

�(s)

∑
	n∈Zp

′
Q(	n)(d+1)/2−s

[
1 + �θ2−2αQ(	n)−α

](d+1)/2−s
(14)

where V = Vol (Rd+1), the volume of the non-compact part, and Q(	n) = ∑p

j=1 ajn
2
j , a

diagonal quadratic form, being the compactification radii Rj = a
−1/2
j . Moreover, the value

of the parameter α = 2 for scalar fields and α = 3 for vectors distinguishes between the two
different fields. In the particular case when we set all the compactification radii equal to R,
we obtain

ζα(s) = V

(4π)(d+1)/2

�(s − (d + 1)/2)

�(s)Rd+1−2s

∑
	n∈Zp

′
I (	n)(d+1)/2−s

[
1 + �θ2−2αR2αI (	n)−α

](d+1)/2−s

(15)

the quadratic form now being I (	n) =∑p

j=1 n2
j .

After some calculations, this zeta function can be written in terms of the Epstein zeta
function of the previous section, with the result

ζα(s) = V

(4π)(d+1)/2

∞∑
l=0

�(s + l − (d + 1)/2)

l! �(s)
(−�θ2−2α)l ζQ,	0,0(s + αl − (d + 1)/2) (16)

which reduces, in the particular case of equal radii, to

ζα(s) = V

(4π)(d+1)/2Rd+1−2s

∞∑
l=0

�(s + l − (d + 1)/2)

l! �(s)
(−�θ2−2α)l ζE(s + αl − (d + 1)/2)

(17)

where we use here the notation ζE(s) ≡ ζI,	0,0(s); that is, the Epstein zeta function for the
standard quadratic form.

The pole structure of the resulting zeta function deserves a careful analysis. It differs,
in fact, very much from all cases that were known in the literature until now. This is
not difficult to understand, from the fact that the pole of the Epstein zeta function at
s = p/2 − αk + (d + 1)/2 = D/2 − αk, when combined with the poles of the gamma
functions, yields a very rich pattern of singularities for ζα(s), on taking into account the
different possible values of the parameters involved. The pole structure is straightforwardly
found from the explicit expressions for the zeta functions in section 2.

Having already given the formula (16) above—that contains everything needed to perform
such a calculation of pole position, residua and finite part—for its importance for the calculation
of the determinant and the one-loop effective action from the zeta function, we will here start
by specifying what happens at s = 0. Remarkably enough, a pole appears in many cases
(depending on the values of the different parameters). This will also serve as an illustration
of what one has to expect for other values of s. The general case will be left for the following
section.

It is convenient to classify the different possible subcases according to the values of d and
D = d + p + 1. We obtain, at s = 0, the pole structure given in table 1.

In table 1, l is the summation index in equation (16). The appearance of a pole of the zeta
function ζα(s), for both values of α, at s = 0 is, let us repeat, an absolute novelty, bound to
have important physical consequences for the regularization process. It is necessary to observe
that this fact is not in contradiction with the well known theorems on the pole structure of an
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Table 1. Pole structure of the zeta function ζα(s), at s = 0, according to the different

possible values of d and D (2̇α means multiple of 2α).

For d = 2k

{
if D �= 2̇α �⇒ ζα(0) = 0

if D = 2̇α �⇒ ζα(0) = finite.

For d = 2k − 1

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

if D �= 2̇α

{
finite for l � k

0 for l > k

}
�⇒ ζα(0) = finite

if D = 2αl

{
pole for l � k

finite for l > k

}
�⇒ ζα(0) = pole.

(elliptic) differential operator [21]. The situation that appears in the non-commutative case is
completely different. (i) To begin with, we no longer have a standard differential operator, but
a strictly pseudodifferential one, from the beginning. (ii) Moreover, the new spectrum is not
perturbatively connected (for θ → 0) with the corresponding one for the commutative case.

3.2. Explicit analytic continuation of ζα(s), α = 2, 3, in the complex s plane

Substituting the corresponding formula, from the preceding section, for the Epstein zeta
functions in equation (16), we obtain the following explicit analytic continuation of ζα(s)

(α = 2, 3), for bosonic and fermionic fields, to the whole complex s plane:

ζα(s) = 2s−d V

(2π)(d+1)/2�(s)

∞∑
l=0

�(s + l − (d + 1)/2)

l! �(s + αl − (d + 1)/2)
(−2α�θ2−2α)l

p−1∑
j=0

(
det Aj

)−1/2

×
[
πj/2a

−s−αl+(d+j+1)/2
p−j �(s + αl − (d + j + 1)/2)ζR(2s + 2αl − d − j − 1)

+4πs+αl−(d+1)/2a
−(s+αl)/2−(d+j+1)/4
p−j

∞∑
n=1

∑
	mj ∈Zj

′
n(d+j+1)/2−s−αl

×
(

	mt
jA

−1
j 	mj

)(s+αl)/2−(d+j+1)/4
K(d+j+1)/2−s−αl

(
2πn

√
ap−j 	mt

jA
−1
j 	mj

)]
.

(18)

As discussed in the previous section in detail, the non-spurious poles of this zeta function
are to be found in the terms corresponding to j = p − 1. With the knowledge we have gained
from the analytical continuation of the Epstein zeta functions in section 2, the final analysis can
be here completed at once. Note that the situation here corresponds to the case of section 2.3.2,
namely, the diagonal case with c1 = · · · = cp = q = 0.

To be remarked again is that what we have in the end, by using our method, is an
exponentially fast-convergent series of Bessel functions together with a first, finite part, where
a pole (simple or double, as we shall see) may show up, for specific values of the dimensions
of the different parts of the manifold, depending also on the nature (scalar versus vectorial) of
the fields (the value of α, see table 1 and equation (18)).

To summarize the discussion at the end of section 2, the pole structure of equation (18) is
in fact best seen from equation (16) (for s = 0 it has been analysed in table 1 already). For
a fixed value of the summation index l, the contribution to the only pole of the zeta function
ζE(s + αl − (d + 1)/2), at s = D/2 − αl, comes from the last term of the j sum only, namely
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Table 2. General pole structure of the zeta function ζα(s), according to the different possible values
of D and p being odd or even. In italics, the type of behaviour corresponding to lower values of l

is quoted, while the behaviour shown in roman characters corresponds to larger values of l.

D even D odd

p odd (1a) pole/finite (l � l1) (2a) pole/pole
p even (1b) double pole/pole (l � l1, l2) (2b) pole/double pole (l � l2)

from j = p − 1. It is easy to check that it yields the corresponding residuum (13). This
corresponds to the second sum in equation (18). Combined now with the poles of the gamma
functions, and taking into account the first series in l, this yields the following expression for
the residua of the zeta function ζα(s) at the poles s = D/2 − αl, l = 0, 1, 2, . . .

Res ζα(s)

∣∣∣∣
s=D/2−αl

= 2p/2−dπ(p−d−1)/2V

�(p/2)

(
det Ap

)−1/2 (−�θ2−2α)l

l!

�(p/2 + (1 − α)l)

�(D/2 − αl)

l = 0, 1, 2, . . . . (19)

Actually, depending on D and p being even or odd, completely different situations arise, for
different values of l: from the disappearance of the pole, giving rise to a finite contribution,
to the appearance of a simple or a double pole. We shall distinguish four different situations
and, to simplify the notation, we will denote by U the whole factor in the expression (19)
for the residuum, that multiplies the last fraction of two gamma functions (in short, Res ζα =
U �1/�2).

(1) For D − 2αl = −2h, h = 0, −1, −2, . . .

(a) for p/2 + (1 − α)l �= 0, −1, −2, . . . �⇒ finite,
Res ζα = −h! U �(p/2 + (1 − α)l);

(b) for p = 2(α − 1)l − 2k, k = 0, −1, −2, . . . �⇒ pole,
Res ζα = (h!/k!) U .

(2) For D − 2αl �= −2h, h = 0, −1, −2, . . .

(a) for p/2 + (1 − α)l �= 0, −1, −2, . . . �⇒ pole,
Res ζα = U �(p/2 + (1 − α)l)/�(D/2 + αl);

(b) for p = 2(α − 1)l − 2k, k = 0, −1, −2, . . . �⇒ double pole,
Res ζα = (−1/k!) U /�(D/2 + αl).

Note that we here just quote the generic situation that occurs for l large enough in each case.
For instance, if p = 2 a double pole appears for l = 1, 2, . . . . For p = 4, a double pole
appears for l = 1, 2, . . . if α = 3, but only for l = 2, 3, . . . if α = 2. For p = 6, a double
pole appears for l = 2, 3, . . . if α = 3, but only for l = 3, 4, . . . if α = 2, and so on. The
case with both D and p even (which implies d odd) is the most involved one. For p = 2
and D = 4, for instance, there is a transition from a pole for l = 0 corresponding to the
zeta-function factor, to a pole for l = 1 and higher, corresponding to the gamma function in
the numerator (the compensation of the pole of the zeta-function factor with the one from the
gamma function in the denominator prevents the formation of a double pole). In any case, the
explicit analytic continuation of ζα(s) given by equation (18) contains all the information one
needs for calculating the poles and corresponding residua in a straightforward way.

The pole structure can be summarized as in table 2.
An application of these formulae to the calculation of the one-loop partition function

corresponding to quantum fields at finite temperature, on a non-commutative flat spacetime,
will be given elsewhere [22].
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Casimir energies for massive scalar fields in a spherical geometry
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The Casimir energy corresponding to a massive scalar field with Dirichlet boundary conditions on a spheri-
cal surface is obtained. The field is considered, separately, inside and outside the surface. The renormalization
procedure that is necessary to apply in each situation is studied in detail, in particular, the differences occurring
with respect to the case when the field occupies the whole space. The final result contains several constants that
experience renormalization and can be determined only experimentally. The nontrivial finite parts that appear
in the massive case are found exactly, providing a precise determination of the complete, renormalized zero-
point energy for the first time. �S0556-2821�97�04220-3�

PACS number�s�: 04.62.�v, 12.39.Hg

I. INTRODUCTION

Calculations of Casimir energy in spherically symmetric
situations have attracted the interest of physicists for well
over forty years now. This is not strange, since in many
contexts the inclusion of quantum fluctuations about semi-
classical configurations turns out to be essential. Historically
a first far reaching idea involving vacuum energies origi-
nated with Casimir himself. He proposed that the force sta-
bilizing a classical electron model arises from the zero-point
energy of the electromagnetic field within and without a per-
fectly conducting spherical shell �1�. Having found an attrac-
tive force between parallel plates due to the vacuum energy
�2�, the hope was that the same would occur for the spheri-
cally symmetric situation.1 Unfortunately, as Boyer �3� first
showed, for this geometry the stress is repulsive �4,5�. Nowa-
days it is known that the Casimir energy depends strongly on
the geometry of the space-time and on the boundary condi-
tions imposed. This is still a very active field of research
because a satisfactory understanding of the behavior has not
yet been found. For a number of results obtained in the last
ten years see for instance �6–8�.
Actual interest in the Casimir effect results from a con-

siderable improvement of the experimental verification �9� as
well as from its possible relevance to sonoluminescence �see,
however, �10�.� A different source of interest results from the
MIT bag model in QCD �11–14�. In this connection there
had been a number of calculations for the spherical geometry
�see �15–18��, but they are still not completed, for instance
for massive quark fields.
The Casimir effect was considered up to now mostly for

massless fields �e.g., in �19,20��. In the case of massive fields
a number of new features as additional divergences �21� oc-
curs which call for a systematic renormalization procedure
�22�.
For massless fermions the zero-point energy was consid-

ered in �19,20�. The massless fermionic field inside and out-
side the spherical surface was analyzed in �20�. In the last
case, a cancellation of divergences between the inner and
outer spaces occurs and finite zero-point energies are found.
Considering only the inner space, divergences appear and it
is necessary to introduce contact terms and perform a renor-
malization of their coupling. The case of a D-dimensional
sphere has been investigated in �23�. Results for the massive
fermionic fields contain new ultraviolet-divergent terms in
addition to those occurring in the massless case, as has been
discussed in �21�. Further considerations, especially on the
renormalization procedure necessary in order to carry out
these calculations, and on its precise interpretation, can be
found in �22�.
In nearly all of the mentioned works the authors have

used a Green’s function approach in order to calculate the
zero-point energy. An exception is Ref. �22�, where, in the
general setting of an ultrastatic spacetime with or without
boundaries, a systematic procedure which makes use of zeta
function regularization was developed �see also �24��. In this
approach, a knowledge of the zeta function of the operator
associated with the field equation together with �eventually�
some appropriate boundary conditions is needed. Recently, a
detailed description of how to obtain the zeta function for a
massive scalar field inside a ball satisfying Dirichlet or
Robin boundary conditions has been given by some of the
authors �25,26� of the present work. An analytical continua-
tion to the whole complex plane has been obtained and then
applied to find an arbitrary number of heat-kernel coeffi-
cients. In the ensuing Refs. �27,28� the functional determi-
nant has been considered too and, furthermore, the method
has been also applied to spinors �29,30� and p-forms �31,32�.
For an alternative approach involving scalars and spinors see
also the developments in �33�. All the above considerations
yield purely analytical and quite explicit formulas. In order
to actually obtain values for the Casimir energy, however, a

*Electronic address: bordag@qft.physik.uni-leipzig.d400.de
†Electronic address: eli@zeta.ecm.ub.es
‡Electronic address: kirsten@tph100.physik.uni-leipzig.de
§Electronic address: lese@zeta.ecm.ub.es
1This could be expected because the Casimir force between plates
was shown to be the same as the force resulting from the retarded
�always attractive� van der Waals forces between the atoms of the
plates.
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numerical integration had to be performed. This has been
done in different cases, in particular for the massless scalar
and electromagnetic fields �34�, partly reobtaining previous
results.
Here we will consider the massive scalar field inside and

outside the spherical surface, separately. We will discuss in
detail the renormalization procedure which is necessary to
apply in this situation and, specifically, the differences oc-
curring with respect to the case when one assumes that the
field occupies the whole space. The final result for the zero-
point energy contains several constants which experience
renormalization and whose physical values can be deter-
mined only experimentally. However, for the massive
field—as is clear from dimensional grounds—nontrivial fi-
nite parts which depend on a dimensionless variable involv-
ing the mass are present, and we will, in this case, be able to
find here for the first time the complete, renormalized zero-
point energy.
The aim of this paper is to perform the first complete

�including numbers, respectively, plots� calculation of the
Casimir energy for a massive field �whereby we restrict our-
selves to a scalar field obeying Dirichlet boundary condi-
tions� in the spherical geometry. As it turns out this allows
for a number of conclusions concerning the normalization
conditions and the interpretation of the effect itself �espe-
cially backwards for the massless case in model �i� below� as
well as it adds a new piece to the puzzle on the sign. In
addition the present calculation should serve as a guideline
for work on more realistic models.
The organization of the paper is as follows. In Sec. II we

describe in detail the models considered and the regulariza-
tion and renormalization procedure employed. In Sec. III we
summarize briefly the formulas that are needed in the subse-
quent study of the zeta function of the problem at hand. We
shall start with the scalar field inside the ball. Some addi-
tional considerations are necessary because the representa-
tion given in the previous articles �25,26� was only appli-
cable when the mass of the field is m�1. Here we will
derive formulas which are valid for arbitrary mass and very
useful for numerical evaluations. All divergences and finite
parts of the zero-point energy are calculated and its renor-
malization is performed with some care. The explicit depen-
dence of the finite part in the mass is determined numeri-
cally. Afterwards, the exterior space is considered and a
corresponding analysis is performed for this situation. Add-
ing up both contributions, we see clearly how the diver-
gences cancel among themselves as well as the influence of
this cancellation on the compulsory renormalization process.
Section IV is devoted to conclusions. The appendix contains
some hints and technical details that are used in the deriva-
tion of the zeta function for the nonzero mass case.

II. DESCRIPTION OF THE MODEL
AND ITS RENORMALIZATION

The physical system that we will consider consists of two
parts.
�1� A classical system consisting of a spherical surface

�‘‘bag’’� of radius R . Its energy reads

Eclass�pV��S�FR�k�
h
R , �1�

where V�
4
3	R3 and S�4	R2 are the volume and surface,

respectively. This energy is determined by the parameters
p�pressure, ��surface tension, and F , k , and h which do
not have special names.
�2� A quantized field �̂(x) whose classical counterpart

obeys the Klein-Gordon equation

���m2���x ��0, �2�

as well as suitable boundary conditions on the surface ensur-
ing self-adjointness of the corresponding elliptic operator on
perturbations. We choose Dirichlet boundary conditions as
the easiest to handle. The quantum field has a ground state
energy

E0� 1
2

�k �

���k �, �3�

where the �� (k)’s are the one-particle energies with the
quantum number k .
For this system we shall consider three models, which

will behave in a different way. These models consist of the
classical part given by the surface and �i� the quantized field
in the interior of the surface, �ii� the quantized field in the
exterior of the surface, and �iii� the quantized field in both
regions together, respectively.
The ground state energy is divergent and we shall regu-

larize it by

E0�
1
2
�k � �

��k ��
1/2�s�2s, Rs	2, �4�

where � is the known arbitrary parameter with the dimen-
sion of mass prescribed by the regularization and introduced
in order to get the correct dimension for the energy. The one
particle energies �� (k) are determined by the eigenvalue
equation

���m2���k ��x ����k ���k ��x �, �5�

together with Dirichlet boundary conditions on the surface

��k ��x �� �x��R�0. �6�

For the field in the interior, the meaning of � (k) is obvious:
(k)�(l ,m ,n), � (l ,m ,n)��j l�1/2,n

2 /R2�m2, Jl�1/2( j l�1/2,n)
�0.
For the calculations we use the corresponding zeta func-

tion:

��s ��

�k �

��k �
�s . �7�

In the interior region, we have

�� int��s ��

l�0

�



n�0

�

�2l�1 ��� l ,m ,n �
�s . �8�

For the exterior zeta function � (ext)(s) we must take into
account that the radial quantum number is continuous. We
have to subtract the Minkowski space contribution. This pro-
cedure is well known �see, for example, �35�� and need not
be repeated here. In the case of the third model we take the
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spectrum as the union of the spectra of the first two models
and we simply add the interior and the exterior zeta func-
tions: namely,

�� total��s ���� int��s ����ext��s �. �9�

This means that the interior and exterior region are indepen-
dent one from the other.
In any case the regularized ground state energy is given

by

E0
�mod�

�
1
2 ��mod��s�

1
2 ��

2s, �10�

where ‘‘mod’’ means the model: ‘‘int,’’ ‘‘ext’’, or ‘‘total.’’
Let us note that the regularized energy of the third model is
just the sum of the regularized energy of the first two mod-
els.
The divergent contributions of the ground state energy

can be found most easily using standard heat kernel expan-
sion

K� t ��

�k �
e���k �t�� 1

4	t �
3/2

e�tm2 

j�0,1/2,1, . . .

�

B jt j,

t→0�, �11�

by means of

��s ��
1

��s ��0
�

dtts�1K� t �, �12�

where we have to take into account that, in the presence of a
boundary, coefficients with half integer numbers are non-
zero. As is well known and can be easily found from the
above formulas, in order to obtain the contribution of the first
five coefficients Bi (i�0,12 ,1, 32 ,2), one cannot simply put s
��

1
2 under the sign of the integral in �(s), respectively, s

�0 in the energy, because this leads to a divergent integral
coming from the lower integration bound. An appropriate
analytical continuation is required. We will call the corre-
sponding contribution to the energy E0(div) . It reads

E0�div���
m4

64	2
B0�1s �

1
2�ln� 4�2m2 � ��

m3

24	3/2
B1/2

�
m2

32	2
B1�1s �1�ln� 4�2m2 � ��

m

16	3/2
B3/2

�
1

32	2
B2�1s �2�ln� 4�2m2 � � . �13�

A remark is here in order. The zeta functional regularization
used leaves the contributions of the coefficients with half
integer index finite in the limit s→0. This is a specific fea-
ture of the regularization, often much appreciated. However,
in other regularizations, as for example the proper time cut-
off �22�, these contributions are divergent. Equation �13�
then contains all contributions of the regularized zero point
energy which will experience renormalization.
The heat kernel coefficients needed in Eq. �13� are well

known �see for instance �36��. For the interior region,

B0
� int�

�
4
3 	R3, B1/2

� int�
��2	3/2R2, B1

� int�
�

8
3 	R ,

B3/2
� int�

��
1
6 	

3/2, B2
� int�

�
16
315

	

R .

In the exterior region,

Bi
�ext�

�Bi
� int� , i� 1

2 , 32 , . . . , �14�

Bi
�ext�

��Bi
� int� , i�0,1,2, . . . . �15�

In order to perform the renormalization we choose as gen-
eral scheme the following: all contributions of the heat ker-
nel coefficients which can lead to divergences in some regu-
larization have to be subtracted by means of a
renormalization of the corresponding parameters in the clas-
sical part of the system. Thus, we have in each of the first
two models five divergent contributions. In the third model
we note that, in accordance with Eq. �9�,

E0� total�
�div�

�E �div�
� int�

�E �div�
�ext� ,

and owing to the known cancellation of divergent contribu-
tions, which is in fact due to Eq. �15�, only two of them
remain.
As physical system we will consider the classical part and

also the ground state energy of the quantum field together,
and write, for the complete energy,

E�E �class��E0 . �16�

In this context the renormalization can be achieved by shift-
ing the parameters in E (class) by an amount which cancels the
divergent contributions and removes completely the contri-
bution of the corresponding heat kernel coefficients. In the
first two models, we have

p→p�
m4

64	2�1s �
1
2�ln� 4�2m2 � � , �→��

m3

48	 ,

F→F�
m2

12	�1s �1�ln� 4�2m2 � � , k→k�
m
96 , �17�

h→h�
1

630	�1s �2�ln� 4�2m2 � � ,
where the upper sign corresponds to the first model and the
lower sign to the second. In the third model there are only
two contributions, which are divergent in some regulariza-
tions. The renormalization reads

�→��
m3

24	 , k→k�
m
48 . �18�

Within the method of zeta function regularization this is a
finite renormalization.
After the subtraction of these contributions from E0 we

denote it by E0
(ren)

�E0�E0
(div) and the complete energy be-

comes

E�E �class��E0
�ren� . �19�
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In our renormalization scheme, we have defined a unique
renormalized ground state energy E0

(ren) . Often, the renor-
malization arbitrariness is removed by imposing some nor-
malization conditions. In this case a natural candidate would
be the requirement, that E0

(ren) vanishes for R→� . This is
certainly fulfilled in our case. However, such a requirement
does not fix completely the renormalization in the first two
models, since a finite renormalization of h is still possible.
With respect to this renormalization there is a qualitative

difference between the first two and the third model. In the
latter one some divergences have been canceled when adding
up the contributions from the interior and exterior regions.
The corresponding terms in the classical energy do not need
to be renormalized. In general, as mentioned in �22� and
much earlier in connection with the renormalization of QED,
those contributions which need renormalization are not of
quantum nature, but have to be present in the classical part of
the system and are to be determined from outside �like the
electron mass and charge in QED� or by the dynamics of the
classical part. For example, in the bag model one has to look
for a minimum of the complete energy while varying these
parameters. The contributions which do not need
renormalization—like the one resulting from B0, B1, or B2 in
the third model—may be absent in the classical part and can
be considered as pure quantum contributions. In this sense
the third model contains only two classical parameters (�
and k).
Having in mind that only the complete energy has physi-

cal meaning, a change of the normalization conditions—
respectively, a finite renormalization—would be equivalent
to a change of the classical parameters and should not influ-
ence issues like that of finding a minimum of the complete
energy by varying the parameters of the classical part.
Special remarks are in order for the case of a massless

quantum field. There, only contributions from B2 remain
�one performs the limit m→0 in the regularized expressions,
the Bi’s are proportional to m4�2i). In the third model these
contributions are finite and can be considered as pure quan-
tum corrections. They yield, together with the finite contri-
butions �cf. the quantity N in the next section�, the known
1/R contributions to the Casimir energy for a sphere and a
massless field with various boundary conditions. However,
in the models �i� and �ii� the B2 contribution is divergent and
the corresponding 1/R term in the energy must be considered
as a classical contribution. Thus, in these cases the ground
state energy for a massless field can be removed by a finite
renormalization and the energy of the system remains for-
mally the classical one. In this sense there is no Casimir
effect. The same is true in the presence of a thick spherical
shell �interior and exterior regions are separated by a finite
distance, with no quantum field�, because here no cancella-
tion between interior and exterior modes occurs.
Similar remarks hold not only for a spherical surface, but

also for an arbitrarily shaped one. For the infinitely thin sur-
face a cancellation between interior and exterior modes does
occur, while if it has a finite thickness this is not true any-
more.

III. CALCULATION OF THE GROUND STATE ENERGY

First we consider the interior case. As it is easily seen
from Eq. �4�, the task that remains for the evaluation of the

zero-point energy is to perform a convenient analytical treat-
ment of the zeta function �8�. A precise way to obtain an
analytical continuation of �(s) to s��1/2 has been de-
scribed in �25,26� in detail, what allows us to be brief here.
We may write the zeta function for the interior space in the
form

�� int��s ��N � int��s �� 

i��1

3

Ai�s �, �20�

where the Ai’s are the contributions of the first five terms of
the uniform asymptotic expansion of the modified Bessel
functions as �→� and k→� , with �/k fixed. It is sufficient
to subtract these five contributions in order to absorb all
possible divergent contributions. A higher number of sub-
tractions is possible in order to speed up the convergence of
the remaining numerical expressions. We have called N the
zeta function where all these asymptotic terms have been
subtracted:

N � int��s ��
sin�	s �

	 

l�0

�

�2l�1 ��
mR/�

�

dx� � x�R � 2�m2��s

�
�

�x � lnI���x ��ln� e��

�2	��1�x2�1/4�
�
1
�
D1� t ��

1

�2
D2� t ��

1

�3
D3� t �� , �21�

being t�1/�1�x2 and ���1�x2�ln�x/(1��1�x2)� . In
this formula the parameter s can be put equal to �1/2 under
the integration and summation signs. The evaluation of
N(1/2) is the remaining numerical task. The polynomials Di
are

D1� t ��

a�0

1

x1,at1�2a�
1
8 t�

5
24 t

3,

D2� t ��

a�0

2

x2,at2�2a�
1
16 t

2
�
3
8 t
4
�
5
16 t

6, �22�

D3� t ��

a�0

3

x3,at3�2a�
25
384 t

3
�
531
640 t

5
�
221
128 t

7
�
1105
1152 t

9,

and, in terms of their coefficients, xi ,a , the functions Ai(s)
are given by

A�1�s ��
R2s

2�	��s �


j�0

�
��1 � j

j! �mR �2 j
�� j�s��1/2��

s� j

��H�2 j�2s�2;1/2�,

A0�s ���
R2s

2��s �
j�0

�
��1 � j

j! �mR �2 j��s� j �

��H�2 j�2s�1;1/2�, �23�
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Ai�s ���
2R2s

��s � 
j�0

�
��1 � j

j! �mR �2 j�H��1�i�2 j

�2s;1/2�

a�0

i

x i ,a
��s�a� j�� i/2��

��a�� i/2�� .

It is easy to see that the above series are convergent for
�mR��1. Alternative representations valid for arbitrary val-
ues of mR are derived in the Appendix. Using the above
formulas, or alternatively, the ones given in the Appendix,
we can perform the renormalization and calculate the renor-
malized ground state energy numerically. The result for the
ground state energy is shown in Fig. 1 for R�1 as a function
of m . For very small values of the argument, mR , the func-
tion goes to a finite, negative value �remember that we are
plotting RE0

(ren) , not E0
(ren)), whereas for large values of the

argument the function goes to zero.
The dependence of E0

ren on the radius for fixed mass is
depicted in Fig. 2. This plot also exhibits a maximum for
mR�0.023, and here we have restricted the domain to a
region around it.
The zero-point energy in the exterior of the spherical sur-

face can be calculated in a much similar manner. Indeed,
only a few changes are necessary. Subtracting the
Minkowski space zeta function from the zeta function asso-
ciated with the field outside the surface, the starting point
here reads

�ext�s ��Next�s �� 

i��1

3

��1 � iAi�s �, �24�

with

Next�s ��
sin�	s �

	 

l�0

�

�2l�1 ��
mR/�

�

dx� � x�R � 2�m2��s

�
�

�x � lnK���x ��ln� �	e���

�2��1�x2�1/4�
�
1
�
D1� t ��

1

�2
D2� t ��

1

�3
D3� t �� . �25�

As is clear, one just needs to substitute the Bessel function
K� for I� . The asymptotic contributions, as compared with
those for the interior space, get an alternating sign coming
from the asymptotics of the Bessel function K� —which ex-
hibit this sign when compared with those of the function I�
�see Ref. �37��. By construction, Next(s) is finite at s�
�1/2. The results for Ai(s��1/2) are given in the Appen-
dix. They are the same as in the previous case. Again, the
renormalized ground state energy can be calculated. The re-
sult is shown in Fig. 3. It is apparent that the slope is always
negative and that the plot always gives positive values. It is
clear that, had we plotted the same quantity in units of the
mass, a curve with both these properties would have been
obtained too. In particular, it would not develop a maximum
as the one observed for the interior case.
In the case of the third model, i.e., for the quantum field

extending to both regions altogether, we just have to add the
two results above. As shown in Fig. 4, there is an interval
where the slope is positive. This would seem to leave open
the possibility, that a plot in units of the mass could exhibit a
maximum. We have carefully investigated this possibility,
but the answer is negative. In other words, such alternative
plot is always monotonically decreasing.

FIG. 1. Plot of the renormalized vacuum energy E0
ren measured

in units of the inverse of the radius.
FIG. 2. Plot of the renormalized vacuum energy E0

ren measured
in units of the mass. The plot has been restricted to a domain around
the maximum value.
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IV. CONCLUSIONS

In this paper we have developed a systematic approach to
the calculation of the Casimir energy of a massive field
obeying Dirichlet boundary conditions on a spherical sur-
face. The models corresponding to the quantum field con-
fined to the interior and to the exterior regions of the surface,
respectively, have been discussed separately, and the differ-
ences in the renormalization of these models with respect to
the case where the field is present in the whole space have
been investigated in detail.
Figures 1–4 show the quantum contribution to the renor-

malized ground state energy. This quantum ground state en-
ergy of the interior region exhibits a maximum for variable
radius and fixed mass, as is clear from Fig. 2. Thus, we may
say that if the surface is small enough, the quantum part of
the vacuum energy induces an attractive force. We would

like to remark that the appearance of this attractive force is
sensitive to the normalization conditions chosen. For in-
stance, it can be removed by performing a suitable finite
renormalization of h �cf. formula �17��. Here the consider-
ation of a massive field allows for a physical justification of
the normalization prescription chosen. The point is that the
complete subtraction of the contributions resulting from the
corresponding heat kernel coefficients �as it is done by
means of �17�� automatically removes all contributions
which do not vanish in the infinite mass limit. But the latter
is a physically reasonable requirement—a field with infinite
mass should not produce quantum effects.
The appearance of attractive forces in this kind of situa-

tion is not new, however, and has been found also when
dealing with spinors �19� and with the electromagnetic field
on a dielectric cylinder �38�.
Our analysis presents the first complete treatment of the

massive Casimir effect in the presence of nonplanar bound-
aries and it shows specific properties not encountered before.
If one considers planar boundaries, the only case completely
solved up to now �see, i.e., �8��, for the range mR�1 the
Casimir energy is exponentially small and thus of very short
range. This is due to the vanishing extrinsic curvature of
planar boundaries.
In our case the above remarks do not hold anymore. Us-

ing Eq. �11� in Eq. �12� one easily obtains the asymptotic
series for m→� of �(s) in the form

��s ��
1

�4	�3/2��s �



j�0,1/2,1, . . .

�

��s� j�3/2�B jm3�2 j�2s.

�26�

The contributions coming from j�0,1/2,1,3/2,2 were in-
volved in the renormalization procedure �see Sec. II�, the
remaining finite pieces behave like 1/m . These pieces are
present due to the nonvanishing of the higher coefficients
B j , j�5/2,3, . . . , which is a result of the nonvanishing ex-
trinsic curvature in our example. For that reason, in general
one cannot say that the Casimir force for the massive case is
of very short range or that the contributions due to the mass
are negligibly small compared to the massless case. These
comments may all be realized in Figs. 1 to 4 of our paper.
A remark must be added. Having in mind a Greens func-

tion treatment of the considered problem and methods like
the multireflection expansion of the Greens function, one
would expect that the Casimir energy is exponentially small
for large masses. How this is related to the global calculation
presented here should be clarified by an investigation of the
local energy density.
Robin boundary conditions can be treated in complete

analogy, as has been described in detail in Refs. �26–28�.
Also the interior and exterior regions can be considered sepa-
rately, and adding up the contributions coming from each
region the same cancellation of divergences appear. The
ground state energy of the electromagnetic field subject to
superconductor boundary conditions �i.e., vanishing normal
component of the magnetic field and vanishing tangential
component of the electric field� is the sum of the ground state
energy of two scalar fields satisfying, respectively, Dirichlet
boundary conditions and Robin boundary conditions �TE and
TM modes�. The B1/2 heat kernel coefficient has opposite
sign for Dirichlet and Robin boundary conditions, what leads

FIG. 3. Plot of the renormalized vacuum energy in units of the
inverse of the radius.

FIG. 4. The renormalized vacuum energy represented in units of
the inverse of the radius.
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to a partial cancellation of divergences between the TE and
TM modes �in the massive case�. Doing the same kind of
calculation as the one presented here and taking the massless
limit, previous results are reobtained �4,5�, what provides a
further check of the procedure.
Along the same lines, it would be interesting to perform

the calculations for higher spin fields and to apply the results
to realistic physical models, as the MIT bag model for in-
stance. Furthermore, in complete analogy, the case of two
concentric spherical shells can be treated with our method
too.
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APPENDIX: REPRESENTATIONS
FOR THE ASYMPTOTIC CONTRIBUTIONS

INSIDE THE SURFACE

In this appendix we derive explicit representations of the
Ai(s), i��1, . . . ,3 �see Eq. �23��, which are valid for ar-
bitrary mR . Let us start with A�1(s), which is actually the
most difficult piece to treat. Instead of Eq. �23�, one may use
the representation �25,26�

A�1�s ��2
sin�	s �

	 

l�0

�

�2�
mR/�

� � � x�R � 2�m2��s �1�x2�1
x ,

�A1�

of which we need the analytical continuation to s��1/2.
With the substitution t�(x�/R)2�m2, this expression re-
sults in the following one:

A�1�s ��
sin�	s �

	 

l�0

�

��
0

�

dt
t�s

t�m2
���2�R2� t�m2����

��
1

2�	

sin�	s �
	 


l�0

�

��
0

�

dtt�s� d�e��� t�m2�

��
0

�

d  �3/2�e� ��2�R2� t�m2� �
�e� �2�, �A2�

where the Mellin integral representation for the single factors
has been used. As we see, the  integral is well defined.
Introducing a regularization parameter ! , A�1(s) can then be
written as

A�1�s �� lim
!→0

�A�1
1 �s ,!��A�1

2 �s ,!�� , �A3�

with

A
�1
1 �s ,!���

1

2�	

sin�	s �
	 


l�0

�

�� d�e��m2

��
0

�

d  �3/2�!e� ��2�R2m2�

��
0

�

dtt�se�t��� R2�

and

A
�1
2 �s ,!��

1

2�	
��1�s �

sin�	s �
	 


l�0

�

�� d�e��m2�s�1

��
0

�

d  �3/2�!e� �2.

Let us proceed with the remaining pieces. In A
�1
1 (s ,!) one

of the integrations can be done, yielding

A
�1
1 �s ,!���

R1�2!

2�	��s �
��s�!�1/2�

�

l�0

�

��
0

�

dyy!�3/2�m2�y � �R � 2�1/2�s�!

.

�A4�

For A
�1
2 (s ,!), one gets

A
�1
2 �s ,!��

m�2s

2�	
��!�1/2�


l�0

�

�2�2!

�
R1�2!

2�	��s �
��s�!�1/2�

�

l�0

�

��
0

�

dxxs�1�m2x�� �R � 2�1/2�s�!

.

�A5�

And adding up Eqs. �A4� and �A5� yields

A�1�s ��
R

2�	��s �
��s�1/2�

�

l�0

�

��
0

1
dxxs�1�m2x�� �R � 2�1/2�s, �A6�

a form suited for the treatment of the angular momentum
sum.
To perform the summation over l , we will use



��1/2

�

f �����
0

�

d� f ����i�
0

�

d�
f � i����� f ��i����

1�e2	�
,

�A7�

where �→0 is understood and appropriate analytic proper-
ties of the function f (�) are assumed. When expanding the
function f (�) in a Taylor series, one arrives at the well
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known Euler-Maclaurin summation formula �a thorough
treatment of the Euler-Maclaurin summation formula can be
found in Ref. �39��.
In order to get the Casimir energy we will need only the

expansion of A�1(s) around s��1/2. Using Eq. �A7� one
finds, after a lengthy calculation,

A�1�s ��� 1
s�1/2�lnR2� � 7

1920	R�
m2R
48	 �

m4R3

24	 �
�ln4� 7

1920	R�
m2R
48	 �

m4R3

24	 ��
7

1920	R

�
m2R
48	 �

m4R3

48	 �1�4ln�mR ��

�
1
	R�0

�

d�
�

1�e2	�
��2�m2R2�ln��2�m2R2�

�
2m2R
	

�
0

�

d�
�

1�e2	�
� ln��2�m2R2�

�
�

mR ln�mR��

mR��
� � . �A8�

All other Ai(s) can be treated in a much easier way. As a
starting point for A0(s) we choose �25,26�

A0�s ���
m�2s

2 
l�0

�

��1�� �

mR � 2��2s

. �A9�

Using Eq. �A7�, this yields immediately

A0�s ��
1
6 R

2m3�m�
0

mR
d�

�

1�e2	�
�1�� �

mR � 2.
�A10�

For the remaining Ai’s we proceed in a different way. Let us
explain the method using one of the contributions of A1(s),
say



l�0

�

��2s�1�� �

mR � 2��s�1/2

��H�2s;1/2���s�1/2��mR �2�H�2s�2;1/2�

�

l�0

�

��2s� �1�� �

mR � 2��s�1/2

�1

��s�1/2��mR
�

� 2� .

This provides the immediate continuation of the sums to s
��1/2. In fact, the infinite sum is convergent and in the
Hurwitz zeta function the analytical continuation to s�
�1/2 is easily performed. All pieces in Ai , i�1,2,3 have a
similar aspect and may be treated in the same way. Thus �we
just write down the results�

A1�s ��� 1
s�1/2�lnR2� � 7

48	 m
2R�

1
192	R �

�
1

72	R �2�9�R� ��1 ��

�
1
24	 m

2R��2�7��21ln2 �

�
1
8	R
l�0

�

�� �mR� � 2�ln�1��mR
�

� 2� �
�

5
12	R
l�0

�

�� �1��mR
�

� 2��1

�1��mR
�

� 2� ,

A2�s ��
1
16R
l�0

� � �1��mR
�

� 2��1/2

�1�
�

3
16R
l�0

� � �1��mR
�

� 2��3/2

�1�
�

15
128R
l�0

� � �1��mR
�

� 2��5/2

�1� , �A11�

A3�s ���
229

40320	R� 1
s�1/2�lnR2�

�
2152�687��2061ln2

60480	R �
25

192	R

�

l�0

� 1
�� �1��mR

�
� 2��1

�1�
�

177
160	R
l�0

� 1
�� �1��mR

�
� 2��2

�1�
�

221
120	R
l�0

� 1
�� �1��mR

�
� 2��3

�1�
�

221
252	R
l�0

� 1
�� �1��mR

�
� 2��4

�1� .
This completes the list of expressions necessary for the
analysis of the massive scalar field inside the surface with
Dirichlet boundary conditions.
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Abstract. The vacuum energies corresponding to massive Dirac fields with the boundary
conditions of the MIT bag model are obtained. The calculations are carried out with the fields
occupying the regions inside and outside the bag, separately. The renormalization procedure for
each of the situations is studied in detail, in particular the differences occurring with respect to
the case when the field extends over the whole space. The final result contains several constants
that undergo renormalization and can be determined experimentally only. The non-trivial finite
parts which appear in the massive case are found exactly, providing a precise determination of
the complete, renormalized zero-point energy in the fermionic case. The vacuum energy behaves
as an inverse power of the mass, for large mass of the field.

1. Introduction

The first modern calculation of the vacuum energy density of a quantum field in the
presence of boundaries is almost 50 years old. As is well known, it is due to Casimir
[1]. Its first measurable consequence was the attraction in an electromagnetic vacuum of
two neutral, infinitely conducting plates (thereafter called the Casimir effect, see for instance
[2]). Previously, Casimir and Polder [3] had explained the attraction of two neutral bodies
in terms of a retarded van der Waals effect. Later, dielectric properties of the materials
considered were taken into account in the more ambitious Lifshitz theory [4]. However,
Casimir [1] was the first to perform a genuine quantum field theoretical calculation using
the concept of zero-point energy (whose physical relevance was somewhat unclear at that
time). The treatment of the divergences resulting from the infinitely many degrees of
freedom was (and still is) the most difficult aspect. Calculations of the vacuum energy have
attracted the interest of many scientists, because it turns out that, in different contexts, the
inclusion of quantum fluctuations about semiclassical configurations is essential. On the
other hand, spherically symmetrical situations are very important for practical applications.
The calculations involved are certainly much more complicated than in the case of systems
with plane boundaries.
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Having found an attractive force between parallel plates due to the vacuum energy [1],
the hope was that the same would be true for a spherically symmetric situation. This led
Casimir to the idea that the force stabilizing a classical electron arises from the zero-point
energy of the electromagnetic field within and without a perfectly conducting spherical
shell [5]. Unfortunately, as Boyer [6] first showed, for this geometry the stress is repulsive
[7, 8]. It is known nowadays that the Casimir energy depends strongly on the geometry and
dimension of the spacetime and also on the boundary conditions imposed. This is a very
active field of research (see, for instance, [9, 10]). Let us mention, in the context of the
spherical Casimir effect, the analysis of its dimensional dependence presented in [11, 12].

More recently, the zero-point energy has received considerable attention in the context
of the bag model [13–22] and chiral bag model [23–29]. In these systems, quarks and gluons
are free inside the bag, but are absolutely confined to it, being unable to cross the boundary
surface. This is imposed, mathematically, by appropriate boundary conditions. The sum of
the mesonic, valence-quark and vacuum-quark contributions to the baryonic number have
been found to be independent of the bag radius and of the pion field strength, being the
vacuum-quark contributions—which are analogues of the Casimir effect in QED—essential
for the calculation of baryonic observables. The issue of regularization in this model is
quite non-trivial. It happens that, under specific circumstances, different regularization
procedures can yield different results and real physical problems arise in the calculation of
quark-vacuum contributions to some barionic observables, such as the energy itself.

The calculation of the Casimir energy for massless fermions in the interior of a spherical
bag was already considered 20 years ago [15]. However, in this first attempt only the
divergent terms were isolated. In a reconsideration of the issue, Milton also retained the finite
terms, and introducing suitable phenomenological terms (contact terms) and renormalizing
the respective constants, he was able to obtain a finite Casimir energy [19]. Later, the point
of view was taken that including the exterior modes makes physical sense for the vacuum
[30]. The pertinent calculation was carried out in [21]. In this case, a mutual cancellation
(which can be termed as ‘natural’) of the divergences of the inner and outer spaces occurs.
As a result, finite zero-point energies are obtained. Recently this idea has been revived in
[23]. It has been argued that at high enough energies one expects QCD to show a phase
transition to an unconfined plasma of quarks and gluons and, for that reason, one has to
allow for high-energy quarks living in the exterior region. Finally, still for the massless
field, finite-temperature effects were taken into account in [17, 28].

An obvious generalization of the above considerations is to try to extend them to fields
of non-vanishing mass. As a first step, in the spirit of Bender and Hays [15], the divergences
were determined in [22] and have been discussed in the framework of the field-theoretical
bag model of Creutz and of Friedberg and Lee [31]. Alternatively, as already mentioned
there, one can choose to introduce all the surface and curvature tensions which appear—
with divergent factors—in the Casimir energy, from the outset, with finite coefficients, and
consider the divergent contributions as being absorbed into their renormalization. This rather
pragmatic viewpoint has the one taken in [32] where, using the proper time formalism, it
has been demonstrated that, for a spherical bag, one needs at most the following contact
terms

Eclass = pV + σS + FR + k + h

R
.

As already emphasized there, the parameters of the ‘classical’ phenomenological energy
Eclass are to be determined from the experiments; they cannot be calculated within the
confines of the bag model. The situation is very reminiscent of what happens in quantum
field theory in curved spacetime. In fact, in that context the classical system is the
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gravitational field and, in order to renormalize the energy–momentum tensor of quantum
matter, one needs to use a suitable general Lagrangian for the gravitational field [33]. All
constants appearing in this generalized Lagrangian are to be determined experimentally and
not within the quantum field theory model in the curved background. In our context of
the bag, the classical part is represented by a model for the surface and the interpretation
of the contact terms above is much the same as the one described in the context of the
gravitational Lagrangian. From now on this will be our standpoint in the considerations
that follow.

As is clear from the above argument, for the massive fermionic quantum field in the
bag there is no analysis extending beyond the isolation of the divergent terms. In contrast,
it is the main aim of the present analysis to also retain the finite part of the energy. As
opposed to the massless case, this energy depends in a nontrivial way on the dimensionless
parameter mR, m being the mass of the field and R the radius of the bag. This explicit
dependence will be determined here for the first time.

In most of the papers mentioned above a Green function approach has been used in
order to calculate the zero-point energy. An exception is [32], where, in the general setting
of an ultrastatic spacetime with or without boundaries, a systematic procedure which makes
use of zeta-function regularization was developed. In this approach, a knowledge of the
zeta function of the operator associated with the field equation together with (eventually)
some appropriate boundary conditions is needed. Recently, a detailed description of how
to obtain the zeta function for a massive scalar field inside a ball satisfying Dirichlet or
Robin boundary conditions has been given elsewhere by the authors of this work [34, 35].
An analytical continuation to the whole complex plane was obtained there and subsequently
applied to the computation of an arbitrary number of heat-kernel coefficients. In ensuing
papers [36, 37] the functional determinant was considered too and, furthermore, the method
has also been applied to spinors [38, 39] and p-forms [40–42] (for a different approach see
[43]). All the above considerations are purely analytical and quite precise. In order to obtain
explicit values for the Casimir energy, however, a numerical evaluation of an integral and a
sum was necessary. This has been achieved in different cases, in particular for the massless
scalar field and the electromagnetic field [44], partly re-obtaining previous results.

To finish this description of recent previous work, let us mention that in [45] we have
investigated the case of a massive scalar field in the bag. We have discussed there how,
for the case of a massive field—already for a scalar one—non-trivial finite parts which
depend on an adimensional variable involving the mass are present, that need to be properly
renormalized, in order to obtain the corresponding zero-point energy. In this paper we shall
extend our analysis to the case of Dirac fields, thus generalizing our considerations to a
situation which approaches very much the conditions of a realistic MIT bag model.

The organization of the paper is as follows. We shall rely on our previous work (dealing
with the bosonic case) for a precise description of the method employed—which was given
there in full detail [45]—as well as for the particular formulae that are needed in the
subsequent study of the zeta function of the problem we consider here. We felt that to repeat
all this here would not be justified. Consequently, in section 2 we proceed immediately
with the specific description of the model for the case of Dirac fields inside the bag with
boundary conditions corresponding to the MIT bag. Starting from the Dirac equation and
imposing the boundary conditions we will derive an eigenvalue equation in terms of Bessel
functions. This will be the basic equation to solve, which we shall do in the same section
for the interior of the bag. In section 3 we will describe the renormalization scheme used
in the model. Section 4 contains the analogous treatment for the region exterior to the
bag and for the whole space. Adding up the interior and the exterior contributions, we
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will see how the divergences cancel exactly among themselves, as well as the influence
of this cancellation on the compulsory renormalization process. It turns out that important
differences with respect to the non-fermionic case appear concerning this issue, although
we shall argue that, in the end, they will not substantially effect the interpretation of the
physical results. Section 5 is devoted to conclusions. The appendices contain some hints
and technical details that have been used for the derivation of the zeta function (appendix A)
and a full list of the constituents that build up the subtraction terms in the decomposition of
the zeta function, an essential (although rather technical) step in our method (appendix B).

2. Fermions inside the bag

The first task is to derive the energy eigenvalue equations for a Dirac spinor subject to
the MIT bag boundary conditions. The setting we consider first is the Dirac spinor inside
a spherically symmetric bag confined to it by the appropriate boundary conditions. The
coordinates we use are just the spherical ones, r, θ, ϕ, which best adapt to the form of the
bag. Thus, we must solve the equation:

Hφn(r) = Enφn(r) (2.1)
H being the Hamiltonian,

H = −iγ 0γ α∂α + γ 0m (2.2)
with the boundary conditions[

1+ i
(
r

r
γ

)]
φn|r=R = 0. (2.3)

These boundary conditions guarantee that no quark current is lost through the boundary.
The separation to be carried out in the eigenvalue equation (2.1) is rather standard

and will not be given in detail here. Let J be the total angular momentum operator and
K the spin projection operator. Then there exists a simultaneous set of eigenvectors of
H, J2, J3, K and the parity P . The eigenfunctions for positive eigenvalues κ = j + 1

2 of
K read

φjm = A√
r

(
iJj+1(ωr)�j lm( r

r
)

−
√

E−m
E+m

Jj (ωr)�j l′m( r

r
)

)
(2.4)

whereas, for κ = −(j + 1/2), one finds

φjm = A√
r

(
iJj (ωr)�j lm( r

r
)√

E−m
E+m

Jj+1(ωr)�j l′m( r

r
)

)
. (2.5)

Here ω = √
E2 − m2, A is a normalization constant and �j lm(r/r) are the well known

spinor harmonics. In order to obtain eigenfunctions of the parity operator we must set
l′ = l − 1 in (2.4) and l′ = l + 1 in (2.5). In both cases, j = 1

2 ,
3
2 , . . . ,∞, and the

eigenvalues are degenerate in m = −j, . . . ,+j .
Imposing the boundary conditions (2.3) on the solutions (2.4) and (2.5), respectively,

one easily finds the corresponding implicit eigenvalue equation. For κ > 0, it reads√
E + m

E − m
Jj+1(ωR) + Jj (ωR) = 0 (2.6)

and for κ < 0, in turn,

Jj (ωR) −
√

E − m

E + m
Jj+1(ωR) = 0. (2.7)
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Regretfully, it is not possible to find an explicit solution of equations (2.6) and (2.7), but
as we have shown in our previous paper for the case of the scalar field—and will describe
below for the spinor field—the information displayed in (2.6) and (2.7) is already enough
for the calculation of the ground-state energy for massive spinors in the bag.

The regularization of this ground-state energy will be performed by using the zeta-
function method. In short, we consider

E0(s) = − 1
2

∑
k

(E2
k )
1/2−sμ2s Re s > s0 = 2

= − 1
2ζ

(int)(s − 1
2 )μ

2s (2.8)

and later analytically continue to the value s = 0 in the complex plane. Here s0 is the
abscissa of convergence of the series, μ the usual mass parameter and

ζ (int)(s) =
∑

k

(E2
k )

−s . (2.9)

The power of this method lies in the well defined prescriptions and procedures that we have
at hand to analytically continue the series to the rest of the complex s-plane, even when the
spectrum Ek is not known explicitly (as will in fact be the case). These procedures have
been developed and described in great detail in [34, 35, 45] so that we can be brief.

The zeta function in the interior space is given by

ζ (int)(s) = 2
∞∑

j= 1
2 ,
3
2 ,...

(2j + 1)
∫

γ

dk
2π i

(k2 + m2)−s

× ∂

∂k
ln
[
J 2j (kR) − J 2j+1(kR) + 2m

k
Jj (kR)Jj+1(kR)

]
. (2.10)

Here the factor of 2 results from taking into account particles and antiparticles. Using the
method—ordinarily employed in this situation—of deforming the contour which originally
encloses the singular points on the real axis, until it covers the imaginary axis, after simple
manipulations we obtain the following equivalent expression for ζ (int):

ζ (int)(s) = 2 sinπs

π

∞∑
j= 1

2 ,
3
2 ,...

(2j + 1)
∫ ∞

mR/j

dz

[(
zj

R

)2
− m2

]−s

× ∂

∂z
ln
{
z−2j

[
I 2j (zj)

(
1+ 1

z2
− 2mR

z2j

)
+ I ′

j

2
(zj)

+2R
zj

(
m − j

R

)
Ij (zj)Ij

′(zj)

]}
. (2.11)

As is usual, we now split the zeta function into two parts:

ζ (int)(s) = Z
(int)
N (s) +

N∑
i=−1

A
(int)
i (s) (2.12)

namely a regular one, Z(int)
N , and a remainder that contains the contributions of the N first

terms of the Bessel functions Iν(k) as ν, k → ∞ with ν/k fixed [46]. The number N of
terms that have to be subtracted is in general the minimal one necessary in order to absorb
all possible divergent contributions into the ground-state energy, equation (2.8). In our case,
N = 3. This is a general procedure, commonly applied in order to deal with such kinds of
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divergence. We obtain

Z
(int)
3 (s) = 2

sinπs

π

∞∑
j= 1

2

(2j + 1)
∫ ∞

mR
j

dz

[(
zj

R

)2
− m2

]−s

× ∂

∂z

{
ln
[
I 2j (zj)

(
1+ 1

z2
− 2mR

z2j

)
+ I ′2

j (zj) + 2R
zj

(
m − j

R

)
Ij (zj)I ′

j (zj)

]

− ln
[
e2jη(1+ z2)

1
2 (1− t)

πjz2

]
−

3∑
k=1

Dk(mR, t)

jk

}
(2.13)

where η = √
1+ z2 + ln[z/(1 + √

1+ z2)] and t = 1/
√
1+ z2. After renaming mR = x,

the relevant polynomials are given by

D1(t) = t3

12
+
(

x − 1
4

)
t

D2(t) = − t6

8
− t5

8
+
(

−x

2
+ 1
8

)
t4 +

(
−x

2
+ 1
8

)
t3 − t2x2

2

D3(t) = 179t9

576
+ 3t8

8
+
(

−23
64

+ 7x
8

)
t7 +

(
x − 1

2

)
t6 +

(
9
320

− x

4
+ x2

2

)
t5

+
(

x2

2
+ 1
8

− x

2

)
t4 +

(
−x

8
+ 5
192

+ x3

3

)
t3.

(2.14)

The asymptotic contributions A
(int)
i (s), i = −1, . . . , 3, are defined as

A
(int)
−1 (s) = 8 sin(πs)

π

∞∑
j= 1

2

j

(
j + 1

2

)∫ ∞

mR/j

((
xj

R

)2
− m2

)−s √
1+ x2 − 1

x

A
(int)
0 (s) = 4 sin(πs)

π

∞∑
j= 1

2

(
j + 1

2

)∫ ∞

mR/j

((
xj

R

)2
− m2

)−s

∂

∂x
ln

√
1+ x2(1− t)

x2

A
(int)
i (s) = 4 sin(πs)

π

∞∑
j= 1

2

(
j + 1

2

)∫ ∞

mR/j

((
xj

R

)2
− m2

)−s

∂

∂x

Di(t)

j i
.

(2.15)

Their small mass expansions can be conveniently represented as

A
(int)
−1 (s) = R2s√

π	(s)

∞∑
k=0

(−1)k
k!

(mR)2k
	(k + s − 1

2 )

k + s

×[2ζ(2k + 2s − 2, 12 ) + ζ(2k + 2s − 1, 12 )]

A
(int)
0 (s) = − R2s√

π	(s)

∞∑
k=0

(−1)k
k!

(mR)2k
	(k + s + 1

2 )

k + s

×(2ζ(2k + 2s − 1, 12 ) + ζ(2k + 2s, 12 ))

A
(int)
i (s) = −2R

2s

	(s)

∞∑
k=0

(−1)k
k!

(mR)2k[2ζ(2k + 2s + i − 1, 12 ) + ζ(2k + 2s + i, 12 )]

×
2i∑

a=0
xi,a

	(k + s + a+i
2 )

	( a+i
2 )

.

(2.16)
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In this expression, the xi,a are the coefficients of the expansion of the functions Di(t), i.e.

Di(t) =
2i∑

a=0
xi,at

a+i . (2.17)

Note that here we encounter the same problem that occurred already in the scalar case.
One needs a representation that is useful and valid for an (in principle) arbitrary value of
m. To this end one can actually proceed in different ways, casting the final result in terms
of convergent series or integrals. Our leitmotiv will be the following: we will always try
to express the final result in terms of the formula which is more appropriate for practical
evaluation (e.g. numerical, in general). This means that, sometimes, instead of having the
closed convergent sums that were universally used in the scalar case, rapidly converging
integrals—better suited for numerical analysis—will be preferred here.

With this aim, we note that after performing the z-integration the A
(int)
i (s), for i � 1,

can be written in the following form,

Ai(s) = −4m
−2s

	(s)

2i∑
a=0

xi,a

(mR)i+a

	(s + (i + a)/2)
	((i + a)/2)

×[f (s; 1+ a; (i + a)/2) + 1
2f (s; a; (i + a)/2)] (2.18)

with the definition

f (s; a; b) =
∞∑

ν= 1
2 ,
3
2 ,...

νa

(
1+

( ν

mR

)2)−s−b

. (2.19)

The remaining task in this case is to calculate the f (s; a; b) for the relevant values at
s = − 1

2 . This is a systematic calculation that will be sketched in appendix A. Let us
mention here just that an essential step is to use the simple recurrence:

f (s; a; b) = (mR)2[f (s; a − 2; b − 1) − f (s; a − 2; b)]. (2.20)
In appendix B we give the whole list of starting terms that, in addition to the recurrence
formula (2.20), are strictly necessary for obtaining explicitly all the A

(int)
i (s) needed in our

calculation.

3. Discussion of the renormalization

For the discussion of the renormalization let us isolate the divergent terms in the ground-state
energy. By construction they are all contained in the contributions A

(int)
i (s). Having their

explicit form at hand (see appendices A and B) they can be given quickly. In particular,
we have, for the interior part

resA(int)
−1 (− 1

2 ) = −m4R3

6π
+ m2R

12π
+ 7
480πR

resA(int)
0 (− 1

2 ) = −m2R

2π
− 1
24πR

resA(int)
1 (− 1

2 ) = −m3R2

π
+ m2R

12π
+ m

12π
− 1
48πR

resA(int)
2 (− 1

2 ) = −m2R

4
− m

(
1
8

+ 1
2π

)
+ 1
128R

+ 1
24πR

resA(int)
3 (− 1

2 ) = 2m3R2

3π
+ m2R

(
1
4

+ 2
3π

)
+ m

(
1
8

+ 7
20π

)
− 1
128R

− 97
10 080πR
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and, as a result,

res ζ (int)(− 1
2 ) = − 1

63πR
− m

15π
+ m2R

3π
− m3R2

3π
− m4R3

6π
. (3.1)

Here res denotes the residue. These terms constitute the minimal set of counterterms
necessary in order to renormalize our theory.

In the scalar case one had the peculiar situation that there were no divergent contributions
of the form ∼ m3, m in the zeta-function description [45]—although in other regularizations
they indeed appear [32]. So, in principle, one had the choice of renormalizing the associated
couplings. In contrast, as seen in (3.1), for spinors the coupling constants of all terms
appearing have to be renormalized. The minimal set of counterterms, equation (3.1), in the
zeta-function scheme applied here is the same set that is found using a proper time cut-off
[32].

We are led into a physical system consisting of two parts.
(1) A classical system consisting of a spherical surface (‘bag’) with radius R. Its energy

reads

Eclass = pV + σS + FR + k + h

R
(3.2)

where V = 4
3πR3 and S = 4πR2 are the volume and the surface of the bag, respectively.

This energy is determined by the parameters: p pressure, σ surface tension, and F , k, and
h which do not have special names.

(2) A spinor quantum field ϕ(x) obeying the Dirac equation and the MIT boundary
conditions (2.3) on the surface. The quantum field has a ground-state energy given by E0,
equation (2.8).

It is seen that, in the limit m → 0, only one divergent contribution proportional to 1/R
survives. As a result, equation (3.2) simplifies to Eclass = h/R. For dimensional reasons it
is clear that this is also the form of the finite part of the ground-state energy given by E0.
One thus obtains

E0 = 1
126πR

(
1
s

+ ln(μR)2
)

+ 0.01× 1
R

. (3.3)

The philosophy is now, that the complete energy of the physical system can be written as

E = Eclass + E0 (3.4)

and that the term proportional to 1/R can be absorbed into the definition of the
phenomenological parameter of the bag model. In the example considered, the energy
then reads

E = 1
R

(
hren + 1

126π
ln(μR)2

)
(3.5)

with the definition

hren = h + 1
126πR

1
s

+ 0.01× 1
R

. (3.6)

This is all one can say within the confines of the bag model [32, equation (6.12)]. In
particular, hren is not calculable within the model and has to be determined experimentally.

The dependence on μ has to be viewed as a remainder of the remormalization process.
Milton [19] has used instead a cut-off δ arising from the non-coincidence in time of field
points. Owing to the different schemes employed, there is actually no reason why the finite
part in (3.3) should be equal to that obtained by Milton [19], since it varies by simply
changing the value of the parameter μ.
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However, once the energy E0 is finite and once there is no remormalization ambiguity,
our finite result agrees with the result of Milton. This is the case when the whole space is
considered as described in section 4.

For the massive field the philosophy is the same, but one needs the full classical energy
equation (3.2). First we perform a kind of minimal subtraction, where only the divergent
contribution is eliminated,

p → p − m4

16π2
1
s

σ → σ − m3

24π2
1
s

F → F + m2

6π
1
s

k → k − m

30π
1
s

h → h − 1
126π

1
s
.

(3.7)

As emphasized before, the quantities α = {p, σ, F, k, h} constitute a set of free parameters
of the theory to be determined experimentally. In principle we are free to perform finite
renormalizations of our choice in all of the parameters. In order to give the numerical
analysis of the energy as a function of mR we are going to perform the specific finite
renormalization to be described now.

First, it is possible to determine the asymptotic behaviour of the Ai for m → ∞ using
the results of appendices A and B. The finite pieces, not vanishing in the limit m → ∞,
are all of the same type as appearing in the classical energy. Our first finite renormalization
is such that those pieces are cancelled. As a result, only the ‘quantum contributions’ are
finally included, because, physically, a quantum field of infinite mass is not expected to
fluctuate. The resulting Ai will be called A

(ren)
i .

Concerning Z3 we have not been able to determine analytically its complete non-
vanishing behaviour for m → ∞. Instead, for the numerical analysis performed, as shown
in figure 1, we have constructed a numerical fit of Z3 using a polynomial of the form

P (m) =
4∑

i=0
cim

i

and then we have subtracted this polynomial from Z3. As explained above, this method is
nothing else than an ulterior finite renormalization. The result will be denoted by Z

(ren)
3 .

Summing up, we can write the complete energy as

E = Eclass + E
(ren)
0 (3.8)

where Eclass is defined as in (3.2) with the renormalized parameters α and E
(ren)
0 =

Z
(ren)
3 +∑3

i=−1A
(ren)
i .

Figure 1 shows the numerical analysis of the energy E
(ren)
0 of the system for this

specific choice of renormalization. The energy exhibits a clear minimum corresponding
to a stabilizing bag radius.

4. Exterior of the bag and a model for the whole space

The analysis of the region exterior to the bag is quite similar to the one carried out for
the interior region. Only some specific differences appear both in the formulae and in the
results. The expression for the zeta function in the exterior region is essentially the same
as that corresponding to the interior, but for the replacement of the Bessel Ij functions with
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Figure 1. The energy E
(ren)
0 as a function of the radius for a specific choice of parameters.

Bessel Kj functions, namely

ζ (ext)(s) = 2 sinπs

π

∞∑
j= 1

2 ,
3
2 ,...

(2j + 1)
∫ ∞

mR/j

dz ((zj/R)2 − m2)−s

× ∂

∂z
ln
[
z2j
(

K2
j (zj) + K2

j+1(zj) + 2mR

zj
Kj (zj)Kj+1(zj)

)]
. (4.1)

In order to avoid volume divergences, in this expression the ‘vacuum’ or volume energy
has already been subtracted. The splitting of the zeta function also has the same aspect as
for the interior region. We have, in particular

A
(ext)
−1 (s) = −A

(int)
−1 (s)

A
(ext)
0 (s) = 4 sin(πs)

π

∞∑
j= 1

2

(
j + 1

2

)∫ ∞

mR/j

dz ((zj/R)2 − m2)−s ∂

∂z
ln
[
1+ t

t

]

and the polynomials that replace the Di(t) above are here (x = mR)

D1(t) = t

4
+ xt − t3

12

D2(t) = −x2 t2

2
− t3

8
− xt3

2
+ t4

8
+ xt4

2
+ t5

8
− t6

8

D3(t) = −5t3
192

− xt3

8
+ x3t3

3
+ t4

8
+ xt4

2
+ x2t4

2
− 9t5

320

−xt5

4
− x2t5

2
− t6

2
− xt6 + 23t7

64
+ 7xt7

8
+ 3t8

8
− 179t9

576
.

As for the functions A
(ext)
i (s), one obtains the same expressions as before, but for the

replacement of the polynomials Di(t) with the corresponding polynomials Di(t).
In principle, the same procedure as above can be applied now in order to obtain an

analytical expression for the whole energy of the exterior space. Instead, we wish to restrict
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ourselves here to the specific changes that show up when discussing the renormalization.
For that, we only have to consider the pole of the different A

(ext)
i . In particular, for the

residues we have

resA(ext)
−1 (− 1

2 ) = m4R3

6π
− m2R

12π
− 7
480πR

= − resA(int)
−1 (− 1

2 )

resA(ext)
0 (− 1

2 ) = m2R

2π
+ 1
24πR

= − resA(int)
0 (− 1

2 )

resA(ext)
1 (− 1

2 ) = −m3R2

π
− m2R

12π
+ m

12π
+ 1
48πR

resA(ext)
2 (−1

2
) = −m2R

4
+ m

(
1
8

− 1
2π

)
+ 1
128R

− 1
24πR

resA(ext)
3 (− 1

2 ) = 2m3R2

3π
+ m2R

(
1
4

− 2
3π

)
− m

(
1
8

− 7
20π

)
− 1
128R

+ 97
10 080πR

.

This yields for the residue of the whole zeta function at the exterior region

res ζ (ext)(− 1
2 ) = 1

63πR
− m

15π
− m2R

3π
− m3R2

3π
+ m4R3

6π
. (4.2)

Thus the minimal set of counterterms necessary in order to renormalize the theory in the
exterior of the bag is identical to the one needed in the interior of the bag. The classical
system is again described by equation (3.2).

The opposite sign of the coefficients in the divergences (3.1) and (4.2) corresponding to
the odd powers of R can be easily explained by means of differential geometrical arguments,
just observing that the curvature of the surface of the bag has opposite sign when looked
at from the exterior or from the interior of the bag.

However, the divergences with even powers of R do not annihilate when adding up the
two contributions from the two sides. In fact, for the zeta function corresponding to the
whole space (internal and external to the bag) we obtain:

res ζ(− 1
2 ) = res ζ (int)(− 1

2 ) + res ζ (ext)(− 1
2 ) = − 2m

15π
− 2m3R2

3π
(4.3)

therefore, the two free parameters σ and k remain even if the whole space is considered.
The only exception is the case of the massless field, where the two (potentially)

divergent contributions vanish. As a result a finite ground-state energy E0 remains and
no renormalization process is necessary. In that case our result for the energy E0 fully
agrees with the result of Milton [21],

E0 = 1
R

× 0.0204. (4.4)

In detail, for R = 1, the contributions of the single constituents are summarized in tables 1
and 2; on the left for Z

(whole)
3 = Z

(int)
3 + Z

(ext)
3 , on the right for A

(whole)
i = A

(int)
i + A

(ext)
i .

In addition for Z
(whole)
3 the numerical value is subdivided into the single angular momenta.

The contribution of
∑∞

j= 7
2
has been obtained using the asymptotics of the integrands in

equations (2.13) and (4.1), which is justified numerically.

5. Conclusions

In this paper we have studied in considerable detail a quantum field theoretical system
consisting of a Dirac field with boundary conditions corresponding to those of the MIT bag
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Table 1.

j = 1
2 −0.028 66

j = 3
2 −0.002 67

j = 5
2 −0.000 88

j =∑∞
j= 7

2
−0.001 59

Table 2.

0 A
(whole)
−1

0 A
(whole)
0

0 A
(whole)
1

−0.015 06 A
(whole)
2

0.069 23 A
(whole)
3

model. This is the most natural continuation—in the direction towards approaching truly
realistic physical systems—of previous work where only scalar fields were treated [45].
The application of our techniques can be carried out essentially in the same way as for
the scalar case. Starting from the Dirac equation and imposing the boundary conditions we
have derived an eigenvalue equation in terms of Bessel functions. This basic expression has
then been solved, implicitly, in the regions interior and exterior to the bag surface, by using
contour integration. This has yielded the corresponding zeta function in each of the two
domains. Extraction of the singular part of the zeta function has also been done exactly.
Adding up the contributions of the two parts, not all divergences cancel among themselves,
what theoretically influences the playground of the ulterior renormalization process.

When considering a massive fermionic quantum field only in the interior or exterior of
the bag, we have seen that in order to renormalize the ground-state energy E0 we need a
classical energy containing five free parameters. Adding up interior and exterior regions two
of the parameters remain (for the case of non-vanishing mass). As repeatedly emphasized,
these parameters cannot be fixed theoretically, but have to be numerically adjusted by means
of direct comparison with the physical system described by the model [32, 45]. In this,
we must confess, we are still a bit far from our final aim, in the sense that, as it stands,
our model cannot be considered yet to describe a realistic physical situation. This must be
left to future work, given the complexity of the proposal. In any case, we should like to
point out the rigour and strict systematicity of the approach we have used here, and also its
relative simplicity, if we compare it with other methods of similar strength and ambition.

Specializing our considerations to the massless field, we can compare our results with
the analysis of Milton [19, 21]. Considering only the interior of the bag, we have seen that
we cannot calculate the phenomenological parameter h. This issue depends very much on
the regularization scheme chosen. As mentioned already, in Milton’s approach divergences
are of a different type. Specifically, no contact term h/R was necessary there; instead, the
parameter h was calculated. However, the value of h obtained (adding up the contributions
of free gluon and fermionic fields) is not in agreement with h determined from mass fits
[47]. In our opinion this is no severe problem because as explained, h is not calculable
within the bag model but rather fixed by the mass fits. In addition, it should be noted that
perfectly acceptable fits can be made to the hadron spectrum in the bag model with the
calculated Casimir energy if an additional constant force parameter, as in (3.2), is included.
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When considering the massless field in the whole space no divergences at all appear
and no renormalization is necessary. The finite value of E0 obtained agrees with the value
of Milton and may be contemplated as the Casimir energy of the field for this configuration.

Going beyond m = 0 we have determined the dependence of E0 as a function of the
dimensionless parameter mR. In doing this we have continued the analysis in [22], where
only the divergent part had been determined. A notable result of our analysis, that we would
like to mention, is that the Casimir energy may exhibit a clear minimum associated with a
stable bag radius (see figure 1). Comparing such behaviour with the one corresponding to
the scalar field, where a maximum occurred, the difference can clearly be traced back to
the anticommuting nature of the spinor fields, which shows up as a sign in the definition of
the ground-state energy.

Another interesting observation is that, in contrast to the case of parallel plates, the
behaviour of the Casimir energy for large values of mR is not exponentially damped.
Instead, as neatly observed from the representations of the Ai(s) given in appendices A and
B, we find a behaviour in inverse powers of the mass. This is directly connected with the
non-vanishing of the extrinsic curvature at the bag.

Possible continuations of our approach go in the direction of finite temperature and finite
densities, as considered already for massless fermions in [17, 28, 29]. A natural question to
ask concerns the possible appearance of a first-order phase transition from a hadronic bag
to a deconfined quark–gluon plasma within our framework. This is left for future work.
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Appendix A. Explicit representations for the asymptotic contributions inside the bag

The essential formulae for the basic series f (s; a; b), equation (2.19), in the calculation are
the following:

∞∑
ν= 1

2 ,
3
2 ,...

ν2n+1
(
1+

(ν

x

)2)−s

= 1
2

n!	(s − n − 1)
	(s)

x2n+2

+(−1)n2
∫ x

0
dν

ν2n+1

1+ e2πν

(
1−

(ν

x

)2)−s

+(−1)n2 cos(πs)

∫ ∞

x

dν
ν2n+1

1+ e2πν

((ν

x

)2
− 1
)−s

(A.1)

∞∑
ν= 1

2 ,
3
2 ,...

ν2n
(
1+

(ν

x

)2)−s

= 1
2

	(n + 1
2 )	(s − n − 1

2 )

	(s)
x2n+1

−(−1)n2 sin(πs)

∫ ∞

x

dν
ν2n

1+ e2πν

((ν

x

)2
− 1
)−s

. (A.2)
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Using partial integrations one can obtain representations valid for values of s needed for
the Ai(s). One obtains, for example, the following expansions around s = − 1

2 :

∞∑
ν= 1

2 ,
3
2 ,...

ν3
(
1+

(ν

x

)2)−s− 3
2

= 1
2

	(s − 1
2 )

	(s + 3
2 )

x4

−x2
∫ ∞

0
dν

d
dν

[
ν2

1+ e2πν

]
ln |ν2 − x2| + O(s + 1

2 )

∞∑
ν=1 12 , 32 ,...

ν2
(
1+

(ν

x

)2)−s− 3
2

= −π

2
x3 + π

x3

1+ e2πx
+ O(s + 1

2 )

showing clearly that one can obtain quickly convergent integrals, respectively expressions
for the effective numerical evaluation of the involved sums. All the particular values that
are necessary to give the Ai(s), i = 1, 2, 3, explicitly (in addition to the recurrence (2.20))
are listed in appendix B.

The first two leading asymptotic contributions, A−1 and A0 have to be treated in a
slightly different way, as has been explained in detail in [45]. For completeness we give
the final results

A−1(s) =
(

1
s + 1

2
− lnm2

)(
−R3m4

12π
+ m2R

24π
+ 7
960πR

)
+ R3m4

24π
(1− 4 ln 2)

−m3R2

6
+ m2R

24π
[2 ln(2mR) − 1]+ 7

960πR
[1+ 2 ln(2mR)]

− 2
πR

∫ ∞

0

dν ν

1+ e2πν
(ν2 − m2R2) ln |ν2 − m2R2|

−4m
2R

π

∫ ∞

0

dν ν

1+ e2πν

(
ln |ν2 − m2R2| + ν

mR
ln
∣∣∣∣mR + ν

mR − ν

∣∣∣∣
)

+m2R

2π
ln(1+ e−2πmR) − 1

R

∫ ∞

mR

dν ν2

1+ e2πν
− m2R

π

∫ 1

0
dy ln(1+ e−2πmRy)

(A.3)

and

A0(s) = −
(

1
s + 1

2
− lnm2

)(
1

48πR
+ m2R

4π

)
+ m3R2

6
+ m2R

π

[
5
4

− 1
2
ln 2− ln(mR)

]

− ln 2
24πR

− 2
R

∫ ∞

mR

dν ν2

1+ e2πν
− m3R2

∫ 1

0

dx
1+ e2πmR

√
x

+ 1
πR

∫ ∞

0

dν ν

1+ e2πν
ln
∣∣∣∣1−

( ν

mR

)2∣∣∣∣
−m2R

2π

∫ ∞

0
dν
(
d
dν

1
1+ e2πν

)∫ 1

0

dx√
x
ln |m2R2x − ν2|. (A.4)

This completes the description of our procedure to obtain well-suited representations (for
numerical evaluation) of all the Ai that are needed for the calculation of the Casimir energy
of the spinor inside the bag.
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Appendix B. Full list of constituent terms f(a; b) to be used in addition to the
recurrence formula

To simplify the expressions, we shall here use x for mR. In addition to the above recurrence,
in order to determine all the Ai(s) explicitly one needs the following f (a; b)’s (we shall
use the notation f (a; b) = f (− 1

2 ; a; b)):

f (0; 12 ) = 0 f (1; 12 ) = − 1
2x
2 + 1

24

d
ds

∣∣∣∣
s=− 1

2

f (s; 0; 12 ) = −πx − 2π
∫ ∞

x

dν
1

1+ e2πν

d
ds

∣∣∣∣
s=− 1

2

f (s; 1; 12 ) = −1
2
x2 − 2

∫ ∞

0
dν

ν

1+ e2πν
ln
∣∣∣∣1−

(ν

x

)2∣∣∣∣
f (0; 1) = x

2(s + 1
2 )

+ x ln 2+ 2x2
∫ ∞

x

dν
d
dν

(
1

ν(1+ e2πν)

)[(ν

x

)2
− 1
]1/2

f (0; 32 ) = πx

2
− πx

1+ e2πx

f (1; 32 ) = x2

2(s + 1
2 )

+ x2 ln x + x2
∫ ∞

0
dν
(
d
dν

1
1+ e2πν

)
ln |ν2 − x2|

f (1; 1) = 2x2
∫ x

0
dν
(
d
dν

1
1+ e2πν

)[
1−

(ν

x

)2]1/2

f (1; 2) = −2x2
∫ x

0
dν
(
d
dν

1
1+ e2πν

) ∣∣∣∣1−
(ν

x

)2∣∣∣∣
−1/2

f (2; 2) = x3

2(s + 1
2 )

+ (ln 2− 1)x3 + 2x4
∫ ∞

x

dν
[
d
dν

(
1
ν

d
dν

ν

1+ e2πν

))[(ν

x

)2
− 1
]1/2

f (2; 52 ) = π

4
x3 − π

2
x4
(
1
ν

d
dν

ν

1+ e2πν

) ∣∣∣∣
ν=x

f (3; 52 ) = x4

2(s + 1
2 )

+ (ln x − 1
2 )x

4 + x4

2

∫ ∞

0
dν
[
d
dν

(
1
ν

d
dν

ν2

1+ e2πν

)]
ln |ν2 − x2|

f (3; 3) = −2
3
x4
∫ x

0
dν
[
d
dν

(
1
ν

d
dν

ν2

1+ e2πν

)][
1−

(ν

x

)2]−1/2
(B.1)

f (4; 3) = x5

2(s + 1
2 )

+ (3 ln 2− 4)x
5

3
+ 2x6

3

∫ ∞

x

dν
[
d
dν

(
1
ν

d
dν
1
ν

d
dν

ν3

1+ e2πν

)]

×
[(ν

x

)2
− 1
]1/2

f (4; 72 ) = 3π
16

x5 − π

8
x6
(
1
ν

d
dν
1
ν

d
dν

ν3

1+ e2πν

) ∣∣∣∣
ν=x

f (5; 72 ) = x6

2(s + 1
2 )

+ (ln x − 3
4 )x

6 + x6

8

∫ ∞

0
dν
[
d
dν

(
1
ν

d
dν
1
ν

d
dν

ν4

1+ e2πν

)]
ln |ν2 − x2|

f (5; 4) = −2x
6

15

∫ x

0
dν
[
d
dν

(
1
ν

d
dν
1
ν

d
dν

ν4

1+ e2πν

)][
1−

(ν

x

)2]−1/2
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f (6; 4) = x7

2(s + 1
2 )

+ (ln 2− 23
15 )x

7 + 2x8

15

∫ ∞

x

dν
[
d
dν

(
1
ν

d
dν
1
ν

d
dν
1
ν

d
dν

ν5

1+ e2πν

)]

×
[(ν

x

)2
− 1
]1/2

f (6; 92 ) = 5π
32

x7 − π

48
x8
(
1
ν

d
dν
1
ν

d
dν
1
ν

d
dν

ν5

1+ e2πν

) ∣∣∣∣
ν=x

f (7; 92 ) = x8

2(s + 1
2 )

+ (ln x − 11
12 )x

8 + x8

48

∫ ∞

0
dν
[
d
dν

(
1
ν

d
dν
1
ν

d
dν
1
ν

d
dν

ν6

1+ e2πν

)]

× ln |ν2 − x2|.
Using these formulae all the Ai(s) are obtained immediately and, what is important, always
in the most suitable fashion for practical evaluation (as explained before).
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08034 Barcelona, Spain
4 Departament ECM i IFAE, Facultat de Fı́sica, Universitat de Barcelona, Diagonal 647, 08028
Barcelona, Spain
5 Universität Leipzig, Institut für Theoretische Physik, Augustusplatz 10, 04109 Leipzig,
Germany

E-mail: cognola@science.unitn.it, elizalde@ieec.fcr.es and klaus@a13.ph.man.ac.uk

Received 12 June 2001
Published 31 August 2001
Online at stacks.iop.org/JPhysA/34/7311

Abstract
A general calculation of Casimir energies—in an arbitrary number of
dimensions—for massless quantized fields in spherically symmetric cavities
is carried out. All the most common situations, including scalar and spinor
fields, the electromagnetic field and various boundary conditions are treated
with the uppermost accuracy. The final results are given as analytical, closed
expressions in terms of Barnes zeta functions. A direct numerical evaluation
of the formulae is then performed, which yields highly accurate numbers of, in
principle, arbitrarily good precision.

PACS numbers: 12.38.−t, 02.10.De, 12.20.−m

1. Introduction

Calculations of Casimir energies in spherically symmetric situations have attracted the interest
of physicists for well over 30 years now. Since the calculation of Boyer [1], who computed
the Casimir energy for a conducting spherical shell and found, to his surprise, a repulsive
force, many different situations in the spherically symmetric context have been considered.
For example, dielectrics were included [2] (for the case of plane, parallel surfaces see [3]) and
used later for possible explanations of sonoluminescence [4–8]. Moreover, enormous interest
has been attracted by the MIT bag model in QCD [9–20] and, also, the influence of different
boundary conditions has been considered in detail [21–23].

6 Present address: Department of Physics and Astronomy, The University of Manchester, Oxford Road, Manchester,
UK.
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Different methods have been used for dealing with the Casimir effect. Whereas in earlier
times the Green function formalism was preferred, in recent years different approaches—which
make use of contour integral representations of the involved spectral sums—are commonplace.
Although the idea for this method, in the specific context of Casimir energies, goes back to the
early days of the subject [24], a systematical, effective and simple application of this approach
in various contexts has only recently been achieved [21–28].

The spectral sum which actually appears in the calculation depends on the regularization
used and may include a cutoff function, to dampen high-frequency contributions [28] or, as in
the zeta regularization technique [29], complex powers of the eigenvalues [21,22,26,30]. As a
result, the details of the computation may differ slightly, for example in the specific integration
contour chosen, but all of them share the elegance of this method.

In recent contributions we have further developed the zeta function technique, in
combination with several contour integral representations. Given the deep connections among
zeta functions, heat kernels and functional determinants [31–34], one advantage of the method
is that it can be applied, alternatively, to the calculation of heat kernel coefficients [26] and
functional determinants [27,30] (see also [35,36]), as well as Casimir energies [20–22]. This
clearly shows that zeta functions serve as a unified framework in different areas of interest.

Here we want to pursue this idea, by using the zeta function framework in a precise analysis
of the Casimir energy as a function of the dimension of space. Previously it had been shown
that arbitrary space dimension can be treated elegantly by making use of Barnes zeta functions,
where the dimension can be considered as a parameter [27, 37]. This has been applied to the
calculation of heat-kernel coefficients and determinants and it will be here used to study the
Casimir energy. Apart from dealing with arbitrary dimensions, we will introduce scalars,
spinor fields and the electromagnetic field in a unified way, including the effects different sets
of boundary conditions have on them. In spirit, our analysis is to be compared with that of
Ambjørn and Wolfram in [38], with the difference that the role of the Epstein zeta function
there is here played by the Barnes zeta function. For a recent analysis on the dimensional
dependence of the Casimir energy for scalar fields with Dirichlet boundary conditions and
the electromagnetic field in the presence of a spherical shell see [39, 40], where the space
dimension D has been dealt with as a parameter, and results for (in principle) all values of real
D have been obtained.

The paper is organized as follows. In the next section we briefly recall the definition of
Casimir energies in terms of zeta functions. In section 3, we shortly describe the method
and derive the formulae that are subsequently needed in the context of Casimir energy
calculations [26, 27]. In section 4 we consider the case of a scalar field. For Dirichlet
boundary conditions, the energy in dimensions D = 2 up to 9 is given there. The interior and
the exterior regions are treated separately. Afterwards, the changes in the procedure needed
for Robin boundary conditions are explained, and the corresponding formulae are derived.
Given that the Casimir energy of the electromagnetic field is determined by using the Casimir
energy of a scalar field satisfying Dirichlet boundary conditions (TE modes) and a scalar field
satisfying Robin boundary conditions (TM modes), these forms constitute the basis for the
electromagnetic case, and nothing else needs to be calculated, as will be later described in
detail (section 6). Before that, section 5 is devoted to the spinor field. Local bag boundary
conditions, as well as global spectral boundary conditions, are considered. In the concluding
section 7, a summary of our main results, as well as details on how our method is indeed able
to yield arbitrary accurate results, are given.
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2. The Casimir energy

The Casimir energy of a quantum field �(t, 	x) inside a spherical shell is formally given by

ECas = 1
2

∑
k

ωk (2.1)

(we set h̄ = c = 1) with the one-particle energies ωk = √
λk being obtained from

−�φk(	x) = λkφk(	x) (2.2)

also fulfilling suitable boundary conditions. The field operator is, in our case, A = ∂2
t − �,

and we have �(t, 	x) = e−iωtφ(	x). The Laplacian � is that defined inside or outside the
D = (d + 1)-dimensional ball BD = {	x ∈ R

D‖	x‖ � R} and the fields φ(	x) must satisfy
appropriate boundary conditions at ‖	x‖ = R.

The Casimir energy as given by the formal expression (2.1) is ill defined and has to be
regularized. In the ζ -function regularization procedure, one writes

ECas = 1
2μ2sζ(s − 1/2)|s=0 (2.3)

ζ(s) =
∑
λk �=0

λ−s
k . (2.4)

Here, μ is an arbitrary parameter with dimensions of mass to yield the correct dimension for
all values of s, and ζ(s) is the ζ -function corresponding to the operator A. In some cases, ECas

will be divergent and, as is known and will be seen later on, renormalization ambiguities may
remain.

In order to calculate ECas according to the previous definition, we need information on
the zeta function ζ(s) in a neighbourhood of s = −1/2. As we are dealing with operators
in flat space, but satisfying boundary conditions on a d-dimensional sphere (d = D − 1, the
boundary of the D-dimensional ball), the eigenvalues will be implicitly given as the zeros of
a polynomial P̃ (Z̃ν, Z̃

′
ν) involving Bessel or Hankel functions, according to whether one is

considering the internal or the external domain, respectively. We will denote the associated
zeta functions by ζ int(s) and ζ ext(s). The total Casimir energy will be the sum of the two terms,
that is

ECas = 1
2μ2s

[
ζ int(s − 1/2) + ζ ext(s − 1/2)

]∣∣
s=0. (2.5)

With just a few modifications, which involve the phase of the zeta function (see [41] for precise
details), all the considerations above can be extended to the Dirac operator. The basic construct
turns out to be the zeta function of the square of the Dirac operator and one encounters a minus
sign in equation (2.3).

3. The method

The method to be used here has been developed in the seminal papers [21,26,27] and permits
us to compute the ζ -function starting from the (indirect) knowledge of the eigenvalues through
an implicit relation of the kind

P̃ (Z̃νl
(ωnlR), Z̃′

νl
(ωnlR)) = 0 λnl = ω2

nl (3.1)

where n, l � 0 are the principal and azimuthal quantum numbers respectively. The degeneracy
d(l)of the eigenvalues and the index νl of the Bessel functions depend on l and on the dimension.
Their explicit forms are strictly related to the fields and the boundary conditions.

The ζ -function can be expressed as an integral in the complex plane, that is

ζ(s) =
∑

l

d(l)

2π i

∫
γ

k−2s ∂

∂k
ln k−bνl P̃ (Z̃νl

(k), Z̃′
νl
(k)) dk Re s >

D

2
(3.2)
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where the open contour γ has to be chosen to run counterclockwise and to enclose all strictly
positive solutions of equation (3.1). The additional factor k−bνl has been inserted in order to
cancel the pole at the origin, which is important when deforming the contour in the next step.
In this way γ can also include the origin. Here b is a number which depends on the asymptotic
behaviour of P̃ at the origin: in our cases it will be ±1 for scalars, but for spin- 1

2 with mixed
boundary conditions it turns out to be ±2.

For explicit calculation, it is convenient to write equation (3.2) as an integral on the real
axis. This can be done by deforming the contour γ to the imaginary axis and by making the
substitution k → iy. In general one has to be careful when deforming the contour that no
poles in the plane Re k � 0 are hit. In fact, for Robin boundary conditions one has

P̃ (Z̃ν, Z̃
′
ν) = αZ̃ν(k) + kZ̃′

ν(k) = (α − ν)Z̃ν(k) + kZ̃ν−1(k) = 0 (3.3)

which may have solutions for k /∈ R too, if α > ν. To avoid these cases, in the following we
will consider α � ν0 only, ν0 corresponding to the smallest eigenvalue.

With this assumption we can write the ζ -function in the simpler form

ζ(s) = sin πs

π

∞∑
l=0

d(l)

∫ ∞

0
y−2s ∂

∂y
ln[y−bνl P (νl, y)] dy (3.4)

which is valid for 1/2 < Re s < 1 (for details see [26]). Here, P(ν, y) = P(Zν(y), Z′
ν(y))

is a polynomial like P̃ (aside, possibly, from an irrelevant sign) and the Zν(y) = Z̃ν(iy) are
the modified Bessel functions corresponding to Z̃. In order to compute the Casimir energy
we need the ζ -function at s = −1/2 and so we have to make an analytic continuation of
equation (3.4).

With this aim, let us now employ the asymptotic expansion of the modified Bessel
functions. For large values of ν, we have [42]

Iν(νz) ∼ 1√
2πν

eνη

(1 + z2)
1
4

�1 �1 =
∞∑

k=0

uk

νk
(3.5)

I ′
ν(νz) ∼ 1√

2πν

eνη(1 + z2)
1
4

z
�2 �2 =

∞∑
k=0

vk

νk
(3.6)

Kν(νz) ∼
√

π

2ν

e−νη

(1 + z2)
1
4

�3 �3 =
∞∑

k=0

(−1)k
uk

νk
(3.7)

K ′
ν(νz) ∼ −

√
π

2ν

e−νη(1 + z2)
1
4

z
�4 �4 =

∞∑
k=0

(−1)k
vk

νk
(3.8)

where η = √
1 + z2 +ln[z/(1+

√
1 + z2)]. The first few coefficients uk and vk are listed in [42],

while higher-order coefficients are immediate to obtain by using the recursion relations

uk+1(t) = 1
2 t2(1 − t2)u′

k(t) + 1
8

∫ t

0
(1 − 5τ 2)uk(τ ) dτ (3.9)

vk+1(t) = uk+1(t) − 1
2 t (1 − t2)uk(t) − t2(1 − t2)u′

k(t) (3.10)

t = 1√
1 + z2

z =
√

1 − t2

t
. (3.11)

As we shall see explicitly in the following, the above behaviour of Bessel functions permits
us to write

ln P(ν, zν) ∼ ln F(ν, z) +
N∑

n=1

Dn(t)

νn
(3.12)
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an expression which is valid for large values of ν. The function F is related to the exponential
factors in equations (3.5)–(3.8), while the coefficients Dn(t) are related to �k and are
polynomials in t . More precisely

Dn(t) =
2n∑

k=0

xnkt
n+k. (3.13)

Note that when b = ±1, all xnk with odd k vanish. Of course, F , Dn and xnk depend on the
specific problem under consideration. We will specialize them for every case.

The trick consists now in subtracting the asymptotic behaviour from the integrand function
and in integrating the asymptotic part, with arbitrary s, exactly. We thus obtain

ζ(s) = Z0(s) + Z(s) +
N∑

n=−1

An(s). (3.14)

Here,

Z0(s) = δ(D − 2)d[0]
sin(πs)

π

∫ ∞

0
dz z−2s ∂

∂z
ln P(0, z) (3.15)

is the contribution due to νl = 0, which is present only in two dimensions and has to be treated
specifically for any case. Z(s) represents all the other terms with the asymptotic contributions
subtracted, that is

Z(s) = sin(πs)

π

∑
νl>0

d(l)

∫ ∞

0
dz (zν)−2s ∂

∂z

{
ln P(νl, zνl) − ln F(νl, z) −

N∑
n=1

Dn(t)

νn
l

}

(3.16)

and An are the integrals of the asymptotic part. They read [27]

An(s) = − 1

�(s)
ζN (s + n/2)

2n∑
k=0

xnk

�(s + n+k
2 )

�(n+k
2 )

n � 1 (3.17)

A−1 + A0 = sin(πs)

π

∑
νl>0

d(l)

∫ ∞

0
dz (zνl)

−2s ∂

∂z
ln[(zνl)

−bνlF (νl, z)]

= c−1(s)ζN (s − 1/2) + c0(s)ζN (s) (3.18)

ζN (s) =
∑
νl>0

d(l)ν−2s
l . (3.19)

Equation (3.16) is convergent for (D−2−N)/2 < Re s < 1, thus for our aim it is sufficient to
subtract N = D asymptotic terms. This means that with N = D we can directly put s = −1/2
in equation (3.16) and perform the integral numerically.

As we shall see in the explicit examples, the base ζ -function, ζN , can be conveniently
expressed in terms of the Barnes zeta function [44], defined as [45]

ζB(s, a; d) =
∞∑
	m=0

1

(a + m1 + · · · + md)s
=

∞∑
n=0

en(d)(a + n)−s

en(d) = (d + n − 1)!

n!(d − 1)!

for Re s > d . Obviously, there is an expansion of the kind

en(d) =
d−1∑
α=0

gα(d)(a + n)α
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and this yields the expansion of the Barnes zeta function in terms of Hurwitz zeta
functions [45, 46]

ζB(s, a; d) =
d−1∑
α=0

gα(d)ζH (s − α, a). (3.20)

For example, for d = 2, we trivially obtain

ζB(s, a; 2) = ζH (s − 1, a) + (1 − a)ζH (s, a).

One can show that the gα(d) are connected with the generalized Bernoulli polynomials [47].
This allows us to determine, in a direct way, the residues and finite parts of the Barnes zeta
function of the problem at hand. As a result, the asymptotic contributions in (3.14) are readily
computed.

4. The scalar field

The field equation for this case reads

−�φk(	x) = λkφk(	x) (4.1)

and has to be supplemented with Dirichlet or Robin boundary conditions. Here, � is the
Laplace operator inside or outside the D = (d + 1)-dimensional ball and we impose Dirichlet
(φ(	x)||	x|=R = 0) or Robin ([αφ(	x)| + φ′(	x)]||	x|=R = 0) boundary conditions.

In polar coordinates the solutions are

φl,m,n(r, ) = r1−D/2fν1(ωl,nr)Yl+D/2()

with νl = l + (D − 2)/2, the fν(r) being Bessel functions and the Yl+D/2() hyperspherical
harmonics [43].

4.1. Scalar field with Dirichlet boundary conditions inside a spherical shell

In this case, the fν are Bessel functions of the first kind and thus the eigenvalues λl,n = ω2
l,n

are defined through

Jνl
(ωl,nR) = 0

and have degeneracies given by d(l) = (2l + d − 1) (l+d−2)!
l!(d−1)! . From the last equation, it easily

follows that [27, 44]

ζN = ζB

(
2s,

d + 1

2
; d

)
+ ζB

(
2s,

d − 1

2
; d

)
. (4.2)

In this case,

P̃ (Z̃ν(k), Z̃′
ν(k)) = Jν(k) P (ν, z) = Iν(z) (4.3)

and, as a consequence,

F(ν, z) = 1√
2πν

eνη

(1 + z2)
1
4

(4.4)

ln �1 ∼
∞∑

n=1

Dn(t)

νn
. (4.5)

The asymptotic contributions have been calculated to be [27]

A−1(s) = 1

4
√

π

�
(
s − 1

2

)
�(s + 1)

ζN (s − 1/2)

A0(s) = − 1
4 ζN (s).

(4.6)
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The ζ -function for the present situation is obtained by means of equations (3.13)–(3.17) with
the definitions above.

As already anticipated in the previous section, in two dimensions we have an aditional
contribution that has to be computed explicitly. With this aim, we recall that, for large z,

I0(z) = ez

√
2πz

{
1 +

1

8z
+ O
(
z−2
)}

and thus we can write

Z0(s) = sin(πs)

π

{∫ 1

0
dz z−2s ∂

∂z
ln I0(z) +

∫ ∞

1
dz z−2s

[
∂

∂z
ln I0(z) − 1 +

1

2z
+

1

8z2

]

− 1

4s
+

1

2(s − 1/2)
− 1

16(s + 1/2)

}
(4.7)

where the poles at s = ±1/2 are shown explicitly. The integrals are now convergent for
s = −1/2 and can be computed numerically.

4.2. Scalar field with Dirichlet boundary conditions outside a spherical shell

Now the radial parts of the solutions are Bessel functions of the third kind (Hankel functions),
while νl and d(l) remain the same. Thus, we have

νl = l +
D − 2

2
(4.8)

d(l) = (2l + d − 1)
(l + d − 2)!

l!(d − 1)!
(4.9)

ζN = ζB

(
2s,

d + 1

2
; d

)
+ ζB

(
2s,

d − 1

2
; d

)
(4.10)

P(ν, z) = Kν(z) (4.11)

F(ν, z) =
√

π

2ν

e−νη

(1 + z2)
1
4

(4.12)

ln �3 ∼
∞∑

n=1

Dn(t)

νn
(4.13)

A−1(s) = − 1

4
√

π

�
(
s − 1

2

)
�(s + 1)

ζN (s − 1/2) (4.14)

A0(s) = − 1
4 ζN (s). (4.15)

Owing to the particular relation between �1 and �3, the coefficients Dn(t) differ from the
corresponding coefficients one has in the internal case just in the trivial factor (−1)n. The
same holds also for the quantities An(s).

In two dimensions we have to also consider the contribution due to ν = 0, which can be
obtained with the same arguments as in the previous case, equation (4.7). The result is

Z0(s) = sin(πs)

π

{∫ 1

0
dz z−2s ∂

∂z
ln K0(z) +

∫ ∞

1
dz z−2s

[
∂

∂z
ln K0(z) + 1 +

1

2z
− 1

8z2

]

− 1

4s
− 1

2(s − 1/2)
+

1

16(s + 1/2)

}
. (4.16)

The numerical results corresponding to the ζ -functions inside and outside the shell and the
total Casimir energy are reported in table 1 for the choices D = 2, . . . , 9. For the interior
space for D = 2 and 3 as well as for D = 3 and the exterior space, our results agree with [22].
For the whole space in D = 3 the result is given in [23, 39].
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Table 1. Scalar field with Dirichlet boundary conditions. Values of the zeta function at s = −1/2,
for the inside and the outside regions of a spherical shell, and values of the Casimir energy. The
presence of the cutoff ε for all even dimensions is to be noted. In such cases, the Casimir energy
is divergent and needs to be renormalized.

D ζ(−1/2) inside ζ(−1/2) outside Casimir energy

2 +0.009 8540 − 0.003 9062/ε −0.008 4955 − 0.003 9062/ε +0.000 6793 − 0.003 9062/ε

3 +0.008 8920 + 0.001 0105/ε −0.003 2585 − 0.001 0105/ε +0.002 8168
4 −0.001 7939 + 0.000 2670/ε +0.000 4544 + 0.000 2670/ε −0.000 6698 + 0.000 2670/ε

5 −0.000 9450 − 0.000 1343/ε +0.000 3739 + 0.000 1343/ε −0.000 2856
6 +0.000 2699 − 0.000 0335/ε −0.000 0611 − 0.000 0335/ε +0.000 1044 − 0.000 0335/ε

7 +0.000 1371 + 0.000 0214/ε −0.000 0555 − 0.000 0214/ε +0.000 040 8
8 −0.000 0457 + 5.228 × 10−6/ε +0.000 0101 + 5.228 × 10−6/ε −0.000 0178 + 5.228 × 10−6/ε

9 −0.000 0230 − 3.769 × 10−6/ε +0.000 0094 + 3.769 × 10−6/ε −0.000 0068

4.3. Scalar field with Robin boundary conditions inside a spherical shell

In the case of Robin boundary conditions the radial part of the solution is a combination of
Bessel functions with derivatives. For the interior case we have Bessel functions of the first
kind and their eigenvalues are determined through(

1 − D

2
− β

)
Jνl

(ωl,n) + ωl,nJ
′
νl
(ωl,n) = 0. (4.17)

Here we have put α = 1 −D/2 −β and, in the spirit of section 3, we have to restrict ourselves
to the case β � 1 − D/2 − ν0. The choice β = 0 represents Neumann boundary conditions.

Also for this case νl , d(l) and ζN are given by equations (4.8)–(4.10), now with

P(ν, z) =
(

1 − D

2
− β

)
Iν(z) + zI ′

ν(z)

F (ν, z) =
√

ν

2π
eνη(1 + z2)

1
4

ln

(
1 − D/2 − β

ν
t�1 + �2

)
∼

∞∑
n=1

Dn(t)

νn

A−1(s) = 1

4
√

π

�
(
s − 1

2

)
�(s + 1)

ζN (s − 1/2)

A0(s) = 1
4 ζN (s).

In two dimensions we have to consider also the contribution

Z0(s) = sin(πs)

π

{∫ 1

0
dz z−2s ∂

∂z
ln(αI0(z) + zI ′

0(z))

+
∫ ∞

1
dz z−2s

[
∂

∂z
ln(αI0(z) + zI ′

0(z)) − 1 − 1

2z
−
(

3

8
− α

)
1

z2

]

+
1

4s
+

1

2(s − 1/2)
+

(
3

8
− α

)
1

2(s + 1/2)

}
.

4.4. Scalar field with Robin boundary conditions outside the spherical shell

As for Dirichlet, the only difference between the interior and the exterior case consists in the
replacement of Bessel functions with Hankel functions. Equations (4.8)–(4.10) are valid again,
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Table 2. Scalar field with Neumann boundary conditions (or Robin with the choice β = 0). Values
of the zeta function at s = −1/2, for the inside and the outside regions of a spherical shell, and
corresponding values of the Casimir energy.

D ζ(−1/2) inside ζ(−1/2) outside Casimir energy

2 −0.344 6767 − 0.019 5312/ε −0.021 5672 − 0.019 5312/ε −0.183 1220 − 0.019 5312/ε

3 −0.459 7174 − 0.035 3678/ε +0.012 0743 + 0.035 3678/ε −0.223 8215
4 −0.515 3790 − 0.044 7159/ε −0.006 0394 − 0.044 7159/ε −0.260 7092 − 0.044 7159/ε

5 −0.555 2071 − 0.048 9213/ε +0.003 0479 + 0.048 9213/ε −0.276 0796
6 −0.594 9395 − 0.051 3727/ε −0.012 8321 − 0.051 3727/ε −0.303 8858 − 0.051 3727/ε

while

P(ν, z) =
(

1 − D

2
− β

)
Kν(z) + zK ′

ν(z)

F (ν, z) =
√

πν

2
e−νη(1 + z2)

1
4

ln

(
1 − D/2 − β

ν
t�3 − �4

)
∼

∞∑
n=1

Dn(t)

νn

A−1(s) = − 1

4
√

π

�
(
s − 1

2

)
�(s + 1)

ζN (s − 1/2)

A0(s) = 1
4 ζN (s).

For the ν = 0 contribution, we have in this case

Z0(s) = sin(πs)

π

{∫ 1

0
dz z−2s ∂

∂z
ln(αK0(z) + zK ′

0(z))

+
∫ ∞

1
dz z−2s

[
∂

∂z
ln(αK0(z) + zK ′

0(z)) + 1 − 1

2z
+

(
3

8
− α

)
1

z2

]

+
1

4s
− 1

2(s − 1/2)
−
(

3

8
− α

)
1

2(s + 1/2)

}
.

All numerical results corresponding to Neumann boundary conditions (or Robin ones with
β = 0) are exhibited in table 2. For D = 2 the result is given in [22], for D = 3 in [23].

5. Spinor field on the D-dimensional ball: bag boundary conditions

We now consider spinor fields, see [37, 48]. The eigenvalue Dirac equation on the Euclidean
D-ball is

−i�μ∇μψ± = ±kψ± �(μ�ν) = gμν (5.1)

and the nonzero modes are separated in polar coordinates, ds2 = dr2 + r2 d2, in standard
fashion to be regular at the origin (C and A are radial normalization factors),

ψ
(+)
± = A

r(D−2)/2

(
iJn+D/2(kr) Z

(n)
+ ()

±Jn+D/2−1(kr) Z
(n)
+ ()

)

ψ
(−)
± = C

r(D−2)/2

(±Jn+D/2−1(kr) Z
(n)
− ()

iJn+D/2(kr) Z
(n)
− ()

)
.

(5.2)
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Here the Z
(n)
± () are well known spinor modes on the unit (D − 1)-sphere (some modern

references are [49–51]) satisfying the intrinsic equation

−iγ j ∇̃jZ
(n)
± = ±λnZ

(n)
± (5.3)

where

λn = n +
D − 1

2
n = 0, 1, . . . .

For D � 2, each eigenvalue is greater than or equal to one-half and has degeneracy

1
2ds

(
D + n − 2

n

)
.

The dimension, ds, of ψ-spinor space is 2D/2 if D is even. For odd D it is 2(D+1)/2 and has
been doubled in order to implement the boundary conditions. The projected γ -matrices are
given by

�r =
(

0 1
1 0

)
�j =

(
0 iγ j

−iγ j 0

)
�5 =

(
1 0
0 −1

)
. (5.4)

5.1. Spinor field inside a spherical shell: bag boundary conditions

For bag—also called mixed—boundary conditions, we apply P+ψ = 0 at r = 1, where the
projection is given by

P+ = 1
2

(
1 − i�5�μ nμ

)
(5.5)

in terms of the inward normal nμ. For the geometry of the ball

P+ = 1
2

(
1 i1

−i1 1

)

and so for ψ
(+)
± ,

Jn+D/2(k) = ∓Jn+D/2−1(k)

and for ψ
(−)
± ,

Jn+D/2−1(k) = ∓Jn+D/2(k) n = 0, 1, 2, . . . .

Thus, taking νn = n + (D − 2)/2, the implicit eigenvalue equation is as in [52]

J 2
ν (k) − J 2

ν+1(k) = 0 (5.6)

while the degeneracies are

d(n) = ds

(
D + n − 2

D − 2

)
. (5.7)

In two dimensions the degeneracy is just two.
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In summary, all the relevant functions for this case are

νn = n +
D − 2

2

d(n) = ds
(n + D − 2)!

n!(D − 2)!
d(n) = 2 for D = 2

ζN (s) = dsζB(2s, D/2 − 1; d) ζN (s) = 2ζR(2s) for D = 2
P(ν, z) = I 2

ν (z) + I 2
ν+1(z)

F (ν, z) = (1 − t)e2νη(1 + z2)
1
2

πνz2

ln

(
1

2(1 − t)

[
�2

1 + �2
2 − 2t�1�2

]) ∼
∞∑

n=1

Dn(t)

νn

A−1(s) = 1

2
√

π

�
(
s − 1

2

)
�(s + 1)

ζN (s − 1/2)

A0(s) = − 1

2
√

π

�
(
s + 1

2

)
�(s + 1)

ζN (s)

(5.8)

with ζR the Riemann ζ -function.
The contribution of ν = 0, which we have in two dimensions, reads here

Z0(s) = sin(πs)d[0]

π

{∫ 1

0
dz z−2s ∂

∂z
ln(I 2

0 (z) + I 2
1 (z))

+
∫ ∞

1
dz z−2s

[
∂

∂z
ln(I 2

0 (z) + I 2
1 (z)) − 2 +

1

z
− 1

4z2

]

− 1

2s
+

1

(s − 1/2)
+

1

8(s + 1/2)

}
.

5.2. Spinor field outside a spherical shell: bag boundary conditions

As in the scalar cases, we must simply replace Bessel with Hankel functions. Equations (5.8)
and (5.9) provide some quantities needed in the computation, while for the rest we obtain

P(ν, z) = K2
ν (z) + K2

ν+1(z)

F (ν, z) = 4ν(1 + t)e−2νη(1 + z2)
1
2

πz2

ln

(
1

2(1 + t)

[
�2

3 + �2
4 + 2t�3�4

]) ∼
∞∑

n=1

Dn(t)

νn

A−1(s) = − 1

2
√

π

�
(
s − 1

2

)
�(s + 1)

ζN (s − 1/2)

A0(s) = 1

2
√

π

�
(
s + 1

2

)
�(s + 1)

ζN (s).

In the same way, for ν = 0 we obtain

Z0(s) = sin(πs)d[0]

π

{∫ 1

0
dz z−2s ∂

∂z
ln
(
K2

0 (z) + K2
1 (z)

)
+
∫ ∞

1
dz z−2s

[
∂

∂z
ln
(
K2

0 (z) + K2
1 (z)

)
+ 2 +

1

z
+

1

4z2

]

− 1

2s
− 1

(s − 1/2)
− 1

8(s + 1/2)

}
.
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Table 3. Massless spinor field with mixed boundary conditions. Values of the zeta function at
s = −1/2, for the inside and the outside regions of a spherical shell, and values of the Casimir
energy.

D ζ(−1/2) inside ζ(−1/2) outside Casimir energy

2 −0.005 8312 + 0.007 8125/ε +0.021 3677 + 0.007 8125/ε −0.007 7683 − 0.007 8125/ε

3 −0.060 5944 − 0.005 0525/ε +0.019 8217 + 0.005 0525/ε +0.020 3863
4 +0.005 9074 − 0.002 8381/ε −0.010 1965 − 0.002 8381/ε +0.002 1445 + 0.002 8381/ε

5 +0.025 0447 + 0.002 5110/ε −0.008 9912 − 0.002 5110/ε −0.008 0268
6 −0.003 0244 + 0.001 1715/ε +0.004 6183 + 0.001 1715/ε −0.000 7969 − 0.001 1715/ε

7 −0.010 8618 − 0.001 1745/ε +0.004 0247 + 0.001 1745/ε +0.003 4186

The numerical results for spin 1/2 with bag boundary conditions are given in table 3. The
D = 3 result is that found already by Milton [15] (albeit with far less precision).

5.3. Spinor field with global spectral boundary conditions

We shall now obtain the results for spectral boundary conditions [37, 48]. Such boundary
conditions are imposed by setting equal to zero, at r = 1, the negative (positive) Z-modes of
the positive (negative) chirality parts of ψ , the rest of the modes remaining free.

Roughly speaking, spectral conditions amount to requiring that zero modes of (5.1) should
be square integrable on the elongated manifold obtained from the ball by extending the narrow
collar (of the approximate product metric dr2 + d2) just inside the surface, to values of r

ranging from 1 to ∞. This will be so if the modes of A = �r�a∇a with negative eigenvalues
are suppressed at the boundary (e.g. [53–61]).

From (5.4) and (5.3), the boundary operator is A0 = �r�a∇a

∣∣
r=1 and has for eigenstates

A0

(
Z

(n)
+

Z
(n)
−

)
= λn

(
Z

(n)
+

Z
(n)
−

)
A0

(
Z

(n)
−

Z
(n)
+

)
= −λn

(
Z

(n)
−

Z
(n)
+

)
. (5.9)

Thus, from (5.2) we see that the negative modes of A0 are associated with the radial factor
Jn+D/2−1(kr). Taking ν as before, ν = n + (D − 2)/2, the implicit eigenvalue equation reads

Jν(k) = 0.

The degeneracy for each eigenvalue is

d(n) = 2ds

(
n + D − 2

D − 2

)
d(n) = 4 for D = 2. (5.10)

The relevant boundary zeta function now reads

ζN (s) = 2dsζB(2s, D/2 − 1; d) ζN (s) = 4ζR(2s) for D = 2. (5.11)

As we see, apart from the degeneracy of the eigenvalues and the relation between ζN and
the Barnes ζ -function, the rest of the argumentation is identical to that for the scalar case
with Dirichlet boundary conditions. Thus, equations (4.3)–(4.7) remain valid once the above
definitions are used.

For the exterior space we have to employ equations (5.10) and (5.11) in equations (4.11)–
(4.16), but it has to be noted that here, in contrast with the interior case, νl = l + D/2, as a
result of the normal vector changing its sign. This means that there is no νl = 0 contribution.

The numerical results for this case are listed in table 4, for D = 2, . . . , 9.
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Table 4. Massless spinor field with global spectral boundary conditions. Values of the zeta function
at s = −1/2, for the inside and the outside regions of a spherical shell, and corresponding values
of the Casimir energy.

D ζ(−1/2) inside ζ(−1/2) outside Casimir energy

2 −0.009 3152 + 0.031 9762/ε +0.010 0172 + 0.031 9762/ε −0.000 3510 − 0.031 9762/ε

3 −0.171 0212 − 0.003 7705/ε +0.001 9763 + 0.003 7705/ε +0.084 5225
4 +0.008 2635 − 0.011 8316/ε −0.004 0473 − 0.011 8316/ε −0.002 1081 + 0.0118 316/ε

5 +0.068 0217 + 0.001 9471/ε −0.000 9007 − 0.001 9471/ε +0.033 5605
6 −0.004 2224 + 0.004 9069/ε +0.001 7603 + 0.004 9069/ε +0.001 2311 − 0.004 9069/ε

7 −0.029 0717 − 0.000 9256/ε +0.000 3983 + 0.000 9256/ε +0.014 3367
8 +0.002 0298 − 0.002 1417/ε −0.000 7907 − 0.002 1417/ε −0.000 6196 + 0.002 1417/ε

9 +0.012 8994 + 0.000 4353/ε −0.000 1787 − 0.000 4353/ε −0.006 3604

Table 5. Electromagnetic field in a perfectly conducting spherical shell. Values of the zeta function
at s = −1/2, for the inside and the outside regions of a spherical shell, and corresponding values of
the Casimir energy. Note that in even dimensions, in contrast with the scalar field, the divergences
arising from the inside and the outside energies are different. This is due to the fact that (only
in even dimensions) the l = 0 mode explicitly contributes to the poles of the ζ -function, such
contribution being absent from the scalar case.

D ζ(−1/2) inside ζ(−1/2) outside Casimir energy

2 −0.344 6767 − 0.019 5312/ε −0.021 5672 − 0.019 5312/ε −0.183 1220 − 0.019 5312/ε

3 +0.167 8471 + 0.008 0841/ε −0.075 4938 − 0.008 0841/ε +0.046 1767
4 +0.500 8593 + 0.023 1719/ε −0.194 2082 − 0.056 4056/ε +0.153 3255 − 0.033 2337/ε

5 +1.046 3255 + 0.183 8665/ε −0.298 1425 − 0.183 8665/ε +0.374 0915

6. Electromagnetic field in a perfectly conducting spherical shell

The Casimir energy of the electromagnetic field is, essentially, the sum of a Dirichlet and of a
Robin scalar field (with a specific value for β, see equation (4.17)), the only difference being
that the angular momentum l = 0 is to be omitted. An exception is D = 2, where the vector
Casimir effect consists of only the transverse magnetic mode contributions. Being precise, in
the interior of the shell one has for the transverse electric (TE)—respectively for the transverse
magnetic (TM) modes—the following boundary conditions [1, 62]:

r1−D/2Jνl
(ωl,nr)|r=R = 0 for TE modes[

(D/2 − 1)Jνl
(ωl,nr) + ωl,nJ

′
νl
(ωl,nr)

] |r=R = 0 for TM modes.
(6.1)

The condition for the TM modes is of Robin type with β = 2 − D. Since the l = 0 mode has
to be omitted, the minimum eigenvalue in this case is μ1 = D/2 and therefore we can apply
the method for any β = 2 − D > 1 − D. Thus, in order to obtain the Casimir energy of the
electromagnetic field, we must simply repeat the computation of section 4 for Dirichlet and
Robin boundary conditions with β = 2−D and add them up. We have to exclude everywhere
the l = 0 mode and this means that also the base ζ -function is slightly modified, in the way

ζN (s) = ζB

(
2s,

d + 1

2
; d

)
+ ζB

(
2s,

d − 1

2
; d

)
−
(

d − 1

2

)−2s

. (6.2)

The results for the electromagnetic field are summarized in table 5. D = 2 is the Neumann
result, D = 3 is the well known figure first obtained by Boyer [1] and later recalculated
in [63, 64].
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7. Discussion and conclusions

In [26], two of the present authors developed a new, seminal approach for finding
representations of the zeta function associated with the Laplace operator on the D-dimensional
ball. At that stage, dimension by dimension was considered, but soon a refined and generalized
technique was provided in subsequent works [27, 37]. Making use of the Barnes zeta
function [45], dimension can easily be dealt with as a parameter and several different fields
can also be treated on the same footing. The representations derived are valid for all values
of the complex parameter s and it depends on the practitioner’s needs or wishes at which
values of s the zeta function is to be evaluated. In previous work our concern was of a more
mathematical nature and we considered function values and residues appropriate to find heat-
kernel coefficients [26,27,37], as well as the derivative at s = 0 [30]. Since then, a number of
proclaimed ‘new’ methods have been developed in the literature.

Our aim in this paper has been to show explicitly that Casimir energies for the large family
of the more usual configurations can be obtained in fact from general formulae, also in quite
non-trivial situations, where the boundaries are not flat plates, the fields are spinorial (rather
than scalar) and also when the boundary conditions are very general and rather involved. We
have gone far beyond previous work in that here we are no longer restricted to a very specific
field in a specific dimension with a specific boundary condition, but give general formulae
for basically any possible situation that can arise in practice, involving spherically symmetric
boundaries.

Some comments on the precision and accuracy of the numerical procedure employed are in
order. It is clear from the analysis developed in the previous sections that a numerical evaluation
of the asymptotic terms Ai(s) to any desired accuracy is immediate, using the formulae given
there. These contributions are always represented by known special functions and using
available programs, such as Mathematica, the accuracy with which these are calculated is
readily obtained. Imposing accuracies of, for example, 10−20 or more, we obtain results in
negligible cpu time.

The only problem (if any) with the numerical analysis is the computation of Z(s),
equation (3.14). It is twofold. On one hand, the integration, up to infinity, of the combination
of Bessel functions is not strictly possible, using the exact form of the Bessel functions. On
the other hand, the angular summation, up to infinity, cannot be performed exactly. For large
angular momenta, the Bessel functions take a rather complicated form, which renders exact
summation not possible. For that reason, the following procedure has been applied throughout
(the error bounds given below are for Dirichlet boundary conditions, but very similar relations
hold for the other conditions considered).

We have dealt with the infinite integration as follows. The main contributions always
originate from small values of z, and thus we split the integral into∫ B

0
dz +

∫ ∞

B

dz.

Whereas in the first integral the Bessel functions themselves are used for the integration, in the
second integral their asymptotic expansion for large arguments is employed. The value of B is
computed with the help of an adaptative procedure, such that the integrand and its asymptotic
expansion differ, at B, by less than, say 10−12. Typically B = 10 is already sufficient. Given
that the asymptotic of the Bessel functions is a simple polynomial in powers of (1/z), the
integration up to infinity is very easily done.

Let us now assume that the contribution of the first L angular momenta has been calculated
as described. In order to obtain a numerical approximation for the angular momentum sum,
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from L + 1 to infinity, we proceed as follows. The idea is that, for sufficiently large values of
L, the integrand can be replaced by its uniform asymptotic expression. For Dirichlet boundary
conditions this amounts to going through the following steps:

Zint
L+1 ≡ − 1

π

∞∑
l=L+1

d(l)ν

∫ ∞

0
dz

[
ln Iν(νz) − ln

eνη

√
2πν(1 + z2)1/4

−
N∑

n=1

Dn(t)

νn

]

∼ − 1

π

[(∫ ∞

0
dz DN+1(t)

) ∞∑
l=L+1

d(l)ν−N

+

(∫ ∞

0
dz DN+2(t)

) ∞∑
l=L+1

d(l)ν−N−1 + · · ·
]

= − 1

π

[(∫ ∞

0
dz DN+1(t)

)(
ζN (N/2) −

L∑
l=0

d(l)ν−N

)

+

(∫ ∞

0
dz DN+2(t)

)(
ζN ((N + 1)/2) −

L∑
l=0

d(l)ν−N−1

)
+ · · ·

]
. (7.1)

Again, the integrals over the uniform asymptotics are simple and can be performed analytically.
In this way, a closed expression for the approximation is found, the value of L being again
determined by an adaptative procedure. By definition, the difference Zint

L − Zint
L+1 is equal to

the contribution originating from l = L. The value of L is determined such that the difference
Zint

L − Zint
L+1, obtained from (7.1), agrees up to say 10−10 with the contribution from l = L

calculated previously. Depending on the dimension, the values of L range from 6 (for D = 9)
to 49 (for D = 3).

In summary, as explained, this procedure takes fully into account the integrals of infinite
range as well as the summation up to infinity. The error bounds can thus be imposed at will in
the single steps and this guarantees that the results given are always numerically precise, up to
any pre-established digit. To our knowledge, this does not apply to any other method.

In the cases when partial results were known, we have compared our numbers with
these while improving always, by several digits, such known values and deriving, for the
first time, many new ones, for different fields (e.g. results for the exterior space in the case
of the electromagnetic field) and different boundary conditions (e.g. for spectral boundary
conditions, and for bag boundary conditions in any dimension). For the scalar field with
Dirichlet boundary conditions we have re-obtained, in particular, the known result that for
even D the energy is divergent [39]. Here it still remains unclear whether there may be a
natural way to obtain, unambiguously, a finite answer with physical sense for this case. In odd
dimension, D = 2n − 1, the sign of the Casimir energy seems to be determined by the sign
of (−1)n. For even dimension, D = 2n, one also finds the alternating structure (−1)n+1 for
the finite part of the Casimir energy; however, its interpretation is unclear due to the presence
of the pole. Similar comments hold for the interior and exterior contributions separately, with
the same problems of interpretation. For Neumann boundary conditions, in all the dimensions
calculated, the Casimir energy is negative. Similarly, one can describe the results summarized
in tables 3–5. In all cases we have been able to obtain general, highly accurate expressions,
which, by fixing some parameters, provide us with the desired specific example and yield a
numerical answer of arbitrary precision (just by adding the convenient number of terms of the
corresponding series).

Disappointing as the mentioned—quite well known—ambiguities may be (specialists in
the field are quite used to them by now), even more so is the fact that no general pattern seems
to arise from our general formulae which might hint towards the physical understanding of the
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final sign of the energy. Here we have been able to demonstrate, without reasonable doubt, the
existence of the two classes of Casimir force, attractive and repulsive, but are unable to give
the rule for which one will show up at a particular instance. Further insight will be needed to
clarify this point.
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Abstract
Zeta regularization has proven to be a powerful and reliable tool for the
regularization of the vacuum energy density in ideal situations. With the
Hadamard complement, it has been shown to provide finite (and meaningful)
answers too in more involved cases, as when imposing physical boundary
conditions (BCs) in two- and higher-dimensional surfaces (being able to mimic,
in a very convenient way, other ad hoc cut-offs, as non-zero depths). Recently,
these techniques have been used in calculations of the contribution of the
vacuum energy of the quantum fields pervading the universe to the cosmological
constant (cc). Naive counting of the absolute contributions of the known fields
lead to a value which is off by as much as 120 orders of magnitude, as compared
with observational tests, what is known as the cosmological constant problem.
This is very difficult to solve and we do not address that question directly. What
we have considered—with relative success in several approaches of different
nature—is the additional contribution to the cc coming from the non-trivial
topology of space or from specific boundary conditions imposed on braneworld
models (kind of cosmological Casimir effects). Assuming someone will be
able to prove (some day) that the ground value of the cc is zero, as many
had suspected until very recently, we will then be left with this incremental
value coming from the topology or BCs. We show that this value can have
the correct order of magnitude—corresponding to the one coming from the
observed acceleration in the expansion of our universe—in a number of quite
reasonable models involving small and large compactified scales and/or brane
BCs, and supergravitons.

PACS numbers: 11.15.−q, 02.40.Vh, 03.70.+k
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1. Introduction

As crudely stated by Jaffe [1], experimental confirmation of the Casimir effect does not
establish by itself the reality of zero-point fluctuations. He explains this via the example of
the electromagnetic field, where the energy of a smooth charge distribution, ρ(x), can be
precisely calculated from the energy stored in the electric field, a formula which arguably
cannot be taken as evidence for the electric field itself being real. Fortunately, propagating
electromagnetic waves are detected all the time. The moral: in the case of the Casimir forces
one should look for direct evidence of vacuum fluctuations. Have they been found yet? As of
today, the answer is very controversial2. Since GR has much wider consensus, I here propose
a search at the cosmological level. In fact, almost everybody admits that any sort of energy
will always gravitate. Thus, the energy density of the vacuum, more precisely, the vacuum
expectation value of the stress–energy tensor,

〈Tμν〉 ≡ −Egμν, (1)

appears on the rhs of Einstein’s equations

Rμν − 1
2gμνR = −8πG(T̃ μν − Egμν). (2)

It therefore affects cosmology: there is a contribution T̃ μν of excitations above the vacuum,
equivalent to a cosmological constant λ = 8πGE . Recent data yield [2]

λ = (2.14 ± 0.13 × 10−3 eV)4 ∼ 4.32 × 10−9 erg cm−3. (3)

At issue is then the belief that zero-point fluctuations will contribute in an essential way to the
cosmological constant (cc), e.g. they will be of the same order of magnitude.

Different rigorous techniques have been used recently in order to perform this calculation,
the result being that the absolute contributions of the known quantum fields (all of which couple
to gravity) lead to a value which is off by roughly 120 orders of magnitude—kind of a modern
(and indeed very thick) ether. Extremely severe cancellations should occur. Observational
tests, as advanced, see nothing (or very little) of it, what leads to the so-called cosmological
constant problem [3]. This problem is at present very difficult to solve and we will here not
address such hard question directly. Some almost successful attempts at solving the problem
deserve to be mentioned, as the clever approaches by Baum and Hawking, and Polchinski’s
phase ambiguity found in Coleman’s solution [4].

What we do consider here—with relative success in quite different approaches—is the
additional contribution to the cc coming from the non-trivial topology of space or from specific
boundary conditions imposed on braneworld and other models. This can be viewed as kind
of a Casimir effect at cosmological scale: a cosmo-topological Casimir effect. Assuming
someone will be able to prove (some day) that the ground value of the cc is zero (as many
had suspected until very recently)3, we will be left with this incremental value coming from
the topology or BCs. We show here that this value has the correct order of magnitude, e.g.
the one coming from the observed acceleration in the expansion of our universe, in three
different types of models, involving: (a) small and large compactified scales, (b) dS and AdS
worldbranes and (c) supergravitons.

2. Simple model with large and small dimensions

Consider a universe with a space-time such as: Rd+1 × Tp × Tq, Rd+1 × Tp × Sq, . . . ,

which are very simple models for the space-time topology. A free scalar field pervading the
2 I could check that personally, when I delivered this lecture at the Workshop.
3 What would, by the way, correspond to the convention of normal ordering in QFT in ordinary, Euclidean
backgrounds.
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universe will satisfy (−� + M2)φ = 0, restricted by the appropriate boundary conditions
(e.g., periodic, in the first case). Here, d � 0 stands for a possible number of non-
compactified dimensions. Recall that the physical contribution to the vacuum or zero-
point energy 〈0|H |0〉 (H is the Hamiltonian and |0〉 is the vacuum state) is obtained after
subtracting EC = 〈0|H |0〉|R − 〈0|H |0〉|R→∞ (R being a compactification length), what
gives rise to the finite value of the Casimir energy EC , which will depend on R, after a
regularization/renormalization procedure is carried out. We discuss the Casimir energy density
ρC = EC/V , for either a finite or an infinite volume of the spatial section of the universe4.
In terms of the spectrum: 〈0|H |0〉 = 1

2

∑
n λn, the sum over n involving, in general, several

continuum and several discrete indices.
The physical vacuum energy density corresponding to the contribution of a scalar field,

φ in a (partly) compactified spatial section of the universe is5

ρφ = 1

2

∑
k

1

μ
(k2 + M2)1/2, (4)

where μ is the usual mass-dimensional parameter to render the eigenvalues dimensionless (we
take h̄ = c = 1 but will insert the dimensionfull units at the end). The mass M of the field
will be kept different from zero (a tiny mass can never be excluded) and its allowed value
will be constrained later. A lack of this simplified model: the coupling of the scalar field
to gravity should be considered (see, e.g. [5] and the references therein). However, taking it
into account does not change the order of magnitude of the results. The renormalization of
the model is rendered much more involved, and one must enter a discussion on the orders of
magnitude of the different contributions, which yields, in the end, an ordinary perturbative
expansion, the coupling constant being finally re-absorbed into the mass of the scalar field.
Owing, essentially, to the smallness of the resulting mass for the scalar field, one can prove that,
quantitatively, the difference in the final result is of some per cent only. Another consideration:
our model is stationary, while the universe is expanding. Again, this effect can be dismissed
at the level of our order-of-magnitude calculation, since this contribution is clearly less than
the one we will get—taken the present value of the expansion rate �R/R ∼ 10−10 per year,
or from direct consideration of the Hubble coefficient. In any case, these refinements are left
for future work. Here, to focus just on the essential issue, we perform a static calculation and
the value of the Casimir energy density and cc to be obtained will correspond to the present
epoch. They are bound to change with time.

2.1. Regularization of the vacuum energy density

For a (p, q)-toroidal universe, with p the number of large and q of small dimensions:

ρφ = 1

apbq

∞∑
np,mq=−∞

⎛
⎝ 1

a2

p∑
j=1

n2
j +

1

b2

q∑
h=1

m2
h + M2

⎞
⎠

(d+1)/2+1

, (5)

which corresponds to all large (resp. all small) compactification scales being the same. The
squared mass of the field should be divided by 4π2μ2, but we have renamed it again M2 to
simplify. We also dismiss the mass-dim factor μ, easy to recover later.

4 From now on we assume that all diagonalizations already correspond to energy densities, and the volume factors
will be replaced at the end.
5 Note that this is just the contribution to ρV coming from this field; there might be other, in general.
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For a ( p-toroidal, q-spherical)-universe,

ρφ = 1

apbq

∞∑
np=−∞

∞∑
l=1

Pq−1(l)

⎛
⎝4π2

a2

p∑
j=1

n2
j +

l(l + q)

b2
+ M2

⎞
⎠

(d+1)/2+1

, (6)

Pq−1(l) being a polynomial in l of degree (q − 1). We assume that d = (3 − p) is the
number of non-compactified, large spatial dimensions, and ρφ needs to be regularized.
We use the zeta function [6], taking advantage of our expressions in [7, 8]. No further
subtraction or renormalization is needed (the subtraction at infinity is zero, and not even a
finite renormalization shows up). Using the mentioned formulae, that generalize the Chowla–
Selberg expression to encompass equations (5) and (6), we can provide arbitrarily accurate
results (even for different values of the compactification radii [9]).

For the first case, equation (5), we obtain

ρφ = − 1

apbq+1

p∑
h=0

(
p

h

)
2h

∞∑
nh=1

∞∑
mq=−∞

√√√√∑q

k=1 m2
k + M2∑h

j=1 n2
j

×K1

⎡
⎣2πa

b

√√√√ h∑
j=1

n2
j

(
q∑

k=1

m2
k + M2

)⎤⎦ . (7)

Now, from the behaviour of the function Kν(z) for small values of its argument, Kν(z) ∼
1
2�(ν)(z/2)−ν, z → 0, we get, in the case when M is small,

ρφ = − 1

apbq+1

⎧⎨
⎩MK1

(
2πa

b
M

)
+

p∑
h=0

(
p

h

)
2h

∞∑
nh=1

M√∑h
j=1 n2

j

K1

⎛
⎝2πa

b
M

√√√√ h∑
j=1

n2
j

⎞
⎠

+ O

[
q
√

1 + M2K1

(
2πa

b

√
1 + M2

)]⎫⎬
⎭ . (8)

The only presence of the mass-dim parameter μ is as M/μ everywhere, and this does not
affect the small M limit, M/μ � b/a. Inserting back the h̄ and c factors, we get

ρφ = − h̄c

2πap+1bq

[
1 +

p∑
h=0

(
p

h

)
2hα

]
+ O

[
qK1

(
2πa

b

)]
, (9)

where α is a computable finite constant, obtained as an explicit geometrical sum in the limit
M → 0. It is remarkable that we do get a well-defined limit, independent of M2, provided
M2 is small enough6.

2.2. Numerical results

For the most common cases, the constant α in (9) has been calculated to be of order 102,
and the whole factor, in brackets, of order 107. This clearly shows the value of a precise
calculation, as the one undertaken here, together with the fact that just a naive consideration
of the dependences of ρφ on the powers of the compactification radii, a and b, is actually not
enough in order to get the correct result. Note, moreover, the non-trivial change in the power
dependences on going from equation (8) to (9).

6 Indeed, a physically nice situation turns out to correspond to the mathematically rigorous case.
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Table 1. Vacuum energy density contribution (orders of magnitude, omitting the minus sign
everywhere), in units of erg cm−3, equation (3). In brackets, the values that more exactly match
the one for the cosmological constant coming from observations, and in parentheses the otherwise
closest approximations.

ρφ p = 0 p = 1 p = 2 p = 3

b = lP 10−13 10−6 1 105

b = 10lP 10−14 [10−8] 10−3 10
b = 102lP 10−15 (10−10) 10−6 10−3

b = 103lP 10−16 10−12 [10−9] (10−7)

b = 104lP 10−17 10−14 10−12 10−11

b = 105lP 10−18 10−16 10−15 10−15

Naturally enough, for the compactification radii at small scales, b, we take the Planck
length, b ∼ lP(lanck), and for the large scales, a, the present size of the universe, a ∼ RU . With
these choices, the order of a/b in the argument of K1 is as big as: a/b ∼ 1060.7 The final
expression for the vacuum energy density is independent of the mass M of the field, provided
this is small enough (eventually zero). In fact, the last term in equation (9) is exponentially
vanishing (zero, for app). In ordinary units, the bound on the mass of the scalar field is
M � 1.2 × 10−32 eV (e.g., physically zero, since it is less by several orders of magnitude than
any bound coming from SUSY theories)8.

By replacing such values we obtain table 1. The total number of large space dimensions
is three (our universe). Good coincidence in absolute value with the observational value is
obtained for p large and q = (p + 1) small compactified dimensions, p = 0, . . . , 3, and this
for the small compactification length, b, of the order of 10 to 1000 times the Planck length lP
(a most reasonable range, according to string theory). The p large and q small dimensions are
not all that are supposed to exist: p and q refer to the compactified ones only. There may be
non-compactifed dimensions, what translates into a modification of the formulae above, but
does not change the order of magnitude of the final numbers (see, e.g. [6] for an elaboration
on this technical point). Finally, simple power counting is unable to provide the correct order
of magnitude of the results here obtained. One should observe, however, that the sign of the
cc is a problem with these oversimplified models (generically they get it wrong). This is no
longer so with the more elaborate theories involving bosons and fermions to be considered
below where, using quite natural boundary conditions, an expanding universe can be obtained.

3. Braneworld models

Braneworld theories may help to solve both the hierarchy problem and the cc problem. The
bulk Casimir effect can play an important role in the construction (radion stabilization) of
braneworlds. We have calculated the bulk Casimir effect (effective potential) for conformal
and for massive scalar fields [11]. The bulk is a five-dimensional AdS or dS space, with two
(or one) four-dimensional dS branes (our universe). The results obtained are consistent with
observational data. We present a summary of those results here.

For the case of two dS4 branes (at L separation) in a dS5 background (it becomes a
one-brane configuration as L → ∞), the Casimir energy density and effective potential,

7 Note that the square of this value yields the 120 orders of magnitude of the QFT cc.
8 Where in fact scalar fields with low masses of the order of that of the lightest neutrino do show up [10], which may
have observable implications.
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for a conformally invariant scalar-gravitational theory S = 1
2

∫
d5x

√
g[−gμν∂μφ∂νφ +

ξ5R
(5)φ2], ξ5 = −3/16, with R(5) the curvature and ds2 = gμν dxμ dxν = α2

sinh2 z

(
dz2 + d2

4

)
the Euclidean metric of the five-dimensional AdS bulk, d2

4 = dξ 2 + sin2ξ d2
3—for the

four-dimensional manifold, M4, with α the AdS radius, related to the cc of the AdS bulk,
and d3 the metric on the 3-sphere, of radius R—are obtained as follows. For the one-brane
Casimir energy density (pressure), we get

ECas = h̄c

2L Vol(M4)
ζ

(
−1

2
|L5

)
= − h̄cπ3

36L6

[
π2

315
− 1

240

(
L

R

)2

+ O

(
L

R

)4
]

. (10)

For the one-loop effective potential, we have

V = 1

2L Vol(M4)
log det(L5/μ

2), (11)

where L5 = −∂2
z −�(4)−ξ5R

(4) = L1+L4, and log det L5 =∑n,α log
(
λ2

n+λ2
α

) = −ζ ′(0|L5).
In the one-brane limit L → ∞, ζ ′(0|L5) = 1

3R

[
ζH

(−4, 3
2

) − 1
4ζH

(−2, 3
2

)] = 0. And the
small distance expansion for the effective potential yields (up to an overall factor)

ζ ′(0|L5) = ζ ′(−4)

6

π4R4

L4
+

ζ ′(−2)

12

π2R2

L2
+

1

24

[
ζ ′
H (−4, 3/2) − 1

2
ζ ′
H (−2, 3/2)

]
ln

π2R2

L2

+
ζ ′(0)

6

[
ζ ′
H (−4, 3/2) − 1

2
ζ ′
H (−2, 3/2)

]
+

1

24
ζ ′
H (−4, 3/2)

+
1

36

[
1

8
ζ ′
H (−4, 3/2) − 1

3
ζ ′
H (−6, 3/2)

]
L2

R2
+ O

(
L4

π4R4

)

� 0.129 652
R4

L4
− 0.025 039

R2

L2
− 0.002 951 ln

R2

L2

− 0.017 956 − 0.000 315
L2

R2
+ · · · . (12)

On the other hand, the effective potential for the massive scalar field model is obtained to
be

V = 1

2L Vol(M4)
log det(L5/μ

2),

L5 ≡ −∂2
z + m2l2 sinh−2 z − �(4) − ξ5R

(4) = L1 + L4 (AdS), (13)

L5 ≡ −∂2
z + m2 cosh−2 z − �(4) − ξ5R

(4) = L1 + L4 (dS).

For the small mass limit (with L not large), it yields

ζ ′(0|L5) � aρ + a2ρ2

48
− π2

144

{
aρ2

2
+ [2ζ ′(−4, 3/2) − ζ ′(−2, 3/2)]ρ

}

− π4

4370
[2ζ ′(−4, 3/2) − ζ ′(−2, 3/2)]ρ2 + O(m6), (14)

a ≡ π2R2

L2
, ρ ≡ m2l2

π2

tanh(L/2l)

L/2l
,

while for the large mass limit (with L not small), it is

ζ ′(0|L5) = −4m2l3

3R

arctan(sinh L/2l)

sinh(L/2l)
+ · · · , (15)

which is now non-zero (unlike in previous calculations, which turned a vanishing value) and
can fit the observed order of magnitude under appropriate conditions.
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4. Supergraviton theories

Finally, we have also computed the effective potential for some multi-graviton models with
supersymmetry [12]. In one case, the bulk is a flat manifold with the torus topology R × T3,
and it can be shown that the induced cosmological constant can be rendered positive due
to topological contributions [13]. Previously, the case of R4 had been considered. In the
multi-graviton model the induced cosmological constant can indeed be positive, but only if
the number of massive gravitons is sufficiently large, what is not easy to fit in a natural way.
In the supersymmetric case, however, the cosmological constant turns out to be positive just
by imposing anti-periodic BC in the fermionic sector. An essential issue in our model is to
allow for non-nearest-neighbour couplings.

The multi-graviton model is defined by taking N copies of the fields with graviton hnμν and
Stückelberg fields Anμ and ϕn. Our theory is defined by a Lagrangian which is a generalization
of the one in [14]. It reads

L =
N−1∑
n=0

[
−1

2
∂λhnμν∂

λhμν
n + ∂λh

λ
nμ∂νh

μν
n − ∂μhμν

n ∂νhn +
1

2
∂λhn∂

λhn

− 1

2

(
m2�hnμν�hμν

n − (�hn)
2
)− 2

(
m�†Aμ

n + ∂μϕn

)
(∂νhnμν − ∂μhn)

− 1

2
(∂μAnν − ∂νAnμ)

(
∂μAν

n − ∂νAμ
n

)]
. (16)

� and �† are difference operators, which operate on the indices n as �φn ≡∑N−1
k=0 akφn+k,�

†φn ≡ ∑N−1
k=0 akφn−k,

∑N−1
k=0 ak = 0, where ak are N constants and the N

variables φn can be identified with periodic fields on a lattice with N sites if the periodic
boundary conditions, φn+N = φn, are imposed. The latter condition assures that � becomes
the usual differentiation operator in a properly defined continuum limit.

In the case when anti-periodic boundary conditions are imposed in the fermionic sector,
the situation changes completely with respect to the bosonic one, since the fermionic mass
spectrum becomes quite different. The one-loop effective potential in the anti-periodic case
is calculated to be

Veff = M4
1

4π2

(
ln

M2
1

μ2
R

− 3

2

)
− 4M4

1

3π2

∫ ∞

1
duG(M1ru)(u2 − 1)3/2

− M̃4
0

4π2

(
ln

M̃2
0

μ2
R

− 3

2

)
+

4M̃4
0

3π2

∫ ∞

1
duG(M̃0ru)(u2 − 1)3/2

− M̃4
1

8π2

(
ln

M̃2
1

μ2
R

− 3

2

)
+

2M̃4
1

3π2

∫ ∞

1
duG(M̃1ru)(u2 − 1)3/2

= − m4

36π2
log

216

39
+ VT , (17)

where VT is the sum of all the topological contributions. Note that the first term on the rhs is
always negative, but the whole effective potential can be positive, due to the presence of the
topological term. Thus, in the regime mr � 1 one has

VT ∼ 1

8π2r4
�⇒ Veff > 0 for mr <

(
2

9
log

216

39

)−1/4

∼ 1.4, (18)

while in the opposite regime, mr � 1, we can see that the topological contribution (although
still positive) is negligible, and the effective potential remains negative. In figure 1, the
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Figure 1. Plot of Ṽ eff(y) ≡ r4Veff(r), equation (17), as a function of y ≡ mr .

corresponding plot of the full effective potential, equation (17), is depicted as a function of
y ≡ mr . The change of sign in the correct region is clearly observed.

To summarize, in the case of the torus topology we have obtained that the topological
contributions to the effective potential have always a fixed sign, which depends on the BC
one imposes. They are negative for periodic fields and positive for anti-periodic fields. But
topology provides then a mechanism which, in a most natural way, permits to have a positive
cc in the multi-supergravity model with anti-periodic fermions. Moreover, the value of the cc
is regulated by the corresponding size of the torus. We can most naturally use the minimum
number, N = 3, of copies of bosons and fermions, and show that—as in the first, much more
simple example, but now with the right sign—within our model the observational values for the
cosmological constant, equation (3), can be matched, by making very reasonable adjustments
of the parameters involved. As a byproduct, the results that we have obtained [13] may also
be relevant in the study of electroweak symmetry breaking in models with similar type of
couplings, for the deconstruction issue.
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A Hamiltonian approach is introduced in order to address some severe problems associated with the
physical description of the dynamical Casimir effect at all times. For simplicity, the case of a neutral scalar
field in a one-dimensional cavity with partially transmitting mirrors (an essential proviso) is considered,
but the method can be extended to fields of any kind and higher dimensions. The motional force calculated
in our approach contains a reactive term—proportional to the mirrors’ acceleration—which is funda-
mental in order to obtain (quasi)particles with a positive energy all the time during the movement of the
mirrors—while always satisfying the energy conservation law. Comparisons with other approaches and a
careful analysis of the interrelations among the different results previously obtained in the literature are
carried out.

DOI: 10.1103/PhysRevLett.97.130401 PACS numbers: 12.20.Ds, 03.70.+k

Introduction.—Moving mirrors modify the structure of
the quantum vacuum, what manifests in the creation and
annihilation of particles. Once the mirrors return to rest, a
number of the produced particles may still remain, which
can be interpreted as radiated particles. This flux has been
calculated in several situations by using different methods,
as averaging over fast oscillations [1,2], by multiple scale
analysis [3], with the rotating wave approximation [4],
with numerical techniques [5], and others [6]. Here we
will be interested in the production of the particles and
their possible energy all the time while the mirrors are
moving. In the case of a single, perfectly reflecting mirror,
the number of produced particles as well as their energy
diverge while the mirror moves. Several renormalization
prescriptions have been used in order to obtain a well-
defined energy; however, for some trajectories this finite
energy is not a positive quantity and cannot be identified
with the energy of the produced particles (see, e.g., [7]).

Our approach relies on two basic ingredients: proper
use of a Hamiltonian method and the consideration of
partially transmitting mirrors, which become trans-
parent to very high frequencies. We shall prove, in this
way, both that the number of created particles is finite
and also that their energy is always positive for the
whole trajectory corresponding to the mirrors’ displace-
ment. We will also calculate the radiation-reaction force
that acts on the mirrors owing to the emission and ab-
sorption of particles, which is related with the field’s
energy through the energy conservation law, so that the
energy of the field at any time t is equal, with opposite
sign, to the work performed by the reaction force up to
time t [8,9]. Such force is usually split into two parts
[10,11]: a dissipative force whose work equals minus
the energy of the particles that remain [8], and a reactive
force vanishing when the mirrors return to rest. We will
show that the radiation-reaction force calculated from
the Hamiltonian approach for partially transmitting

mirrors satisfies, at all time, the energy conservation law
and can naturally account for the creation of positive
energy particles. Also, the dissipative part we will obtain
agrees with the one calculated by other methods, as using
the Heisenberg picture or other effective Hamiltonians.
Note that those methods have problems with the reactive
part, which in general yields a nonpositive energy that
cannot be considered as that of the particles created at
any t.

In what follows, we first introduce the Hamiltonian
method for a neutral Klein-Gordon field in a cavity with
boundaries moving at a certain speed v� c. Then, a
single partially transmitting mirror in 1� 1 spacetime
will be studied in order to illustrate the procedure and
prove the above statements. Our results will be compared
with the ones in the literature. Finally, the case of two
mirrors will be investigated to see that also here we obtain
physically meaningful quantities while the mirrors move,
in an unambiguous way, and that the dissipative force does
agree with previous results by other authors.

The Hamiltonian formulation.—Consider a neutral
massless scalar field in a cavity �t, and assume that the
boundary is at rest for time t � 0 and returns to its initial
position at time T. Suppose also its velocity to be of order
� � v=c (dimensionless, it is of order 10�8 in [12]; see
later). The Lagrangian density of the field is L�t;x� � 1

2
	


�@t��2 � jrx�j2�, x 2 �t � R3, t 2 R. In terms of the
canonical conjugated momentum ��t;x�  @L

@�@t�� �
@t��t;x�, the energy density of the field is E�t;x� 
�@t��L�t;x� � 1

2
��2 � jrx�j2�, while its energy is

E�t; ��  R
�t
d3xE�t;x�. As is well known, this energy

density does not coincide with the Hamiltonian one [13–
15]. The Hamiltonian density can be conveniently obtained
using the method in [16].

First, a (nonconformal) coordinate change is used to
convert the moving boundary �t into a fixed one ~�:
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�t��t; y�;x��t; y�� � R��t; y� � ��t;R��t; y�� (�t the new time).
The action of the system is S � R

R

R
~� d

3yd�t ~L��t; y�,
with ~L��t; y�  JL�R��t; y��, with J being the Jacobian of
the change, d3x  Jd3y. For the function ~���t; y� ���
J

p
��R��t; y��, the conjugated momentum is ~���t; y� 

@ ~L
@�@�t ~�� �

���
J

p
@t��R��t; y��, and the Hamiltonian density

 

~H ��t; y� � 1
2
�~�2 � Jjrx�j2� � ~��@�t ~��

���
J

p
@t��: (1)

In the coordinates (t, x) after some calculations,
H �t;x� � E�t;x� � ��t;x�h@sR�R�1�t;x��;rx��t;x�i �
1
2
��t;x���t;x�@s�lnJ�jR�1�t;x�. For a single mirror which

follows a prescribed trajectory [�g�t�; t] in 1� 1 space-
time, we can set R��t; y� � y� �g��t�, and obtain H �t; x� �
E�t; x� � � _g�t���t; x�@x��t; x�.

Case of a single, partially transmitting mirror.—We here
consider a single mirror in 1� 1 spacetime, following a
prescribed trajectory [t; �g�t�]. When the mirror is at rest,
scattering is described by the matrix

 S�!� � s�!� r�!�e�2i!L

r�!�e2i!L s�!�
� �

; (2)

where x � L is the position of the mirror. The S matrix is
taken to be real in the temporal domain, causal, unitary,
and the identity at high frequencies [17]. Specifically,
(i) S��!� � S��!�, (ii) S�!� is analytic for Im�!�> 0,
with s�!� and r�!� being meromorphic (cutoff) func-
tions (the material’s permitivity and resistivity),
(iii) S�!�Sy�!� � Id, and (iv) S�!� ! Id, when j!j ! 1.

To reach the quantum theory from the Hamiltonian
approach, we set the mirror at y � 0 in the above co-
ordinates; the right and left incident modes are ~g!;R�y��

1��������
4�!

p fs�!�e�i!y���y��
e�i!y�r�!�ei!y���y�g and

~g!;L�y�� 1��������
4�!

p f
ei!y� r�!�e�i!y����y�� s�!�ei!y��y�g.
In the coordinates (t, x) the instantaneous set of the right
and left incident eigenfunctions which generalize the set
for a perfectly reflecting mirror is g!;j�t; x; ��  ~g!;j�x�
�g�t��, j � R;L. In general, we do not know which is the
part of the Hamiltonian that describes the interaction be-
tween the field and the mirror. To get the quantized theory,
the energy of the field E�t� � R

R
dxE�t; x�, which in the

presence of a single mirror does not depend on �, must be
considered as part of the free Hamiltonian of the system. In
the interaction picture, the Schrödinger equation is
i@tj�i � � _g�t�R

R
dx�̂I�t; x; ��@x�̂I�t; x; ��j�i � � _g�t�	R

R
dx�̂I�t; x; 0�@x�̂I�t; x; 0�j�i �O��2�. The average

number of (quasi)particles [18] and the dynamical energy
(e.g., the energy of the created particles) at time t are,
respectively,

 N �t� 
X
j�R;L

Z 1

0
d!h0j�T t�yây!;jâ!;jT tj0i; (3)

 hÊ�t�i 
X
j�R;L

Z 1

0
d!!h0j�T t�yây!;jâ!;jT tj0i; (4)

with T t being the quantum evolution operator. A simple
but cumbersome calculation yields the following results:
 

N �t� � �2

2�2

Z 1

0

Z 1

0

d!d!0!!0

�!�!0�2 jc_g�t�!�!0�j2
jr�!�

� r��!0�j2 � js�!� � s��!0�j2� �O��4�; (5)

 

hÊ�t�i � �2

4�2

Z 1

0

Z 1

0

d!d!0!!0

�!�!0� jc_g�t�!�!0�j2
jr�!�

� r��!0�j2 � js�!� � s��!0�j2� �O��4�; (6)

where �t is the Heavyside step function, �t��� � ��t� ��,
and f̂ the Fourier transform of f.

These two quantities are in general convergent.
However, for the seminal Davis-Fulling model [7] of a
single, perfectly reflecting mirror, both quantities diverge
when the mirror moves or when its movement has discon-
tinuities of some kind [15,19]. To obtain a finite energy,
different regularization techniques have been used. For
instance, with a frequency cutoff e��!, with 0< �� 1,
the regularized energy is hÊ�t;��i � �2

6� 
 _g
2�t�
�� � �g�t� _g�t� �R

t
0 �g2���d��, and imposing that the kinetic energy of the

moving boundary be 1
2
�Mexp � 1

3�2�
��2 _g2�t�, with Mexp the

experimental mass of the mirror, some authors conclude
that the renormalized dynamical energy, namely, ÊR�t�, is
[7–10]

 hÊR�t�i 
�2

6�

�
� �g�t� _g�t� �

Z t

0
�g2���d�

�
: (7)

However, when t � 	, with 0< 	� 1, this renormalized
energy is negative, which shows that, while the mirror
moves, the renormalized energy cannot be considered as
the energy of the produced particles at time t [cf. the
paragraph after Eq. (4.5) in [7] ]. We interpreted such
results as implying that a perfectly reflecting mirror is
nonphysical and decided to approach the problem by con-
sidering instead a partially transmitting mirror, transparent
to high frequencies. Results are rewarding: in our Hamil-
tonian approach Eqs. (4) and (6), for the radiation-reaction
force, e.g., the difference between the energy density of the
evolved vacuum state on the left and right sides of the
mirror, we do get the right sign

 hF̂Ha�t�i � � �

2�2

Z 1

0

Z 1

0

d!d!0!!0

!�!0 Re
e�i�!�!0�tc_g�t�!�!0��
jr�!� � r��!0�j2 � js�!� � s��!0�j2� �O��2�: (8)

Note this integral diverges for a perfect mirror (r  �1, s  0, ideal case), but nicely converges for our partially
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transmitting (physical) one where r�!� ! 0, s�!� ! 1, as
!! 1 [see (2)]. Energy conservation is fulfilled: the
dynamical energy at any time t equals, with the opposite
sign, the work performed by the reaction force up to that
time t [8,9]; in fact, from (6) and (8),

 hÊ�t�i � ��
Z t

0
hF̂Ha���i _g���d�: (9)

Comparison with other results.—First, we have repeated
the calculations using the Heisenberg picture approach of
[20]. We have obtained the ‘‘in’’ modes when the mirror
describes the prescribed trajectory [t, �g�t�]. Then, we
have obtained the average number of produced particles
after the mirror returns to rest [21]:

 N �t�T��
X

i;j�R;L

Z 1

0

Z 1

0
d!d!0j��out

!;i;�
in�
!0;j�j2; (10)

by calculating the Bogoliubov coefficients (�out
!;i, �

in�
!0;j) in

the null future infinity I� (outgoing modes acquire a very
simple expression in I�). The final result turns out to be
exactly the same expression (5).

The radiation-reaction force in the Heisenberg pic-
ture, hF̂H�t�i, is the difference between the energy den-
sity of the in vacuum state on the left and right sides of the
mirror. A simple calculation shows that the energy density
on both sides of the mirror is hÊ�t; x�i � R1

0 d!! �
i�
8�2

R
R2 d!d!0!!0ĝ�! � !0�
�!�
1 � r�!�r�!0� �

s�!�s�!0��e�i�!�!0�v�����g�t� � x�� � O��2�, 
�!� 
��!� � ���!� being the sign function. Note that the term
of order � is ill-defined, since the function!!0ĝ�!�!0�	

1�r�!�r�!0��s�!�s�!0�� is not Lebesgue integrable.
Some regularization is needed to obtain a well-defined
quantity. Defining the regularized energy by hÊ�t; x; ��i P
j�R;L

R1
0 d!e��! 
@u�in

!;j �u; v; ��@u�in�
!;j �u; v; �� �

@v�
in
!;j�u; v; ��@v�in�

!;j�u; v; ���, with the in modes
regularized to obtain a cutoff independent quantity [22],
in the Heisenberg picture reads hF̂H�t;��i� i�

8�2 	R
R2 d!d!0!!0ĝ�!�!0�

�!��
�!0��
1�r�!�r�!0��

s�!�s�!0��e���j!j�j!0j�e�i�!�!0�t�O��2�. This converges
and is cutoff independent, and a possible definition of the
renormalized radiation-reaction force is
 

hF̂H;ren�t�i �
i�

8�2

Z
R2
d!d!0!!0ĝ�!�!0�

	 

�!� � 
�!0��
1� r�!�r�!0�
� s�!�s�!0��e�i�!�!0�t �O��2�: (11)

In general, this formula disagrees with the radiation-
reaction force (8) which was obtained using the
Hamiltonian approach. Moreover, we have been able to
prove (details will be provided elsewhere [22]) that the
force (11) coincides with the radiation-reaction force cal-
culated by Jaekel and Reynaud [23] after renormaliza-
tion: hF̂J;R;ren�t�i  hF̂H;ren�t�i. We thus conclude that the

method of Jaekel and Reynaud is equivalent to the quan-
tum theory in the Heisenberg picture. Furthermore, note
that �

R
R
dthF̂Ha�t�i _g�t� � �

R
R
dthF̂J;R;ren�t�i _g�t�, and this

identity proves that the dissipative parts of hF̂Ha�t�i and
hF̂J;R;ren�t�i always agree.

However, in several situations the reactive parts do not
match. For instance, if r�w� � � i�

!�i� and s�w� � !
!�i�

with �> 0, there is the relation

 hF̂Ha�t�i � ���

2�
�g�t� � hF̂J;R;ren�t�i; (12)

where hF̂J;R;ren�t�i � ��
�

R1
1 dz

R
t
�1 d��z�2 � z�3� 	

e��z�t���g:::���. The two forces differ in a reactive term.
Now the crucial point is that, during the movement of the
mirror, the work done by the motion force hF̂J;R;ren�t�i is
not a negative quantity. Consequently, the dynamical en-
ergy is not positive and a meaningless result is obtained
because the dynamical energy is the energy of the pro-
duced particle. To avoid this difficulty, the reactive term
� ��

2�
�g�t�, which most naturally appears in the Hamiltonian

formulation for a partially transmitting mirror, comes to
rescue and renders a physically meaningful result.

Barton and Calogeracos [11] (see also [24]) studied the
case r�w� � � i�

!�i� , s�w� � !
!�i� , with �> 0. The inter-

action between field and mirror can be described there by
the Lagrangian density 1

2

�@t��2 � �@x��2� � ��2	�x�

�g�t��. With the Hamiltonian method we have obtained the
corresponding quantized Hamiltonian, and

R
R
dxÊ�t; x� �

��̂2�t; �g�t�� � P
j�L;R

R1
0 d!!�ây!;jâ!;j � 1=2�. This

leads, for these reflection and transmission coefficients,
back to our formulas (5), (6), and (8). However, two
important differences exist. First, to obtain the
Schrödinger equation, these authors make a unitary trans-
formation which does not seem easily generalizable to the
case of two moving mirrors. And second, in [11], following
[9,10], a mass renormalization is performed—in order to
eliminate the reactive part of the motion force—where the
energy of the field is not a positive quantity at any time t.
Again, the concept of particle is ill-defined during the
mirror’s displacement.

Two partially transmitting mirrors.—We have finally
extended our method to the case of two moving mirrors
that follow prescribed trajectories [t, Lj�t; ��], where
Lj�t; ��  Lj � �gj�t�, with j � 1; 2 assuming that
L1�t; ��< L2�t; ��, for all t 2 R. In this case it is im-
possible, in practice, to work in the Heisenberg pic-
ture, because it is extremely difficult to obtain the in and
out mode functions in the presence of the two moving
mirrors. Instead, in order to get the dissipative part of
the motion force, the number of radiated particles, and
their energy, the approach of Jaekel and Reynaud can be
used, which starts from the effective Hamiltonian ĤJ;R 
�P

j�1;2�gj�t�F̂j�t�, where F̂j�t� lim	!0
Ê�t;Lj�j	j��
Ê�t;Lj�j	j�� is the force operator at the point x � Lj [25].
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However, this method does not seem useful to obtain the
reactive part of the motion force and the dynamical energy
while the mirrors move. As before, in order to get those
quantities we are led to use our Hamiltonian approach.
This demands now considerable effort [22], e.g., general-
izing the model [11], described by the Lagrangian density
1
2

�@t��2��@x��2��

P
j�1;2�j�

2	
x�Lj�t;���, the Ham-

iltonian in the interaction picture has the form ĤI�t� �
� �
g2�t��g1�t��

L2�L1

R

R
dy�@y ~̂�I�y��2 �

P
j�1;2�j � ~̂�I�Lj��2� �

�
P
j�1;2

R
R
dy

��1�j _gj�t� ~̂�I�y�
L2�L1


@y ~̂�I�y��y � �Lj� � 1
2
~̂�I�y�� �

O��2� in terms of free quantum fields defined from an
expansion in terms of left and right incident eigenfunc-
tions. Our dissipative part of the motion force [22] coin-
cides with the one obtained in [25]. For times � larger than
the stopping time, our quantum evolution operator is T � �
Id� i

R
R
dtĤI�t�. Using results from [11], we obtain ex-

plicitly that, for times � larger than the stopping time,
T � � Id� i�

P
j�1;2

R
R
dtgj�t�F̂j�t�, as it should be. We

see no basic obstruction to extend our procedure to higher
dimensions and fields of any kind.

We should mention, to finish, that there are proposals to
detect the radiated photons, although the reactive part and
the possible deviations from conservative motion seem out
of experimental reach yet [12].
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Family of regular interiors for nonrotating black holes with T0
0
ÄT1

1
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We find the general solution for the spacetimes describing the interior of static black holes with an equation
of state of the type T0

0
�T1

1 (T being the stress-energy tensor�. This form is the one expected from taking into
account different quantum effects associated with strong gravitational fields. We recover all the particular
examples found in the literature. We remark that all the solutions found follow the natural scheme of an interior
core linked smoothly with the exterior solution by a transient region. We also discuss their local energy
properties and give the main ideas involved in a possible generalization of the scheme in order to include other
realistic types of sources.

DOI: 10.1103/PhysRevD.65.124024 PACS number�s�: 04.70.�s, 04.20.Dw, 04.20.Jb, 97.60.Lf

I. INTRODUCTION
Any static black hole �BH� arises from the gravitational

collapse of some object. Under the premises in this work, the
object has not �yet� shrunken indefinitely and has not given
rise to a spacetime singularity. It is then natural to consider
two regions: one exterior to the object, and the object itself.
The exterior region, as is well known, can be described by a
spacetime belonging to the Reissner-Nordström �1,2� solu-
tion. In the absence of electric, or magnetic, charge it is
simply Schwarzschild’s spacetime. Furthermore, one can add
a cosmological constant following recent observational re-
sults �3,4�. Then, the spacetime belongs to the Kottler-Trefftz
solution family �5,6�. In this case, the global properties of the
spacetime clearly change, e.g., the spacetime is no longer
asymptotically flat �see, e.g., �1,7��.
Going a step further, we consider the body itself as com-

posed of two main regions. One is its surface and the other
the rest of the body, i.e., the interior region. One may expect
that some mechanism—having to do, e.g., with quantum
gravity—will be able to stop the collapse of the body. There-
fore we will think of the interior of the body as being de-
scribed by some spacetime product of the present knowledge
available on the merge of quantum field theory and gravita-
tion. A widely studied issue in this direction is that of quan-
tum vacuum effects �8–14� and the resulting spacetime turns
out to be a de Sitter �dS� or anti–de Sitter �AdS� one �15–
24�. There are other alternatives, as, e.g., those of �25,26�.
In all these cases considered so far, either no distinction

has been made between the interior and the exterior of the
body �see e.g., �20–26�� or there appears a singular distribu-
tion of matter at the surface of the body �see, e.g., �18,19��.
This distribution is singular in the sense that it is a matter
surface density—called a singular shell. However, contrary
to the case of electromagnetic charge densities, a matter sur-
face density has neither been observed nor has it been pre-
dicted by any theory. It is thus more natural to assume that
the matter on the surface of the body is distributed across the

body, and leave for a subsequent study the issue of whether
this region is thin or thick, in comparison with the region
dominated by quantum vacuum effects, through one of the
solutions referred to before. Finally, the only work consider-
ing all the features of the structure of a regular static BH
with a clear physical source is �27�. However, Nariai space-
time was absent, as well as an implementation of previous
attempts and a complete study of �local� energy conditions.
Thus, in our opinion, it is worth carrying out a unification of
the different results obtained so far, as well as extending
them in order to cover some important issues that were over-
looked in those analysis. Here we provide, for the first time
to our knowledge, the general solution of the scheme dis-
cussed above. In particular, we carry out an implementation
of all those previous works which, for one reason or another
did not comply with all the requirements already specified.
We also perform a study of the local energy conditions in all
these cases.
Finally, it is also important to introduce other kinds of

solutions for the interior region, aside from the ones referred
to before, which arise from results, or just hints, coming
from the contribution of the quantum vacuum to gravity. To
summarize, these are the points that will be dealt with, suc-
cessively, in the body of this paper comprising the next ten
sections. They are clearly identified by their titles and will
need no further specification here. Section XII is devoted to
some final remarks, and in Sec. XIII we provide the conclu-
sions of the work. A brief survey can be found in �28�.
Throughout this work we will use units such that G

�1, c�1, Einstein’s equations are written in the form
G���8�T�� , where G�� is the Einstein tensor—we follow
the conventions of �1�—and T�� is the energy-momentum
tensor. A prime will denote derivation with respect to the
coordinate r.

II. SPACETIMES WITH A SPHERICALLY SYMMETRIC
QUANTUM VACUUM AS A SOURCE

Because of the imposed limitation of nonaccepting singu-
lar mass shells, the spacetimes describing the interior of the
body are not allowed to be of a well known kind as dS or

*Email address: elizalde@ieec.fcr.es, elizalde@math.mit.edu
†Temporary address: Avda. Marı́tima, 39. P-041E, Candelaria,
S/C. de Tenerife, Spain. Email address: hildebrandt@ieec.fcr.es
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AdS spacetimes. Indeed, the interior solution cannot be ev-
erywhere a spatial isotropic solution, as dS or AdS, because
this would lead to a sudden change in the pressures exerted
by the body to the exterior, and would lead to the appearance
of a singular mass shell �29�. Now, the type of generalization
depends on the underlying physics one is able to assume.
The isotropic case is suitable in order to link it with the
expected contributions of a dominating quantum vacuum, es-
pecially those associated with vacuum polarization. As we
are dealing with spacetimes which are spherically symmet-
ric, a natural generalization is to assume that the body may
be described by a solution which is invariant to any nonro-
tating observer, with a free radial motion, instead of a solu-
tion which is invariant to any observer. This generalization of
the energy-matter content of the body is called spherically
symmetric quantum vacuum �SSQV�, after �20�, see also
�22�, and requires the imposition of T0

0
�T1

1 for any nonro-
tating observer. This is the type of energy-matter content that
is considered in �18–28,30� and will be the one used in the
first part of this work, until we get to Sec. X. In particular,
SSQVs and nonlinear electrodynamics have given some rel-
evant results on the issue of regular BHs, see, e.g., �23–
25,30�.
We shall now characterize the families of spacetimes that

are suitable to become SSQVs. Any static, spherically sym-
metric spacetime can be conveniently described by

ds2��F�r �dt2�F�1�r �dr2�G2�r �d"2, �1�

where d"2�d.2�sin2 . d%2. There are certainly other ways
to represent these spacetimes, which avoid the problems oc-
curring near the possible horizons, or by putting R2d"2,
provided G��dG(r)/dr�0 �see, e.g., �31,32��. For a local
observer at rest with respect to the coordinate grid of Eq. �1�,
a standard computation of T�� yields �� is the energy den-
sity, p the radial pressure, and p2,p3 the tangential pressures,
measured by this observer�

8���
1
G2 �1�F�G�

2
�2GG���GG�F�� , �2�

8�p�
1
G2 ��1�FG�

2
�GG�F�� , �3�

8�p2�8�p3�
F�

2 �
FG�

G �
F�G�

G . �4�

Imposing ��p�0 in Eqs. �2� and �3�, we get

FG��0. �5�

We now use that G cannot be zero in any open region. Two
alternatives appear: F�0 or G��0. If F�0, expression �1�
is useless. It is first necessary to change the coordinate sys-
tem of Eq. �1� by dT�dt�(1�F)/Fdr , while keeping the
rest unchanged. Then one can impose F�0. The result is

ds2�2dTdr�2dr2�G2�r �d"2. �6�

In the orthonormalized cobasis given by �
0
�dT/�2, �

1

�dT/�2��2dr , �
2
�Gd. , and �

3
�G sin .d%, the Ricci

tensor takes the form

Ricci�
G�

G ���
0

� �
0
��

0
� �

1
��

1
� �

0
��

1
� �

1�

�
1
G2 ��

2
� �

2
��

3
� �

3�. �7�

On the other hand, for a SSQV we must have ��p�0 �the
conditions on T�� being directly translated into conditions
for R��)

Ricci�R00���N
0

� �N
0

��N
1

� �N
1 �

�R22��N
2

� �N
2

��N
3

� �N
3 �, �8�

where #�N
"$ is some orthonormalized cobasis, not necessar-

ily coincident with the one used in the computation of Eq.
�7�. Therefore, we must look for an orthonormalized cobasis
for which the Ricci tensor �7� becomes of the type �8�.
Clearly this is the same as finding out whether we can have
linear expressions �N

0�A�
0
�B�

1, and �N
1

�C�
0
�D�

1,
with ��N

0 •�N
0

��N
1 •�N

1
��N

0 •�N
1

�1�1. However, Eq.
�8� is invariant under these changes. The only solution that
makes Eqs. �7� and �8� compatible is then

G��0. �9�

If F�0, we also have G��0. Thus G��0 constitutes the
proper characterization of any possibility.
Now, from G��0 two distinct alternatives appear

G�� , or G��r�� , �10�

where �(�0) and � are constant. Only the latter has been
considered in detail in the literature of regular BHs. We will
study it in the sequel.
Other expressions for the spacetimes describing SSQVs.

In order to include the possible horizons, we write the met-
rics �1� under the common form

ds2���1�H �dT2�2HdTdr��1�H �dr2��2d"2,
�11�

ds2���1�H �dT2�2HdTdr��1�H �dr2�r2d"2,
�12�

where H�1�F , and the coordinate change is given by dT
�dt�(1�F)/Fdr . We will use these forms in the sequel.
We have also used the fact that the case g��r�� is physi-
cally equivalent to the case G�r . This is intuitively seen
because � merely represents the scale of units used for r and
� is an arbitrary �constant� origin. In terms of coordinate
changes we have: The metric �1� for G��r�� is ds2
��F(r)dt2�F�1(r)dr2�(�r��)2d"2. Recalling that �
�0, one can define a new radial coordinate r̃��r�� . The
metric becomes then ds2��F�( r̃��)/��dt2���2F�1�( r̃
��)/��dr̃ 2� r̃ 2d"2. Now, under a reparametrization of the
t coordinate by dt��d t̃ we get ds2���2F�( r̃
��)/��d t̃ 2���2F�1�( r̃��)/��dr̃ 2� r̃ 2d"2. Whence
one can conclude that any member of Eq. �1� with G��r
�� with ��0 is equivalent to another member of Eq. �1�
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with ��1 and ��0. Since we are studying the general de-
scription of SSQVs it is enough to consider the representa-
tion ��1, ��0 and arbitrary F(r) to include any case of
SSQV.
Furthermore, it is easy to show that Eq. �12� can be writ-

ten in the Kerr-Schild form �33�:

ds2�ds�
2
�2H�r ��� �, �13�

where ds�
2 stands for the flat spacetime metric, H is an arbi-

trary function of r, and � is a geodesic radial null one-form,
��(1/�2)(dt�dr). Thus the SSQVs in Eq. �12� can be
thought of as the family of maximal spherically symmetric
spacetimes expanded by a geodesic radial null one-form
from flat spacetime �GRNSS spaces�.
To summarize, there are only two, nonequivalent, families

of SSQVs. The case with G��0 is characteristic of the
Nariai solution �34,35�. The Nariai solution is a solution of
Einstein’s equations for the same pattern as the de Sitter
solution, i.e., T���/0g�� , /0 being the cosmological con-
stant. The difference lies in the ‘‘radial’’ coordinate. In the
Nariai case there is no proper center for the spherical sym-
metry. Therefore we shall call the spacetimes with G��0
generalized Nariai metrics. Finally, the other case corre-
sponds to the GNRSS spaces which constitute a distin-
guished family of the class of Kerr-Schild metrics.

III. GEOMETRICAL PROPERTIES OF THE SOLUTIONS

A. Generalized Nariai metrics

Using an orthonormal cobasis defined as �
0

�(1�H/2)dT�(H/2)dr , �
1
�(�H/2)dr�(H/2)dT ,

�
2
��d. , �

3
�� sin .d%, we see that the Riemann tensor

has as independent components

R0101��H�/2, R2323�1/�2. �14�

The Ricci tensor is characterized by R00��R11
��H�/2, R22�R33�1/�2. The scalar curvature is R�H�

�2/�2, and the Einstein tensor has the following nonzero
components:

G00��G11�1/�2, G22�G33��H�/2. �15�

The isotropic solution, the one to be found at the core, yields
H�(1/�2)r2�br�c , where b and c are arbitrary constants.
Without losing generality, we can set b ,c�0 �as they are
clearly gauge freedoms for any spacetime in the family�.
Thanks to the presence of the Nariai solution inside this fam-
ily, T��

Nariai
�/0g�� , the factor 1/�2 can be identified with

/0. Thus, the only isotropic quantum vacuum belonging to
this family is the Nariai solution.

B. The GNRSS metrics

First we note that these spacetimes fulfill the relation

p2����
��r
2 . �16�

As a consequence, for a regular source p2→�� as r�0 is
approached. Therefore in any regular solution the spacetime
becomes more and more isotropic as r→0. Thus the contri-
bution from the quantum vacuum becomes more and more
dominant as r tends to 0 and the initial idea of distributing
the singular mass shell across some region of the body is
completed.
On the other hand, one can choose a similar cobasis as in

the Nariai-like case, just by replacing � with r. The Riemann
tensor has the following independent components:

R0101��
H�

2 , R0202�R0303��
H�

2r ,

�17�

R1212�R1313�
H�

2r , R2323�
H

r2
.

The Ricci tensor for these spacetimes has the following non-
zero components: R00��R11��(1/2)�H��(2H�/r)� ,
R22�R33�(1/r)�H��(H/r)� . And the scalar curvature is
given by R�H��(4H�/r)�(2H/r2). Finally, the nonzero
components of the Einstein’s are G00��G11�(1/r)�H�

�(H/r)� , G22�G33��(1/2)�H��(2H�/r)� . Other ex-
pressions that will be used later are

G00��G11�
1
r2 �Hr ��, G22�G33�G00�

G00� r
2 .

�18�

In this case, the isotropic �regular� GNRSS metric is the
de Sitter solution, given by H(r)�(/0/3)r2.
Exterior metrics and GNRSS metrics. It turns out that all

of the possible exterior metrics, see Sec. I, also belong to the
GNRSS family. The function H is H(r)�(/ext/3)r2�2m/r
�q2/r2, where /ext stands for the external cosmological
constant, m is the ADM mass of the BH, and q its electro-
magnetic charge.
This coincidence will be very useful in the following sec-

tion.

IV. JUNCTION OF THE INTERIOR AND EXTERIOR
SOLUTIONS

The junction, or matching, of two spherically symmetric
spacetimes is well-known �see, e.g., �29,36–38��. The gen-
eral form of a hypersurface that clearly adjusts itself to the
spherical symmetry of any of these spacetimes is as follows:

�:
.�. ,
%�% ,
r�r��,
t�t��,

�19�

where # ,. ,%$ are the parameters of the hypersurface.
One must thus identify both hypersurfaces in some way. The
identification of ( i)1 with ( i)2 �1 and 2 label each of the
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spacetimes� is the most natural one, due to the symmetry of
the above scheme. In the sequel, 1 labels the exterior space-
time and 2 the interior one.
In order to match the exterior solution with the interior

one, one basically demands the coincidence of the first and
second fundamental forms of � at each spacetime—the other
way is to accept the presence of singular mass shells, which
would not require the coincidence of the second fundamental
form, but we will dismiss such an unphysical option. In order
to include the possibility of matching the interior and the
exterior at null hypersurfaces �e.g., at an event horizon� one
can follow the formalism in �38�. It is worth recalling that
the exterior region is described by a member of the GNRSS
family. Thus we have to consider two possibilities: matching
a generalized Nariai metric with a GNRSS one and two
GNRSS metrics with each other.

A. The junction of a generalized Nariai metric
and a GNRSS one

In this case one easily gets r1()���const, t1()
�const, see �39� for full details. This result tells us that the
junction between a generalized Nariai spacetime and a mem-
ber of the GNRSS family is impossible. It would only hap-
pen for a �two-dimensional� surface. Therefore any member
of the Nariai class cannot be regarded as a good candidate in
order to represent the interior structure of a regular, static
BH.

B. The junction of two GNRSS spacetimes

In this case one gets that two members of the GNRSS
family match with each other if and only if, see, e.g., �39�,
either r1()�r2()�R�const, ṫ 1� ṫ 2 , �H���H���0,
or r1�t1�r2�t2�const. The last condition, however, de-
scribes the motion of a null hypersurface and is not an ac-
ceptable solution in order to describe the matter inside a
static BH. Therefore we reach the conclusion that: The only
acceptable hypersurfaces fulfilling the matching conditions,
that preserve the spherical symmetry, between two space-
times of the GNRSS family, are those satisfying r1()
�r2()�R�const, ṫ 1� ṫ 2 , �H���H���0.
Without losing generality, one can choose t1�t2� be-

cause of the global existence of the Killing vector 	 t . More-
over, we realize that the chosen coordinates are privileged
ones, in which the matching is explicitly C1. The hypersur-
face, � , will be timelike, null, or spacelike according to H
�1, H�1, or H	1, respectively.
To summarize, if vacuum polarization is to be the domi-

nant quantum effect, the most simple way to construct a
regular BH is to build it upon GNRSS spacetimes.

V. REGULAR INTERIORS OF THE GNRSS TYPE

As mentioned elsewhere, the exterior region can appropri-
ately be characterized by a member of the Kottler-Trefftz
class, which is a subclass of the GNRSS family. Then, the
matching conditions between the exterior and the interior
regions are

H2�R ��H1�R ��
2m
R �

q2

R2 �
/1

3 R
2, �20�

H2��R ��H1��R ���
2m
R2 �

2q2

R3 �
2/1
3 R .

�21�

Moreover, the aim here is to focus on those interior solutions
which are everywhere regular. From the expressions of the
Riemann tensor and the metric, one sees that this may only
be accomplished if

H2�0 ��0, H2��0 ��0. �22�

Thus we finally encounter four conditions in order to have a
regular interior solution.
From now on, we will consider H2 to be a smooth func-

tion of the variable r̃�r/R , a most natural hypothesis in
view of the regular character prescribed for the interior so-
lution. In this case, the origin conditions tell us that

H2� r̃ ���
n�2

�

bnr̃n. �23�

Now, one has to impose the two other conditions. Obviously
it is the same to consider H2( r̃) or H2( r̃�1) in the whole
procedure. However, we will first work with H2( r̃�1) in
order to implement the junction conditions directly. From the
preceding result, one immediately has

H2��
n�0

�

an� r̃�1 �n, �24�

and the junction conditions tell us that

a0�H1�1 ��
2m
R �

q2

R2 �
/1

3 R
2, �25�

a1�Ḣ1�1 ��2� �
m
R �

q2

R2 �
/1

3 R
2� , �26�

where H1( r̃)�(2m/R)(1/r̃)�(q2/R2)(1/r̃2)�(/1R2/3) r̃2

and a dot denotes derivation with respect to r̃ . The following
step is to impose regularity of the solution, Eq. �22�. We get

�
n�0

�

��1 �nan�0, �
n�1

�

��1 �nnan�0, �27�

which, by virtue of the matching conditions, yield

�
n�0

�

��1 �nan�2��
4m
R �

3q2

R2 �
/1

3 R
2, �28�

�
n�0

�

��1 �n�n�2 �an�2�2� �
m
R �

q2

R2 �
/1

3 R
2� . �29�
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It is clear that there are infinitely many possible candidates
for these interiors.
Isotropization. Let us further analyze how they behave

near the origin. Taking into account the expression of H2 in
powers of r̃ and using Eq. �18�, we get

G11��
1
R2 �l�2

�

� l�1 �blr̃ l�2,

G22��
1
R2�l�2

� � l�12 � blr̃ l�2. �30�

It is then clear that G11 and G22 are different from each other.
Yet we have the very relevant property that, for any of these
spacetimes, it holds

lim
r̃→0

G11� lim
r̃→0

��G00�� lim
r̃→0

G22� lim
r̃→0

G33��
3b2
R2
.

�31�

Whence, we see that a general isotropization of the Einstein
tensor—and consequently of the energy-momentum one—
independent of the model is actually accomplished. In terms
of al we get

G11��
1
R2 �M�0

�

AMr̃M ,

�32�

AM���1 �M�M�3 � �
l�M�2

�

��1 � l� l
l�2�M � al ,

and

G22��
1
R2 �M�0

� M�2
2 AMr̃M . �33�

So that

lim
r̃→0

G11� lim
r̃→0

��G00�� lim
r̃→0

G22� lim
r̃→0

G33��
A0
R2 ,

A0�3�
l�2

�

��1 � l� l
l�2 � al .

Finally, making no further assumptions on the coefficients
of H2, we can isolate two of them in terms of the rest. For
simplicity, we shall isolate a2 and a3. The result is

a2��
10m
R �

7q2

R2 �
/1

3 R
2
��
l�4

�

��1 � l� l�3 �al ,

a3��
6m
R �

4q2

R2 ��
l�4

�

��1 � l� l�2 �al .

With this in hand we can write, respectively, the previous
expression for the central value in terms of al or bl , l'4,

G11�0 ��G22�0 ���
3
R2 �8mR �

5q2

R2 �
/1

3 R
2

��
l�4

�

��1 � l
� l�3 �� l�2 �

2 al� ,
��

3
R2 �8mR �

/1

3 R
2
��
l�4

�

� l�3 �bl� .
VI. EXAMPLES

We will consider six examples. Two constitute the well-
known proposals of �18,19,40� and �20,21�. Two more come
from a proposal in �23–26�, for electrically charged bodies,
and the proposal given in �30�, for magnetically charged
ones. More specifically, we will here derive their correspond-
ing analogues, within the present scheme �what is actually
more than simply rewriting those cases�. The remaining two
examples constitute a family of brand new candidates, which
naturally arise from the preceding expressions. We will start
with this last pair.

A. Two arbitrary powers

Let us just make the choice that only two specific powers
of H(r), say M and N, be present. In order to fulfill the
regularity conditions, both must satisfy M ,N'2. However,
if we wish to obtain a de Sitter-like behavior at, and near, the
origin, we must necessarily impose that one, and only one, of
them, say M, be equal to 2. Thus H2( r̃) reads H2( r̃)�b2r̃2

�bNr̃N, for N	2, with

b2�
2m
R �N�1

N�2 ��
q2

R2 �N�2
N�2 ��

/1R2

3 ,

bN�
2

�N�2 �R � �3m�
2q2

R � .
G11( r̃) and G22( r̃) read �recall Eq. �18��

G11� r̃ ���/1�
6m
R3 �N�1

N�2 � � r̃N�2
�1 �

�
q2

R4 �3�N�2 ��4�N�1 � r̃N�2

N�2 � ,
G22� r̃ ���/1�

6m
R3 �N�1

N�2 � �N2 r̃N�2
�1 �

�
q2

R4 �3�N�2 ��2N�N�1 � r̃N�2

N�2 � .
Whence one readily sees that their finite value at the origin
coincides, as expected,
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G11�0 ��G22�0 ���/1�
6m
R3 �N�1

N�2 �
�
3q2

R4 �N�2
N�2 � . �34�

Lowest powers. This example corresponds to the case in
which H2 is a polynomial of lowest degree. This amounts to
setting al�0, l'4, in the general expressions. Its interest
lies in its being the simplest possible situation. The result is

H2� r̃ ��� 8mR �
5q2

R2 �
/1R2

3 � r̃ 2�� �
6m
R �

4q2

R2 � r̃ 3,
�35�

and

G11��
24m
R3 �

15q2

R4 �/1�
8
R3 � 3m�

2q2

R � r̃ , �36�

G22��
24m
r3 �

15q2

R4 �/1�
12
R3 � 3m�

2q2

R � r̃ . �37�

Notice that G11 tends to �/1�q2/R4 as r̃ tends to 1, the
same value as G11

ext( r̃�1), in accordance with Israel’s condi-
tions �29�.

B. Israel and Poisson’s model

In Ref. �18�, see also �19�, a plausible candidate for the
energy-matter content of the interiors of regular noncharged
BHs was proposed. The authors proposed that a singular
layer of noninflationary material should exist between the de
Sitter core and the external Schwarzschild metric. However,
the usual spirit of matching a stellar interior with a vacuum
exterior was lost, the reason being the unavoidable presence
of a singular layer acting as a matter surface density. Indeed,
in �40� it was argued that their approach could be improved
by imposing a smooth transition from the hypersurface to the
de Sitter core. Yet this step was not implemented. In any
case, it was the only available candidate to continue the stud-
ies of quantum regular BHs at that time. The task here will
be to see whether this geometrical and physical model can be
recovered from our analysis.
In order to do that, we search for a solution within our

family which be as close as possible to this particular solu-
tion. What amounts to looking for a de Sitter core for small
values of r̃ and a quantum contribution of the type of the
square of the characteristic curvature of Schwarzschild
spacetime near the matching hypersurface. These features
taken into account, we set for the interior

�G00� int���G11� int�
1

�A�Br3�2 , �38�

where A and B are two constants, to be determined. Using
Eq. �18�, we obtain

H2�r ��
r2

3A�A�Br3� , �39�

where we have imposed Eq. �22�. The matching conditions
lead to

1
A�A�Br3��

3
R2H1�R �,

�40�
2A�BR3

A�A�BR3�2�
3
R H1��R �,

where H1 comes, as usual, from the external model.
In the exterior region, close to the matching hypersurface,

the quantum contributions do not turn into a cosmological-
like term. They are of the form (G00)ext0m2/r6, as men-
tioned before. We thus have a quantum exterior which is
different from the one encountered in the rest of the ex-
amples and sections before, which cannot be described by a
member of the Kottler-Trefftz class. Fortunately, our preced-
ing results are still useful. In fact, one realizes that it is pos-
sible to select a suitable exterior with a similar form as Eq.
�38�, just by setting Aext�0 and Bext

�1
��m , where �

��LPl , being � of order unity, and LPl the Planck length (�
is of order unity in Planckian units�. �2 is related with the
number and type of the quantized fields �18,40�. This choice
yields

H1�r ��
2m
r �

1
3 � �mr2 � 2, �41�

where we have taken into account that the exterior region is
dominated by the Schwarzschild geometry, with mass m, for
large values of r̃ .
Now, using Eqs. �40� and �41�, A and B yield

A�
�

6�
�2m
R3

, B�
2
�m � 1�

3

6�
�2m
R3

� . �42�

Finally, using Eqs. �38�, (G22)int�(2Br3�A)/(A�Br3)2,
where A ,B have been given above. At the origin

G11�0 ��G22�0 ���
1
B2 . �43�

To summarize, we have proven here that a spacetime
model within our family satisfies all the required geometrical
assumptions, and yields the particular form of G00 , both for
the interior and the exterior of the body, as in the above
mentioned references. A more throughout comparison of that
model and ours will be given in Sec. VII B.

C. Dymnikova’s model

Some time after the appearance of the previous cases a
new model for a regular interior of a noncharged BH was
proposed �20�. However, the approach was now quite differ-
ent to that of the previous authors. Now Schwarzschild’s
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solution was only recovered in an asymptotical sense, for r̃
approaching infinity only. However, if a sufficiently quick
convergent matter model was obtained, then the quantity of
mass outside the horizon of the collapsed body could become
as negligible as desired with regard to the interior mass. Thus
one would, at least, recover a trial model, interesting enough
to support or reject the conclusions of the previous authors.
In a later work �21�, the model was extended to incorporate
the observational fact in favor of a nonvanishing cosmologi-
cal term in the exterior region. We will deal in this section
with such a model, but considering a definite end to the
collapsed body.
The imposition for the energy-matter content for the inte-

rior will be of the form

�G00� int���G11� int�A exp�� r̃ 3��B , �44�

where A and B are two constants to be determined and r̃
�r/R , where R is the matching radius.1 We then integrate
the expression of G00 , recall Eq. �18�, in order to obtain H2,
getting

H2� r̃ ��
R2

3 �Ar̃ �1�e� r̃ 3��Br̃ 2� , �45�

where we have already imposed the regularity conditions at
the origin, Eq. �22�. The matching conditions at the spatial
hypersurface yield

A
�e�1 �
e �B�

6m
R3 �/1 ,

A
�4�e �
e �2B��

6m
R3 �2/1 ,

whence

A�
6m
R3 � e

e�2 � , B�/1�
6m
R3

1
�e�2 � . �46�

Finally, using Eqs. �38�,

�G22� int� r̃ ��A� 32 r̃ 3�1 � er̃ 3�B ,
where A and B have been given above. At the origin

G11�0 ��G22�0 ��/1�
6m
R3 � e�1

e�2 � . �47�

In Sec. VII A we will compare, numerically, our results with
those in the model of �20�.

D. Ayón–Beato and Garcı́a’s models

In a series of papers, �23–26�, some models of regular,
electrically charged BHs with an energy-momentum tensor

of the form of a SSQV were presented, see also �24�. Their
importance relied on the fact that the sources that give rise to
those spacetimes could be linked with nonlinear electrody-
namics �NED�, which besides being a theory by itself, may
be viewed as a low energy limit of string theory or M theory.
Thus some plausible models of regular BHs, that took into
account quantum effects in a clearer way than before, were
put forward. The features of their models are analogous to
the case of Dymnikova’s model, though with a clear inter-
pretation of the source origin. For the sake of brevity we will
focus on the model in �26�.
The choice there was H(r)�(2m/r)�1�tanh(q2/2mr)� ,

for any r'0. Ours will be

H�r ��
 Ar �1�tanh
B
r � , 0-r-R ,

2m
r �

q2

r2 ,
R-r ,

�48�

where A and B are constants to be determined. The matching
conditions imply

A�
q2

B cosh
2 B
r , 1�e�2B/R

�2B� 2mq2 �
1
R � . �49�

Defining x�A/A0 , y�B/B0 with A0�2m , B0�q2/2m ,
that is the values of the model in �26�, we get

x�
1
ycosh

2 y , 1�e�y
�2�1��y , �50�

where �B0 /R�q2/2mR . One has here to solve a transcen-
dental equation in order to find the appropriate constants of
the interior model. The parameter  is the one controlling the
set of solutions. In classical electrodynamics, �1. We see
that there is no solution in this case. In the context of general
relativity, �1 corresponds to the case where the exterior
metric becomes flat at a spherical surface. But the choice of
H int cannot be zero for any positive value of r. Therefore the
matching is impossible. The same happens for the other
models in �23� and �24�. In the following section we will see
which type of solutions arise for different values of  .

E. Bronnikov’s model

In �29� a model for static, regular, purely magnetically
charged BHs with an energy-momentum tensor of the type of
SSQVs was proposed. Its interest is twofold. Again the
energy-momentum content of the objects was directly con-
nected with NED. Second, it turns out that those BHs are the
only ones based on a Lagrangian formulation of NED with a
Maxwellian behavior in the weak field limit, regardless of
the place the weak limit is taken. The example given there
was a GNRSS metric with H(r)�(�qm�3/2/ar)�1
�tanh(a��qm�/r)� with m, the Arnowitt-Deser-Misner
�ADM� mass, equal to �qm�3/2/2a , qm being the magnetic
charge. It is then obvious that the results of the previous
section are valid now, just by changing q with qm . The dif-1For other choices see, e.g., �39�.
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ference lies in the fact that now one has magnetic fields and
also the theory describing NED is different to that of �23–
26�.

VII. NUMERICAL RESULTS

In order to study the approximate values of R for a given
object, one needs to assume a particular behavior of the mat-
ter and energy inside the source. As of now, there is no
agreement at this point. However, following several results,
see, e.g., �15–23,41–43�, the geometry of the core may be
described by a dS solution. This has been the assumption
used in most of the works dealing with regularized BHs.
Here we will also include two examples with a different
behavior and in Sec. X we will draw the main lines of a
general behavior. In any case, the aim is to choose those
physical models which are as consistent as possible, the
dS model being one of them. In this case, at the core
we will have G00(0)��G11(0)��G22(0)��G33(0)
�/2�const. Nonetheless, there is no present agreement
about the scale at which regularization could act. A conve-
nient way to handle and integrate this indeterminacy is to set
/2�103s/1 , s being the free parameter that governs the
renormalization scale. For instance, if s is around 40, we are
then considering that regularization takes place at Planck
scales, and so on.
Finally, for the exterior region, in accordance with several

recent observations �3,4�, we will assume in what follows
that �/1��10�10,2�10�8� erg cm�3. An analysis shows,
however, that the fundamental contribution comes from the
quantum gravitational model describing the core, and not
from the type of quantum vacuum contribution that is as-
sumed for the exterior region or near the surface of the body.

A. Two arbitrary powers

In this numerical analysis we will consider the uncharged
case because there are no observed objects that can be asso-
ciated with static, charged BHs. If there is a charge in the
source, then the interesting situation involves rotation, which
might be eventually connected with elementary particles �we
refer the reader to �44��. The relation �34� is �now q�0)

/1�/2�
6m
R3 �N�1

N�2 � , N'3, �51�

whence

R�R�
�3 M

3� N�1
4�N�2 �, �52�

where we have put m�Mm� , m� being the Sun mass, and
Rs��3 24m� /(/2�/1). The last value only depends on the
regularization scale and corresponds to the solution for a
collapsed object of one solar mass in the case of the ‘‘lowest
powers’’ model: Rs��3�1021�s,6�1020�s� cm. For s
�40 we get Rs��3�10�19,2�10�20� cm. Yet we see that
the object has a quantum size very far from Planckian scales,
even if s is bigger. In general Rs /LPl'1013. Moreover, this

result is valid for all N, since for any value of N we have that
R��0.6,1�Rs�3 M . It is obvious that, for any astrophysical
object, the final properties are very similar. Table I comprises
different massive objects and regularization scales and their
associated values of R within this model.

B. Israel-Poisson model

We have found that the corresponding model within our
family must satisfy

A�
�

6�
�2m
R3

. �53�

In this case, A�2
�limr̃→0 G00�/2, so that

R3�
�2m

6���/2
�

�2

6���/2LPl
2 mLPl

2 . �54�

This model clearly depends on the coefficient � . For in-
stance, in order to obtain a solution, we must have �2
�36/(/2LPl

2 ). The natural scale of regularization in this
model is the Planckian one since from the beginning the
coefficient � was related to the Planck length. Obviously
other regularization scales would simply change LPl by the
corresponding scale. Using standard values for /2 that use a
Planckian regularization scale, and the fact that �2 should be
at most of order unity �18,40�, we get R��3 M�10�20 cm.
This result is in complete agreement with the foregoing val-
ues, even though the models possess very different functions
H(r).

C. Dymnikova’s model

From Sec. VI C and the assumption of a dS core, we have

/1�
6m
R3 � e�1

e�2 ��/2 , �55�

whence

R�
3� 6m
/2�/1

� e�1
e�2 � . �56�

TABLE I. R in cm for various astrophysical and galactic objects
and different scales of regularization (s�30 corresponds to a
GUT’s regularization scale, s�40 to a Planckian one, etc.�. In any
case R/LReg is much bigger than 1 (R/LReg�10(�6�s/2)). Therefore
all of them are quite far from their corresponding regularization
scale.

m s�30 s�40 s�50

M� 10�9 10�19 10�29

103M� 10�8 10�18 10�28

106M� 10�7 10�17 10�27

109M� 10�6 10�16 10�26
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Comparing this result with the one in Eq. �52�, we get R
�RTwo powers , with 0.84��1.34, for any N. Therefore R
is again of the same order of magnitude, despite the differ-
ences in the choice of the profile of the energy density and of
the tangential pressures.
Comparing now the model proposed here with the origi-

nal one in �20�, we see that both yield similar conclusions �in
the instances they can be compared�. For example, in the
mentioned work, a characteristic radius was found for the
collapsed body. Its expression is Rc��3 6m/(/2�/1), that
yields �3 (e�2)/(e�1)R�1.34R . Besides having a different
description for this in our model, the values of the coeffi-
cients A and B are also quite different �numerically�.

D. Ayón–Beato and Garcı́a’s, and Bronnikov’s models

In the papers dealing with those models, there is no analy-
sis of the orders of magnitude of an eventual characteristic
radius. The only such condition on these models is to have an
event horizon. We can now compute which are the ranges of
R corresponding to different cases of  .
First of all, Eq. �50� only has a solution for 0��1.

Therefore extremely charged objects �those with �q�/m�1)
cannot be described within the present framework. This
would require R�m , so that the regularized object would not
be a BH but a ‘‘visible’’ object, such as an electron �its size,
though, being bigger than the classical radius, or Compton
size, q2/2m).
For strongly charged objects, i.e., �q�/m�1, we get that in

order to have a BH 1/2�R/m�2. Thus the regularized ob-
ject is of a similar size as that of the event horizon. Much
bigger than in the uncharged case.
The solution given by �26�, i.e., A�2m , B�q2/2m , can

only be valid now for very weakly charged objects, �q�/m

1, and satisfying R/m�q2/m2. They showed that their
model was acceptable for �q�/m-1.05. Now, we see that the
values of A and B in our model change for most of these
cases.
The same is valid for Bronnikov’s model, changing the

electric field for a magnetic one. Nevertheless, rotation
should be introduced in such a case, at least when �q�/m is
not very small.

VIII. HORIZONS AND AN INTERPRETATION
OF THE REGULARIZED BH

Looking at Eq. �30� in �21� and comparing it with our
result,

g00��1�H2 , �57�

we realize that, substituting here our corresponding H2 for
that model, these expressions turn out to be very similar,
except for a possible overall sign difference, due to the
different signatures �e.g., (� ,� ,� ,�) instead of our
(� ,� ,� ,�)�. We conclude that the same structure for the
horizons and Cauchy hypersurfaces is obtained. In �21�, the
solutions are obtained by approximations of the exact solu-

tion, so that these results and ours are really coincident �the
relative error with respect to both exact solutions being com-
pletely negligible�.
In general, the horizons result from the cancellation of

g00 . Thus we are left with a general set of horizons. A global
study for all the candidates encountered has not yet been
carried out. We could focus on examples, and try then to
extract some general features from them, but we do not find
this of primary importance.2 The main point is here, in fact,
that the matching occurs at a radius which is substantially
smaller than the Schwarzschild radius of the object. There-
fore we will always have a typical exterior, a vacuum tran-
sition region extending until the matching with the object
happens, and a quantum-dominated interior, which finally
converges to a de Sitter core. In the vacuum interior region
and in some part of the quantum object, the role of t and r are
not interpreted as usual (	 t changes its character�. This is the
reason for adequately treating the horizons: to see where ex-
actly such changes appear. But, we can still perfectly agree in
ordinary physical terms without requiring a general determi-
nation of the precise radii at which horizons occur.
Moreover, in �40�, the authors studied the stability of the

model. The same considerations there hold for our whole
family of solutions, as can be easily seen after a careful
analysis.
Finally, there is still the issue of the topology of the solu-

tions, which is connected with the possibility of a ‘‘universe
reborn’’ in the extended spacetime. Its general structure can
be found in �45� for the case where the sources satisfy weak
energy conditions �see the next section�. There, it was shown
that the topology of any regular BH, satisfying the weak
energy conditions, should be similar to that of a singularity-
free Reissner-Nordström spacetime. However, there are rel-
evant solutions in our family that violate the weak energy
conditions �WEC�. It would be worth studying what happens
in those cases.

IX. ENERGY CONDITIONS

A common point when dealing with the avoidance of sin-
gularities is to show that the energy conditions required in
the singularity theorems �see, e.g., �7�� fail to be valid.
Here we will study the strong energy conditions �SEC�,

the weak energy conditions �WEC�, the null energy condi-
tions �NEC�, and the dominant energy conditions �DEC�,
within the GNRSS family �see �46� for the case of a general
spherically symmetric spacetime�. The SEC are related with
the formation of singularities in the collapse of an object.
The WEC are directly related with the energy density mea-
sured by an observer. The NEC are useful in order to include
some spacetimes which violate the first two, but are pre-
dicted by some quantum models, e.g., AdS. Finally, the DEC
are in fact related with the causal structure of the energy-

2With respect to the other models encountered here, we have
found that the results are rather similar to those in Dymnikova and
Soltysek’s model �21�.
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matter content of a spacetime �47�.3 Even though an analysis
of energy conditions helps to understand the physics of a
model, one has to be cautious on ascribing to them more
relevance than they actually have. In several systems, mainly
when quantum effects play a fundamental role, they all may
be violated with less difficulty �see, e.g., the review in �48��.
Let #e� a$, a�0,1,2,3, be a dual vector basis of the cobasis

used in Sec. III B, defined by �
be� a��a

b , b�0,1,2,3. Any
timelike vector field, V� , in the manifold can be represented
by

V� �Abe� b , �A0�2�1��
i�1

3

�Ai�2, �58�

where Ab are some functions.
On the other hand, from the results of Sec. II, the Ricci

tensor is

Ricci�R00��0
� �

0
��

1
� �

1�

�R22��2
� �

2
��

3
� �

3�, �59�

where � denotes tensor product. A similar expression holds
for the Einstein tensor.

A. Strong energy conditions

SEC require RVV�RabVaVb'0, for all V� . From the ex-
pressions above, we obtain RVV�R00�(R00�R22)�(A2)2
�(A3)2� . Taking into account the expressions of the Ricci
and Einstein’s tensor given in Sec. III B we get RVV�G22
�(G00�G22)�(A2)2�(A3)2� . Finally, using Einstein’s
equations, and the fact that A2,A3 are free, we get

SEC↔��p2'0, p2'0, �60�

where � is the energy density measured by e� 0 , 8��
�G00 , and p2 is the tangential pressure �or stress� of the
source, 8�p2�G22 . This is the usual representation of SEC.
However, the GNRSS family allows for a new, and more
useful, expression. Indeed, as mentioned elsewhere, p2
��(��r��/2), where ()��d()/dr . Therefore we can write

SEC↔p2'0, ��-0 �61�

in all the examples given before SEC are violated. This is
natural since they are regular. Particularly, SEC are violated
for r-RSEC , with

RSEC�
N�2�2

NR , RSEC�� 3� �2m
4�6R3��2m � �R ,

RSEC�0.68R , RSEC�0.83B ,

where all the quantities have been defined in Sec. VI and the
solutions correspond to the two-power model, the Israel-

Poisson’s model, Dymnikova’s model, and Ayón–Garcı́a’s
�26� and Bronnikov’s model, respectively. Indeed, SEC are
violated in a main portion of the object, i.e., RSEC�R . For
the evaluation of the Israel-Poisson’s model, we have used
the same numerical values as in Sec. VII A. In the case of
Dymnikova’s model the value displayed corresponds to the
case /2�/1. For any other case with /2	/1	0 or /2
�0�/1, as expected, SEC are violated from bigger values
of RSEC . Finally, in the latter case, one should evaluate B for
different possibilities �see Sec. VI D and the next case�.

B. Weak energy conditions

Following analogous steps, one finds, for WEC (GVV
'0, for all V� �

WEC↔�'0, ��-0. �62�

It turns out that WEC are satisfied in the models of Secs.
VI A–VI C, very easily for any value of r �e.g., for de Sitter
core, ���0�. One only needs to impose /1�/2.
Let us now consider the series of models in Secs. VI D

and VI E. We have already seen that 0��1. This implies
that y ,x	0, and hence that A ,B	0. In general, we have
H(r)�(A/r)�1�tanh(B/r)�. We then get 8��
�(1/r2)(Hr)��(AB/r4)cosh�2(B/r) and 8���

�(2AB/r5)cosh�2(B/r)���2�(B/r)tanh(B/r)�. The energy
density � is positive for any r, although �� may become
positive. To see this, we first solve ���0. Its solution is r
�0.48B . Therefore we have for r�0.48B�r�R �outside
the body, WEC are satisfied�, WEC are violated.
In the model of Refs. �26� and �30�, one has B�q2/2m

and �q��1.05m . This gives that WEC are violated for r
�0.27m , already far away from the core.
In our revisited model, we have basically two different

possibilities. First, for weakly charged sources, i.e., those
with �q�/m
1, the conclusions are the same as for the model
in �26� and �30�. Second, for sources with �q�/m�1, we
have, recall Sec. VII D, m/2�R�m , for a BH. Two limiting
alternatives appear.
The first one is that R→2m . In this case y�1 and, there-

fore, WEC are violated for r�0.27m . The other one is that
R→(m/2)�1 , with 1
1. Now, y�1/41 . WEC are violated
for r�0.06m/1�r�2m , that is everywhere inside the
source. In conclusion, WEC are again violated almost
everywhere.
Finally, if one lets R	2m �one does not have now a BH,

but a ‘‘visible’’ object� large enough to have �1 for any
�q�,m , we find that WEC are violated everywhere in the
object.
This adds a new �elementary� example to the violation of

WEC when quantum effects play an important role �see �48�
for a recent review� and shows clearly that, although energy
conditions do help to understand the models, they should not
necessarily restrict the search for new solutions �Fig. 1�.

C. Null energy conditions

In the case of NEC, V� is a null vector field, V� •V� �0, and
requires the evaluation of RabVaVb�GabVaVb'0, V� . One
obtains

3Let us note that their Eq. �2.25�, expressing the DEC, are wrong.
For our case, the correct ones are given in Eq. �64�.
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NEC↔��-0. �63�

Thus one sees that a necessary condition common to SEC,
WEC, and NEC is that the energy profile of the sources be a
nonincreasing function. NEC are satisfied in the models of
Secs. VI A–VI C, for /2	/1, regardless of the signs of /2
or /1. In the models of Secs. VI D and VI E, NEC are vio-
lated in the same regions as WEC are, contrary to the belief
expressed in �30�.

D. Dominant energy conditions

DEC are satisfied if and only if �T0
0�'�T j

i �, i , j�1,2,3.
For the GNRSS family one gets

DEC↔sign ��sign������sign����4�/r �. �64�

Two immediate consequences are that if � changes its sign,
DEC are violated, and if WEC are violated in a region with
�'0, then DEC are also violated.
Let us turn now to the models considered here. In the case

of the two-powers model we will assume /1'0. In this
case, � is positive everywhere. WEC were satisfied in these
models. However, DEC may be violated. A study of the sign
of ���4�/r tells us that SEC are satisfied for r̃N�2

-4/2 /(/2�/1)�1/(N�2). Now the question is whether
r̃ is less than 1 or not.
Obviously, for any N exceeding N*�4/2 /(/2�/1)

�2�2(/2�/1)/(/2�/1), we have that DEC are vio-
lated. One may ask whether this is too odd or easy. Since one
expects /2�/1, we readily get N*�2. This, together with

the fact that N must be bigger than 2 �in order to be
singularity-free�, implies that, in practice, DEC are violated
in these models, recall WEC are satisfied throughout.
For the model of Sec. VI B, we can assume B ,C to be

positive �for, if BC�0 one gets a negative Schwarzschild’s
mass outside the body and if B ,C�0, B ,C can be substi-
tuted by �B�,�C�). Following a similar analysis as with the
previous models, one gets that DEC are satisfied for r-r*,
where r*�(2B/C)1/3. Therefore if r* is less than the match-
ing R, there is a region where DEC are violated. This is the
case of our corrected model. Incidentally, in the original
model, DEC are violated for r	r*. This conclusion is
against physics, since thus far one expects Schwarzchild’s
solution to be valid, and it is a vacuum’s solution with no
problems in its causal structure. Therefore the corrected ver-
sion not only describes a more realistic picture but also
solves this undesired property.
Turning back to our corrected model we have to answer

whether r* may be smaller than R, see the expressions given
in Sec. VI B. We get that for �	�� or ���� , where ��

�6(�3�1)��(LPl
2 /2) and ����6(�3�1)��(LPl

2 /2).
On the other hand, it is expected, �49�, that LPl

2 /2�O(1)
and, consequently, �� , �� are of order unity. Therefore
even though there are several parameters for which DEC
may hold, there are also many others for which DEC will
fail. A more definite answer can only be provided after a
particular field model is chosen which will yield a particular
value of � . What is this plausible field model remains, as of
now, unknown.
For the next model �the one in Sec. VI C�, it is easy to

show that DEC are satisfied throughout the source if /2
	/1	0, as expected. This is contrary to the other models
since this one departs from them through the causal connec-
tion in its stress-energy content. It is to be noticed that DEC
give a new input to understand the models. �The case /2
�/1�0 also satisfies DEC, whereas the rest of the possi-
bilities violates them.�
Finally, for the models in Secs. VI D and VI E, as � is

positive and �� is positive near the core, DEC are violated
together with WEC.
Some concluding remarks are in order. First, although

DEC are known to be different from WEC, here we see
more: it turns out that in cases with �'0, DEC are more
restrictive than WEC. Another consequence is that DEC vio-
lation and the spacetime region where it occurs are not re-
lated. That is, DEC may be violated in regions where H(r) is
larger or smaller than 1. It happens, however, that after sub-
stituting expected numerical values for the physical param-
eters involved, the values of H(r) where DEC is violated
belong mainly in the region where H(r)'1 and a ‘‘signature
change in spacetime has occurred.’’ The region with H(r)
-1 is then at Planckian �regularization� scales and can thus
be forgotten. On the other hand, when WEC are violated, one
usually accepts that the energy-matter content of the model
can no longer be described by a classical matter source
model. However, DEC deserve some especial attention.
These remarks impel us to further interpret the violation

of DEC from the causal interpretation of DEC �47�. A pos-

FIG. 1. Plot of the density � , in arbitrary units, in terms of the
coordinate r. RN means Reissner-Nordström, dS means de Sitter,
Schw means Schwarzschild, and AdS means anti-de Sitter. �RN
�e2/r4, �dS�/2 , �Schw�0, and �AdS���/2�. In the region r
��0,R� , � can be any �smooth� function matching continuously
with � at the center and at the surface. Regions where � is increas-
ing violate SEC, WEC, and NEC. These are clearly most but not all
of the possibilities. From the plot, e2/R4�8�/2, if one wants that
the model fulfills WEC or NEC. The addition of an external /
simply shifts the horizontal axis a quantity /1.

FAMILY OF REGULAR INTERIORS FOR NONROTATING . . . PHYSICAL REVIEW D 65 124024

124024-11

268



A Choice of Papers                                                                                                         Emilio Elizalde

sibility is that the breakdown of causality in matter interac-
tion may be interpreted in similar, though properly adapted,
terms as is the Einstein-Podolski-Rosen paradox interpreted
in quantum mechanics.
If this is so, or something similar can be proven, DEC

may be a more natural sign of quantum effects in matter than
WEC, for the case of positive densities. This point deserves
further investigation.
We will now analyze the main features arising when one

replaces the de Sitter core by a different spherically symmet-
ric solution.

X. THE MATCHING OF STATIC SPHERICALLY
SYMMETRIC SPACETIMES

In previous sections we have worked with the assumption
that the energy-momentum tensor satisfies T0

0
�T1

1. Now we
would like to make the first steps towards the general case
where T0

0 and T1
1 may be independent of each other. There-

fore our aim here is to match two spacetimes that share the
existence of an integrable Killing field and spherical symme-
try. In order to get the most natural junction, we need to take
profit of both symmetries exhaustively. The metric can al-
ways be written, for any of them, as

ds2�gAB�R �dxAdxB�G2�R �d"2, �65�

where A ,B�T ,R . 	T has been chosen to be the integrable
Killing vector and d"2

�d.2�sin2 .d%2. Moreover, if
G�(R)�0, we already know that they belong to the gener-
alized Nariai family, in which case they only match with
another member of its own family. Thus we will only deal
with the situation G�(R)�0. In this case, a direct redefini-
tion of the R coordinate allows us to write

ds2�gAB�r �dxAdxB�r2d"2, �66�

where A ,B�T ,r .
Spherical symmetry has thus been completely used. We

now extract consequences from the presence of 	T . The
natural thing to do is to identify both vector fields, i.e., 	T1
��	T2. However, this is not a right choice, in general, be-
cause if a Killing vector is multiplied by a constant factor,
the resulting vector field is obviously a Killing vector field.
Therefore normalizing each Killing vector, when possible,
gives the natural way to identify them. This is indeed imple-
mented in the junction process if the hypersurfaces are
spacelike or timelike everywhere. On the contrary, in the
general case, we cannot rely on such normalization.
Any metric of interest �to our purposes� can be written as

�recall the coordinate change to obtain Eq. �6�, setting now
F�1�H�

ds2���1�H �dT2�
2H
g dT dr�

1�H
g2 dr2�r2d"2,

�67�

where H , g�0 are functions of r only. Looking back to
expressions �12� and the coordinate changes mentioned
there, we will now put dT�g0dt�(g0�g0

�1)dr , where g0

is a constant, that will be related with the function g, as we
shall see in a moment. With this coordinate change the met-
ric takes the form

ds2��g0
2�1�H �dt2�2G̃dt dr�F̃dr2�r2d"2, �68�

where G̃�g0
2(H�1)�1�H(g0�g)/g , and F̃�2�g0

2(H
�1)�(g0�g)�2H/g�2/g0

2g�(g0�g)(H�1)/g0
2g� .

The junction conditions �for any type of hypersurface, see
�50�� are then

�r��0, � ṫ ��0 �69�

�H̃� ṫ 2�2�G̃� ṫ ṙ�F̃ ṙ2�0, �70�

� F̃� ṫ r̈��G̃�� ẗ ṫ� r̈ ṙ ���H̃� ṙ ẗ��G̃�� ṙ3

��H̃��� F̃�/2�� ṙ2 ṫ��H̃�� ṫ 3/2�0, �71�

where � f ��� f 2� f 1, and where we have put H̃�g0
2(H�1)

�1. In Eqs. �70� and �71� ṫ and ṙ are either ṫ 1 , ṙ1 or ṫ 2 , ṙ2,
and A��dA(r)/dr�r�r() . The same conditions lead, in gen-
eral, to a second order ordinary differential equation for r. In
principle there is the possibility for asymptotic stopping so-
lutions, i.e., solutions for which r→const as t→� , and also
for null ones. The special case r1�r2�R�const is of great
interest, since it constitutes the solution towards which any
transitory solution should converge. Under this restriction,
the conditions become, simply,

� ṫ ��0, �H̃��0, 2�G̃� ẗ��H̃�� ṫ 2�0, �72�

where t is either t1 or t2. Choosing g0 as g� one gets �G̃�
�0 �the same result comes out directly in the case when the
normal vector of � is non-null�. The last conditions become
then �H̃���0. Thus the conditions emerging from the match-
ing of two spherically symmetric spacetimes with an inte-
grable Killing vector field are, for the case r�R�const and
taking the maximum identification between them,

�H̃��0, �H̃���0, �73�

where H̃�g�
2 (H�1)�1. An intrinsic characterization, valid

for any representation of the form �65� or �66� �the ones most
often dealt with in the literature� is H̃��g�

2 (
�•
� )�1, g�
��G�/�det(gAB)�1/2�r�R , where 
� is the Killing vector asso-
ciated with the staticity of the solution �in some regions� of
�65� or �66�. Finally, notice that the first condition on H̃ is
nothing but the requirement of the mass function to be con-
tinuous across the hypersurface, while the second one is re-
lated with the continuity of the radial stress or pressure �see,
e.g., Eq. �3��. Needless to say, if one restricts oneself to the
family of metrics in Eq. �12�, one gets the conditions of Sec.
IV B.
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XI. AN APPLICATION TO SUPERSYMMETRIC STRINGY
BLACK HOLES

The semiclassical expressions for supersymmetric stringy
black holes are well-established �see, e.g., �51,52� and refer-
ences therein�. There are also other objects of interest, such
as black strings, higher dimensional black holes, etc. In all
cases, one looks for a correspondence principle with general
relativistic black holes. This transition is usually reflected in
the strength of the coupling constant, or the entropy �see,
e.g., �51–54� and references therein�. Here we take a
complementary viewpoint.
The most interesting case to our aims is that of a self-

gravitating string �see, e.g., �53,54��. However, the necessary
ingredients, specially the corresponding spacetime metric, in
order to tackle this problem are still under study. Here we
will consider the most simple �and widely considered� case,
that of a supersymmetric back hole.
A family of such black holes, related with electrically

charged black holes, is given by �see �51,52� for details�

ds2�� f�1/2�r �� 1�
r0
r � dt2

� f 1/2�r �� � 1�
r0
r � �1

dr2�r2d"2� , �74�

where f (r)�2 i�1
4 �1�(r0 sinh2�i /r)�, and where the � i are

related with the integer charges of the D-branes being used.
If the correspondence occurs at a constant value of r, we get

r1�r0 sinh2 ��r2 f 2
1/4�r2��R�const, �75�

2m
R �

Q2

R2�1�� � r0r �1 � � 1�
r f �
4 f �

2�
�2

, �76�

�
2m
R2 �

2Q2

R3 �
 � 1�
r f �
4 f �

2� f �2 f � 1�
r0
r ��2

r0
r2� �

�2

,

�77�

where we have used g��G��r�G�1(R) , G(r)�r f 1/4(r), and

�•
��� f�1/2(1�r/r0). The subscript �2 means that all
these quantities refer to the interior region, to be evaluated at
r�r2. For the exterior metric we have put � i�� j�� for all
i , j , because the exterior metric is that of a Reissner-
Nordström black hole, for which

2m�r0 cosh 2� , Q2�r0
2 sinh2 � cosh2 � ,

�78�
r0�2�m2�Q2, 2 sinh2 ���1�m/�m2�Q2,

where m is the �ADM� mass of the black hole and Q is its
electric charge. Since f 2(r2)�2 i�1

4 �1�(r0 sinh2�i /r)��2,
the above conditions yield R as a function of six of the seven
parameters, M ,Q ,(r0)2 ,� i . Detailed analysis shows that
these conditions are easily fulfilled when r0→0, � i→�� ,
with r0 sinh2�i fixed. The resulting R is very close to R0

�m��m2�Q2, i.e., the event horizon of the black hole. We
remark that r f 1/4(r) is the radial coordinate which has a di-
rect interpretation in terms of the ‘‘size’’ of the object, and
not r alone. All this being in complete agreement with the
expected transitions for extreme, and nearly extreme, super-
symmetric black holes. The same idea should be extended to
self-gravitating strings when their �four-dimensional� space-
time metric is obtained. For instance, the expected order of
magnitude of R found in �53� should be recovered. This issue
will be the matter of subsequent research.

XII. FINAL REMARKS

The first thing to be noticed is the intrinsic freedom
present in our model, which is as large as the measure of the
set of analytic functions of one variable. This is a very re-
warding feature, since it allows one to impose further restric-
tions coming from new, more accurate proposals. In particu-
lar, it will be a helpful tool when trying to find explicitly a
quantum field responsible for the G11 and G22 in the funda-
mental uncharged case. For comparison, in all previous
works, based on individual models, the prospect of finding a
quantum field related with their energy-matter content was
hopeless. To that end, we would like to draw attention to
�55�, where a useful framework to deal with the interior re-
gion is given.
In the charged case, let us notice that any GNRSS space-

time can be linked with a solution to NED �see �56��. Of
course, the case of the Schwarzschild solution is a solution
with zero charge, and the Reissner-Nordström one is the only
one which is linear, i.e., Maxwellian. Therefore the whole
family of GNRSS metrics has indeed an immediate interpre-
tation in terms of a field theory which is well established
when the object is electrically or magnetically charged. This
is another useful result. A careful study of this fact will be
reported elsewhere.
Finally, one can free the requirement that there must be an

event horizon. The objects would then become ‘‘visible’’ and
the study of the entropy of the solutions as well as their
associated Hawking temperature would bring some clues on
the time evolution of �classically� static black holes.

XIII. CONCLUSIONS

In this work we have investigated, under quite general
conditions, the question of using Einstein’s theory of gravi-
tation, extended to include semiclassical effects, with the
purpose of constraining the physical structure of the emerg-
ing spacetime solutions that might be suitable for the de-
scription of the interiors of nonrotating black holes.4
In the first part of the work we have exploited the idea

that vacuum polarization may indeed play an essential role in
the interior region. We have obtained the result that only two

4The rotating case, which is of major astrophysical interest, and
the rotating and electrically charged one, which may be associated
with spinning particles, seem to yield results very similar to the
ones presented here, see �41,44�.
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families fulfill the imposed requirement and, moreover, we
have shown that only one of them is suitable for representing
static black hole interiors, what is certainly a most remark-
able result.
Then we have turned our attention to other sources for the

core. Given that a promising alternative, self-gravitating
strings, needs still to be studied in more detail, we have
started this program by first giving the general conditions to
be fulfilled by any spacetime with spherical symmetry and
having some static region. Finally, we have applied the re-
sults obtained to a supersymmetric black hole as a prelimi-
nary case. We have seen that, in such a situation, the match-
ing is generically compatible, including the case of extreme
black holes. This last setting is precisely the same for which
the correspondence between semiclassical black holes and
stringy ones has been recently confirmed in the literature
�see, e.g., �53,54��.
Briefly, our overall conclusion is the following. First, the

results in the first sections have opened a new window for

the search of a compatible quantum field that, once regular-
ized, may yield the same result for, at least, a particular
energy-momentum tensor inside the general family of mod-
els considered �for instance, within NED, see also �56��. Sec-
ond, once a corresponding Einsteinian metric associated with
a quantum model is known, the scheme developed here has
been proven to be well suited to check the consistency of the
involved physical parameters and even, in some cases, to
assign explicit values to them.
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Kerr-Schild solutions of the Einstein-Maxwell field equations, containing semi-infinite axial singular
lines, are investigated. It is shown that axial singularities break up the black hole, forming holes in the
horizon. As a result, a tubelike region appears which allows matter to escape from the interior without
crossing the horizon. It is argued that axial singularities of this kind, leading to very narrow beams, can be
created in black holes by external electromagnetic or gravitational excitations and may be at the origin of
astrophysically observable effects such as jet formation.
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I. INTRODUCTION.—Most of the applications of gen-
eral relativity to the astrophysics of compact objects are
based on the Kerr solution of the Einstein equations, which
describes the rotating stationary black hole. Of course,
although the Kerr solution brilliantly describes stationary
phases of these objects, it can hardly trace nonstationary
behaviors, like bursts and jet formation. However, the Kerr
metric is only one member of a wider class of Einstein-
Maxwell solutions, the Kerr-Schild class. Here we will
consider the rotating Kerr-Schild solutions containing axial
semi-infinite singular lines. To the best of our knowledge,
these solutions have, so far, not received enough attention
in astrophysics, and it seems that they have never been
analyzed in detail from the physical point of view.

One of the first mentions of axial singular lines in the
exact solutions of the Einstein-Maxwell field equations can
be found in the paper by Robinson and Trautman [1]. Axial
singularities, which are analogs of the Dirac monopole,
appear in the NUT and Kerr-NUT solutions [2] and are
related to magnetic charge and to some ‘‘magnetic type’’ of
mass which does not have, so far, a clear (astro)physical
interpretation, at least for isolated sources. In the work of
Debney, Kerr, and Schild [3], a broad class of stationary
solutions of the Einstein-Maxwell field equations was con-
sidered, among which are the solutions containing axial
semi-infinite singular lines, to be investigated in what
follows. Our aim is, in particular, to investigate in detail
the structure of horizons for these solutions, to discuss
some of the effects which the appearance of the axial
singularities may cause in the rotating astrophysical
sources, and to consider the physical consequences which
may originate from these singularities in initially stable

black holes. We show that axial singularities ‘‘break up’’
the Kerr black hole, forming a hole in the horizon which
connects the internal with the external regions. As a result,
although a ‘‘horizon’’ is still present, it does not isolate the
Kerr singularity from the exterior any more, and it turns out
to be ‘‘half dressed.’’ These results add this class of solu-
tions to the (rather restricted) family of solutions which
have a clear physical meaning, and, therefore, we believe
they are of interest per se. Moreover, we conjecture here
that the formation of axial singularities may result in the
production of jets [4], thus providing an alternative model
for important astrophysical phenomena.

II. STRUCTURE OF THE KERR SOLUTION.—The
Kerr-Newman metric in Kerr-Schild form can be written as

 g� � �� � 2hk�k; (1)

where k� is a null vector field k�k� � 0 which is tangent
to the Kerr principal null congruence. The function h has
the form h � �Mr� e2=2�=�r2 � a2cos2��, where the ob-
late coordinates r, � are used on the flat Minkowski back-
ground ��. In the case of rotating Kerr solutions, the
Schwarzschild horizon splits into four surfaces: two sur-
faces of the staticity limit, rs� and rs�, which are deter-
mined by the condition g00 � 0, and two surfaces of the
event horizons, S�x�� � const, which are the null surfaces
determined by the condition g��@�S��@�S� � 0. In the
case e2 � a2 >M2, the horizons of the Kerr-Newman
solution disappear and the Kerr singular ring turns out to
be naked. To avoid the problems with a two-sheet topology,
this singularity may be covered by a smooth disklike
source [5,6].
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III. ROTATING SOLUTIONS WITH AXIAL
SINGULARITIES.—The Kerr metric above is actually
only a special case of a much more general class of exact
solutions of the Einstein-Maxwell field equations with
axial singularities, discovered by Debney, Kerr, and
Schild in the seminal paper [3]. These solutions are ob-
tained considering the Kerr-Schild ansatz g� �
�� � 2hk�k, with a null vector field k� (k�k� � 0),
which is tangent to a geodesic and shear-free principal null
congruence (PNC). As a result, the spacetimes are alge-
braically special, and many tetrad Ricci components van-
ish, which leads to a strong restriction on the tetrad
components of the electromagnetic (e.m.) field as well.
We skip here the details of the derivation, to mention
only the fact that the corresponding solutions turn out to
be aligned with the Kerr PNC, in the sense that

 F�k� � 0: (2)

The Debney-Kerr-Schild solutions arise when one more
restriction on the electromagnetic field is imposed, which
leads to stationary solutions without electromagnetic
waves. The unique nonzero component of the field tensor
in this case is F 31 � ��AZ�;1 where Z is the (complex)
expansion of the PNC. The function A has the general form

 A �  �Y�=P2; (3)

where P � 2�1=2�1� Y �Y�, and  is an arbitrary holomor-
phic function of Y. The resulting metric has the Kerr-
Schild form (1), where the function h is given by [3]

 h � M�Z� �Z�=�2P3� � A �AZ �Z=2: (4)

In terms of spherical coordinates on the flat background
one has Y�x� � ei� tan�

2
, which is singular at � � �. This

singularity will be present in any holomorphic function
 �Y�, and, consequently, in A and in h. Therefore, all the
solutions of this class—with the exclusion of the case  �
const which corresponds to the Kerr-Newman solution—
will be singular at some angular direction �.

The simplest cases are  � q=�Y � c� and  � q�Y �
b�=�Y � c�, which correspond to an arbitrary direction of
the axial singularity. However, the sum of singularities in
different directions is also admissible  �y� � P

iqi�Y �
bi�=�Y � ci�, as well as polynomials of higher degree.

We should stress here that the above solutions do not
contradict the assertion of the ‘‘no hair theorem’’ of Carter
and Robinson, which states uniqueness of the Kerr and
Kerr-Newman solutions [7] under certain regularity hy-
potheses, since these are not satisfied here. Indeed, the
spacetime has to be asymptotically flat and regular out of
the horizon, conditions that are not fulfilled, since the axial
singularity extends to infinity. Also, the assumptions on the
structure of the horizon are not fulfilled. Indeed, the hori-
zon of a black hole should be smooth and convex. But here
the horizon is not smooth at the bifurcation points, and
does not form a convex surface. In this connection it may
be noted that, recently, multiparticle Kerr-Schild solutions

[8] have been obtained. In the case of the two-particle
solution, the Kerr-Newman solution exhibits two semi-
infinite axial singularities which are caused by interaction
with an external particle and are oriented along the line
connecting the two particles.

IV. STRUCTURE OF THE HORIZONS AND
DIAGRAMS OF THE MAXIMAL ANALYTIC
EXTENSIONS.—Let us now analyze the structure of the
horizons for the solutions containing axial singular lines. It
is convenient to use the metric in the Kerr coordinates
�t; r; �; �� [3]. The metric can be represented in the form

 

ds2 � �2H � 1�dt2 ���d�2 � sin2�d�2�
� 2�dr� asin2�d��2 � �2H � 1��dr� asin2�d��2
� 4Hdt�dr� asin2�d��; (5)

where � � r2 � a2cos2�, H � Mr=� for the vacuum
metric and H � �Mr� e2=2�=� for the charged Kerr-
Newman solution.

The simplest axial singularity is the pole  � q=Y. In
this case, the function H takes the form

 H �
�
Mr� 1

2

�
q= tan

�

2

�
2
�
=�: (6)

The boundaries of the ergosphere, rs� and rs� (which are
determined by the condition g00 � 0 or 2H � 1 � 0), are
the solutions of the algebraic equation

 2Mr� r2 �
�
q= tan

�

2

�
2 � a2cos2� � 0: (7)

This solution acquires a new feature: the surfaces rs� and
rs� turn out to be joined by a tube, forming a simply
connected surface (see Figs. 1–3), which has the topology
of a sphere.

The surfaces for the event horizons are null and obey the
differential equation

−30 0 30
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 =0 

singular ring 
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FIG. 1. Near extremal black hole with a hole in the horizon, for
M � 10, a � 9:98, q � 0:1. Represented is the axial section.
The singular ring is placed at the boundary of the disk r � 0. The
event horizon is a closed connected surface surrounded by the
closed connected surface g00 � 0.
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 �@rS�2
�
r2 � a2 �

�
q= tan

�

2

�
2 � 2Mr

�
� �@�S�2 � 0:

(8)

One can ignore the time and� dependencies of the surface
S. However, the coefficients do depend on �, and �@�S�2 �

0, which does not allow us to get an explicit solution.
Fortunately, �@�S�2 is very small for most of the horizon
surface, with the exclusion of a small � vicinity of the axial
singularity. We represent the surface S in the form r � r���
and obtain an approximate solution which is very close to
the exact one for the regions where �@�r�2 is small.
Neglecting the term �@�r�2, one obtains that an approxi-
mate form of this surface is described by the equation r2 �
a2 � �q= tan�

2
�2 � 2Mr � 0. The resulting surfaces are

shown in Figs. 1–3 for different values of the parameters
M, a, and q. The axis of symmetry is the horizontal z axis,
and the axial singular beam is directed along the direction
of angular momentum.

Note that, for physical reasons, the event horizon has to
lie inside the boundaries of the ergosphere. We clearly see
that the resulting surfaces satisfy this requirement. Similar
to the boundary of the ergosphere, the two event horizons
are joined into one connected surface with spherical topol-
ogy, and the surface of the event horizon lies inside the
boundary of the ergosphere. As it is seen from the figures,
the axial singularities lead to the formation of the holes in
the black hole horizon, which opens up the interior of the
‘‘black hole’’ to external space.

The structure of the diagrams of the maximal analytic
extension (MAE) [9] in these solutions depends on the
section considered. If the section is chosen away from
the axial singularity and corresponding tubelike region,
the diagram of the MAE will be just the same as for the
usual solution for a rotating black hole. If the section goes
through the axial singularity, the tubelike hole in the hori-
zon leaves a trace on all patches of the MAE. The r� and
r� surfaces are deformed and approach each other, joining
at some distance from the axial singularity and forming an
access duct to the interior of the former black hole.
Therefore, tubelike channels connecting the interior and
the exterior at some angular direction will appear on all
patches of the diagram.

These black holes with holes in the horizon have thus
preferred directions along which the causal structure dif-
fers from that of ‘‘true’’ black holes. Their singularity is,
therefore, naked, but the nakedness is of a very peculiar
type, since it manifests itself in specific directions only. A
similar situation occurs with other nonspherical exact so-
lutions, like e.g. the so called Gamma metric [10].

V. POSSIBLE ASTROPHYSICAL APPLICATIONS.—
Two main questions appear in confronting astrophysical
applications of these solutions: (i) which consequences
will follow from the existence of the holes in the black
hole horizon, and (ii) which kind of mechanism could lead
to the appearance of the axial singularity and correspond-
ing holes in the horizon?

Note that axial singularities may carry traveling electro-
magnetic and gravitational waves which propagate along
them as along waveguides, a phenomenon described by
exact singular pp-wave solutions of the Einstein-Maxwell
field equations [2]. The appearance of the axial singular-
ities in rotating astrophysical sources may be related to
their excitations by gravitational and/or electromagnetic
waves, and has to be necessarily caused by some nonsta-
tionary process. It was argued in [11,12] that electromag-
netic excitation of black holes leads inevitably to the
appearance of axial singularities. The motivation for this
statement is based on the treatment of the exact aligned
wave solutions of the Maxwell equations on the Kerr
background, satisfying (2), since only the aligned wave
solutions are consistent with the geodesic and shear-free
principal null congruence of the Kerr geometry, and only
those may be used as candidates for the exact consistent
solutions of the Einstein-Maxwell field equations.
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FIG. 3. Narrow hole in the horizon, for M � 10, a � 9:5, q �
0:03. Axial section. The singular ring is placed at the boundary
of the disk r � 0. The event horizon is surrounded by the closed
surface of boundary of the ergosphere, g00 � 0.
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FIG. 2. Large hole in the horizon, forM � 10, a � 9, q � 0:3.
Axial section. The singular ring is placed at the boundary of the
disk r � 0. The event horizon is a closed connected surface
surrounded by the closed connected surface g00 � 0.
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Similar to the stationary case considered in [3], the
general aligned solutions are described by two self-dual
tetrad components F 12 � AZ2 and F 31 � �Z� �AZ�;1,
where the function A acquires an extra parameter � which
is a complex retarded time [12] (see the Appendix for
details). The simplest wave modes

  n � qYn expi!n�  q

�
tan
�

2

�
n
expi�n��!n�� (9)

can be labeled by the index n � �1;�2; . . . , which cor-
responds to the winding number for the phase wrapped
around the axial singularity. The leading wave terms have
the form F jwave � fRd� ^ du� fLd �� ^ dv, where fR �
�AZ�;1 and fL � 2Y �Z=P�2 � Y2�AZ�;1 are the factors
describing the ‘‘left’’ and ‘‘right’’ waves propagating, cor-
respondingly, along the z� and z� semiaxes. Near the z�
axis, jYj ! 0, and for r! 1, we have Y ’ ei� �

2r
, where �

is the distance from the z� axis. Similarly, near the z� axis
Y ’ ei� 2r

�
and jYj ! 1. For jnj> 1 the solutions contain

axial singularities which do not fall off asymptotically, but
are increasing, denoting instability. The leading wave for
n � �1,

 F �
�1 � � 4qe�i2��i!�1��

�2
d� ^ du; (10)

is singular at the z� semiaxis and propagates to z � �1,
while for n � 1,

 F �
1 � 4qei2��i!1��

�2
d �� ^ dv; (11)

the singularity is at the z� semiaxis and the wave prop-
agates to z � �1.

By considering the limiting fields near the singular axis,
one can find the corresponding self-consistent solutions of
the Einstein-Maxwell field equations [12]. They are singu-
lar pp waves [2] having the Kerr-Schild form of the metric
(1) with a constant vector k�. In particular, the wave
propagating along the z� axis has k�dx

� � �21=2du.
Therefore, wave excitations of the Kerr geometry lead to
the appearance of singular pp waves which propagate
outward along the axial singularities. In real situations,
axial singularities cannot be stable and they will presum-
ably correspond to some type of jet or burst, hence it is
natural to conjecture that the related holes in the horizon
will also be at the origin of jet formation.

Observational evidence shows a preference for two-
jetlike sources, as e.g. in the field of radio loud sources
[13,14]. These jets are emitted in opposite directions along
the same axis. This scenario corresponds to our treatment
of the sum of two singular modes with n � �1 and to two
oppositely positioned holes in the horizon. The results are
basically the ones obtained for the single beam case,
applied to 0 � � � �=2 and �=2 � � � �.

It is known that the Kerr solution has a repulsive gravi-
tational force acting on the axis of symmetry for r < a. It
can be described by the Newton potential ��r; �� �

�2h � �2Mr=�r2 � a2�. In the small vicinity of the axial
singularity, a gravitational repulsion from the singularity
will appear too, since the potential acquires the form

 ��r; �� � �2h � ��2Mr� j j2�=�r2 � a2�; (12)

where j j2 � q2tan2 �
2

. Quantum processes of pair creation
near the axial singularity will also take place, and presum-
ably be responsible for its regularization [15].

On the other hand, electromagnetic pp waves along the
singularity will cause a strong longitudinal pressure
pointed outwards from the hole. It can be easily estimated
for the modes of the pp waves with n � �1 [12]. For
example, the corresponding energy-momentum tensor is
T� � 1

8�
jF�

�1j2k�kn, and the wave beam with mode n �
�1, propagating along the z� half-axis, will exert the
pressure

 pz� � 2q2e2a!�1

��4
; (13)

where � is an axial distance from the singularity and !�1

the frequency of this mode. For the exact stationary Kerr-
Schild solutions, one can use this expression in the limit
!�1 � 0.

VI. CONCLUSIONS.—From the analysis above, we
conclude that the aligned excitations of the rotating black
hole (or naked rotating source) lead, unavoidably, to the
appearance of axial singularities accompanied by outgoing
traveling waves and also to the formation of holes at the
horizon, which can lead on its turn to the production of
astrophysical jets [4].

Multiparticle Kerr-Schild solutions [8] suggest that axial
singularities are to be bi-directional and oriented along the
line connecting the interacting particles. Thus, it will be
interesting to analyze in further detail the observed jets in
order to check the conjecture that they may be indeed
triggered by radiation coming from remote active objects.

Finally, one may suspect this effect to be related to the
known phenomenon of superradiance, although the usual
treatment of the latter does not take into account the
condition (2), which specifically leads to the formation of
narrow beams.

A. B. has been supported by the RFBR Project No. 04-
0217015-a. E. E. has been supported by DGICYT (Spain),
Project No. BFM2003-00620 and SEEU Grant
No. PR2004-0126, and by AGAUR (Generalitat de
Catalunya), Contract No. 2005SGR-00790.

APPENDIX: ALIGNED E.M. SOLUTIONS ON THE
KERR-SCHILD BACKGROUND.—The aligned field
equations for the Einstein-Maxwell system in the Kerr-
Schild class were obtained in [3]. The electromagnetic field
is given by tetrad components of the self-dual tensor
F 12 � AZ2, F 31 � �Z� �AZ�;1, where commas denote
the directional derivatives with respect to the chosen null
tetrad vectors. The equations for the e.m. field are

 A;2 � 2Z�1 �ZY;3A � 0; (A1)
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 DA� �Z�1�;2 � Z�1Y;3� � 0; (A2)

where D � @3 � Z�1Y;3@1 � �Z�1 �Y;3@2. Solutions of this
system were given in [3] only for the stationary case for
� � 0, while the oscillating e.m. solutions correspond to
the case � � 0.

For the sake of simplicity we consider the gravitational
Kerr-Schild field as stationary, although in the resulting
e.m. solutions the axial symmetry is broken, which has to
lead to oscillating backgrounds if the backreaction will be
taken into account. Define a complex retarded-time pa-
rameter � � t0 � i� � �jL [16], which satisfies the rela-
tions

 ���;2 � ���;4 � 0: (A3)

Equation (A1) becomes �AP2�;2 � 0, which can be inte-
grated, yielding A �  �Y; ��=P2. It has the form obtained
in [3]. The only difference is in the extra dependence of the
function  from the retarded-time parameter �. This means
that the stationary solutions obtained in [3] may be con-
sidered as a low-frequency limit of these solutions.

One can easily check that the action of the operator D
on the variables Y, �Y, and � is

 DY � D �Y � 0; D� � 1; (A4)

and therefore D� � @�=@t0Dt0 � PDt0 � 1, which
yields

 D t0 � P�1: (A5)

As a result, Eq. (A2) takes the form

 

_A � ���P�; �Y; (A6)

where � _ �  @t0 .
For the stationary background considered here, P �

2�1=2�1� Y �Y�, and _P � 0. The coordinates Y, and � are
independent from �Y, which allows us to integrate Eq. (A6).
We obtain the following general solution:

 � � �P�1
Z

_Ad �Y � 21=2 _ 

P2Y
���Y; ��=P; (A7)

where� is an arbitrary analytic function of Y and �. We set
��Y; �� � 0. The term � in F 31 � �Z� �AZ�;1 describes
a part of the null electromagnetic radiation which falls off
asymptotically as 1=r and propagates along the Kerr prin-
cipal null congruence e3. As discussed in [16], it describes
a loss of mass by radiation with the stress-energy tensor
�T���

� � 1
2
� ��e3�e

3
.

We now evaluate the term �AZ�;1. For the stationary case
we have the relations Z;1 � 2ia �Y�Z=P�3 and �;1 �
�2ia �YZ=P2. This yields

 �AZ�;1 �
Z

P2

�
 ;Y � 2ia _ 

�Y

P2
� 2 

PY
P

�
� A2ia

Z �Y

P3
:

(A8)

Since Z=P � 1=�r� ia cos��, this expression contains the
terms which fall off like r�2 and r�3. However, it also
contains the factors which depend on the coordinate Y �
ei� tan�

2
and can be singular at the z axis, forming the

narrow beams, i.e. the half-infinite lines of singularity. In
particular, it can be the z� or z� axis, which correspond to
� � 0 and � � � (cases n � �1, respectively).

[1] I. Robinson and A. Trautman, Proc. R. Soc. A 265, 463
(1962).

[2] D. Kramer, H. Stephani, E. Herlt, and M. MacCallum,
Exact Solutions of Einstein’s Field Equations (Cambridge
University Press, Cambridge, England, 1980).

[3] G. C. Debney, R. P. Kerr, and A. Schild, J. Math. Phys.
(N.Y.) 10, 1842 (1969).

[4] R. D. Blandford and D. G. Payne, Mon. Not. R. Astron.
Soc. 199, 883 (1982); R. Ouyed, R. E. Pudritz, and J. M.
Stone, Nature (London) 385, 409 (1997); R. Ouyed and
R. E. Pudritz, Mon. Not. R. Astron. Soc. 309, 233 (1999);
L. Rowan and R. Coontz, Science 291, 65 (2001).

[5] A. Burinskii, E. Elizalde, S. R. Hildebrandt, and G. Magli,
Phys. Rev. D 65, 064039 (2002).

[6] A. Burinskii, Gravitation Cosmol. 8, 261 (2002).
[7] S. Chandrasekhar, The Mathematical Theory of Black

Holes (Clarendon Press Oxford, Oxford University

Press, New York, 1983), Vol. 2.
[8] A. Burinskii, hep-th/0510246; Gravitation Cosmol. 11,

301 (2005); hep-th/0507109.
[9] B. Carter, Phys. Rev. 174, 1559 (1968).

[10] L. Herrera, D. Malafarina, and G. Magli, Gen. Relativ.
Gravit. 37, 1371 (2005).

[11] A. Burinskii, Phys. Rev. D 70, 086006 (2004).
[12] A. Burinskii, Gravitation Cosmol. 10, 50 (2004).
[13] B. Punsly, Black Hole Gravitohydromagnetics (A&A

Library, Springer, 2001).
[14] R. J. Antonnucci, Annu. Rev. Astron. Astrophys. 31, 473

(1993).
[15] N. D. Birrell and P. C. W. Davies, Quantum Fields in

Curved Space (Cambridge University Press, Cambridge,
England, 1982), Chap. 8.

[16] A. Burinskii, Phys. Rev. D 67, 124024 (2003).

ROTATING ‘‘BLACK HOLES’’ WITH HOLES IN THE . . . PHYSICAL REVIEW D 74, 021502(R) (2006)

021502-5

277



Cosmology, the Quantum Vacuum, and Zeta Functions

fðRÞ gravity equation of state

Emilio Elizalde1,* and Pedro J. Silva2,+
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The fðRÞ gravity field equations are derived as an equation of state of local space-time thermodynamics.

Jacobson’s arguments are nontrivially extended, by means of a more general definition of local entropy,

for which Wald’s definition of dynamic black hole entropy is used, as well as the concept of an effective

Newton constant for graviton exchange, which recently appeared in the literature.
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I. INTRODUCTION

In a key article [1], Jacobson derived Einstein’s equa-

tions (Ee) from arguments based only on thermodynamics

at equilibrium of local space-time. To derive this result, he

first generalized black hole (Bh) thermodynamics to space-

time thermodynamics as seen by a local observer. Then, he

took the basic Clausius relation, to obtain a local differen-

tial equation (from the previously defined map between

local space-time and thermodynamic observables), that

turns out to be precisely Ee. From this we can say that

Ee are derived as an ‘‘equation of state’’ from local space-

time thermodynamics. He noted that his finding strongly

suggests that, in a fundamental context, Ee are to be viewed

as an equation of state and, therefore, they should probably

not be taken as a basis for quantizing gravity. This is

consistent with the idea that gravity is an emergent phe-

nomenon of a more fundamental framework, like string

theory (e.g., [2]). If this were true, not only general rela-

tivity, but presumably all generalized gravity theories,

should be seen under this same light.

Modified gravity models constitute a very important

dynamical alternative to �CDM cosmology, in that they

have the capability to describe the current accelerated

expansion of our Universe (dark energy epoch), but also

the initial de Sitter phase and inflation, and even the galaxy

rotation curves corresponding to dark (and ordinary) mat-

ter [3]. We will here prove that Jacobson’s derivations can

be generalized to cover these more complicated theories of

gravity that are extensively used nowadays. First, we re-

view Jacobson’s arguments to introduce the basic notions

and then derive the desired generalization. In particular, we

will completely close the program for the so-called fðRÞ
gravities (see, e.g., [3], and references therein), where the

Lagrangian only depends on the Ricci scalar and its co-

variant derivatives, leaving the problem open for more

general cases. In [4], the field equations for fðRÞ of poly-

nomial form were derived using nonequilibrium ther-

modynamics arguments (see also [5]). Here, we pro-

pose an alternative approach where local thermodynamic

equilibrium is maintained, using the idea of ‘‘local-boost-

invariance’’ introduced in [6].

II. JACOBSON’S CONSTRUCTION IN BRIEF

Any free-falling local observer p has some gauge free-

dom to describe his local coordinate system. The equiva-

lence principle can be used to describe space-time in a

vicinity of p as flat. Then, we choose the local spacelike

area element perpendicular to the worldline of p to have

zero expansion rate � and shear � at a given point on the

history of p, that we call p0. In this setting, the past horizon

of p0 is called the ‘‘local Rindler horizon’’ at p0. Since,

locally, we have Poincaré symmetry, there is an approxi-

mate Killing field K generating boost at p0, vanishing at

p0, which we take as the future pointing to the inside past

of p0.

Having this basic setting, we are ready to give pre-

cise meaning to the local thermodynamic definitions. First,

note that local Rindler horizons are null and act as causal

barriers. Therefore, we can associate entropy S to it,

measuring the ‘‘many degrees of freedom outside,’’ what

presumably results in entanglement entropy just at the

horizon. With this understanding, entropy is proportional

to the area elements of the horizon, where a fundamental

length has to be provided to give a UV cutoff. Heat Q is

energy flow of microscopic degrees of freedom across the

causal barrier, and is felt, therefore, via gravitational en-

ergy, where its source is undetectable. Last, the local tem-

perature T is defined as ‘‘Unruh temperature,’’ as seen by a

local accelerated observer hovering just inside the horizon.

Energy flow has to be measured by this same observer, for

consistency.

In more detail, different accelerated observers would

measure different energy flows and temperature, both di-

verging at the horizon but with constant ratio, and this is

just what will be used.We have also imposed � ¼ � ¼ 0 at
p0, to give a sort of ‘‘local definition of equilibrium’’ since,
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in general, causal horizons change in time as they expand

and twist. In this construction, locally and at the instant p0,

there is not such a deformation, and the space is ‘‘at

equilibrium.’’

A. Accelerated observer and approximations

On the above point p0 with its associated local Rindler

horizon H , take an accelerated observer hovering just

inside the horizon �. By the above construction, � is an

approximate local boost Killing field future directed to the

past of p0. Then, the variation of heat (caused by energy

flow across the horizon), measured by �, is �Q ¼R
H Tab�

bd�a, where the integration is over a pencil of

generators of H at p0. If K is a tangent vector to the

generators of H , with affine parameter � such that � ¼ 0
at p0, we have that �

a ¼ �k�Ka þOð�2Þ, where k is the
acceleration of �. Therefore, d�a ¼ Kad�dA, where dA is

the cross section area element of H . Thus, the final

expression for the variation of heat, at leading order, is

�Q ¼ �
Z
H

k�TabK
aKbd�dA: (1)

Note that for � the Unruh temperature T is set to be

T ¼ @k=2�: (2)

On the other hand, Jacobson uses that the variation of the

entropy is proportional to the variation of the horizon area

A, i.e., �S ¼ ��A, with � an unknown proportionality

constant. Here, �Ameasures the change of the area as we

approach the point p0, and therefore is given by �A ¼R
H �ð�Þd�dA. Next, we use Raychaudhuri‘s equation to

integrate � near p0. In this coordinate system, at leading

order in �, we obtain � ¼ ��RabK
aKb þOð�2Þ, and the

relevant expression for the entropy variation to this order is

�S ¼ ��
Z
H

�RabK
aKbd�dA: (3)

B. Thermodynamic relations

To derive information of thermodynamic systems, like

the equation of state, we need just the basic thermody-

namic relation

�Q ¼ T�S; (4)

and the functional dependence of S with respect to the

energy and size of the system. In our case we have

Eqs. (1)–(3) at our disposal, to get the beautiful relation

TabK
aKb ¼

1

2�
�RabK

aKb: (5)

Since K is an arbitrary null vector onH , we can write the

unprojected equation Tab ¼
1
2��Rab þ gabh, with h an

unknown function, arbitrary as of now. Using then that

the left-hand side is divergence-free, plus the Bianchi

identities for the Ricci tensor, we get the integrability

conditions, 1
4��raR ¼ �rah, and therefore the final

form of the thermodynamic relation is

�
2�

�

�
Tab ¼

�
Rab �

R

2
gab

�
þ�gab; (6)

where � is an integration constant.

To summarize, we have here obtained the Ee as an

equation of state for a local free-falling observer. To de-

duce the above, we have used the following critical as-

sumptions: (i) Measurements are done in a vicinity of a

general point p0. (ii) Our local coordinate system is at

equilibrium, in the sense that �, � ¼ 0 at p0. (iii) The

accelerated observer � tends to K, a null vector generator
of the causal horizon. (iv) We always restrict ourselves to

the leading-order approximation in the affine parameter �.

III. THE GENERAL CASE OF

MODIFIED GRAVITY

We apply the above construction to more general theo-

ries of gravity. Following Iyer and Wald [6], we just

assume that our Lagrangian is diffeomorphism invariant,

in an n-dimensional oriented manifold M, being the dy-

namical fields a Lorentz signature metric gab and other

matter fields  . The most general Lagrangian is

L ¼ Lðgab; Rcdef;ra1
Rcdef; . . . ;rða1

. . .ranÞ
Rcdef;

 ;ra1 ; . . . ;rða1 . . .ranÞ Þ:
(7)

The corresponding field equations can be found by a varia-

tional procedure on ðgab;  Þ, so that we get

�L ¼ 	ðEab
g �gab þE � Þ þ d�; (8)

where 	 is the volume element and � a (n� 1)-form.

Hence, the field equations of the theory areEab
g ¼ 0,E ¼

0. In [6], it was found how to write them from a variation of

the ðgab; RcdefÞ, as if they were independent variables, so

that we get, after the corresponding identifications,

E ab
g ¼ Aabg þ EpqraR Rpqr

b þ 2rprqE
pabq
R ; (9)

where ðAabg ; E
pabq
R Þ are the variations of L with respect to

ðgab; RpabqÞ in each case, taken as independent variables.

In the above expressions, if the derivatives of Rcdef occur

in the Lagrangian, one integrates by parts and then takes its

variation, to obtain EpabqR .

This form of the field equations is useful due to its

relation to Bh thermodynamics. Basically, it has been

known for a while now [7], that in the case when we

have a stationary Bh solution, the entropy S can be calcu-

lated as a Noether charge evaluated at the bifurcation

(n� 2)-surface of the event-horizon �. In these cases,

the entropy is given by
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S ¼ �2�
Z
�
EabpqR 	ab	pq; (10)

where 	ab is the binormal vector of �.
Less understood is the case of dynamical Bh entropy.

There, the event-horizon is not bifurcated and the above

formula does not hold. On the other hand, in [6] a pre-

scription that passes the tests of consistency for the entropy

is presented. The idea is to approximate the metric g, in a

vicinity of a given point p of the event-horizon, by a boost-

invariant metric gIq (q boost parameter, see below). This is

done by altering the original Taylor expansion of the metric

around p, so that the new metric is boost-invariant up to

some order q, that defines the size of the vicinity where our
approximation is valid. Then, for this boost-invariant met-

ric, there is a Killing vector field that, on the horizon, is

null, and vanishes at p. We thus have created an approxi-

mated bifurcation surface of order q and can use the same

expression as before for the entropy, only that the integra-

tion is done on the boost-invariant variables:

Sdynð�pÞ ¼ �2�
Z
�p

Ê
abpq
R 	ab	pq; (11)

where ÊabpqR ¼ EabpqR ðgIqÞ (see [6] for details).
Having understood these modifications for calculating

the Bh entropy, we are almost ready to continue. Still, we

need some information on the geometrical meaning of

Eq. (10). In [8] it was noticed that, for a static Bh, entropy

can always be reexpressed as the area of the bifurcation

(n� 2)-surface A divided by 4 in units of an effective

Newton constant Geff , i.e.,

S ¼
A

4Geff

where
1

8�Geff

¼ EabpqR 	ab	pq: (12)

The above result has been checked for some string theory

cases where it was found that Geff is indeed constant on

the bifurcation surface. This result has to be supplemented

with the key observation that the above effective New-

ton constant plays also the role of an effective gravita-

tional coupling for graviton exchange. In other words,

the kinetic term of the n-dimensional graviton, obtained

from the general Lagrangian L, is precisely of the form
1
4E

abpq
R ðrrhbqr

rhap þ . . .Þ and, hence, EabpqR can be

thought of as the strength of the graviton interaction in

all possible polarizations. In retrospective, Geff corre-

sponds to the strength of the gravitational interaction in

the particular polarizations defined by the binormal of the

bifurcation (n� 2)-surface A.

A. Field equation as equation of state

Now that we have the basic inputs for the possible

geometrical interpretation of the Bh entropy S for gener-

alized theories of gravity, we are ready to consider the

problem of defining there a local version of Bh thermody-

namics, following the steps of Jacobson. Note that all

definitions regarding local observers (accelerated or not),

local Rindler horizons, and so on, are based on differential

geometry and the equivalence principle. We expect all

these definitions to hold in the general setting and, thus,

we leave them unchanged.

What makes the difference, being one of the key points

in this generalization, is the definition of the local entropy.

After the discussion above, it seems natural to relate en-

tropy to the area of the causal horizon, only that now we

replace the proportionality constant with a field-dependent

effective constant. In other words, we state that the local

variation of the entropy is still proportional to the variation

of the area of the causal horizon, but in units of this

effective Newton constant. Therefore, we write now [9]

�S ¼ �ð�eAÞ; (13)

where �e is, in general, a function of the metric and its

derivatives to a given order lþ 2, i.e.,

�e ¼ �eðgab; Rcdef;r
ðlÞRpqrsÞ: (14)

Using the above ansatz, we are ready to proceed with our

derivation. Since we just change the definition of entropy

variation, due to the energy flow across the local Rindler

horizon, we get the modified expression

�S ¼ �
Z
H

�ð�eRab �rarb�eÞK
aKbd�dAþOð�2Þ:

(15)

It is important to notice that, in this expression,

ð�e; k
ara�eÞ is to be evaluated at its leading contribution

in �. We have used its boost-invariant part at first order in

lambda to effectively incorporate the boost-invariant no-

tion of [6] creating an ‘‘approximated bifurcation point at

first order in �’’ at p0.

The other part of the derivation is unaffected and gives

the same result of (1), namely,

�Q ¼ �
Z
H

k�TabK
aKbd�dAþOð�2Þ: (16)

Therefore, the thermodynamic relation (4) implies

TabK
aKb ¼

1

2�
ð�eRab �rðarbÞ�eÞK

aKb: (17)

At this point we consider the general differential equation,

removing the contraction with K, thus

Tab ¼
�e
2�

Rab �rðarbÞ �e
2�

þ gabH; (18)

where the new terms are added based on the fact that K is a

tangent vector of the null geodetics at p0, generating local

boost. Hence, we have a local equation with two unknown

functions of the metric and its derivatives ð�e;HÞ.
To find the form of these three functions, we use the

integrability condition
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ra

�
�e
2�

Rab �rðarbÞ �e
2�

þ gabH

�
¼ 0; (19)

obtained from the observation that the right-hand side

should be divergence-free. After some algebra,

0 ¼
�e
4�

rbRþ ðrar
bra �rbr2Þ

�e
2�

þrbH

�
1

2
ðr2rb þrar

braÞ
�e
2�

: (20)

At this point, with no lose of generality, we can set

H ¼ hþr2 �e
2�

; (21)

finally obtaining the expression

0 ¼
�e
4�

rbRþrbh: (22)

B. The specific case of fðRÞ gravities

Equation (19) can in principle be solved in many differ-

ent ways. Here we will consider the simplest possibility,

that eventually leads to the so-called fðRÞ gravities [3]

(note the f), a special—but phenomenologically very

important—family of the general theories of modified

gravity where only the Ricci scalar is involved, as well

as their covariant derivatives to any order, i.e. L ¼
fðR;rnRÞ.

The solution of Eq. (19) we are considering is the one

where the first two terms cancel each other. The last can be

easily integrated assuming �e is a function of R only, thus

h ¼ � 1
2 fðRÞ, with

�e
2� ¼ @f

@R . Therefore, the final form is

Eab ¼
@f

@R
Rab �rðarbÞ @f

@R
þ gab

�
�

1

2
fþr2 @f

@R

�
;

(23)

f a function of R and its covariant derivatives.

Equation (23) is in fact the correct field theory equation

for fðRÞ gravities, provided we identify the function fðRÞ as

the Lagrangian of the theory. Also, in this case the effective

Newton constant of (12) is related to �e, as is expected

from the relation

1

8�Geff

¼ EpqrsR 	pq	rs ¼
@f

@R
ðgprgqs � gqrgpsÞ	pq	rs

¼
@f

@R
¼
�e
2�

: (24)

Note that, for these theories, the different polarizations of

the gravitons only enter in the definition of the effective

Newton constant through the metric itself. This is an im-

portant simplification that, in turn, permits us to find the

solution of the integrability condition (19). To summarize,

we have succeeded in our thermodynamic derivation of

fðRÞ gravities where, remarkably, exactly as in the case of

Einstein gravity, the local field equations can be thought of

as an equation of state of equilibrium thermodynamics.

It will be very interesting to see if this derivation can be

extended to the more complicated cases, stemming from

string theory, where the full Riemann tensor is involved in

the Lagrangian. This seems to imply a sort of tetrad de-

composition of the effective Newton constant such that one

recovers, at the end, only the polarization normal to the

causal barrier of the local Rindler horizon. Work along this

line is in progress. As a last comment, in our derivation we

have used the first law, but no information is given about

the second law. In fact it is not known if the second law is

present in generalized gravities (see [10]).
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Abstract

Some cosmological implications of ultraviolet quantum effects leading to a condensation of Born–Infeld matter are
considered. It is shown that under very general conditions the quantum condensate cannot act as phantom matter if its energy
density is positive. On the other hand, it behaves as an effective cosmological constant in the limit where quantum induced
contributions to the energy–momentum tensor dominate over the classical effects.
© 2003 Published by Elsevier B.V.

Evidence that the universe is undergoing a phase of
accelerated expansion at the present epoch continues
to grow. Not only is accelerated dynamics inferred in
high redshift surveys of type Ia supernovae [1], it is
now independently implied from observations of the
anisotropy power spectrum of the Cosmic Microwave
Background (CMB) [2–4]. The favoured explanation
for this behavior is that the universe is presently domi-
nated by some form of ‘dark energy’ contributing up to
70% of the critical energy density, with the remaining
30% comprised of clumpy baryonic and non-baryonic
dark matter [3]. One of the central questions in cos-

E-mail addresses: elizalde@ieec.fcr.es (E. Elizalde),
j.e.lidsey@qmul.ac.uk (J.E. Lidsey), nojiri@nda.ac.jp,
snojiri@yukawa.kyoto-u.ac.jp (S. Nojiri), odintsov@ieec.fcr.es
(S.D. Odintsov).

mology today is the origin of this exotic matter. In the
quintessence scenario, for example, the dark energy
is a self-interacting scalar field that slowly evolves
down a potential and thereby acts as a negative pres-
sure source [5]. This paradigm has attracted attention
because a wide class of models exhibit ‘tracking’ be-
havior at late times, where the dynamics of the field
becomes independent of its initial conditions in the
early universe. In principle, this may resolve the fine-
tuning problem inherent in dark energy models based
purely on a cosmological constant [6]. Nevertheless,
there is at present no generally accepted origin for the
quintessence field from a particle physics perspective.
Current observations constrain the effective equa-

tion of state of the dark energy to be within the region
bounded by −1.45< wDE < −0.74 at the 95% confi-
dence level [3,7], where wDE ≡ pDE/ρDE and p and ρ
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denote the pressure and energy density of the field, re-
spectively. Phantom matter corresponds to the region
of parameter space wDE < −1, where the scalar field
has negative kinetic energy [8,9]. Although matter of
this form is presently consistent with observations, the
origin of such a scalar field with a non-conventional
kinetic energy is not understood. On the other hand,
it was recently noted that the phantom field need not
necessarily be a scalar but may in principle have vec-
tor or tensor degrees of freedom [10]. Moreover, sim-
ilarities between phantom matter and conformal field
theory (CFT) were discussed in Ref. [11].
In view of the above developments, and given

the absence of a favoured scalar field model, it is
important to search for alternative candidates for the
dark energy/phantom matter whose origin may be
found within the context of string/M-theory. One of
the more unusual types of matter that is predicted to
arise in string/M-theory is the so-called Born–Infeld
(BI) field. (For a review, see, e.g., Ref. [12].) The
action for the BI field coupled to gravity is given by

SBI = −λ

∫
d4x

{√
−det(gμν + Fμν)

(1)−
√

−detgμν

}
,

where Fμν is the field strength for the gauge field, gμν

is the spacetime metric and λ is a coupling constant.
The question we address in this Letter is whether

such a field can play the role of dark energy/phantom
matter in the present-day universe. For simplicity, we
assume throughout that the gauge group is abelian.
It is known that standard abelian BI cosmology is
necessarily anisotropic (or inhomogeneous) [13]. On
the other hand, as shown in Ref. [14], non-abelian BI
cosmology may be isotropic when the proper choice
of gauge field configuration is made. Moreover, the
equation of state of BI matter may become negative
in some regions of parameter space [14]. However, it
could be argued that such a complicated choice for the
gauge field strength might be artificial. In the present
Letter, therefore, we suggest that abelian BI theory
may be employed as a toy model for isotropic BI
cosmology where the field strength is time-dependent
due to quantum effects (specifically effects similar to
that of gluon condensation in QCD).

In a four-dimensional spacetime, it follows that

det(gμν + Fμν)

(2)

= (−g)

{
1+ 1

2
FμνF

μν − 1
16(−g)

(
FμνF

∗μν
)2}

,

where g ≡ detgμν and F ∗μν ≡ 1
2ε

μνρσ Fρσ . The
energy–momentum tensor for the BI field is then
derived by varying the action (1) with respect to the
metric tensor:

T
μν
BI ≡ 1√−g

δSBI

δgμν

= −λ

2

{
gμν
(
1+ 1

2Fρσ Fρσ
)− Fμ

ρF νρ√
1+ 1

2Fρσ Fρσ − 1
16(−g)

(Fρσ F ∗ρσ )2

(3)− gμν

}
.

We now assume that the spacetime metric corresponds
to the spatially flat, isotropic, Friedman–Robertson–
Walker (FRW) universe:

(4)ds2 = −dt2 + a2(t) dx2,

where a(t) represents the scale factor of the universe.
If the electric or magnetic component of the field
strength, Fμν , becomes non-trivial, the isometry of
the metric (4) is broken. However, it is known that in
the case of QCD, the vacuum expectation value of the
square of the field strength becomes non-trivial due
to the condensation of the gluon. Phenomenologically,
the gluon condensation has been observed by using the
operator product expansion [15]. In QCD the conden-
sation can be derived by using the trace anomaly in-
duced effective action [16] (for a general discussion,
see [17]). If we take into account such effects, we may
impose as our main assumption that〈
FμνF

μν
〉
V

= α(t),

(5)
〈
FμνF

∗μν
〉
V

= β(t)
√−g,

where 〈 〉V denotes vacuum expectation values and the
functions α(t) and β(t) may in general depend on
time but are constant on the spatial hypersurfaces. Due
to the isometry of the spatial hypersurfaces, we may
further assume that〈
F 0ρF 0ρ

〉
V

= αt

4
g00,

〈
F i

ρF jρ
〉
V

= αs

4
gij ,

(6)αt + 3αs = 4α,
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where αs = αs(t), αt = αt (t).
We emphasize that the origin of Eq. (5) is purely

quantum in nature and arises from the condensate that
appears due to vacuum fluctuations. In general, the
vacuum expectation values (5) are not independent.
However, the relationship between them can only be
determined by a direct calculation to some finite order
in loop corrections (normally chosen to be the one-
loop level). Moreover, such a calculation depends on
the choice of the background, the origin of the BI
field itself, as well as the compactification scheme
and particular string theory under consideration. In
Ref. [18], the one-loop effective potential (and static
potential) for a toroidal D-brane described by the BI-
action in constant electric and magnetic fields was
evaluated. In the case of the one-loop potential, it was
found that the presence of a magnetic background
may stabilize the D-brane, whereas, in contrast, a
constant electrical field leads to destabilization. The
main conclusion to be drawn from such a study is that
the consideration of quantum effects in BI theory is
extremely involved even for the case of a stationary
background. Since the explicit calculation of the time-
dependence of (5) is beyond the scope of the present
work, we adopt a more phenomenological approach.
Our aim is to discuss the possible role of the quantum
condensate in cosmological settings and, in particular,
to determine the conditions that α and β would need
to satisfy in order for the BI field to act as a viable
candidate for dark energy.
The classical thermodynamics of the radiation must

also be accounted for. The classical contribution to
the energy density and pressure of the BI field is
determined by averaging over the spatial volume, as
in Ref. [20]. By identifying the electric and magnetic
components such that Ei ≡ Fi0 and Bi ≡ 1

2εijkF
jk ,

respectively, we may specify
〈∑

i E
2
i

〉 = 〈∑
i B

2
i

〉 ≡
ε(t) by invoking the equipartition principle [20]. Since
〈F 0ρF 0ρ〉 = 〈∑

i E
2
i

〉
and 〈FiρFj

ρ〉 = −〈EiEj 〉 +
2〈BiBj 〉, it is also consistent to further assume that
〈EiEj 〉 = 〈BiBj 〉 = εgij /3, and in this case, it follows
that

(7)αt = α − 4ε, αs = α + 4
3
ε.

The parameters αt and αs are therefore to be
viewed as expressing the time-dependence of the av-
eraged components of the field strength, F 0ρF 0ρ and

F i
ρF jρ , respectively, where the contributions from

the classical radiation bath and the quantum conden-
sate have both been taken into account. We may re-
gard the contribution from α as arising purely from
quantum mechanical effects. Since the electric field
is orthogonal to the magnetic field in the radia-
tion,

∑
i EiBi = 0, it also follows that 〈FμνF

∗μν〉 ∝〈∑
i EiBi

〉= 0 at the classical level. This corresponds
to specifying β = 0.
We now proceed to determine the effective equation

of state for the BI field. When the connected parts
of the operators in the vacuum expectation values are
neglected, i.e., when

(8)
〈(
FμνF

μν
)n(

FμνF
∗μν
)m〉

V
= αnβm, etc.,

the expressions for the energy density, ρBI, and pres-
sure, pBI, of the BI field follow directly from Eq. (3).
We find that

(9)ρBI =
λ

2

(
1+ α

2 − αt

4√
1+ α

2 − β2

16

− 1
)

,

(10)pBI = −λ

2

(
1+ α

2 − αs

4√
1+ α

2 − β2

16

− 1
)

.

Since the BI field is minimally coupled to Einstein
gravity, its dynamics is determined by the conservation
of its energy–momentum, ∇μT

μν
BI = 0. For the FRW

metric (4), this reduces to the ordinary differential
equation:

(11)ρ̇BI + 3H(ρBI + pBI) = 0,
whereH ≡ ȧ/a represents the Hubble expansion para-
meter and a dot denotes differentiation with respect to
cosmic time. In the purely classical limit, α = β = 0,
we find that the equation of state corresponds to that of
a relativistic fluid, pBI = ρBI/3, as expected, and this
implies that the energy density redshifts with the ex-
pansion of the universe in the standard fashion, ρBI ∝
ε ∝ a−4.
We now consider the effects of the quantum con-

densate. In general, a matter degree of freedommay be
viewed as phantommatter if it has positive energy den-
sity and negative pressure and if its equation of state
satisfies w ≡ p/ρ < −1, i.e., if p + ρ > 0 [8]. This
implies that its energy density increases with time. By
comparing Eqs. (9) and (10), we deduce immediately
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that

(12)ρBI + pBI =
λ

8
αs − αt√
1+ α

2 − β2

16

and it follows immediately that a necessary condition
for the quantum BI condensate to act as phantom
matter is that αt > αs . However, since ε is a semi-
positive-definite quantity, we conclude from Eq. (7)
that αt < αs is always satisfied. Thus, the BI field
cannot act as phantom matter in the context discussed
here. This is a general result and is independent of the
explicit time-dependence of the expectation value of
the field strength.
On the other hand, in the limit where the quantum

condensate dominates the classical contributions, α 	
ε, it follows from Eq. (7) that α ≈ αs ≈ αt , and
comparison of Eqs. (9) and (10) then implies that

(13)ρBI = −pBI =
λ

2

(
1+ α

4√
1+ α

2 − β2

16

− 1
)

,

(14)wBI ≡
pBI

ρBI
= −1.

In other words, in the limit where the classical con-
tribution is negligible, the BI field behaves precisely
as an effective cosmological constant. This is remark-
able, given that the initial time dependence of the
quantum contributions, α and β , has not been speci-
fied in the analysis. For consistency with Eq. (11), we
require that the ratio

(15)
1+ α

4√
1+ α

2 − β2

16

be time-independent and this imposes a restriction on
the functional form of the parameters {αs,αt , β}, but
does not necessarily imply that they should be time-
independent themselves. We further require that

(16)
α

2
> −1+ β2

16

and, in the limit where 8α → −16+ β2 or α → +∞,
both the energy density and pressure diverge. It also
follows from the identity

(17)
(
1+ α

4

)2
−
(
1+ α

2
− β2

16

)
= α2 + β2

16
� 0,

that the energy density is positive (negative) for
positive (negative) coupling parameter, λ.
The question that now arises, therefore, is whether

further constraints can be imposed on the time-depen-
dent parameters from cosmological considerations. If
the BI condensate is to act as a viable dark energy
candidate, it can only be starting to dominate the
energy density of the universe at the present epoch.
This implies that the parameters {α,β} should be
evolving in such a way that they are much less then
unity today, otherwise the coupling parameter, λ,
would have to be severely fine-tuned. Consequently,
it is natural to Taylor expand Eqs. (9) and (10) to
first-order in these parameters and we deduce that the
effective equation of state in this limit is given by

(18)wBI ≈ −1+ 128ε
96ε + 3β2 .

Eq. (18) illustrates how the classical contribution
to the field strength, ε, pushes the equation of state
away from that of a cosmological constant. If the
quantum condensate contribution to the energy density
redshifts more slowly than the classical sector as the
universe expands, the behavior of the BI field will
gradually approach that of a cosmological constant as
time proceeds. Consistency with observations requires
that the second term on the right-hand side of Eq. (18)
should not exceed 0.26 by the present epoch [3,7].
It is interesting that the equation of state (18) is
independent of α at this level of approximation.
To summarize, therefore, we have considered the

possible cosmological implications of including ultra-
violet quantum effects on Born–Infeld matter degrees
of freedom that generate a condensate similar to that of
the gluon condensate in QCD. In a FRW background,
such effects introduce time-dependent corrections to
the energy and pressure of the BI field, thereby alter-
ing its equation of state away from that of a classi-
cal radiation fluid. Since, in general, the determination
of the time-dependence of such corrections is highly
involved, we have invoked a phenomenological ap-
proach by investigating the conditions that should be
satisfied by the quantum condensate if it is to act as
a viable candidate for dark energy or phantom mat-
ter. It was found that such a field cannot act as phan-
tom matter unless it has negative energy density. Such
a no-go result follows even though the precise time-
dependence of the quantum corrections is unknown.
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On the other hand, we note that although negative en-
ergy densities may appear to be unphysical, spatial
distributions of negative energy sources have recently
been investigated in detail in Ref. [21], where it was
shown by specific example that there exist distribu-
tions that are indeed allowed.1 Similarly, the consider-
ation of the Casimir energy in various models (see, for
instance, Ref. [22]) shows that quantum corrections to
the energy density may be negative.
In the classical limit, the BI field behaves as

a relativistic perfect fluid. Surprisingly, however, in
the opposite limit where the classical contribution
is negligible relative to the quantum condensate, the
field acts as an effective cosmological constant. There
exists an intermediate regime of parameter space
where the field may act as a dark energy source
under the very weak condition that the classical sector
redshifts with the expansion of the universe more
rapidly than that of the quantum condensate.
This is potentially interesting because it suggests

a mechanism for addressing the fine-tuning problem
associated with dark energy cosmology. This is the
problem of understanding why the dark energy has
such a low density relative to the Planck scale. A possi-
ble scenario that could be considered is the case where
the classical sector dominates the energy density of
the BI field shortly after the condensate forms in
the very early universe and remains the dominant
contribution until a relatively recent epoch is reached
that corresponds to a redshift of z ≈ O(few). In this
case, the BI field may act as a relativistic degree
of freedom for most of the history of the universe
without violating the observational limits imposed by
primordial nucleosynthesis and CMB constraints. If
we further assume that equipartition holds in the early
universe, the energy density of the BI field would
remain comparable to that of the background CMB
during this time. However, if the time dependence of
the quantum parameters then changed so that these
quantities redshifted more slowly than the classical
contribution, the BI field would transform into a
cosmological constant, but with a sufficiently low

1 In our case, we note that in the somewhat unlikely event that
the classical contribution is absent, the ansatz αt = 3α and αs = α/3
could be made and this would yield phantom-like behavior for the
BI condensate. However, a definitive conclusion can only be drawn
after a complete calculation has been performed.

energy density at the present epoch. It would soon
come to dominate the universe as its energy density
remained approximately constant.
In order to proceed further, a number of unresolved

questions should be addressed. In particular, the action
(1) contains a string coupling constant within the field
strength Fμν . It is important, therefore, to consider the
energy scales associated with the condensates that we
have considered. The coupling constant of the BI the-
ory is predicted by string theory to be much higher
than the observable, present-day dark energy. How-
ever, the BI theory arises from higher-dimensional
string theory as an effective D-brane theory with an
associated brane tension, and since we have consid-
ered the case where the quantum contributionsα and β

are of the order unity or less, the only scale that arises
is that of the brane tension. In the standard D-brane
setting, it is expected that the bulk cosmological con-
stant and brane tension should both be of the order of
the Planck scale. On the other hand, in warped com-
pactification models, such as the Randall–Sundrum
scenarios [23], the (higher-dimensional) Planck scale
might be considerably lower. Moreover, it has been
argued that the confinement of QCD might be dual
to the Higgs mechanism [24]. In this case, small val-
ues for the parameters α and β would arise naturally
since they would be determined by the ratio of the
confinement or Higgs scale with respect to the four-
dimensional Planck scale. Alternatively, it would be
interesting to consider mechanisms such as renormal-
ization group screening to reduce the magnitude of the
induced cosmological constant. Of course, this very
important question of physical energy scales can only
be addressed concretely after a direct calculation. We
propose that the scenario we have outlined above pro-
vides strong motivation for considering the field the-
oretic issues that are involved in determining the ex-
plicit time-dependence of the condensate vacuum ex-
pectation values in an expanding FRW universe.
Finally, we remark that the quantum effects associ-

ated with CFT matter may also be accounted for by in-
cluding the contributions due to the conformal anom-
aly. These take the general form

(19)T = b

(
F + 2

3
�R

)
+ b′G + b′′�R,

where F is the square of four-dimensionalWeyl tensor
and G is the Gauss–Bonnet invariant. If there are N
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scalar, N1/2 spinor, N1 vector, NHD higher derivative
conformal scalars, and N2 (= 0 or 1) graviton fields
present, then b, b′ and b′′, are given by

b = N + 6N1/2+ 12N1 + 611N2− 8NHD
120(4π)2

,

b′ = −N + 11N1/2+ 62N1 + 1411N2− 28NHD
360(4π)2

,

(20)b′′ = 0,
respectively. The contributions to the energy density
and pressure due to the conformal anomaly have been
found explicitly when the metric has the FRW form (4)
[19]. Specifically, for the case of pure de Sitter space,
it was found that

(21)ρA = −pA = −6b′H 4.

It is remarkable, that for higher derivative conformal
scalar the quantum CFT energy density becomes
negative as well. It then follows that the (nearly de
Sitter) Friedman equation is given by

(22)H 2 = 8π
3m2P

{
λ

6

(
1+ α

4√
1+ α

2 − β2
− 1
)

− 6b′H 4

}
,

where mP is the Planck mass and we have neglected
any classical effects. (For the exact expression of the
CFT energy density in an arbitrary FRW spacetime,
see [19].)
Hence, we deduce that BI quantum effects com-

bined with the vacuum polarization which arises due
to CFT matter contributions also serve as an effec-
tive cosmological constant with a negative equation of
state and may in principle serve as a mechanism for
realizing an accelerated phase of cosmic expansion.
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We discuss the bulk Casimir effect �effective potential� for a conformal or massive scalar when the bulk
represents five-dimensional anti–de Sitter �AdS� or de Sitter �dS� space with one or two four-dimensional dS
branes, which may correspond to our Universe. Using zeta regularization, the interesting conclusion is reached
that for both bulks in the one-brane limit the effective potential corresponding to the massive or to the
conformal scalar is zero. The radion potential in the presence of quantum corrections is found. It is demon-
strated that both the dS and the AdS braneworlds may be stabilized by using the Casimir force only. A brief
study indicates that bulk quantum effects are relevant for brane cosmology, because they do deform the de
Sitter brane. They may also provide a natural mechanism yielding a decrease of the four-dimensional cosmo-
logical constant on the physical brane of the two-brane configuration.
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I. INTRODUCTION

If our world is really multidimensional, as M �string�
theory predicts, then one of the most economical possibilities
for its realization is the braneworld paradigm. Indeed, in the
case when string theory is taken in its exact vacuum state,
with the five-dimensional �asymptotically� anti–de Sitter
�AdS� sector, in a full ten-dimensional space, the correspond-
ing effective five-dimensional theory represents some
�gauged� supergravity. Adding the four-dimensional surface
terms predicted by the AdS conformal field theory �CFT�
correspondence to such five-dimensional AdS �super�gravity,
one arrives at the dynamical four-dimensional boundary
�brane� of this five-dimensional manifold. Depending on the
structure of the surface terms, the choice of �bulk and brane�
matter, the assumptions about the general structure of the
brane and bulk manifold, fields content, etc., our four-
dimensional universe can be realized in a particular way as
such a brane. The brane universe can be consistent with ob-
servational data even when the radius of the extra dimension
is quite significant. Moreover, the braneworld point of view
of our Universe may bring about a number of interesting
mechanisms to resolve such well-known problems as the
cosmological constant and the hierarchy problems.
As the braneworld corresponds to a five-dimensional

�usually AdS� manifold with a four-dimensional dynamical
boundary, it is clear that, when five-dimensional quantum
field theory �QFT� is considered, the nontrivial vacuum en-
ergy �Casimir effect, see, e.g., Ref. �1� for a recent review�
should appear. Moreover, when brane QFT is considered, the
nontrivial brane vacuum energy also appears. The bulk Ca-

simir effect should conceivably play a quite remarkable role
in the construction of the consistent braneworlds. Indeed, it
gives a contribution to both the brane and the bulk cosmo-
logical constants. Hence it is expected that it may help in the
resolution of the cosmological constant problem.
For consistency, the five-dimensional braneworld should

be stabilized �radion stabilization� �2�, and the challenging
idea is that a very fundamental quantity, the bulk vacuum
energy �Casimir contribution�, may be used explicitly for
realizing the radion stabilization. This has been checked in a
number of models �4–16�, although mainly with flat branes
only. An interesting connection between the bulk Casimir
effect and supersymmetry breaking in braneworld �17� or
moving branes �18� also exists. On the other hand, the brane
Casimir effect may be used for a braneworld realization �19�
of the anomaly driven �also called Starobinsky� inflation
�20�.
The works mentioned above discuss mainly the Casimir

effect in the situation when the brane is flat space. But also
the situation in which the brane is more realistic, say a de
Sitter �dS� universe, has been discussed in Refs. �5,14�. It has
been shown there that, in an AdS bulk, the Casimir energy
for the bulk conformal scalar field in a one-brane configura-
tion is zero. However, in situations where the bulk is differ-
ent, a nonzero contribution of the Casimir energy is not ex-
cluded and even a possibility may exist of gravity trapping
on the brane itself.
In the present work we study the bulk Casimir effect for a

conformal or massive scalar when the bulk is a five-
dimensional AdS or a dS space and the brane is a four-
dimensional dS space. We show that zeta-regularization tech-
niques at its full power �21� can be used in order to calculate
the bulk effective potential in such braneworlds, in a quite
general setting. One interesting result we got is that, for both
bulks �AdS and dS� under discussion with one brane, the
bulk effective potential is zero for a conformal as well as for
a massive scalar. Applications of our results to the stabiliza-
tion of the radion and to the brane dynamics are presented as
well.
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The paper is organized as follows. The next section is
devoted to the discussion of a general effective potential �Ca-
simir effect� for bulk conformal scalar on AdS when the
brane is a de Sitter space. The small distance behavior is
investigated and the one-brane limit of the potential, which
turns out to be zero, is worked out. As an application, we
discuss the role of the leading term of the effective potential
to the brane dynamics. It is shown here that the Casimir
force only slightly deforms the shape of the four-dimensional
sphere S4 . The radion potential �in two limits�, with account
of the Casimir term, is found and the stabilization of the
braneworld is discussed. Using an explicit short distance ex-
pansion for the effective potential, it is demonstrated that the
brane may indeed be stabilized using the Casimir force only.
In Sec. III similar questions are investigated for a confor-

mal scalar when the brane is S4 , and the bulk is a five-
dimensional dS space. It is interesting that the effective po-
tential turns out to be the same as in the case of the previous
section �AdS�. Also, the one-brane limit of the effective po-
tential is again zero. From the study of brane dynamics it
turns out that the role of the Casimir force is again that of
inducing some deformation of the S4 brane �especially close
to the poles�.
In Sec. IV the effective potential for a massive scalar �also

with scalar-gravitational coupling� is presented, for both a dS
and an AdS bulk, when the brane is S4 . The small and large
mass limits are found. The one-brane limit of the potential is
again zero, even in the massive case, but the main nonzero
correction to this limit is obtained explicitly. Brane stabiliza-
tion due to the Casimir force for a massive scalar is dis-
cussed when the bulk is five-dimensional dS.
In Sec. V the potential for a massive scalar without a

scalar-gravitational coupling is briefly studied for dS and
AdS braneworlds. It is shown that it is again zero in the
one-brane limit. Finally, a short summary and an outlook are
presented in Sec. VI.

II. CASIMIR EFFECT FOR A de SITTER BRANE
IN A FIVE-DIMENSIONAL ANTI–de SITTER

BACKGROUND

A. Effective potential for the brane

In this section, we review the calculation of the effective
potential for a de Sitter brane in a five-dimensional anti–de
Sitter background, following Refs. �4,5,14�. First, we start
with the action for a conformally invariant massless scalar
with scalar-gravitational coupling,

S�
1
2 � d5x�g��g��	�(	�(�
5R �5 �(2� , �2.1�

where 
5��
3
16 , R (5) being the five-dimensional scalar cur-

vature. This action is conformally invariant under the confor-
mal transformations:1

g���e���x
��ĝ�� , (�e���x

��(̂ , �2.2�

where �
3
4 ��� .

Let us recall the expression for the Euclidean metric of
the five-dimensional AdS bulk:

ds2�g��dx�dx��
l2

sinh2 z �dz
2
�d"4

2�, �2.3�

d"4
2
�d
2�sin2 
d"3

2, �2.4�

where l is the AdS radius which is related to the cosmologi-
cal constant of the AdS bulk, and d"3 is the metric on the
three-sphere. Two dS branes, which are four-dimensional
spheres, are placed in the AdS background. If we put one
brane at z1 , which is fixed, and the other brane at z2 , the
distance between the branes is given by L��z1�z2�. When
z2 tends to �, namely L�� , the two-brane configuration
becomes a one-brane configuration.
We can see that the action Eq. �2.1� is conformally invari-

ant under the conformal transformations for the metric Eq.
�2.3� and the scalar field, which are given by

g���sinh�2 zl2ĝ�� , (�sinh3/2 zl�3/2(̂ . �2.5�

The action �2.1� is not changed by the conformal transforma-
tion, Eqs. �2.5�. The corresponding transformed Lagrangian
looks like

L�(�	z
2
� �4 �

�
5R �4 ��( , �2.6�

where R (4)�12. Since we are interested in the Casimir effect
for the bulk scalar in the AdS background, we shall use this
Lagrangian hereafter.
The one-loop effective potential can be written as �5,14�

V�
1

2LVol�M 4�
ln det�L5 /�2�, �2.7�

where L5��	z
2
� (4)�
5R (4)�L1�L4 . To calculate the

effective potential in Eq. �2.7�, we use � function regulariza-
tion �21,25�, as was done in Refs. �4,5,14�. Being precise, the
very first step in this procedure consists in the introduction of
a mass parameter in order to work with dimensionless eigen-
values, thus we should write at every instance L5 /�2, etc.
However, as is often done for the sake of the simplicity of
the notation, we will just keep in mind the presence of this �
factor, to recover it explicitly only in the final formulas.
First, we assume that the eigenvalues of L1 and L4 are of

the form n
2, �

2'0 �with n, ��1,2,...) respectively. In terms
of these eigenvalues, ln det L5 can be rewritten as follows:

ln det L5�Tr ln L5�Tr ln�L1�L4���
n ,�

ln�n
2
��

2 �.

�2.8�

1Note that there is a relation between � and �, namely
��(D�2)/4���� , and 
D depends on the dimensions as
�(D�2)/4(D�1), for the general D-dimensional bulk.
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Since the � function for an arbitrary operator A is defined by

��s�A ���
m
�m
2 ��s

��
m
e�s ln m

2
, �2.9�

it turns out that Tr ln L5 can be rewritten as

Tr ln L5��	s��s�L5��s�0 . �2.10�

Furthermore, the � function is related to the � function and
heat kernel Kt(A):

��s�A ��
1

��s � �0
�

dtts�1Kt�A �, Kt�A ���
m
e�m

2 t.

�2.11�

L1 is a one-dimensional Laplace operator, and the boundary
conditions result in that the brane separation L can be taken
as the width of a one-dimensional potential well. As a con-
sequence, the eigenvalues of L1 are given by

n
2
���nL � 2 �2.12�

for finite L.

B. One-brane limit „L\�…

The above formula leads to the heat kernel Kt(L1):

Kt�L1���
n
e�t��n/L �2��

0

�

dye�t��y /L �2
�

L

2��t
,

�2.13�

where the large-L limit has been taken, namely, the continu-
ous limit of n. The heat kernel for L5 is written in terms of
Kt(L1) and Kt(L4) �25�, as

Kt�L5��Kt�L1�Kt�L4�. �2.14�

By using Eqs. �2.11�, �2.13�, and �2.14�, we obtain �(s�L5):

��s�L5��
1

��s � �0
�

dtts�1Kt�L1�Kt�L4�,

�
L

2��

�� s� 1
2 �

��s �
1

�� s� 1
2 �

��
0

�

dtt �s�1/2��1Kt�L4��O� 1L �

�
L

2��

�� s� 1
2 �

��s � �� s� 1
2 �L4��O� 1L � . �2.15�

Combined with Eq. �2.10�, we obtain the effective potential
in the large L limit:

V��
1

2LVol�M 4�
#���0�L5 /�2��ln�2��0�L5 /�2�$

�
1

2LVol�M 4�
�� �

1
2 �L4 /�2��O��2L � . �2.16�

Note that the �2 factor has to be taken into account for
obtaining the derivative and, as discussed before, it is in fact
everywhere present in each Lagrangian and its eigenvalues
�although it is usually not written down in order to simplify
the notation�. For the spherical brane S4 whose radius is R,
the four-dimensional zeta function �(s�L4) is given by

��s�L4��
R
2s

3 ��H� 2s�3, 32 ��
1
4 �H� 2s�1, 32 � � .

�2.17�

Here we used a Hurwitz zeta function and a Bernoulli poly-
nomial as in Ref. �5�. This equation leads to

�� �
1
2 �L4��

1
3R ��H� �4,

3
2 ��

1
4 �H� �2,

3
2 � ��0.

�2.18�

As a result, the effective potential Eq. �2.16� becomes zero
�as first has been observed in Ref. �5� and has been con-
firmed in Ref. �14�� as L→� . This situation corresponds to
the case of a one-brane configuration.

C. Small distance expansion

Using the power of the zeta regularization formulas
�21,22�, a much more precise �albeit involved� calculation
can be carried out which respects at every step the complete
structure of the five-dimensional zeta function. That is, the
full zeta function is preserved until the end, and the final
expression is given in terms of an expansion on the brane
distance L over the brane compactification radius R, valid
for L/R-1, which complements the one for large brane dis-
tance obtained above. A detailed calculation follows.
As to the specific zeta formulas employed, adhering to the

classification that has been given in Ref. �22�, the case at
hand is indeed to be found there �even if at first sight it
would not seem so�. It corresponds to a two-dimensional
quadratic plus linear form with truncated spectrum. In fact,
this is clear from the structure of the spectrum yielding the
zeta function

��s�L5����2s �
n ,l�0

�

�n
2
� l

2��s, �2.19�

where � is a dimensional regularization scale that renders the
argument of the zeta function dimensionless. In the case of
the four-dimensional spherical brane of radius R considered
above, this reduces to
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��s�L5��
��2s

6 �
n ,l�0

�

� l�1 �� l�2 ��2l�3 �

�� ��nL � 2�R
�2� l2�3l� 9

4 � �
�s

. �2.20�

This zeta function looks awkward, at first sight. But after
some reshuffling it can be brought to exhibit the standard
structure mentioned. Specifically,

��s�L5��
R
2s

6�2s �n ,l�0

�

2� l� 3
2 � 
 � � l� 3

2 �
2

�
�2n2R2

L2 �1�s

���2n2L2 �
1
4 � � � l� 3

2 �
2

�
�2n2R2

L2 ��s�
�

R
2s

6�2s �Z1�s ��Z2�s �� , �2.21�

where both Z1(s) and Z2(s) are obtained by taking deriva-
tives �see Ref. �23� for a discussion of this issue, nontrivial
when asymptotic expansions are involved�, with respect to x
at x�

3
2 , of a zeta function of the class just mentioned, e.g.,

�
l�0

�

�� l�x �2�q��s, q�
�2n2R2

L2 . �2.22�

In Refs. �22�, explicit formulas for the analytical continua-
tion of this class of zeta functions are given. To be brief �and
forgetting for the moment about the n sum, for simplicity�,
we just have to recall the useful asymptotic expansion

�
n�0

�

��n�c �2�q��s�� 12�c � q�s
�
q�s

��s �

��
n�1

�
��1 �n��n�s �

n! q�n�H

���2n ,c ��
����s�1/2�
2��s � q1/2�s

�
2�s

��s � q
1/4�s/2�

n�1

�

ns�1/2

�cos�2�nc � Ks�1/2�2�n�q �.

�2.23�

After some calculations, we get, for Z1(s) and Z2(s),

Z1�s ���
1
2�s ��

2
R
2

L2 � 2�s

��2s�4 �

�
1

��s�1 � �n�1

�
��1 �n��n�s�2 �

n!

���2R2

L2 � 2�n�s

��2s�2n�4 ��H� ��2n ,3/2 �,

�2.24�

Z2�s ��
1
1�s ��

2
R
2

L2 � 1�s��2R2

L2 ��2s�4 �

�
1
4 ��2s�2 � ��

1
��s � �n�1

�
��1 �n��n�s�1 �

n!

���2R2

L2 � 1�n�s��2R2

L2 ��2s�2n�4 �

�
1
4 ��2s�2n�2 � � �H� ��2n ,3/2 �. �2.25�

Finally, for the derivative of the five-dimensional zeta
function at s�0, we obtain

���0�L5��
����4 �
6

�4R4

L4 �
����2 �
12

�2R2

L2

�
1
24 � �H� ��4,3/2 �� 1

2 �H� ��2,3/2 � � ln�
2
R
2

L2

�
���0 �
6 � �H� ��4,3/2 �� 1

2 �H� ��2,3/2 � �
�
1
24 �H� ��4,3/2 ��

1
36 � 18 �H� ��4,3/2 �

�
1
3 �H� ��6,3/2 � � L

2

R
2 �O� L4

�4R4�
�0.129 652

R
4

L4
�0.025 039

R
2

L2
�0.002 951 ln

R
2

L2

�0.017 956�0.000 315
L2

R
2 �¯ . �2.26�

D. Dynamics of the brane

We now consider the dynamics of the dS brane, which is
taken to be the four-dimensional sphere S4 , as in Ref. �5�.
The bulk part is given by five-dimensional Euclidean
Anti–de Sitter space, Eq. �2.3�, which can be rewritten as

dsAdS5
2

�dy2�l2 sinh2
y
l d"4

2. �2.27�

One also assumes that the boundary �brane� lies at y�y0 and
the bulk space is obtained by gluing two regions, given by
0-y�y0 �see Ref. �19� for more details�.
We start with the action S which is the sum of the

Einstein-Hilbert action SEH , the Gibbons-Hawking surface
term SGH �24�, and the surface counterterm S1 , e.g.,

S�SEH�SGH�2S1 , �2.28�

SEH�
1

16�G � d5x�g �5 �� R �5 �� 12
l2 � , �2.29�
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SGH�
1
8�G � d4x�g �4 ���n�, �2.30�

S1��
3

8�Gl � d4x�g �4 �. �2.31�

Hereafter the quantities in the five-dimensional bulk space-
time are specified by the subindices �5� and those in the
boundary four-dimensional spacetime are �4�. The factor 2 in
front of S1 in Eq. �2.28� is coming from the fact that we have
two bulk regions, which are connected with each other by the
brane. In Eq. �2.30�, n� is the unit vector normal to the
boundary.
If we change the coordinate 
 in the metric of S4 , Eq.

�2.4�, to � by

sin ���
1

cosh� , �2.32�

we obtain

d"4
2
�

1
cosh2 � �d�

2
�d"3

2�. �2.33�

For later convenience, one can rewrite the metric of the five-
dimensional space, Eqs. �2.27� and �2.33�, as follows:

ds2�dy2�e2A�y ,��g̃��dx�dx�,

g̃��dx�dx��l2�d�2�d"3
2�. �2.34�

From Eq. �2.34�, the actions �2.29�–�2.31�, have the follow-
ing forms:

SEH�
l4V3
16�G � dyd�
 ��8	y2A�20�	yA �2�e4A

���6	�
2A�6�	�A �2�6�

e2A

l2 �
12

l2
e4A� , �2.35�

SGH�
4l4V3
8�G � d�e4A	yA , �2.36�

S1��
3l3V3
8�G � d�e4A. �2.37�

Here V3�&d"3 is the volume �or area� of the unit three-
dimensional sphere.
As it follows from the discussion in the previous subsec-

tions, there is a gravitational Casimir contribution coming
from bulk quantum fields. As one sees in the simple example
of a bulk scalar, SCsmr �leading term� has typically the fol-
lowing form:

SCsmr�
cV3
R
5 � dyd�e�A. �2.38�

Here c is some coefficient, whose value and sign depend on
the type of bulk field �scalar, spinor, vector, graviton, etc.�
and on parameters of the bulk theory �mass, scalar-
gravitational coupling constant, etc.�. In a previous subsec-
tion we have found this coefficient for a conformal scalar.
For the following discussion it is more convenient to con-
sider this coefficient to be some parameter of the theory.
Doing so, the results are quite common and may be applied
to an arbitrary quantum bulk theory. We also assume that
there are no background bulk fields in the theory �except for
the bulk gravitational field�.
Adding the quantum bulk contribution to the action S in

Eq. �2.28�, one can regard

S total�S�SCsmr �2.39�

as the total action. In Eq. �2.38�, R is the radius of S4 .
In the bulk, one obtains the following equation of motion

from SEH�SCsmr by variation over A:

0�� �24	y
2A�48�	yA �2�

48
l2 � e4A

�
1
l2 ��12	�

2A�12�	�A �2�12��2A�
16�Gc
R
5l4 e�A.

�2.40�

Let us discuss the solution in the situation when the scale
factor depends on both coordinates: y and �. In Ref. �5�, the
solution of Eq. �2.40� given by an expansion with respect to
e�y /l was found by assuming that y /l is large:

eA�

sinh
y
l

cosh��
32�Gcl3

15R5 cosh4 �e�4y /l
�O�e�5y /l�

�2.41�

for the perturbation from the solution where the brane is S4 .
On the brane at the boundary, one gets the following equa-
tion:

0�� 	yA�
1
l � e4A. �2.42�

Substituting the solution �2.41� into Eq. �2.42�, we find that

0�� 1
R
�1�

R
2

l2
�
2�Gl2c

3R10 cosh5 ��
1
l � . �2.43�

Equation �2.43� tells us that the Casimir force deforms the
shape of S4 , since R depends on �. The effect becomes
larger for large �. In the case of a S4 brane, the effect be-
comes large if the distance from the equator becomes large,
since � is related to the angle coordinate 
 by Eq. �2.32�. In
particular, at the north and south poles (
�0,�), cosh� di-
verges and then R should vanish. This is not coordinate sin-
gularity. In fact, when �→�� , the 5D scalar curvature be-
haves as
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R �5 ���
20

l2
�
12�Gcl

R
5 e7���e�7y /l

�O�e�9y /l�. �2.44�

This only tells, however, that the perturbation with respect to
c or e�y /l breaks down. In fact, when � is large, the correc-
tions appear in the combination of the power of e ���e�y /l.
Then the singularity at the poles is not a real one but if we
can sum up the correction terms in all orders with respect to
e�y /l, the singularity would vanish. Then we have demon-
strated that bulk quantum effects do have the tendency to
support the creation of a de Sitter braneworld Universe.
The original Euclidean 5D AdS space has a isometry of

SO�5, 1�, which is identical with the Euclidean 4D conformal
symmetry. The existence of the S4 brane breaks the isometry
into SO�5� rotational symmetry, which makes S4 invariant. If
there is no the Casimir effect, Eq. �2.43� has the SO�5� sym-
metry. The result in Eq. �2.43� seems to indicate that the
Casimir force breaks the SO�5� symmetry. We should note
that the effective action �2.38� does not seem to be invariant
under the rotational symmetry since the action seems to de-
pend on the choice of the axis connecting the north and south
poles although the calculation of the Casimir effect should be
invariant under the SO�5� symmetry. Since the Casimir effect
is the nonlocal effect, the exact form of the effective action
should be nonlocal. Then a more exact form of the effective
action might be obtained, for example, by averaging the ac-
tion �2.38� with respect to the choice of the axis. Such a
symmetry can be, in general, broken spontaneously as in Eq.
�2.43�. The breakdown would occur by choosing the time
direction to be parallel with the axis. Then the SO�5� sym-
metry is broken to SO�4�, which preserves the rotations mak-
ing the axis, that is, also north and south poles, invariant.
We now consider the case when the bulk quantum effects

are the leading ones. From Eq. �2.43�, one obtains

R
8��

4�Glc
3 cosh5 � . �2.45�

Here we only consider the leading term with respect to c,
which corresponds to the large R approximation. Thus we
have demonstrated that bulk quantum effects do not violate
�in some cases they even support� the creation of a de Sitter
brane living in a five-dimensional AdS background.

E. Dynamics of two branes at small distance

In this subsection, we consider the dynamics of two dS
branes when the distance between them is small. Before in-
cluding the Casimir effect, we consider the following ac-
tions:

S�SEH��
a��

�SGH�2S1�, �2.46�

SEH�
1

16�G � d5x�g �5 �� R �5 �� 12
l2 � , �2.47�

SGH
�

��
1
8�G � d4x�g �4 ���n�, �2.48�

S1
�

��
3

8�Gl� � d4x�g �4 �. �2.49�

Here the index a�� distinguishes the two branes and we
assume that the radius R

� (R�) corresponds to the larger
�smaller� brane. The bulk space is AdS again and, on the
branes, we obtain the following equations:

1
R

��1�
R

�2

l2 �
1
l�. �2.50�

The left-hand side in Eq. �2.50� is a monotonically decreas-
ing function with respect to R. Since the left-hand side be-
comes �� when R→0 and 1/l when R→�� , there is a
solution when

l	l�	l�. �2.51�

We now include the Casimir effect. First, we consider the
backreaction to the bulk geometry. As we assume the dis-
tance between the branes is small, the radius of the branes
are almost constant. The distance L in Eq. �2.26� is given by
�z�

�z��, the energy density by the Casimir effect would be
proportional to e�5A/L5. Then the effective action would be

SCsmr�
c̃V3
L5 � dyd�e�A. �2.52�

Therefore, as in the previous section, the bulk geometry
would be deformed as

eA�

sinh
y
l

cosh��
32�Gc̃l3

15L5 cosh4 �e�4y /l
�O�e�5y /l�. �2.53�

In this case, the equation of the brane corresponding to Eq.
�2.43�, has the following form:

0�� 1
R

��1�
R

�2

l2 �
2�Gl2c̃
3L10 cosh5��

1
l�� . �2.54�

Equation �2.54� tells us that the Casimir force deforms the
shape of S4 and the effect becomes larger for large �, again,
as in the previous section. We should note, however, that the
signs of the contribution from the Casimir effect are different
for the larger and smaller branes. Then if the radius of the
large brane becomes large �small�, that in the smaller one
becomes small �large�. It is interesting that if larger brane is
the physical Universe, this may serve as a dynamical mecha-
nism of decreasing the cosmological constant.

F. Stabilization of the radion potential

In this subsection, we consider the stabilization of the
radion potential following Ref. �2�. As first setup, we prepare
the suitable metric and action for the discussion of the stabi-
lization of the radion potential,
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ds2�e�2krc�(����dx�dx��rc
2d(2. �2.55�

Here ( is the coordinate on five dimensions, x� are the co-
ordinates on the four-dimensional surfaces of constant (, and
��-(-� with (x ,() and (x ,�() identified. The coordi-
nate z in the metric �2.3� corresponds to ekrc(/k in Eq.
�2.55�, and the distance between two branes L corresponds to
(e�krc�e��krc)/k .
We assume that a potential can arise classically from the

presence of a bulk scalar with interaction terms that are lo-
calized at the two three-branes. The action of the model with
scalar field 3 is given by

Sb�
1
2 � dx4���

�

d(�G�GAB	A3	B3�m232�,

�2.56�

where GAB with A, B�� , ( as in Eq. �2.55�. The interaction
terms on the hidden and visible branes �at (�0 and (
�� , respectively� are also given by

Sh��� d4x��ghh�32
�4h

2�2, �2.57�

Sv��� d4x��gvv�3
2
�4v

2�2, �2.58�

where gh and gv are the determinants of the induced metric
on the hidden and visible branes, respectively.
The general solution for 3 which only depends on the

coordinate ( is taken from the equation of motion of the
action with respect to 3 to have the following form:

3�(��e2��Ae���Be���� , �2.59�

where ��krc�(� and ���4�m2/k2. Substituting this solu-
tion �2.59� into the action and integrating over ( yields an
effective four-dimensional potential for rc which has the
form �2�

V3�rc��k���2 �A2�e�2�krc��1 ��k���2 �

�B2�1�e�2�krc���ve�4krc��3���2�4v
2�2

�h�3�0 �2�4h
2�2. �2.60�

The unknown coefficients A and B are determined by impos-
ing appropriate boundary conditions on the three-branes. Re-
calling Ref. �2�, the coefficients A and B are given by

A�4ve��2���krc��4he�2vkrc�, �2.61�

B�4h�1�e�2�krc���4ve��2���krc�, �2.62�

for a large krc limit. Here we take 3(0)�4h and 3(�)
�4v .
We now consider the case that krc is large and m/k
1

for simplicity as in Ref. �2�, so that ��2�1 with 1
�m2/4k2 being a small quantity. Small m/k should generate
correct hierarchy �3�. We also assume 1krc is the O�1� quan-
tity. Then the potential �2.60� becomes

V3�rc��k14h
2
�4ke�4krc��4v�4he�1krc��2� 1�

1

4 �
�k14he��4�1�krc��24v�4he1krc��, �2.63�

and its minimum is given by

r0�� 4� � km2 ln�4h4v
� . �2.64�

When krc is large, L�(e�krc�e��krc)/k�e�krc/k is also
large. Then one may assume that the effective potential in-
cludes the term induced by the Casimir effect as �/L dis-
cussed in Sec. II B, where � is some constant.2 Thus we shall
add this term to the potential �2.63� and consider the first-
order correction to rc with respect to �. Then by assuming
rc�r0��rc , we find the minimum of the potential is shifted
by

�rc��
�e �3�1��kr0

16k�4h4v1
�

1
4k� ��

�e3�kr0

16k�4h4v1
, �2.65�

where terms of order 12 and the higher-order terms with
respect to e��kr0 are neglected. The role of Casimir effect is
in only to shift slightly the minimum.
In the small krc limit, which corresponds to the small L

limit as well, the coefficients A and B in the radion potential
�2.60� are changed as follows:

A�
1

2krc��
#4v�1�krc����2 ���4h$, �2.66�

B�
1

2krc��
#�4v�1�krc����2 ��

�4h�1�2�krc��$. �2.67�

In this limit, we suppose that m/k�1, so that ��m/k , which
makes the situation simple. The effective potential might in-
clude the term induced by the Casimir effect as �/L5 dis-
cussed in Sec. II C, where � is some constant. Then, the
radion potential in the small krc limit is

V3�rc��2mrc�k�mk �2 �A2�2mrc�k�mk�2 �B2� �

L5

�
1
rc�

�4v�4h�
2
�

�

�2�rc�5
, �2.68�

being here L�2�rc . To obtain the minimum of the poten-
tial, we differentiate Eq. �2.68� with respect to rc :

d
drc

V3�rc���
1
rc
2�

�4v�4h�
2
�

5�
�2��5rc

6 . �2.69�

Then, if �-0, the extremum of the potential is reached at

2Note that a Casimir term may be induced by other bulk fields.
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rc��
1

2��4v�4h�
1/2 � �

5�
2 � 1/4. �2.70�

The extremum is, however, maximum then the stabilization
should be local. Let us give some numbers. If 4v , 4h
�(1019 GeV)3/2 and ��(1019 GeV)�1, we have that rc
�(1019 GeV)�1 and krc could be of O�1�. Thus it is not so
unnatural for the hierarchy problem.
For the short rc case, we may not include the scalar field

3 in Eq. �2.56� but instead we may include the next-to-
leading order of the effective potential �2.26�, induced by the
Casimir effect, although the next-to-leading term should be
neglected for the flat brane corresponding to R→��:

VC�rc��
�1

�2�rc�5
�

�2

�2�rc�3
. �2.71�

From Eq. �2.26�, we see that �1	0 and �2�0. As a conse-
quence, in the above potential, there is a minimum at

rc�
1
2���

5�1
3�2

�0.4675l . �2.72�

The result in Eq. �2.26� is not for flat brane but for de Sitter
brane and only including the contribution from massless sca-
lar. We also put a length parameter l in Eq. �2.72�. Then the
numerical value in Eq. �2.72� would be changed but hope-
fully the main structure would not be changed. We conclude
therefore that with the only consideration of the Casimir ef-
fect, the brane might get stabilized, which is a nice result.3
As we will see later in Eq. �4.10�, when one considers the

massive scalar with small mass, there appears the correction
to the effective potential. Motivated with such result, one
considers the following correction to the effective potential,
which corresponds to the leading term in Eq. �4.10� when L
is small:

 VC�rc��
�3m2

2�rc
. �2.73�

Here m expresses the mass of the scalar field. The result in
Eq. �4.10� suggests that �3 is negative. By assuming that the
correction term �2.73� is dominant compared with the third
�logarithmic� term in Eq. �2.26�, the minimum in Eq. �2.72�
is shifted as

rc�
1
2���

5�1
3�2 � 1�

5�1�3m2

18�2
2 �O�m4� � . �2.74�

Then the contribution from small mass has a tendency to
make the distance between the two branes smaller.

III. CASIMIR EFFECT FOR THE DE SITTER BRANE
IN A FIVE-DIMENSIONAL DE SITTER BACKGROUND

A. Effective potential for the brane

Next, we use the Euclideanized form of the five-
dimensional de Sitter �dS� metric for a four-dimensional dS
brane as follows:

ds2�l2�d.2�sin2 .d"4
2��

l2

cosh2 z
�dz2�d"4

2�,

�3.1�

where l is the dS radius, which is related to the cosmological
constant of the dS bulk.
We place two dS branes—which are four-dimensional

spheres, as in the AdS bulk case—in a dS background as the
one depicted in Fig. 1. Since the parameter . in Eq. �3.1�
takes values between 0 and �, the parameter z takes values
between �� and �. As in the AdS bulk case, the distance
between the branes can be defined as L��z1�z2�. When z2
is placed at �, namely L�� , the two-brane configuration
becomes a one-brane configuration, as seen in Fig. 1.
The Casimir effect for the bulk scalar in dS background

can be calculated by using the same method as in AdS bulk.
Namely, the Lagrangian for a conformally invariant mass-

less scalar with scalar-gravitational coupling is obtained by
conformal transformation of the action Eq. �2.1� for the met-
ric and the scalar field given by

g���cosh�2 zl2ĝ�� , (�cosh3/2 zl�3/2(̂ . �3.2�

Then the Lagrangian is of the same form of Eq. �2.6�.
The one-loop effective potential is calculated by means of

�-function regularization techniques. Then, the calculated re-
sult for the effective potential in the large L limit is of the
same form of Eq. �2.16�. Since the effective potential in Eq.
�2.16� becomes zero at L→� , the effective potential of the
one-brane configuration becomes zero. Note that this means
that the effective potential for B5 , which is the right part in
Fig. 1, is zero. Concerning the small distance expansion, for
a potential corresponding to a conformally invariant scalar
we have an expression as Eq. �2.26�. No essential difference
is encountered in this case.

3Note, however, that thermal effects �6� may significantly change
the above discussion.

FIG. 1. The two dS branes are placed in the dS5 background.
The two-brane configuration becomes a one-brane configuration as
L→� .
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B. Dynamics of the brane

The dynamics of dS brane in a five-dimensional Euclid-
ean de Sitter bulk can be considered in a similar way as for
the AdS bulk. The brane is de Sitter, and is taken to be a
four-dimensional sphere S4 , as in the previous section. The
five-dimensional Euclidean de Sitter space Eq. �3.1� can be
rewritten as

dsdS5
2

�dy2�sin2
y
l d"4

2. �3.3�

Here, we adopt Eq. �2.33� for the metric of S4 . We assume
that the brane lies at y�y0 and that the bulk is obtained by
gluing two regions given by 0-y�y0 .
The total action S is the sum of the Einstein-Hilbert action

SEH , the Gibbons-Hawking surface term SGH , and the sur-
face counter term S1 , like in the AdS bulk case:

S�SEH�SGH�2S1 . �3.4�

The Einstein-Hilbert action SEH is

SEH�
1

16�G � d5x�g �5 �� R �5 �� 12

l2 � . �3.5�

The Gibbons-Hawking surface term SGH and the surface
counter term S1 are of the same forms as in Eqs. �2.30� and
�2.31�.
For later convenience, we rewrite the metric of the five-

dimensional dS space, Eqs. �3.3� and �2.33�, as follows:

ds2�dy2�e2A�y ,��g̃��dx�dx�,

g̃��dx�dx��l2�d�2�d"3
2�. �3.6�

By using Eq. �3.6�, the action Eq. �3.5� becomes

SEH�
l4V3
16�G � dyd�� ��8	y2A�20�	yA �2�e4A

���6	�
2A�6�	�A �2�6�

e2A

l2 �
12

l2
e4A� , �3.7�

which is similar to the AdS bulk case, Eq. �2.35�, except for
the last term, i.e., the cosmological constant. The Gibbons-
Hawking surface term SGH and the surface counter term S1 ,
Eqs. �2.30� and �2.31�, have also the same form of Eqs.
�2.36� and �2.37�. We also consider the gravitational Casimir
contribution due to bulk quantum fields. So we add the ac-
tion of the Casimir effect SCsmr , Eq. �2.38�, to the total ac-
tion S, Eq. �3.4�.
In the bulk, we obtain the following equation of motion

from SEH�SCsmr by variation over A:

0�� �24	y
2A�48�	yA �2�

48

l2 � e4A
�
1
l2 ��12	�

2A�12�	�A �2�12�e2A�
16�Gc

R
5l4

e�A.

�3.8�

For the AdS bulk case, the solution of Eq. �3.8� can be
found as an expansion with respect to e�y /l, assuming that
y /l is large. But for the dS bulk case, we cannot adopt the
same method, since the function sin y/l cannot be regarded as
an expansion with respect to e�y /l. Thus we assume the so-
lution to have the following form:

eA�

sin
y
l

cosh� ��A . �3.9�

Substituting Eq. �3.9� into Eq. �3.8�, we obtain

0�
1
l2 � �

6 sin
y
l

cosh� �
cosh�

sin
y
l

�
2

cosh� sin
y
l
� �A

�
4
l

cos
y
l

cosh� 	y��A ��
2 sin

y
l

cosh� 	y
2��A �

�
cosh�

l2 sin
y
l

	�
2 ��A ��

4�Gc

3R5l4 � cosh�sin
y
l
� 3. �3.10�

We now investigate the behavior of Eq. �3.10� at the north
and south poles (
�0, ��, that is, as cosh� diverges. In this
case, Eq. �3.10� is approximated as

0�
e�

2l2 sin
y
l

�A�
e�

2l2 sin
y
l

	�
2 ��A ��

4�Gc

3R5l4 � e�

2 sin
y
l
� 3,

�3.11�

and then

�A�	�
2 ��A �0

�Gc

3R5l2
e2�

sin2
y
l

. �3.12�

Here, we have used the approximation cosh��e�/2. From
Eq. �3.12�, we assume

�A��
e2�

sin2
y
l

, �3.13�
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where � is the constant which is obtained by substituting Eq.
�3.13� into Eq. �3.12�, thus

���
�Gc

9R5l2
. �3.14�

The region of the equator 
��/2, namely, cosh��1
�1/2�2, Eq. �3.10�, is approximated as

0��� 1l2 � 6 sin yl �
2

sin
y
l
� �A�

4
l cos

y
l 	y��A �

�2 sin
y
l 	y

2��A �� � 1�
1
2 �

2� . �3.15�

On the brane at the boundary, we get the same Eq. �2.42�:

0�� 	yA�
1
l � e4A. �3.16�

Finally, by substituting the solutions �3.9� into Eq. �3.16�, we
find

0�
1

l cosh� � cos yl�sin yl ��	y��A �. �3.17�

In the region at the north and south poles, cosh��e���/2, if
we assume y�(�/4)l��y , from Eq. �3.17�, �y is obtained
by

�y�
&�Gc
9R5l e

3���. �3.18�

Thus the deformation of the brane seems to become large at
the north and south pole.
We should note the expression in Eq. �3.18� diverges at

north and south poles where �→�� . As in case of AdS
bulk in the previous section, this indicates that the perturba-
tion with respect to c breaks down. The original Euclidean
5D dS space has a isometry of SO�6�, which is broken by the
existence of the S4 brane into SO�5�. Due to the Casimir
effect, the SO�5� symmetry seems to be broken to SO�4�,
again.

IV. EFFECTIVE POTENTIAL FOR A MASSIVE SCALAR
FIELD IN THE AdS AND dS BULKS

Until now we have dealt with a massless scalar. In this
section we will consider a massive scalar field in AdS and dS
backgrounds. Let us start with the action for a massive scalar
with scalar-gravitational coupling,

S�
1
2 � d5x�g��g��	�(	�(�m2(2�
5R �5 �(2� .

�4.1�

For the AdS background with the metric Eq. �2.3�, under the
conformal transformations �2.5�, the action changes as

S�
1
2 � d5x�g��g��	�(	�(�m2l2 sinh�2 z(2

�
5R �5 �(2� , �4.2�

which yields the Lagrangian for the massive scalar field with
scalar-gravitational coupling in an AdS background as

L�(�	z
2
� �4 �

�m2l2 sinh�2 z�
5R �4 ��( . �4.3�

In the above Lagrangian, there appears a singularity at z
�0. The point z�0 corresponds to �, where the warp factor
blows up to infinity. Then by putting a brane as the boundary
of the bulk, say putting a brane at z�z0�0 �or z0	0) and
considering the region z�z0 �or z	z0) as bulk space, the
singularity does not appear. And as we can see in the Appen-
dix, if we include the singular point z�0, half of the solu-
tions are excluded but there remain the other half of the
solutions. From this Lagrangian, we can calculate the one-
loop effective potential like in the case of a massless scalar
field. The form of the effective potential from the massive
scalar field is given by

V�
1

2LVol�M 4�
ln det�L5 /�2�,

L5��	z
2
�m2l2 sinh�2 z� �4 �

�
5R �4 �

�L1�L4 , �4.4�

where the mass term is included in L1 . The eigenvalue of L1
is different from that in Eq. �2.12�, for finite L, since L1 in
Eq. �4.4� is the one-dimensional Schrödinger operator with
the potential term m2l2 sinh�2 z. But this potential term,
which is positive valued and has no bound state, becomes
zero in the limit z2→� , that is, when the distance between
branes L becomes �. In this case, the eigenvalue of L1 re-
duces to the same form of Eq. �2.12� and thus the effective
potential becomes zero at the limit of a one-brane configu-
ration.
For the case of a dS background, Eq. �3.1�, the conformal

transformations, Eqs. �3.2� change the action �4.1� as fol-
lows:

S�
1
2 � d5x�g��g��	�(	�(�m2 cosh�2 z(2

�
5R �5 �(2� . �4.5�

Then, the Lagrangian for a massive scalar field in the dS
background is given by

L�(�	z
2
� �4 �

�m2 cosh�2 z�
5R �4 ��( . �4.6�

Similarly, the effective potential for the massive scalar field
in the dS bulk can be calculated as in Eqs. �2.7� and �4.4�, by
using the operators:

L5��	z
2
�m2 cosh�2 z� �4 �

�
5R �4 ��L1�L4 , �4.7�
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where the mass term is included in L1 . The potential term of
L1 , m2 cosh�2 z, has always a positive value and no bound
state like in the AdS case. It becomes zero in the limit z2
→� as well. Therefore the effective potential for the mas-
sive scalar field in a dS background also becomes zero in the
limit of a one-brane configuration.

A. Small mass limit „with L not large…

Continuing with the massive scalar field, and for a de
Sitter brane in an AdS bulk, in the case of the two brane
configuration we just need to supplement the calculation car-
ried out in the Appendix, which can be done exactly, with the
boundary conditions imposed on the two branes. We thus
obtain a modification of a perfectly solvable model which
appears in several textbooks �namely, an hyperbolic variant
of the celebrated Pöschl-Teller potential�, albeit with reverse
sign and supplemented with the infinite well created by the
branes �as in the massless case�. Since we shall deal with the
low and high mass approximations, the WKB method turns
out to be well suited to carry out the analysis.
Setting the branes at z��L/2 �for the sake of symmetry�

we get the following results. In the small mass limit, we
obtain a modification of the eigenvalues of the L1 Lagrang-
ian, in the form

n
2�

�2n2

�2L2 �m2l2
tanh��L/2�
�L/2 . �4.8�

Carrying this into the zeta function, after a further approxi-
mation one gets that the elementary zeta functions in the
formulas are modified in the way, e.g.,

��2s �→��2s ��s��2s�2 ��

�
s�1�s �
2 ��2s�4 ��2�O�m6�,

��
m2l2�2L2

�2
tanh��L/2�
�L/2 . �4.9�

Thus in the case here considered, when m is small and L is
not very large, for the derivative of the zeta function at z
�0 we obtain the following additional terms (l2�2�1):

 ���0�L5��
a��a2�2

48 �
�2

144 � a�22 ��2����4,3/2 �

�����2,3/2 ��� ��
�4

4370 �2����4,3/2 �

�����2,3/2 ���2�O�m6�,

a�
�2R2

L2 , ��
m2l2

�2
tanh�L/2l �
L/2l . �4.10�

These terms have just to be added to the derivative of the
zeta function at z�0, Eq. �2.26�, corresponding to the de
Sitter brane in AdS bulk, in order to obtain the corresponding
effective potential. In a full-fledged analysis of the different

contributions to the effective potential, one has to take into
account the relative importance of the different dimension-
less ratios involved here. The working hypothesis has been
that m2 was ‘‘small.’’ In fact, we see from the final result that
m2 most naturally goes with l2, which also serves as a unit
for L and, indirectly, for R. The ordering in Eq. �4.10� as-
sumes that a��1, ��1, but a lot more information can be
extracted from this small-mass expansion.
The calculation in the same case of a massive scalar field

but for a de Sitter brane in a dS bulk �two- and one-brane
configurations� proceeds in a quite similar fashion. Only, an
additional coordinate change is required at the beginning, to
deal with the problem of the singularity of the potential of
the Schrödinger equation at z�0 in the initial coordinates, as
carefully explained in the Appendix.

B. Large mass limit „with L not small…

In this case the calculation turns out to be more involved.
The eigenvalues get modified as follows:

n
2�

�2n2l2

L2 �
2 arctan�sinh L/2l �

sinh�L/2l � m2l2�
�nml2

L sinh�L/2l �

�¯ . �4.11�

However, we will be interested in the dominant contribution
only. Thus in the approximation which is opposite to the
previous one, namely when m2 is large and L is not very
small, we get a simple modification of the relevant zeta func-
tion of the form

��s�L5��
L

2l��

��s�1/2�
��s �

��� s�12�L4�2m2 arctan�sinh�L/2l ��sinh�L/2l � ��¯ .

�4.12�

And this leads to the following result, for the derivative of
the zeta function at z�0, which is valid for sufficiently large
scalar mass and L:

���0�L5���
4m2l3

3R
arctan�sinh L/2l �
sinh�L/2l � �¯ . �4.13�

Again, this is the additional contribution to the derivative of
the full zeta function at z�0, the same as Eq. �2.18� but
corresponding to the de Sitter case. However, as this deriva-
tive was equal to zero in the massless case, the above expres-
sion yields now the whole value of the derivative and, cor-
respondingly, of the effective potential. Note in fact that this
reduces to zero, exponentially fast, in the one-brane limit
(L→�), in perfect accordance with Eq. �2.18�. Also in this
case we are allowed to play with the relative values of the
different dimensionless fractions appearing in our expres-
sion.
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C. Braneworld stabilization by the Casimir force

In Ref. �13�, the brane stabilization via study of radion
potential in the Lorentzian de Sitter bulk space was discussed
in direct analogy with the AdS case. The branes are spacelike
and the distance between two branes is timelike and we de-
note the distance by T. As in Eqs. �2.71�–�2.74�, we now
consider the contribution from the Casimir effect to the sta-
bilization. For simplicity, we do not include the massive sca-
lar field 3 as in Eq. �2.56� but we take the next-to-leading
order of the effective potential �2.26�, induced by the Ca-
simir effect, and we assume

VC�T ��
�1
dS

T5
�
�2
dS

T3
. �4.14�

If �1
dS

	0 and �2
dS

�0 as in Eq. �2.26�, there is a minimum at

T���
5�1

dS

3�2
dS. �4.15�

Then even for the branes in the de Sitter bulk, only by the
Casimir effect, the brane might get stabilized.
As in Eq. �4.10�, when we consider the Casimir effect

from the massive scalar with small mass, we may consider
the following correction to the effective potential:

 VC�T ��
�3m2

T . �4.16�

Here m expresses the mass of the scalar field. Then the mini-
mum in Eq. �4.15� is shifted as

rc���
5�1

dS

3�2
dS � 1�

5�1
dS�3

dSm2

18�2
dS2 �O�m4�� . �4.17�

Then again the contribution from small mass has a tendency
to make the distance between the two branes smaller. Thus
the possibility of dS braneworld stabilization occurs in the
same way as with AdS bulk.

V. EFFECTIVE POTENTIAL FOR A MASSIVE SCALAR
WITHOUT SCALAR-GRAVITATIONAL COUPLING

In this section we will consider a more simple case, which
does not include a scalar-gravitational coupling term,

5R (5)(2. The action is simply

S�
1
2 � d5x�g��g��	�(	�(�m2(2� . �5.1�

This action is not conformally invariant under the conformal
transformations �2.2�, which change it as

S�
1
2 � d5x�ĝ��e3�ĝ��	��e��3/2��(̂ �	��e��3/2��(̂ �

�m2e2�(̂2�

�
1
2 � d5x�ĝ � � ĝ��	�(̂	�(̂�

9
4 ĝ

��	��	��(̂
2

�3(̂ ĝ��	��	�(̂�m2e2�(̂2� , �5.2�

where we take ��2 and ���3/2 for simplicity. The third
term in Eq. �5.2� can be rewritten as

(̂ ĝ��	��	�(̂�
1
2 D

��(̂2	����
1
2 (̂

2 �5 �� �5.3�

and using partial integration, we obtain

S�
1
2 � d5x�ĝ�� ĝ��	�(̂	�(̂

�� 94 ĝ��	��	���
3
2  

�5 �� � (̂2�m2e2�(̂2� . �5.4�

If we now introduce the AdS background, which has the
metric Eq. �2.3�, under the conformal transformations �2.5�,
namely e2��l2 sinh�2 z, the action changes as

S�
1
2 � d5x�g��g��	�(	�(�� 94�

15
4 sinh

�2 z �(2
�m2l2 sinh�2 z(2� . �5.5�

This action leads the Lagrangian for the massive scalar field
without scalar-gravitational coupling in an AdS background
as

L�(�	z2� �4 �
�� 94�

15
4 sinh

�2 z ��m2l2 sinh�2 z�( .
�5.6�

Note that the third term in Eq. �5.6�,

�� 94�
15
4 sinh

�2 z � , �5.7�

corresponds to

�5�R �4 ��R �5 �e2��, �5.8�

coming from Eqs. �2.1� and �2.6�, where e2��l2 sinh�2 z,
because if we put 
5��

3
16 , R (4)�12, R (5)��20/l2, which

are the scalar curvatures of S4 and AdS5 , respectively, into
Eq. �5.8�, then Eq. �5.8� coincides with Eq. �5.7� exactly.
The one-loop effective potential can be written as

V�
1

2LVol�M 4�
ln det�L5 /�2�,
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L5��	z
2
� �4 �

�� 94�
15
4 sinh

�2 z �
�m2l2 sinh�2 z�L1�L4 ,

L1��	z
2
�
15
4 sinh

�2 z�m2l2 sinh�2 z ,

L4�
9
4� �4 �. �5.9�

Then, the eigenvalue of L1 agrees with Eq. �2.12� in the limit
when the distance between the two-brane becomes infinity,
L→� , because the potential terms of Eq. �5.9�, 154 sinh�2 z
�m2l2 sinh�2 z, become zero in this limit. Therefore the ef-
fective potential for the massive scalar field without scalar-
gravitational coupling in an AdS background becomes zero
in the limit of the one-brane configuration.
Similarly, the Lagrangian for the massive scalar field

without scalar-gravitational coupling in a dS background can
be seen to be

L�(�	z2� �4 �
�� 94�

3
4 cosh

�2 z ��m2l2 cosh�2 z�( .
�5.10�

In the limit L→� , the eigenvalue of L1 and the heat kernel
Kt(L1) have the same form of Eqs. �2.12� and �2.13� as in
the AdS case. Thus the effective potential becomes zero too,
in the limit when the distance between the two branes be-
comes infinite.

VI. DISCUSSION AND CONCLUSIONS

To summarize, in this paper we have shown how one can
bring the calculation of the effective potential for a massive
or conformal bulk scalar, in an AdS or dS braneworld with a
dS brane, down to well-known cases corresponding to zeta-
function expansions �21�. In this way, a complete and de-
tailed analysis of the different situations can be given, and
corrections to the limiting cases are obtainable at any order.
As our four-dimensional universe is �or will be� in a dS
phase, our results have, potentially, very interesting applica-
tions to primordial cosmology. What is also important, our
method and results here open the door to corresponding cal-
culations for other quantum fields as spinors, vectors, gravi-
ton, gravitino, etc. As we see it, this will only need some
more involved calculations, but no new conceptual problems
are expected, at least at the level of the one-loop efective
potential. In the case of several spin fields, the bulk Casimir
effect may also be found in this way, at least in principle, for
supersymmetric theories, including supergravity too. It is
quite possible then that a five-dimensional AdS gauged su-
pergravity can be constructed, with AdS being the vacuum
state but still having a dynamically realized de Sitter brane,
which represents our observable universe.
Another issue where bulk quantum effects may play a

dominant role involves moving, curved branes. The corre-
sponding bulk effective potential might sometimes be a mea-

sure of supersymmetry breaking, and thus be of primordial
cosmological importance in the study of the very early brane
universe.
Finally, the bulk effective potential in realistic supersym-

metric theories gives a nontrivial contribution to the effective
cosmological constant, in five as well as in four dimensions.
Hence it is conceivable to use it in a relaxation of the cos-
mological constant problem.
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APPENDIX

We consider the following Schrödinger equation:

� �
d2

dz2
�
m2l2

sinh2 z �(�( . �A1�

This equation is the z-dependent part of the Klein-Gordon
equation in AdS5 and (̂�sinh�3/2 z( corresponds to the
original scalar field in the action. The limit z�� corresponds
to the infinity in AdS5 at which the warp factor vanishes, and
z�0 corresponds to the infinity where the warp factor grows
up to infinity. In Eq. �A1� there appears a singularity at z
�0. At the point z�0 corresponding to �, by putting a brane
as the boundary of the bulk, say putting a brane at z�z0
�0 �or z0	0), and considering the region z�z0 �or z
	z0) as bulk space, the singularity does not appear.
With the redefinitions

(�sinh1/2 z5 , x�cosh z , �A2�

Eq. �A1� can be rewritten as

0��x2�1 �
d25

dx2
�2x

d5

dx
�� ��

1
4�

m2l2�
1
4

x2�1
� 5 ,
�A3�

whose solutions are given by the associated Legendre func-
tions P�

��(x), which are defined in terms of the Gauss hy-
pergeometric function:
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P�
��z ��

1
��1��� � x�1

x�1 �
�/2

F� �� ,��1,1��;
1�x
2 � .
�A4�

The parameters � and � are here given by

�2�l2m2�
1
4 , ����1 ����

1
4 or ��

�1���4
2 .

�A5�

When x is large, P�
�(x) behaves as

P�
��x ��

1
��

� �� ��
1
2 � �2x ��

������1 � �

�� ���
1
2 �

��������2x ���1
� .
�A6�

Since (�x1/25 , then in order that ( is regular there, we
have the constraint that

�4-0 or '0, �A7�

which is identical with what we have in the massless case.
When we include the point z�0, which corresponds to x
�1, when �x�1�z→0, Eq. �A4� becomes singular for
positive � as (x�1)��/2�z��. As (�z1/25�z (1/2)��

�z (1/2)(1��1�4l2m2), the positive branch of � should be ex-
cluded and we must have ����l2m2�1/4.
If we do not include the brane, the spectrum for the mas-

sive case is not changed. In order to investigate the effect of
the mass, we put a brane at x�x0�1 �or z�z0). On the
brane, we impose the Neumann boundary condition for (:

d(
dz �0, � ⇔

d(
dx �0 � . �A8�

For simplicity, we consider the model where the bulk space
includes the point x�1 (z�0); hence ����l2m2�1/4.
We write � and � in Eq. �A5� as

�����
1
2 , ���

1
2�i� . �A9�

Then we have ��2. By using Eq. �A6�, we find, for large
x,

(�x ��
�� i��

�� i��k � �2x �
i�

�
���i��

���i��k � �2x �
�i�.

�A10�

Then the boundary condition �A8� yields

�� i��
�� i��k � �2x0�

i�
�

���i��
���i��k � �2x0�

�i�. �A11�

If we assume � and k to be small, the gamma function can be
approximated by �(�i�)��1/i� and �(�i��k)�1/
�i��k . Then, Eq. �A11� can be rewritten as

ln� 1�i
k
�

1�i
k
�

� �i� ln�2x0��2�in �n�0,�1,�2,...�.

�A12�

For large x0 , the solution for n�0 is given by

��
�

ln�2x0�
�A13�

for nonvanishing k (m�0), which gives the following lower
bound for :

��2'� �

ln�2x0�
� 2� �2

z0
2 . �A14�

We now consider the equation for the dS case:

� �
d2

dz2 �
m2l2

cosh2 z �(�( . �A15�

This equation is the z-dependent part of the Klein-Gordon
equation in S5 or Euclidean de Sitter space, and (̂
�cosh�3/2 z( corresponds to the original scalar field in the
action. The limit of z��� corresponds to the south and
north poles in S5 . With the following redefinitions:

(�cosh1/2 z5 , x�cosh z , �A16�

Eq. �A15� can be rewritten as

0��x2�1 �
d25
dx2 �2x

d5
dx�� ��

1
4�

m2l2�
1
4

x2�1
� 5 .
�A17�

If we replace x by x�iy , the above equation �A17� turns into

0��y2�1 �
d25
dy2 �2x

d5
dx�� ��

1
4�

m2l2�
1
4

y2�1
� 5 .
�A18�

Finally, if we choose, as in Eq. �A5�,

�2��� l2m2� 1
4 � , ����1 ����

1
4 or

��
�1���4

2 , �A19�

the solution of Eq. �A18� or Eq. �A17� is given by the asso-
ciated Legendre functions P�

��(ix), again. Note that � in
Eq. �A19� is imaginary, in general. Anyhow, in order that (̂
be regular there, we must impose again the same constraint
�A17�.
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There is growing interest towards various studies of the reported acceleration of the

scale factor of our observable universe.1 This is motivated by recent astrophysical

data analysis, which hint to such behavior. In order to explain it, the simplest

possibility is to introduce a dark energy component, whose origin remains, however,

uncertain. It seems to be possible to model the accelerating scale factor through

the introduction of phantom matter with a negative energy density.2 Such phantom

matter may then serve as a different possible origin for dark energy. However, there

are a number of problems, such as the violation of the energy conditions and that of
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a related negative energy density, the lack of a plausible explanation of the origin

of such phantom matter, etc. Due to the above, such possibility becomes rather

non-realistic.

The peculiar properties of a phantom scalar (with negative kinetic energy) in

a space with nonzero cosmological constant have been recently discussed in an in-

teresting paper by Gibbons.3 It has been indicated there that phantom properties

bear some similarity to quantum effects.4 (Note that there are other models where

the dark energy has also a quantum origin.5) The interesting property of the in-

vestigation in Ref. 3 is that it is easily generalizable to other constant curvature

spaces, as the anti de Sitter (AdS) space. There is presently some interest in such

spaces, coming specially from the AdS/CFT correspondence. According to that,

the AdS space may in fact have a cosmological influence,6 increasing the number

of particles created on a given subspace.7 (It may also be used to study a cosmo-

logical AdS/CFT correspondence.8) Hence, the study of a phantom field in AdS

space may give us a hint for the origin of such field via the dual description. In the

supergravity description, one may think of the phantom as of a special RG flow for

scalars in gauged AdS supergravity. (Actually, such RG flow may correspond to an

imaginary scalar.)

Here, we consider an AdS model filled with classical matter, perfect fluid, and

a phantom scalar, taking also into account quantum contributions. The model can

be viewed as some generalization of phantom cosmology. In our theory, quantum

effects are described via the conformal anomaly, what is reminiscent of the well-

known anomaly-driven inflation.9 Such quantum effects are typical for the vacuum

energy (for a review, see Ref. 10). We specially discuss the analogies between our

model formulated in AdS space and the corresponding one formulated in a de Sitter

(dS) universe.4 Using the AdS/CFT correspondence, one may then expect that the

phantom field emerges out of some QFT instability in the dual description. It may

originate as a result of some phase transition. We will also study how the energy

conditions are fulfilled in a phantom AdS universe of this kind.

We start from Einstein’s equations with the scalar (phantom) field3 C

Rμν −
1

2
Rgμν = 8πG

{
(ρ + p)UμUν + pgμν − ∂μC∂νC +

1

2
gμνgαβ∂αC∂βC

}
. (1)

Our model is given by four-dimensional anti de Sitter spacetime (AdS4) with the

metric chosen as11

ds2 = e−2λx̃3(dt2 − (dx1)2 − (dx2)2) − (dx̃3)2 . (2)

The simplest way to account for quantum effects (at least, for conformal matter)

is to include the contributions coming from the conformal anomaly:

T = b

(
F +

2

3
�R

)
+ b′G + b′′�R , (3)
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where F is the square of 4-D Weyl tensor and G the Gauss–Bonnet invariant, which

are given as

F =
1

3
R2 − 2RijR

ij + RijklR
ijkl ,

G = R2
− 4RijR

ij + RijklR
ijkl .

(4)

In general, with N scalar, N1/2 spinor, N1 vector fields, N2 (= 0 or 1) gravitons

and NHD higher derivative conformal scalars, b, b′ and b′′ turn out to be

b =
N + 6N1/2 + 12N1 + 611N2 − 8NHD

120(4π)2
,

b′ = −
N + 11N1/2 + 62N1 + 1411N2 − 28NHD

360(4π)2
,

b′′ = 0 .

(5)

The contributions of the conformal anomaly to ρ and p can be found in Refs. 12

and 13, namely

ρA = −
1

a4

[
b′(6a4H4 + 12a2H2)

+

(
2

3
b + b′′

)
{a4(−6HH,tt − 18H2H,t + 3H2

,t) + 6a2H2
}

− 2b + 6b′ − 3b′′
]

, (6)

pA = b′
{

6H4 + 8H2H,t +
1

a2
(4H2 + 8H,t)

}

+

(
2

3
b + b′′

){
−2H,ttt − 12HH,tt − 18H2H,t − 9H2

,t

+
1

a2
(2H2 + 4H,t)

}
−

−2b + 6b′ − 3b′′

3a4
. (7)

The classical matter solution corresponds to

Uμ = δx3

μ , C = ãx3 + b̃ , (8)

where the latter is the solution of the equation of motion for the phantom field:

0 = �C = −∂2

x3C . (9)

Note that ã and b̃ are arbitrary, what implies that there are infinitely many solutions

(distributions of phantom matter) of (9).

For the quantum energy density and pressure, one gets

ρA = −pA = −6b′λ4 . (10)
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Now, since for the metric (2), we have

Rμν = −3λ2gμν , R = −12λ2 , (11)

the (x3x3) and (ij)-components in the Einstein equations (1), with account to

quantum effects are, respectively,

−3λ2 = 8πG

(
ρmatter − 6b′λ4

−
ã2

2

)
, (12)

3λ2 = 8πG

(
pmatter + 6b′λ4

−
ã2

2

)
. (13)

Here ρmatter and pmatter are contributions from the matter to the energy density ρ

and pressure p, respectively. By combining (12) and (13), we obtain the equations

0 = ρmatter + pmatter − ã2 , (14)

0 = 12b′λ4 +
6λ2

8πG
− ρmatter + pmatter . (15)

Let us now see what are the implications of these equations for the different cases

that arise. The first situation is in the absence of any matter, scalar or phantom.

We easily see from (15) that there is no solution and, therefore, the creation of an

AdS universe is not possible. This should come as no surprise and may be regarded

as a consistency check. As a second situation, let us consider the one when there is

only QFT; in such case we recover the same solution which was already obtained

in Ref. 11, i.e. the AdS universe annihilates when only quantum matter effects are

present. As a third case, we consider the situation when only phantom matter is

present. As we see from (15), under this condition we do not have any solution and

this means that the creation of an AdS universe is not possible, as the existence of

phantom matter only depends e.g. just from the dark energy. Performing a further

analysis along the same lines, now considering the situation when there coexist

the quantum theory and phantom matter, we see again that both the quantum

matter effects and the presence of the phantom are not enough in order to get the

conditions for the creation of an AdS universe, either.

Consider next the more general situation where we admit in our theory the

presence of classical and quantum matter and also the phantom field. The solutions

for Eq. (15), with respect to λ2, are given by the following expression

λ2 =
1

12b′

⎧⎨
⎩−

3

4πG
±

√(
3

8πG

)2

+ 12b′(ρmatter − pmatter)

⎫⎬
⎭ , (16)

with the condition, (
3

8πG

)2

+ 12b′(ρmatter − pmatter) ≥ 0 . (17)

We should note that the choice of the “+” sign (from the ±) in (16) corre-

sponds to the solution of Ref. 3 in the limit b′ → 0. On the other hand, when
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ρmatter − pmatter = 0, the solution with “−” sign in (16) corresponds to Starobin-

sky’s anomaly-driven inflation.9 The limiting case ρmatter = pmatter describes stiff

matter. Without quantum effects, there is no nontrivial solution for3 λ−2 but, due

to the conformal anomaly, there is a nontrivial solution even for the case of stiff

matter.

With respect to the explicit anti de Sitter cosmological solution, we may wonder

now what kind of energy conditions can be fulfilled in our model. The standard types

of energy conditions in cosmology are the following:

1. Null Energy Condition (NEC):

ρ + p ≥ 0 . (18)

2. Weak Energy Condition (WEC):

ρ ≥ 0 and ρ + p ≥ 0 . (19)

3. Strong Energy Condition (SEC):

ρ + 3p ≥ 0 and ρ + p ≥ 0 . (20)

4. Dominant Energy Condition (DEC):

ρ ≥ 0 and ρ ± p ≥ 0 . (21)

If we now rewrite Eqs. (12) and (13) as

ρmatter = 6b′λ4 +
ã2

2
−

3λ2

8πG
, (22)

pmatter = −6b′λ4 +
ã2

2
+

3λ2

8πG
, (23)

we see that in the case of the dS universe,4 the NEC is always satisfied from (14):

ρmatter + pmatter ≥ 0 . (24)

The WEC could be satisfied, from (22), if

6b′λ4 +
ã2

2
+

3λ2

8πG
=

ã2λ4

2

⎧⎨
⎩λ−2

−
1

ã2

⎛
⎝ 3

8πG
+

√(
3

8πG

)2

− 12b′ã2

⎞
⎠

⎫⎬
⎭

×

⎧⎨
⎩λ−2

−
1

ã2

⎛
⎝ 3

8πG
−

√(
3

8πG

)2

− 12b′ã2

⎞
⎠

⎫⎬
⎭

≥ 0 . (25)

Since, usually b′ < 0, the quantity inside the square root is positive.
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From Eq. (25) we easily obtain a nontrivial constraint for the length parameter

λ−2

λ−2
≥

1

ã2

⎛
⎝ 3

8πG
+

√(
3

8πG

)2

− 12b′ã2

⎞
⎠ . (26)

Taking now into account that our Einstein equations differ from those which were

obtained in Ref. 4, but only in the sign, we see that this energy condition coincides

with the one obtained in that reference for the case of the dS universe.

In case of no quantum effects (b′ = 0), the constraint becomes trivial: λ−2 ≥ 0.

Since

ρmatter + 3pmatter = −12b′λ4 + 2ã2 +
3λ2

4πG

= 2ã2λ4

⎧⎨
⎩λ−2

−
1

ã2

⎛
⎝ −3

16πG
+

√(
3

16πG

)2

+ 6b′ã2

⎞
⎠

⎫⎬
⎭

×

⎧⎨
⎩λ−2

−
1

ã2

⎛
⎝ −3

16πG
−

√(
3

16πG

)2

+ 6b′ã2

⎞
⎠

⎫⎬
⎭ , (27)

if it turns out that (
3

16πG

)2

+ 6b′ã2
≤ 0 , (28)

then, the quantity inside the square root in (27) is non-positive, and we find that

the SEC is always satisfied: ρmatter + 3pmatter ≥ 0. On the other hand, if(
3

16πG

)2

+ 6b′ã2 > 0 , (29)

then the SEC gives the following nontrivial constraint for λ−2

λ−2
≥

1

ã2

⎛
⎝ −3

16πG
+

√(
3

16πG

)2

+ 6b′ã2

⎞
⎠ . (30)

This constraint becomes trivial (λ−2 ≥ 0) again if we do not include the conformal

anomaly. From another side, we observe that this constraint (30) will be always

satisfied, even when the contribution from the conformal anomaly is included, i.e.

the constraint for λ−2 is always trivial. Since b′ is negative for the usual matter

fields, Eq. (28) tells us that if the quantum effect is large, the SEC could be satisfied

more easily. On the other hand, if quantum effects are small, but do not vanish, the

SEC may not be satisfied.

Concerning this energy condition, we observe that it differs from the case of the

dS universe.4 Specifically, we see that, since the constraint for λ−2 is less strong
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for the AdS space, the energy condition will be easier satisfied in the AdS universe

than in the dS universe.

Equation (17) can be rewritten, for b′ < 0, as

ρmatter − pmatter ≤ −
1

12b′

(
3

8πG

)2

, (31)

which does not conflict with the DEC but it yields a nontrivial constraint for the

matter field. This constraint will not appear if we do not include the contribution

from the conformal anomaly. Then, similarly to the case of the dS universe,4 owing

to the quantum effects, there might happen that the DEC could not be satisfied.

The contributions to ρ and p from the phantom field C are, according to (12)

and (13), given by

ρC = pC = −
ã2

2
. (32)

Thus, we conclude that, similarly to the case of the dS universe, no energy conditions

in the AdS universe can be satisfied for purely phantom matter, unless ã = 0. When

ã = 0, from (14) it follows that

0 = ρmatter + pmatter , (33)

which is a limiting case but does not violate any energy condition, although its

fulfilment requires a negative pressure. We thus conclude that the energy conditions

when quantum CFT is present, can be satisfied, unlike what happens in the case

of pure phantom matter.

To summarize, we have studied the influence of phantom and quantum effects

in an AdS universe and drawn several interesting conclusions. In particular, when

matter is composed of phantom, perfect fluid and quantum CFT components, we

have seen that it is sometimes possible to realize an AdS universe, in the sense

that the majority of the energy conditions can be preserved. It would now be

interesting to investigate the cosmological implications of a phantom field non-

minimally coupled to gravity. This would be similar to a study of the annihilation

of a dilatonic AdS universe.11,14,15 It would be of interest to study the role of other

phantom fields like spinors where even for usual spinor matter there are some open

questions.16
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We consider late-time cosmology in a �phantom� scalar-tensor theory with an exponential potential, as a
dark-energy model with equation of state parameter close to �1 �a bit above or below this value�. Scalar �and
also other kinds of� matter can be easily taken into account. An exact spatially flat FRW cosmology is
constructed for such theory, which admits �eternal or transient� acceleration phases for the current universe, in
correspondence with observational results. Some remarks on the possible origin of the phantom, starting from
a more fundamental theory, are also made. It is shown that quantum gravity effects may prevent �or, at least,
delay or soften� the cosmic doomsday catastrophe associated with the phantom, i.e., the otherwise unavoidable
finite-time future singularity �Big Rip�. A dark-energy model �higher-derivative scalar-tensor theory� is intro-
duced, and it is shown to admit an effective phantom and/or quintessence description with a transient accel-
eration phase. In this case, gravity favors that an initially insignificant portion of dark energy becomes domi-
nant over the standard matter and radiation components in the evolution process.
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I. INTRODUCTION

Recent astrophysical data, ranging from high redshift sur-
veys of supernovae to WMAP observations, indicate that
about 70% of the total energy of our universe is to be attrib-
uted to a weird cosmic fluid with large and negative pressure,
the dark energy �see �1,2� for a recent review�, and that the
universe is currently in an accelerating phase. It also turns
out that the dark-energy equation of state parameter w is
close to �1. So far, the simplest possibility proposed for this
kind of dark energy is the use of a scalar field �or a scalar-
tensor theory�. However, scalar-tensor theories are not free
from problems, especially when they are considered directly
as dark-energy candidates.
Much attention has been drawn by scalar fields in studies

of the early time universe. A variety of scalar potentials has
been considered and a number of accelerating �inflationary�
cosmologies have been advocated. For instance, the interest-
ing quintessence model �3� with w slightly bigger than �1 is
quite popular for the explanation of early- �and late-� time
acceleration, especially in the case of exponential potentials
�4�. Moreover, exponential scalar potentials often appear
naturally after compactification in string and/or M-theory.
Needless to say, such a description is model-dependent and is

still quite far from the final goal: the formulation of a plau-
sible and consistent dark-energy theory.
Another line of research is related with the case where the

dark-energy equation of state parameter is less than �1,
since this possibility is not excluded by astrophysical data.
Moreover, the recent Supernova data �5� favor the cosmo-
logical models with such w. The typical example of a dark
energy of this kind is provided by a scalar field with negative
kinetic energy, dubbed phantom �see �6,7� and references
therein�. At first sight, such models may look rather strange
and they lead to a number of unpleasant consequences, as a
finite-time future singularity �the Big Rip� �8–10�. Neverthe-
less, the possibility of negative energies seems to be accept-
able in classical scalar-tensor theories. Actually, many of
them do contain phantoms, as the ones coming from string
and/or M-theory compactification, or higher-derivative su-
pergravities, or modifications of Einstein gravity itself. In
fact, the issue is somehow delicate, since what looks like a
phantom in one reference frame may radically change its
nature in another frame �e.g., after a conformal transforma-
tion�. In this sense, even in the absence of fundamental,
physical meaning the phantom can be still useful as a con-
venient mathematical tool in order to study cosmological
models in standard scalar-tensor theories because a phantom-
related frame may lead to a simpler formulation of the prob-
lem. Finally, there are examples where an effective phantom
and/or quintessence description of the late-time universe
naturally appears, even if the starting theory does not explic-
itly exhibit the phantom and/or quintessence structure.
In the present work we study different cases of a late-time

spatially flat FRW cosmology in the �phantom� scalar-tensor
theory, mainly with exponential potentials. Such scalar is
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considered as a dark energy, and the possibility of deriving
the current speed-up is shown also in the presence of matter.
Exact FRW cosmologies are constructed for the �phantom�
scalar-tensor theory with an exponential potential, a model
that can be important for understanding attractors and the
stability properties. The possibility of avoiding the unwanted
Big Rip by simply taking into account quantum gravity ef-
fects, which may become dominant near future singularity, is
demonstrated. Finally, the present dark-energy dominance
and acceleration, within the effective phantom and/or quin-
tessence description, is discussed in the model where a form
of higher-derivative, gravity-matter coupling is introduced.
The organization of the paper is the following: In Sec. II

spatially flat FRW cosmological solutions are discussed for
scalar-tensor gravity with scalar matter. Explicit examples of
accelerating �and decelerating� scale factors are presented for
exponential potentials when the theory contains one or two
scalar fields. In Sec. III the general solution for a spatially
flat FRW cosmology, which includes eternal or transient ac-
celeration, is found in the �phantom� scalar-tensor theory
with exponential potential. This is based on the use and ex-
tension of a method recently developed by Russo �18�. The
comparison with particular solutions of Sec. II is done. Sec-
tion IV is devoted to the study of the influence of quantum
gravity effects on the Big Rip singularity in phantom cos-
mology. It is shown that taking them into account properly
may change the future of the universe, from that with a
finite-time singularity to an ordinary de Sitter space. In Sec.
V a higher-derivative matter-gravity coupling is suggested as
a sort of dark-energy model. It admits an effectively phantom
and/or quintessence description and does explain the current
dark-energy dominance over standard matter by gravity as-
sistance. Stability analysis of the model demonstrates that the
acceleration phase is actually transient. A summary and out-
look are given in the discussion. In the Appendix we outline
how the �phantom� scalar-tensor theory may originate, via
compactification, from a higher-dimensional �super� gravity.

II. EXAMPLES OF THE ACCELERATING UNIVERSE
IN „PHANTOM… SCALAR-TENSOR THEORIES

We start from the action of multiscalar-tensor theory. Sev-
eral illustrative examples of the �accelerating� FRW cosmol-
ogy will be presented here as simple dark-energy models
�see �1,2� for a recent review�. A scalar field, ( , which may
be later regarded as a phantom, couples with gravity. As is
typical in these models, a second scalar field, 6 , is consid-
ered. The string-inspired Lagrangian in the d-dimensional
spacetime is

S�
1
!2
� ddx��ge�(� R�

�

2 	�(	
�(�V�(� �

�� ddx��g� �
1
2 	�6	

�6�U�6� � . �1�

Here � and � are constant parameters and V(() „U(6)… is
the potential for ( (6). If the constant parameter � is nega-
tive, ( has a negative kinetic energy and can be regarded as

a phantom �6,7�. We should note, however, that � need not
be negative in order to obtain the accelerated universe as we
will later see. As the matter scalar 6 does not couple with (
directly, the equivalence principle is not violated, although
the effective gravitational coupling depends on ( as
!e�(�(/2). One may go to the Einstein frame by the scale
transformation

g���e��2�/�d�2)�(gE�� . �2�

In the following, the quantities in the Einstein frame are
denoted by the index E. After the transformation �2�, the
action �1� has the following form:

S�
1
!2
� ddx��gE�RE�� �d�1 ��2

d�2 �
�

2 � gE��	�(	�(
�e��2�/�d�2 ��(V�(���� ddx��gE

�� �
e��(

2 gE
��	�6	�6�e���d�/�d�2 ��(U�6� � . �3�

In the Einstein frame, there appears a term coupling the mat-
ter 6 with ( . Even if � is negative, when

�d�1 ��2

d�2 �
�

2	0, �4�

the kinetic energy of ( becomes positive, as for a usual
scalar field. Hence, the remarkable observation follows that,
what is a phantom in one frame may not be a phantom in a
different frame, especially if the coupling is taken into ac-
count.
As a first step, one considers the d�4 case and assumes

6�0. We now define % and Ṽ(%) as

%�(��2�
�

3, Ṽ�%��e��(V�(�, �5�

and assume that the metric has the FRW form in flat space

dsE
2
��dtE

2
�aE� tE�2 �

i�1,2,3
�dxi�2. �6�

Here tE is the time coordinate in the Einstein frame. When %
only depends on the time coordinate, the FRW equation and
% equation follow:

3HE
2
�
3
4 � d%dtE�

2

�
1
2Ṽ�%�, �7�

0�3� d2%dtE2 �3HE
d%
dtE� �Ṽ��%�. �8�

Here the Hubble parameter �in the Einstein frame� is defined
by HE�(1/aE)(daE /dtE). Note that models of this type
may have a double interpretation: as multiscalar-tensor theo-
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ries or as matter-scalar-tensor theories. In other words, some
scalars may be considered as matter or as part of a gravita-
tional theory. It has been suggested that such models may
describe the inflationary early universe as quintessence �3�.
Special attention in cosmology has been paid to exponen-

tial potentials �4�, which often follow from string and/or
M-theory compactification. If Ṽ(%) behaves as an exponen-
tial function of %

Ṽ�%��V0e�2(%/%0) �9�

(V0 and %0 are constants� during some period, as in the
present universe, the solution of �7� and �8� exists1

aE�aE0� tEtE0�
(3/4)%0

2

, %�%0ln
tE
tE0
. �10�

Here

tE0�%0� 1
V0

� 278 %02� 3
2 � . �11�

In the original �Jordan� frame �1�, the time coordinate t and
scale factor a(t) in the FRW form of the metric

ds2��dt2�a� t �2 �
i�1,2,3

�dxi�2, �12�

are related with the corresponding quantities in the Einstein
frame �6� by

dt�e�(�/2)(dtE�

tE0
�%0/2

1���%0/2�
d� tE

1�(�%0/2)�, �13�

a�e�(�(/2)aE�aE0� tEtE0�
��3/4 �%0

2
��%0�

�aE0� tt0�
#(3/4)%0

2
��%0 /[1�(�%0/2)]$

, �14�

(�
�%0

��1���%0/2��
ln
t
t0
. �15�

Here

��
�

��2���/3�
, t0�

tE0
1���%0/2�

. �16�

Then, cosmic acceleration ( ȧ	0 and ä	0) occurs when

3
4 %0

2
�

%0�

2��2���/3�

1�� %0�

2��2���/3�
� 	1. �17�

By properly choosing the parameters � , %0, and � , the
present cosmic acceleration can be realized. For the matter
with p�w� , where p is the pressure and � is the energy
density,

a0t [2/3(w�1)]. �18�

Then, effectively

w��1�

2
3 � 1�

%0�

2��2���/3�
�

3
4 %0

2
�

%0�

2��2���/3�

��
%0�2��9%0��8
3�2��3%0�%0

.

�19�

As w diverges when the denominator in the second term
vanishes, w can take any value by properly choosing � , %0,
and � . For example, if

%0�

��2���/3�
�2, �20�

then w��1. Several interesting cases deserve attention

when %0
2
	
4
3


w��1 if

3
2 %0

2
	

%0�

��2���/3�
	2

w	�1 if
%0�

��2���/3�
	
3
2 %0

2 or
%0�

��2���/3�
�2,

�21�

1The action �1� with the potential �9� belongs to the class dis-
cussed in �11�. In fact if we redefine the field ( by

3�
2����
�
e(�/2)(,

the action �1� can be rewritten as

S�
1
!2� ddx��g� F�3�R�

1
2 	�3	

�3�U�3� �
�� ddx��g� �

1
2 	�6	

�6�U�6� � .
Here

F�3��
�2

4���
32, U�3��V0� �3

2����
� 4[1��1�(�/3�2)]

.

Then, one can use the same arguments as in �11� in order to fit the
parameters so that they satisfy the present cosmological data. The
nonminimal scalar-gravitational coupling term, which is required by
renormalizability of the quantum-field theory in curved spacetime
�12,13�, may have very interesting effects on the phantom cosmol-
ogy �see �14� for a recent discussion�.
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when %0
2
�
4
3


w��1 if 2	

%0�

��2���/3�
	
3
2 %0

2

w	�1 if
%0�

��2���/3�
�
3
2 %0

2 or
%0�

��2���/3�
	2.

�22�

As is clear from �18�, cosmic acceleration ( ä	0) occurs
when

w��
1
3 . �23�

When w��1, the universe is not expanding but shrinking,
although the universe is still accelerating. In the case w�

�1, if we change the direction of time as t→ts�t , the uni-
verse is both accelerating and expanding.
In the special case when w��

1
3 , we find

%0
2
�

4
3 . �24�

Note that even when � is positive, e.g., the kinetic energy of
( is positive as for usual matter, the effective w can still be
less than �1. For example, with the choice

%0�4,
�

�2
�3, �25�

it follows that ��
1
& , and from �19�,

w��
11�2�203

213 ��1.025 . . . ��1. �26�

Note that the above considerations are applicable both for the
early- as well as for the late-time universe. Indeed, the
simple solution under discussion �especially, the no-phantom
case� has been considered in different situations. Later on,
the general solution for the scalar-tensor theory with an ex-
ponential potential will be discussed. With a known general
solution, it is much easier to understand the type of situation
that appears, be it is a transient �or eternal� acceleration or an
attractor or something else.
In the previous example the matter field 6 is zero (6

�0). We now consider the case of 6�0, which is closely
related with the so-called double-quintessence model �15�. In
the Einstein frame �3�, the FRW equation, % equation, and 6
equation have the following form:

3HE
2
�
3
4 � d%dtE�

2

�
1
2Ṽ�%��

!2

4 e
��%� d6dtE�

2

�
!2

2 e
�2�%U�6�, �27�

0�3� d2%dtE2 �3HE
d%
dtE� �Ṽ��%��

�!2

2 e
��%� d6dtE�

2

�2�!2e�2�%U�6�, �28�

0�
d
dtE

� e��%
d6
dtE

��3HEe��%
d6
dtE

�e�2�%U��6�.

�29�

We again assume the exponential potentials

Ṽ�%��V0e�(2/%0)%, U�6��U064�(4/�%0). �30�

The following ansatz exists

HE�
h0
tE
, %�%0ln

tE
tE0
, 6�60� tEtE0�

�%/2

. �31�

The parameters h0 , tE0, and 60 should be a solution of the
following algebraic equations, which can be obtained from
�27�–�29�:

0��3h0
2
�
3
4 %0

2
�
1
2 V0tE0

2
�
!2�2%0

260
2

16

�
!2

2 U0tE0
2 60

4�(4/�%0) ,

0�3��%0�3h0%0��
2V0tE0

2

%0
�
!2�3%0

260
2

8

�2!2�U0tE0
2 60

4�(4/�%0) ,

0��
�%0
2 � �%02 �1 ��

3h0�%0
2

�4U0tE0
2 � 1�

1
�%0

�602�(4/�%0) . �32�

For instance, for the special example

%0�� 10
27 , ��2� 27

10 , V0�0, �33�

the explicit solution follows:

h0�
5
12 , 60�

�5
3! , tE0�� 3

8U0
. �34�

Using �16� and �33�, one arrives at

���
49
18 �

2. �35�

Then ( is surely a phantom with negative kinetic energy in
the physical Jordan frame �1�. Since U(6)�U062, U(6)
corresponds to a mass term and the mass m6 is given by

m6
2
�2U0 . �36�
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Also

tE0�
�3
2m6

. �37�

Since dt��e�(�(/2)dtE��e�(�%/2)dtE��(tE0 /tE)dtE ,
we find

t
tE0

��ln
tE
tE0
. �38�

Then, in the physical Jordan frame one gets

a�e�(�(/2)aE�aE0� tEtE0�
�(7/12)

�aE0e�(7t/12tE0), �39�

(�
�

�
%�

2
�
ln
tE
tE0

��
2
�

t
tE0
, �40�

6�60
tE
tE0

�60e�(t/tE0). �41�

Since the scale factor a behaves as an exponential function of
t, the Hubble parameter H is a constant

H��
7

12tE0
��

7m6

6�3
, �42�

which is linear in the mass m6 of 6 . Equation �42� also tells
that the effective w is �1 �similar to the cosmological con-
stant�.
As a different, more complicated example one can con-

sider the case when ��0, and therefore ��0, but the po-
tential depends on both ( and 6 ,

S�� d4x��g
 1!2 � R�
3
2	�%	

�% �
�
1
2 	�6	

�6�W�% ,6�� . �43�

As ��0, the Einstein frame can be regarded as a truly
physical one. Then the equations corresponding to �27�–�29�
are

3H2�
3
4 � d%dt �

2

�
!2

4 � d6dt �
2

�
!2

2 W�% ,6�, �44�

0�3� d2%dt2 �3H
d%
dt ��!2W ,%�% ,6�, �45�

0�
d26
dt2 �3H

d6
dt�W ,6�% ,6�. �46�

Here the derivative of W(% ,6) with respect to % (6) is ex-
pressed as W ,%(% ,6) „W ,6(% ,6)…. The case of the exponen-
tial potential W(% ,6) may be of interest

W�% ,6��W0e(�/60)6���2���/%0�%, �47�

where W0 , � , 60, and %0 are constant parameters. Assuming

H�
h0
t , %�%0ln

t
t0
, 6�60ln

t
t0
, �48�

with constants h0 and t0, Eqs. �44�–�46� reduce to the fol-
lowing algebraic equations:

0��3h0
2
�
3%0

2

4 �
!260

2

4 �
!2W0t0

2

2 ,

0�3%0
2��1�3h0���2���!2W0t0

2 ,

0�360
2��1�3h0���!2W0t0

2 . �49�

Equation �49� give

!260
2
��

3�
2��

%0
2 , �50�

h0�
3%0

2

2�2���
, �51�

!2W0t0
2
�
3%0

2�3h0�1 �
2��

. �52�

Equation �50� shows that

�2-�-0. �53�

The effective w is given by

w��1�
2
3h0

��1�
4�2���

9%0
2 . �54�

As discussed in �53�, as w	�1 we do not have a phantom.
If the second term in �54� is small, one may obtain quintes-
sence.
Other types of matter can be easily considered too. For

instance, matter may be dust. The energy density �dust in the
Jordan frame �1� behaves as �dust0a�3. Then

�dust��0a�3
��0e(3�/2)(aE

�3
��0e(3�/2)%aE

�3 , pdust�0.
�55�

It is well known that dust has no pressure. It could corre-
spond to the baryon and/or cold dark-matter components.
Instead of �27� and �28�, we obtain the following equations
of motion in the Einstein frame:

3HE
2
�
3
4 � d%dtE�

2

�
1
2Ṽ�%��

!2

2 e
�(�/2)%�0aE

�3 , �56�

0�3� d2%dtE2 �3HE
d%
dtE� �Ṽ��%��

�!2

2 e
�(�/2)%�0aE

�3 .

�57�
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With the form of Ṽ(%) as in �30�, the solution occurs

%�%0ln
tE
tE0
, aE�a0� tEtE0�

(2/3)�(�%0/6)

. �58�

Here

t0
2
�
�2%0

2
�9%0

2
�9�%0

6V0
,

a0
3
�
�0!

2e�(�%0/2)��2%0
2
�9%0

2
�9�%0�

2V0�8�2�%0�9%0
2�

. �59�

The time-coordinate t in the Jordan frame is given by

t
t0

�� tEtE0�
1�(�%0/2)

, t0��2tE0
�%0

�, �60�

and the scale factor can be obtained

a�a0� tt0�
(2/3)[2(1��%0)/�2��%0�]

. �61�

The effective w is found to be

w��1�
2��%0
2�1��%0�

. �62�

Hence, if

1��%0�2, �63�

w��1. If we assume V0	0 �and t0
2
	0 and �0a0

�3
	0),

Eq. �59� requires

�2%0
2
�9%0

2
�9�%0	0, 8�2�%0�9%0

2
	0, �64�

which give �2%0
2
�11�%0�8	 , that is,

�%0�
11��89

2 or �%0	
11��89

2 . �65�

Numerically, �%0�0.7830 . . . or �%0	14.9339 . . . ,
which contradict the results in �63�, and there is no acceler-
ating universe. With the assumption V0�0, the accelerating
universe takes over. For instance, with the choice �%0�

3
2

and %0
2
�

1
9 (���

9
2 and %0��

1
3 ), we obtain t0

2

��(41/24V0) and a0
3
����0!

2e�(�%0/2)/2V0� .
Going back to the case of two scalars, by variation over

g�� the Einstein equation follows:

1
!2 � R��� 1

2 g��R ��
1
2 �T��

(
�T��

6 �,

T��
( �

1
!2 ��

�

2	�(	
�(g����	�(	�(�V�(�g��

�2e��(�����e�(��2g��e��(�2�e�(�� ,
T��
6

�e��(� �
1
2	�6	

�6g���	�6	�6�U�6�g��� .
�66�

T��
( and T��

6 may be regarded as the effective energy-
momentum tensor of ( and 6 , respectively.2 In particular, in
the FRW metric �12�, we find

Ttt
(

��(�
1
!2 
 �2 (̇2�V�(��6�H(̇� ,

Ttt
6

��6�e��(
 126̇2�U�6�� ,
Ti j
(

�p(a2� i j�
1
!2 
 �2 (̇2�V�(��2�(̈

�2�2(̇2�4�H(̇� a2� i j ,
Ti j
6

�p6a2� i j�e��(
 126̇2�U�6�� a2� i j .
�67�

The effective w( and w6 can be defined as follows:

w(�
p(

�(
, w6�

p6

�6
. �68�

For the first example in �13�–�15�, it follows that

�(�
3�2��3%0�2%0

2

8!2t2� 1�
�%0
2 � 2 ,

p(�
�2��3%0�#%0

2�2��9%0��8%0$

8!2t2� 1�
�%0
2 � 2 , �69�

which agrees with w�p/��p( /�( in �19�. Note that the
consideration of various entropies for dark-energy models

2The usual energy-momentum tensors T ��
( ,6 given by the variation

over g�� are related with T��
( ,6 by T ��

( ,6
�e�(T��

( ,6 .
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can be done and then interesting holographic relations
among them occur �see �16� for a recent discussion�.
For the second example in �39�, one gets

�(�
14

9!2tE0
2 , p(��

19

9!2tE0
2 ,

�6�
35

72!2tE0
2 , p(�

5

72!2tE0
2 . �70�

Hence,

w(��
19
14 , w6�

1
7 . �71�

However, since

�(��6���p(�p6��
147

72!2tE0
2 , �72�

it turns out that w��1, which is consistent with �42�. We
should also note that, in the Einstein frame �3�, ( has a
positive kinetic energy.
For the case of �48� with �50�–�52� we find

��
3
2!2%̇

2
�
1
26̇

2
�W�( ,6��

18%0
2h0

2t2!2�2���
,

p�
3
2!2%̇

2
�
1
26̇

2
�W�( ,6��

6%0
2�2�3h0�

2t2!2�2���
,

�73�

which reproduces �54�. Having these various examples of the
�accelerated� evolution of the current universe, one can com-
pare it with recent astrophysical data in the way discussed
recently in �2,17�. Of course, above illustrative examples of
current speed-up may correspond to transient acceleration. In
other words, stability of the solutions pretending to be real-
istic ones should be investigated in detail.

III. EXACT FRW COSMOLOGY FOR THE „PHANTOM…

SCALAR-TENSOR THEORYWITH AN EXPONENTIAL
POTENTIAL

In this section the exact FRW cosmology in the �phantom�
scalar-tensor theory with an exponential potential will be dis-
cussed. First, the method that is appropriate to obtain the
exact FRW solutions will be reviewed �18� �for introduction
of similar variables in quantum cosmology, see �19��. Subse-
quently, the formulation is extended to the phantom case
with a negative kinetic term.
The action of a scalar field ( coupled with gravity is

S�
1
!2
� d4x��g� R�

�

2	�(	
�(�V�(� � . �74�

This action can be regarded as the action with ��0 in �1� or
that obtained by replacing �(d�1)�2/d�2���/2 and
e�(2�/d�2)(V(() in �3� with �/2 and V((), respectively.

For the standard scalar �	0 and one can normalize ( to be
��1, but for the phantom field with negative kinetic term,
we have ��0.
For the FRW metric

ds2��dt2�a� t �2 �
i�1,2,3

�dxi�2, �75�

the action �74� can be rewritten as

S�
1
!2
� d3xdt
 �6aȧ2�a3� �2 (̇2�V�(� � � . �76�

The potential V(() is chosen to be

V�(��V0e�(2(/(0), �77�

with constants V0 and (0.
First we review the standard case with �	0 following to

�18�. The field variables a and ( are written in terms of new
fields v and u as

a�e(v�u)/3, (�
2�v�u �

�3�
, �78�

and a new time variable � is defined by

d��dt�3V0
8 e

�[2(v�u)/(0�3�]. �79�

Then, the action �76� acquires the following form:

S��
1
!2
�8V0

3 � d3xd��dv
d�
du
d� �1 �ev�u��̄(v�u),

�̄ �
2

(0�3�
. �80�

Varying over v and u, the equations of motion follow:

0�
d2u
d�2 ��1��̄ �� dud� �

2

��1��̄ �, �81�

0�
d2v
d�2 ��1��̄ �� dud� �

2

��1��̄ �. �82�

Since the Hamiltonian H conjugate to � is given by

H��
1
!2
�8V0

3 � d3x�dv
d�
du
d� �1 �ev�u��̄(v�u), �83�

the Hamiltonian constraint H�0 yields

dv
d�
du
d� �1. �84�

In terms of the new variables V and U, which are given by
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V�e(1��̄)v, U�e(1��̄)u, �85�

the equations of motion are

d2U

d�2
��1��̄2�U,

d2V

d�2
��1��̄2�V. �86�

When ��̄��1, the solution of �86� is given by

U�u�e�
�1��̄2

�u�e���1��̄2,

V�v�e�
�1��̄2

�v�e���1��̄2, �87�

with constants of the integration u� and v� . The Hamil-
tonian constraint �84� restricts the constants as

u�v���u�v� . �88�

Then the spacetime metric has the following form �18�:

ds2��
8
3V0

�v�e�
�1��̄2

�v�e���1��̄2��̄/�1��̄ �

��u�e�
�1��̄2

�u�e���1��̄2���� �̄/�1��̄ ��d�2

��v�e�
�1��̄2

�v�e���1��̄2�2/�3(1��̄ �]

��u�e�
�1��̄2

�u�e���1��̄2�2/�3(1��̄)� �
i�1,2,3

�dxi�2.

�89�

When �→�� , Eqs. �78� and �79� give

a→v�

1/3(1��̄)u
�

1/3(1��̄)e2�/�3�1��̄2�,

t→t0��

�1��̄2

�̄2
� 8
3V0

�v�

�̄/�2(1��̄)�u
�

��̄/�2(1��̄)]e�̄
2�/�1��̄2. �90�

Here t0� is a constant of integration. Hence, a0t2/3�̄
2
and the

universe is accelerating (d2a/dt2	0) if

�̄2� 2
3 . �91�

Note that if v��u��0, the behavior in �90� is exact even if
� is not large. The case with v��u��0 corresponds to the
solution in Sec. II. On the other hand, when �→��

a→v�

1/3(1��̄)u
�

1/3(1��̄)e���2�/�3�1��̄2)�,

t→t0��

�1��̄2

�̄2
� 8

3V0

�v�

�̄/�2(1��̄)�u
�

��̄/�2(1��̄)]e�(�̄2�/�1��̄2). �92�

Here t0� is again a constant of integration. Thus, we find a
0(�t)2/3�̄

2
, then the universe is shrinking but accelerating

(d2a/dt2	0) if �91� is satisfied. To summarize the ��̄��1
case, if v��u��0 we find an eternal expanding solution as
in Sec. II. In the general case, the solution is a bouncing
universe, where first the universe shrinks and then it ex-
pands.
When ��̄�	1, the solution of �86� can be written as

U�uccos����̄2�1 ��ussin����̄2�1 �,

V�vccos����̄2�1 ��vssin����̄2�1 �,
�93�

with constants uc , us , vc , and vs , which satisfy

vcuc�vscs�0. �94�

The solution of �94� can be given by means of three inde-
pendent parameters v0 , u0 , .0 as

vs�v0sin .0 , vc�v0cos .0 , us�u0cos .0 ,

uc��u0sin .0 . �95�

As a result, Eq. �93� simplifies

V�v0cos����̄2�1�.0�, U�u0sin����̄2�1�.0�.
�96�

As .0 can be absorbed into the constant shift of � , in the
following we choose .0�0. The space-time metric looks as
follows:

ds2��
8
3V0

v0
�[2�̄/(1��̄)]u0

2�̄/(1��̄)

�cos�[2�̄/(1��̄)]����̄2�1 �

�sin2�̄/(1��̄)����̄2�1 �d�2�v0
2�̄/[3(1��̄)]u0

2�̄/1��̄

�cos2/[3(1��̄)]����̄2�1 �sin2/[3(1��̄)]����̄2�1 �.

�97�

There are singularities when

���̄2�1�n� , or �n�
1
2 �� . �98�

Here n is an integer. If we write � as ���̄2�1�n���� and
assume �� is small, we find, by neglecting numerical factors,

t�����(2�̄�1)/(1��̄), a�����1/[3(1��̄)]�t1/[3(2�̄�1)].
�99�

Note that (2�̄�1)/(1��̄)	0 as ��̄�	1. Then ��0 corre-
sponds to t�0. At t�0, the size of the universe diverges
�vanishes� when 2�̄�1�0 (2�̄�1	0). On the other hand,
if we write � as ���̄2�1�(n��/2)���� and assume ��
is small, we find, again neglecting numerical factors,

t�����(1�2�̄)/(1��̄), a�����1/[3(1��̄)]�t1/[3(1�2�̄)].
�100�
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Note that (1�2�̄�1)/(1��̄)	0 once more, and ��0 cor-
responds to t�0. Then, at t�0 the size of the universe di-
verges �vanishes� when 1�2�̄�0 (1�2�̄	0). These re-
sults for the standard scalar with �	0 are given in �18�.
We now extend the above formulation to the case of a

phantom with ��0. For this situation, we define a complex
field z and its complex conjugate z* by

a�e(z�z*)/3, (��
2i�z�z*�
��3�

, �101�

and define a new time variable � as in �79� by

d���dt�3V0
8 e

�[2i(z�z*)/(0��3�]. �102�

The action �76� becomes

S��
1
!2
�8V0

3 � d3xd�� dzd� dz*d� �1 �ez�z*�i �̃̄(z�z*).

�103�

Here

�̃̄�
2

(0��3�
. �104�

The sign � in �103� corresponds to the sign in �102�. Vary-
ing over z*, one obtains the following equation:

0�
d2z
d�2 ��1�i �̃̄ �� dzd� �

2

��1�i �̃̄ �. �105�

Now, the Hamiltonian H conjugate to � is given by

H��
1
!2
�8V0

3 � d3x� dzd� dz*d� �1 �ev�u��̄(v�u),

�106�

and the Hamiltonian constraint has the following form:

dz
d�
dz*
d� �1. �107�

By defining a new variable Z as

Z�e(1�i �̃̄)z, �108�

Eq. �105� can be rewritten as

d2Z

d�2
��1��� 2�Z. �109�

The solution of �109� is given by

Z�z�e�
�1��� 2

�z�e���1� �̃̄2, �110�

with complex constants of integration z� . The Hamiltonian
constraint �107� restricts the constants to satisfy

z�z�
*��z�z�

* . �111�

By using three real independent parameters b� and .0, the
solution of �111� is given by

z��b�ei.0 z��ib�e�i.0. �112�

By using z� in �112�, the metric of the spacetime has the
following form:

ds2��
8
3V0

�#z�e�
�1��� 2

�z�e���1� �̃̄2$�/(1�i�)�2d�2

��#z�e�
�1��� 2

�z�e���1� �̃̄2$2/[3(1�i�)]�2

� �
i�1,2,3

�dxi�2. �113�

When �→� , from �101� and �102�, it follows that

a�e#2�/(3
�1� �̃̄2)�2/[3(1� �̃̄2)]$R#(1�i �̃̄)ln z�$,

t�t��

�1� �̃̄2

�̃̄2
� 8
3V0

e#�[ �̃̄
2/(1� �̃̄2)]$I#(1�i �̃̄)ln z�$

�e�( �̃̄2�/�1� �̃̄2). �114�

Here t� is a constant of the integration. Hence, a0��(t
�t�)��(2/3�̃̄2), which tells that the universe is accelerating
since ä0 2

3 �̃̄
2( 23 �̃̄2�1)��(t�t�)��(2/3�̃̄2)�2

	0. The effec-
tive w is given by

w��1� �̃̄2��1. �115�

The case corresponds to a phantom. In general,

ä�
3V0
8 Z #1/[3(1�i �̃̄)]$�i �̃̄/(1�i �̃̄)�2

Z*1/[3(1�i �̃̄)]�i �̃̄/(1�i �̃̄)�2

�� 4�1� �̃̄2�

9 Z
2
Z*2�

2�1�i �̃̄ ��2�3i �̃̄ �

9�1�i �̃̄ �
z�z�Z*2

�
2�1�i �̃̄ ��2�3i �̃̄ �

9�1�i �̃̄ �
z

�
*z

�
*Z

2� . �116�

If �Z� is large, then ä	0. We should note that when z�

�0, Eq. �114� gives an exact solution corresponding to those
in Sec. II. In this case, Eq. �114� is valid even if �t� is not
small. The solution can be regarded as an attractor. In fact,
when t�t� , all the solutions behave as this one.
On the other hand, when �→�� one gets
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a�e�[2�/(3�1� �̃̄2)]�#2/[3(1� �̃̄2)]$R#(1�i �̃̄)ln z�$,

t�t��

�1� �̃̄2

�̃̄2
� 8
3V0

�e�[ �̃̄2/(1� �̃̄2)]I#(1�i �̃̄)ln z�$e�̃̄
2�/�1� �̃̄2. �117�

Here t� is a constant of integration again. Thus, a0„�(t
�t�)…�(2/3�̃̄2) and, once more, the universe is accelerating.
The solution �113� is almost given by the analytic con-

tinuation �̄→i �̃̄ of that �89�, which corresponds to the stan-
dard �nonphantom� scalar. The behavior obtained for the so-
lution �113� is, however, rather different from the
nonphantom case. In the case of a nonphantom with �	0 in
�89�, which has been investigated in �18�, when ��̄��0, the
behavior in �90� or �92� shows that there is a singularity only
in the infinite future or past, since �→�� corresponds to t
→�� . On the other hand, when ��̄�	0, the behavior in
�99� or �100� indicates that there might be Big Rip �8–10� or
Big Crunch singularity in the finite future. Even for non-
phantom matter, when the strong energy condition is applied,
a finite-time future singularity may occur �20�. In the phan-
tom case in Eq. �114� or �117�, �→�� corresponds to t
→0. The singularity occurs in the finite future or past. Thus,
if the universe is expanding, there should be a finite-time
future singularity. This singularity is nothing but the Big Rip
�8–10�. If there is a singularity in the past, the universe is not
expanding but shrinking. In this sense, the solution with a
past singularity is related to that with a future singularity, by
reversing the direction of time.
It is possible to relate the action �74� to the action �3� in

the Einstein frame by identifying g�� , � , and V(() with
gE�� , �(d�1)�2�/(d�2)��/2 �with d�4), and
e�[2�/(d�2)(]V(() �with d�4 again�, respectively. The
physical metric is obtained by rescaling the metric as the
reverse of �2�. Instead of �75�, we now assume that the physi-
cal metric is given by

ds2�e�̄(� �dt2�a� t �2 �
i�1,2,3

�dxi�2� . �118�

For �→�� , ( behaves as

(��
4

�̃̄��3�
ln�t�t��. �119�

Since a behaves as a��t�t���(2/3�̃̄2), if

�̄��
1

�̃̄
��

�

3, �120�

the singularity corresponding to �→�� is cancelled, but
there remains a singularity corresponding to �→�� . On the
other hand, if

�̄�
1

�̃̄
��

�

3, �121�

the singularity corresponding to �→�� is cancelled, but
there remains a singularity corresponding to �→�� . In the
metric �118�, the cosmological time t̃ is defined by d t̃�
�e(�/2)(dt , then in case of �120�, we find t̃0 t̃ 0��t
�t��(2/3�̃̄

2)�1. Here t̃ 0 is a constant of integration. The limit
t→t� (�→��) corresponds to t̃→ t̃ 0. On the other hand, in
the case of �121�, t̃0 t̃ 0���t�t���(2/3�̃̄2)�1. Here t̃ 0� is a con-
stant of integration. If �̃̄2	 3

2 , t→t� (�→��) corresponds
to t̃→ t̃ 0, again. If �̃̄2	 3

2 , however, t→t� (�→��) corre-
sponds to t̃→�� . Hence, the singularity does not occur
within finite time. This example shows that the type �or even
the presence itself� of the singularity is also related with the
choice of physical metric �frame�.

IV. QUANTUM EFFECTS MAY CHANGE THE FINITE
TIME FUTURE SINGULARITY

Let us again start from the scalar-tensor theory with a
single scalar that can be an effective phantom,

L�
1
!2

� R�
�̃

2 g
��	�(	�(�V�(� � , �122�

where �̃��1. It would be interesting to investigate the
quantum properties of such scalar-tensor gravity. Indeed, it is
known that the phantom theory develops a catastrophic in-
stability at the quantum level. Hence the point is that taking
into account quantum gravity effects �or, simply quantum
effects� could improve the situation.
The calculation of the one-loop effective action in the

former, non-renormalizable theory may indeed be performed
�using the above parametrization and some choice for the
gauge condition�. The result is

W1-loop��
1
2 ln

L2

�2
� d4x��g
 52 V2��̃�V��2�

1
2 �V��2

�� �̃2 V�2V��( ,�( ,���133 V�
�̃

12V��R�
43
60R��

2

�
1
40R

2
�
�̃

6 R( ,�(
,�

�
5
4 �( ,�(

,��2� . �123�

The above one-loop action is found in Ref. �21�. In order to
consider this effective action as a finite quantum correction
to the classical one, the cut-off L should be identified with
the corresponding physical quantity. For instance, when the
universe is in the �almost� de Sitter phase, the natural choice
is L2��R�, as the curvature is strong enough and constant
�12,13�. At the same time, in the region where �V���R�, L2
should be identified with �V�.
Hence, even in the situation with V�0, starting from the

action �122� with the usual scalar, the phantom terms may be
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induced. This happens if the universe goes through a region
with negative curvature. With account to the potential, for
some fine-tuning of V one can again arrive to the QG-
induced phantom theory, which subsequently can change the
universe evolution.
Here, we consider the action where L2 is replaced with

�R� as a simple example

W1-loop��
1
2� d4x��g ln

�R�
�2


 52 V2��̃�V��2�
1
2 �V��2

�� �̃2 V�2V��( ,�( ,���133 V�
�̃

12V��R�
43
60R��

2

�
1
40R

2
�
�̃

6 R( ,�(
,�

�
5
4�( ,�(

,��2� . �124�

The variations of this action are given by

1
��g

�W1-loop

�(
��

1
2 ln

�R�
�2


 �52 V2��̃�V��2�
1
2 �V��2��

�� �̃2 V�2V�� �( ,�( ,��2��

�� � �̃2 V�2V��( ,����133 V�
�̃

12V�� �R
�
�̃

3 ���R(
,���5��„�( ,�(

,��( ,�…� ,
�125�

1
��g

�W1-loop

�g��
��

1
2 ln

�R�
�2


 12 g��� 52 V2��̃�V��2�
1
2�V��2�� �̃2 V�2V��( ,�( ,��� 133 V�

�̃

12V��R�
43
60R��

2
�
1
40R

2

�
�̃

6 R( ,�(
,�

�
5
4 �( ,�(

,��2� �� �̃2 V�2V��( ,�( ,��� 133 V�
�̃

12V��R���������g���2�

�� 133 V�
�̃

12V�� �
43
30R �

� R���
43
60 #����

�R������
�R�����2R���g������R��$�

1
20RR

��

�
1
20 ��

����g���2�R�
�̃

6 R
��( ,�(

,�
�
�̃

6 ��
����g���2��( ,�( ,���

�̃

6 R	
�(	�(�

5
2 ( ,�(

,�( ,�( ,�

���R��������g���2���
1
2R � 52 V2��̃�V��2�

1
2 �V��2�� �̃2 V�2V��( ,�( ,���133 V�

�̃

12V��R
�
43
60R��

2
�
1
40R

2
�
�̃

6 R( ,�(
,�

�
5
4 �( ,�(

,��2� � � . �126�

In the case of occurrence of the Big Rip singularity, the
curvature quickly grows. However, this means that quantum
effects �e.g., quantum gravity effects� become important not
only for the early universe, but also for the future universe.
These quantum effects may even become dominant when the
universe approaches the Big Rip. Suppose that the quantum
correction becomes dominant owing to the fact that W1-loop
contains higher-derivative terms. In this case one can neglect
the classical terms. To simplify the situation even more, we
assume that the curvature and the scalar field ( are constant

R���
3
l2 g�� , R�

12
l2 , (�c . �127�

The potential V(() is chosen as the exponential function of
( ,

V�(��V0e�2((/(0). �128�

Then from �125� and �126�, we obtain

0�
1

��g

�W1-loop

�(

��
1
2 ln

�R�
�2 ��

4
(0

� 52�
4�̃

(0
2 �

8
(0
4� V02e�(4c/(0)

�
2
(0

� 133 �
�̃

3(0
2� V0e�(2c/(0)

12
l2 � , �129�
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0�
1

��g

�W1-loop

�g��

�g����
1
4 ln� 12l2�2� 
 � 52�

4�̃

(0
2 �

8
(0
4� V02e�(4c/(0)

�� 133 �
�̃

3(0
2� V0e�(2c/(0)

12
l2 �

147
5l4 �

�
1
8 � 52�

4�̃

(0
2 �

8
(0
4� V02e�(4c/(0)

�
3
2l2 � 133 �

�̃

3(0
2� V0e�(2c/(0)�

441
40l4� . �130�

Equation �129� can be solved with respect to l2:

R�
12
l2 �2� 52�

4�̃

(0
2 �

8
(0
4� � 133 �

�̃

3(0
2� �1

V0e�(2c/(0).

�131�

We should note, however, that Eq. �130� is not consistent
with the expression in �131� in general. Then, Eq. �130�
might be regarded as an equation determining � . We should
also note that the right-hand side �rhs� in �131� is not always
positive. In the case �̃	0, when �̃2�5, the rhs in �131� is
positive, but when �̃2	5, it is positive if (0

2
	

4
5 (�̃

���̃2�5) or (0
2
�

4
5 (�̃���̃2�5). On the other hand, in a

phantom case �̃�0, the rhs in �131� is positive if (0
2

	�(�̃/13). Anyway, there may occur a �asymptotically� de
Sitter solution. Thus, before entering the Big Rip singularity,
the universe becomes a quantum de Sitter space. This quali-
tative discussion indicates that the finite-time future singular-
ity may never occur �or, at least may become milder� under
the conjecture that quantum effects become dominant just
before the Big Rip. Due to the sharp increase of the curvature
invariants near the Big Rip, such a conjecture looks quite
natural.
A similar phenomenon occurs even without quantum

gravity. Indeed, let us consider again the phantom theory of
Sec. III with the same potential. For the FRW background, if
we assume that ( only depends on time, the equation of
motion for ( is given by

0���� d2(dt2 �3H
d(
dt � �V��(�. �132�

The energy density �( is

�(�
�

2 � d(dt �
2

�V�(�, �133�

and the FRW equation has the following form:

6
!2
H2��( . �134�

Here H� ȧ/a . Then a solution of �132� and �134� is

(�(0ln�ts�tt1 �, H��
�!2

4� ts�t �
. �135�

Here ts is a constant of integration and t1 is given by

t1
2
��

�(0
2� 1�

3�!2

4 �
2V0

. �136�

Equation �135� shows

a�a0�ts�tt1 ��(�!2/4)

. �137�

For a phantom with ��0, a grows up to infinity at t�ts ,
which is the Big Rip singularity �8–10�.
In general, Eq. �132� shows that

d�(
dt ��3�H� d(dt �

2

, �138�

which is positive if ��0, H	0, and (̇�0. Hence, for the
phantom with negative � , the energy density increases in
general. We should also note that since the contribution to �(
from the kinetic term is negative if ��0, we find

�(-V�(�. �139�

For the case V(()�0, the energy density �( is not positive.
In general, the Big Rip singularity occurs due to the rapid
increase of the energy density of the phantom scalar. When
V(()�0, the singularity does not occur. To be concrete, we
also consider here matter to be dust, whose energy density is
given by

�d�
�0

a3 , �140�

with a constant �0, which we assume to be positive. When
V(()�0, the solution of �132� is given by

d(
dt �

c
a3 . �141�

Here c is a constant. Then the FRW equation has the form:

6
!2
H2�

�c2

2a6 �
�0

a3 . �142�

Equation �142� can be solved easily as

a3��
�c2

2�0
�
9!2

4�0
2� t�ts�. �143�

Here ts is a constant of the integration. Then, there is no
singularity and no acceleration, either.
The Big Rip singularity in �137� occurs because the po-

tential is unbounded and goes to positive infinity when (
→�� . Equation �139� tells that if V(() is bounded from
above and has a maximum Vm as for V(()�0 case, the

ELIZALDE, NOJIRI, AND ODINTSOV PHYSICAL REVIEW D 70, 043539 �2004�

043539-12

338



A Choice of Papers                                                                                                         Emilio Elizalde

energy density does not grow up infinitely and the Big Rip
singularity does not occur. We now assume for the large
negative ( , the potential approaches a constant,

V�(�→Vm �constant� when (→�� . �144�

In the region, Eq. �132� reduces to

0���� d2(dt2 �3H
d(
dt � , �145�

which can be solved as in �141�. Then the energy density �(
�133� has the following form:

�(�
�c2

2a6 �Vm . �146�

The FRW equation becomes

6
!2
H2�

�c2

2a6 �Vm . �147�

The first term in the rhs could be neglected for a large uni-
verse. Then, for large a, one gets the de Sitter space as a
solution

H2→
Vm
6!2 . �148�

Thus, one way to avoid the singularity might be that, in the
present universe for large negative ( there is an upper bound
in the potential. In this respect, it is also interesting to note
that there are phantomlike models, such as generalized
Chaplygin gas, where finite-time future singularity does not
occur �22�.
Another way to argue this is to take into account quantum

effects, say, for conformally invariant matter. Then the con-
tributions coming from the conformal anomaly to the energy
density �A and pressure pA are �see �23��

�A��6b�H4�� 23 b�b�� 
 �6H
d2H

dt2
�18H2

dH
dt

�3� dHdt �
2� , �149�

pA�b�
 6H4�8H2 dHdt � �� 23 b�b�� 
 �2
d3H

dt3

�12H
d2H

dt2
�18H2

dH
dt �9� dHdt �

2� . �150�

In general, with N scalar, N1/2 spinor, N1 vector fields, N2
(�0 or 1� gravitons, and NHD higher-derivative conformal
scalars, b, b�, and b� are given by

b�
N�6N1/2�12N1�611N2�8NHD

120�4��2
,

b���
N�11N1/2�62N1�1411N2�28NHD

360�4��2
, b��0.

�151�

Near the Big Rip singularity, the scale factor a blows up,
as in �137�, at t�ts . Then the curvatures behave as R0�t
�ts��2, and they become large. Since the quantum correc-
tion includes the square of the curvatures, the correction be-
comes large and important near the Big Rip singularity. Now
the FRW equation has the following form:

6
!2
H2�

�

2 � d(dt �
2

�V�(���A . �152�

We now write H and ( as

H�h0��h , (�(0ln�ts�tt1 ���( . �153�

Here h0 , ts , and t1 are constants. We assume that when t
→ts , �h and �( become very small compared with the first
terms, respectively. In H, however, as the first term is a con-
stant, only the second term contributes to dH/dt and
d2H/dt2. From �132� with the same exponential potential,
one obtains

0���� �
(0

� ts�t �2
�
3h0
ts�t � �

2V0t1
2

(0� ts�t �2
� 1�

2
(0
�( �

�o�� ts�t ��1� , �154�

which gives

V0t1
2
��

�(0
2

2 , �(��
3
2 � ts�t �. �155�

Then from �152�, we have

0�
3�h0(0
ts�t

�6h0� 23 b�b�� d2�h
dt2

�o�� ts�t ��1� ,

�156�

and

�h�
�(0

2� 23 b�b�� � ts�t �ln�
ts�t
t2

�. �157�

Here t2 is a constant of integration. Since H� ȧ/a , the scale
factor is

a�a0�ts�tt2 �#�(0/4[(2/3)b�b�]$(ts�t)
2

�e�h0(ts�t)�#�(0/8([(2/3)b�b�]$(ts�t)
2
�o[(ts�t)

2].

�158�
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In d2a/dt2 or dH/dt , there appears a logarithmic singularity.
The behavior of the singularity, however, becomes rather
milder than the case without quantum correction, where due
to the singularity at t�ts , the universe cannot develop be-
yond the singularity. Since the singularity becomes mild due
to the quantum correction and a and H are finite at t�ts , the
universe can develop to the region t	ts . Then, essentially
the Big Rip singularity is removed due to the quantum cor-
rection.

V. GRAVITY-ASSISTED DARK-ENERGY DOMINANCE
AND EFFECTIVE PHANTOMANDÕOR QUINTESSENCE

COSMOLOGY

Recently, an effective phantom and/or quintessence de-
scription of the late time universe was obtained via the in-
troduction of a new higher-derivative coupling between mat-
ter and gravity �24�. It was shown that such a model may
explain the gravity-assisted dark-energy dominance. In this
section we will consider a simple �scalar� example of this
kind of model when standard matter is also included.
The starting action is

S�� d4x��g
 1!2 R�R�Ld�Lm� . �159�

Here Ld is the matterlike Lagrangian density �dark energy�
and Lm the Lagrangian density of the �standard� matter. By
variation over g�� , the equation of motion follows:

0�
1

��g

�S
�g��

�
1
!2 
 12 g��R�R��� �T̃���Tm

�� .

�160�

Here the effective energy momentum tensor T̃�� is defined
by

T̃�����R��1R��Ld��������g���2��R��1Ld�

�R�T��, �161�

and T�� is given by

T���
1

��g

�

�g��
� � d4x��gLd � . �162�

The standard matter part of the energy momentum tensor
Tm
�� is also defined as

Tm
���

1
��g

�

�g��
� � d4x��gLm � . �163�

For simplicity, the Lagrangian density of a free massless sca-
lar is considered as Ld ,

Ld��
1
2 	�(	�( . �164�

Note that for the above Ld choice and with a higher-
derivative scalar curvature term in the gravitational sector

�also without standard matter�, model of this kind was dis-
cussed, with different purposes, in Ref. �25�.
The equation of motion has the following form:

0�
1

��g

�S
�(

�
1

��g
	��R���gg��	�(�. �165�

The metric is again chosen to describe a FRW universe with
flat three-space,

ds2��dt2�a� t �2 �
i�1,2,3

�dxi�2. �166�

If one assumes that ( depends only on t �(�((t)� , the
solution of the scalar-field equation �165� is given by

(̇�qa�3R��. �167�

Here q is a constant of integration. Hence

R�Ld�
q2

2a6R� , �168�

which becomes dominant when R is small �large� compared
with the Einstein term (1/!2)R if �	�1 (���1). Thus,
one arrives at the remarkable possibility that dark energy
grows to asymptotic dominance over the usual matter with
decrease of the curvature.
Combining �159� and �160�, one gets S

�&d4x��g#(1/!2)R��q2/(2a6R�)�$, which may indicate
R�a�[6/(��1)]. Then the curvature R might be stabilized to
have a nontrivial minimum due to the second term in �159�.
Substituting �167� into �160�, the (� ,�)�(t ,t) compo-

nent of the equation of motion has the following form:

0��
3
!2
H2��d��m ,

�d�
36q2

a6 �6Ḣ�12H2����2
����1 �
4 ḦH�

��1
4 Ḣ2

�� 1�
13
4 ���2� ḢH2�� 1�

7
2 � �H4� . �169�

Here �m is the energy density of the standard matter. Specifi-
cally, when ���1, Eq. �169� looks like

0��� 3!2 �
15q2

2a6 �H2��m . �170�

If �m�0, this equation has only the trivial solution H�0 (a
is a constant�.
When �m�0, we can easily find the accelerating solution

of �169� �24�,
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a�a0t (��1)/3 �H�
��1
3t � ,

a0
6�

!2q2�2��1 ����1 �

3���1 ���1� 23 �2��1 � � ��2 . �171�

Equation �171� tells that the universe accelerates, that is, ä
	0 if �	2. Even for ���1, by changing the time vari-
able by t→t0�t (t0 is a constant�, the universe is expanding
and accelerating. In this case, however, there is a Big Rip
singularity at t�t0.
For the matter satisfying the relation p�w� , where p is

the pressure and � the energy density, from the usual FRW
equation, one has

a0t2/[3(w�1)]. �172�

For a0th0 it follows that

w��1�
2
3h0

, �173�

and an accelerating expansion (h0	1) of the universe oc-
curs if

�1�w��
1
3 . �174�

For the case of �171�, one finds

w�
1��

1��
. �175�

Then if ���1, w��1, what corresponds to an effective
phantom. In this case, changing t as t0�t in �171�, there
appears a Big Rip singularity at t�t0. In �26�, however, it
has been shown that the phantom energy with w��1 makes
the radius of the wormhole spacetime �when it does occur� to
increase in time and thus before the Big Rip the radius be-
comes infinite and, as a result, the Big Rip singularity may
be avoided.
It is interesting to investigate the stability of the solution

in �171�. For this purpose, we write the scale factor a as

a�a0t (��1)/3�1��� � ���
1 �. �176�

Here a0 is given in �171�. From �169�, it follows that

0��
2�2��1 ����1 ����1 �

t4 �

�
2�2�3�18�2�33��7 �

t3
d�
dt

�
9����4 �

t2
d2�
dt2�

9�
t
d3�
dt3 . �177�

The solutions of �177� are given as

�0tx0. �178�

Here x0 is a constant. Then Eq. �177� gives

0�9�x0
3
�9����1 �x0

2
���4�3�27�2�48��14�x0

�2���1 ��2��1 ����1 �. �179�

As clear from �175�, when �→�� , w��1, which corre-
sponds to quintessence and, when �→�� , we find w
��1, which corresponds to a phantom. Imagine that param-
eter �→�� . If we assume x0�O(1), Eq. �179� reduces to

0��4�3�1�x0��O��2�. �180�

Hence

x0��1. �181�

With x0�O(�), one obtains

0��4�3x0�9�2x0
2
�9�x0

3
�O��3�. �182�

As a result

x0�0,
�

3 ,�
4�
3 . �183�

Note that the first solution x0�0 corresponds to the solution
in �181� because we have assumed x0�O(�). The perturba-
tion looks as

���1t�1��2t�/3��3t�(4�/3). �184�

Here �1,2,3 are constants. The second term in �184� may in-
dicate the instability of the solution �171�. When �→�� ,
which corresponds to quintessence, the second term may be-
come dominant when t→� . On the other hand, since the
case �→�� corresponds to the phantom, we replace t
→t0�t . The second term may become dominant near the
Big Rip t→t0. This might, however, indicate that the Big
Rip never occurs, since the Big Rip solution is unstable. In
other words, even if the present universe equation-of-state
parameter looks as w��1, the universe might transit to
another solution corresponding to the second term in �184�.
However, it is difficult to find the nonperturbative behavior
of the solution corresponding to the second term in �184�.
The �→�1 case, which corresponds to w→�� , can be

also considered. Let us write

����1�1� �1
1 �. �185�

It is natural to assume that 1 is positive. Equation �179� gives

0��9�1�1�x0
3
�91x0

2
���3�181�x0�121�O�12�.

�186�

Its approximate solution is

x0�41 , �
3
2 1�

i
�3

� 1�
7
2 1 � . �187�
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The perturbation � is found to be given by

���0� t0�t �41�� t0�t �� 3/2 1#�ccos�
1
) �1�

7
2 1�ln� t0�t ��

��ssin�
1
) �1�

7
2 1�ln� t0�t ��$. �188�

Here �0 , �c , and �s are constants. The first term decreases
near the Big Rip at t�t0, but the other terms oscillate rap-
idly near the Big Rip and the amplitude becomes large,
which also shows the instability of the �transient accelera-
tion� solution �171�. This may be quite an acceptable result,
on the condition that it lasts sufficiently long enough to com-
ply with observational data. The way to avoid a finite-time
future singularity due to the instability of the accelerating
cosmology may deserve some attention.
The case ��1 corresponds to w�0. With

��1�1 �0�1
1 �, �189�

Eq. �179� gives

0�9�1�1�x0
3
��18�271�x0

2
��85�901�x�41�O�12�.

�190�

Its solution is

x0�
4
85�O�12�, �1�

2i
9 �O�1�. �191�

Therefore � is given by

���̂0t41/85�
1
t � �̂ccos� 29 ln t �� �̂ssin� 29 ln t � � . �192�

Here �̂0 , �̂c , and �̂s are constants, too. The first term in-
creases with t, and thus the solution �171� may be unstable
again.
Even with numerical calculation for general � , there

seems to be instabilities in the solution �171� if w�0 al-
though the solution could be stable if w	0. This may sug-
gest again that the acceleration of such a dark-energy uni-
verse might be transient.
So far the standard matter contribution has been ne-

glected. When �m�0, the simple assumption is that �m be-
haves as

�m��0a��. �193�

Here �0 and � are constant. From Eq. �170� it follows

t�� 3
�0!

2� daa (�/2)�4�a6�
5q2!2

2 . �194�

For the case of a general � , if the dark-energy density is
dominant: �d��m , the solution should behave as �171�.
Hence, the energy density �m of the standard matter evolves
as

�m��0a0
��t�[(��1)�/3]. �195�

On the other hand, �d behaves as

�d0t�2. �196�

Since ��4 for the radiation and ��3 for the dust and the
acceleration of the universe occurs when �	2, we may as-
sume �	2 and �	2. As a result,

���1 ��
3 	2. �197�

When time t grows, �m decreases further as compared with
�d .
The essence of a gravity-assisted dark-energy dominance

is clearly seen in the example below. Let the standard matter
dominate, as compared with the dark energy �m��d . Then
the scale factor is given by that of the standard FRW equa-
tion

a�� �2�0!212 � 1/�t2/�. �198�

The energy density of the standard matter �m behaves as
�m�t�2. On the other hand, the dark energy behaves as

�d�t2��(12/�). �199�

Hence if

2��
12
�

	�2, �200�

the dark energy �d becomes larger as time passes. Equation
�200� can be satisfied if � ,�	2 as in the dark-matter domi-
nant case.
Let us assume that in the early universe, the standard

matter and/or radiation is dominant. The universe evolves
according to �198�. From �200�, dark energy increases with
time growth. When �d��m , as in the present universe, the
acceleration of the universe begins. Thus, in the future the
accelerating universe evolves with the scale factor �171�.
However, that is most probably a transient acceleration. This
is not strange owing to the fact that the above effective phan-
tom and/or quintessence description is achieved by means of
a higher-derivative coupling between dark matter and grav-
ity. It is known that higher-derivative gravities �see �13� for a
review� may have problems with unitarity �stability� when
they are considered as fundamental theories. Hence, the
model under discussion should be treated as a kind of effec-
tive matter-gravity theory. It would be interesting to analyze
some astrophysical predictions of our model �say, rotation
curves of galaxies� in the way it was recently discussed, e.g.,
in �27�.

VI. DISCUSSION

In summary, �phantom� scalar-tensor cosmology with an
exponential scalar potential suggests the comely possibility
of a dark-energy universe with an equation-of-state param-
eter w, which is negative and very close to �1. Convenient
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choices of the theoretical parameters may shift the explicit
value of w from above to below �1. Moreover, such a uni-
verse naturally admits a �transient or eternal� acceleration
phase. A very nice property of this theory is that what ap-
pears as a phantom in one frame may appear as a standard
scalar in another frame. It is demonstrated that in the situa-
tion when a finite-time future singularity is predicted by the
growing phantom-energy density, the consideration of quan-
tum gravity effects might drastically change the future of our
universe, removing the singularity in a quite natural way.
From another side, it is also shown that a higher-derivative
gravity-matter coupling term being not the phantom may in
fact provide an effective phantom and/or quintessence de-
scription of the late-time universe, suggesting the possibility
of a dark-energy model of a brand new type. In this case,
gravity makes dark energy become the �evolving� main con-
tribution to the total energy density—as compared with the
standard matter and/or radiation, which was initially
dominant—which leads to the appearance of the phase of
transient acceleration.
Current attention to phantom models as dark-energy can-

didates is not driven by the internal consistency and/or
beauty of this theory, which still contains a number of par-
tially resolved problems, as we have already mentioned.
Rather, it is the lack of a good theoretical understanding of
the present universe coming from more usual theories that
calls for alternative explanations to be considered, on one
hand. On the other hand, one sees also that the cosmic-zoo
structure, which emerges from these alternatives, is so rich
and suitable at times, that some concepts, which so far
seemed to be strange �like the idea of negative energy itself�,
deserve to be investigated with care and to the end. In this
respect, even the mild indications that have been reported of
a possible phantom origin coming from string and/or
M-theory or on the chance �described above� to avoid the
Big Rip catastrophe by taking properly into account the
quantum effects seem indeed very promising.
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APPENDIX

In this Appendix several remarks are made about the pos-
sible origin of the phantom-related models coming from the
higher-dimensional theories considered in the paper. This
topic was widely investigated in the Kaluza-Klein context �in
relation with the string and/or M-theory�, and for a recent

discussion the reader is addressed to �28�. We start from a
4�n-dimensional spacetime, whose metric is given by

ds2� �
� ,��0,1,2,3

g��dx�dx��e2((x
�) �
i , j�1

n

g̃ i jd
 id
 j.

�A1�

For simplicity, one may assume that the metric g̃ i j corre-
sponds to an Einstein manifold, where the Ricci tensor R̃ i j
constructed from g̃ i j is proportional to g̃ i j : R̃ i j�kg̃i j . Here
k is a constant. When n�1, k always vanishes (k�0).
When n'3, the above metric is given as the solution of the
n-dimensional Euclidean Einstein equation. When n�2,
since the two-dimensional Einstein equation is trivial, in the
conformal gauge the above condition for the Ricci tensor is
the Liouville equation. Under the above assumptions, the 4
�n dimensional Einstein action with matter field 6 �bosonic
sector of some higher-dimensional supergravity� can be writ-
ten as

S4�n�
1
!2
� d4�nx��g (4�n)� R (4�n)

�
1
2 	�6	

�6�U�6� �

�
Vn
!2
� d4x��gen(� R�n�n�1 �g��	�(	�(

�nke�2(
�
1
2 	�6	

�6�U�6� � . �A2�

Here Vn is the volume of the n-dimensional manifold whose
metric tensor is given by g̃ i j . We should note that the kinetic
energy of ( becomes negative, as for the phantom. Rescaling
the four-dimensional metric g�� by g��→e�n(g�� , the ac-
tion �A2� can be rewritten as

S4�n�
Vn
!2
� d4x��g� R�

n�n�2 �
2 g��	�(	�(

�nke�(n�2)(
�
1
2 	�6	

�6�e�n(U�6� � .
�A3�

Now the kinetic energy of ( is positive. If we further rescale
( by

(�%� 3
n�n�2 �, �A4�

the four-dimensional action looks like
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S4�n�
Vn
!2
� d4x��g� R�

3
2 g

��	�%	�%�nke�%�[3(n�2)]/n

�
1
2 	�6	

�6�e�%�3n/(n�2)U�6� � . �A5�

The above action belongs to the same class as �43� by iden-
tifying

W�% ,6��e�%�3n/(n�2)U�6�. �A6�

Comparing the above expression with �47�, one obtains

� 3n
n�2�

2��

%0
. �A7�

Then, if

0�%0�2�n�2
3n , �A8�

Eq. �53� follows. If

U�6��W0e��/60� 6, �A9�

we can obtain for w a value less than �1, and correspon-
digly the universe expands with acceleration, by a proper
choice of the parameters.
One may consider the product compactification to be

more general than �A1�,

ds2� �
� ,��0

d�1

g��dx�dx��e2(
(1)(x�) �

i , j�1

n

gi j
(1)d
 id
 j

�e(
(2)(x�) �

I ,J�1

N

gIJ
(2)d
 id
 j. �A10�

Since the scalar curvature R (d�n�N) in (d�n�N)-
dimensional spacetime is given by

R (d�n�N)
�R (d)�k (1)e�2((1)

�n�n�1 �	�( (1)	�( (1)

�2n�2( (1)�k (2)e�2((2)
�N�N�1 �	�( (2)

�	�( (2)�2N�2( (2)�2nN	�( (1)	�( (2),

�A11�

if we start from the (d�n�N)-dimensional action coupled
with the scalar field 6 with potential U(6), we obtain

S (d�n�N)
�
1
!2
� dd�n�Nx��g (d�n�N)

��R (d�n�M )
�
1
2	�6	

�6�U�6��
�
VnVN
!2

� ddx��g (d)en(
(1)

�N((2)

��R (d)�n	�( (1)	�( (1)�N	�( (2)	�( (2)
�	��n( (1)�N( (2)�	��n( (1)�N( (2)�

�k (1)e�2((1)
�k (2)e�2((2)

�
1
2 	�6	

�6�U�6�� .
�A12�

If U(6) is a constant, one may regard it as the cosmological
constant. Further rescaling the metric tensor by

g��→e�[2/(d�2)](n((1)�N((2))g�� , �A13�

we get

S (d�n�N)
�
VnVN
!2

� ddx��g (d)�R (d)�n	�( (1)	�( (1)
�N	�( (2)	�( (2)�

1
d�2 	�

��n( (1)�N( (2)�	��n( (1)�N( (2)�

�k (1)e�[2/(d�2)](n((1)�N((2))�2((1)

�k (2)e�[2/(d�2)](n((1)�N((2))�2((2)
�
1
2 	�6	

�6

�e�[2/(d�2)](n((1)�N((2))U�6�� . �A14�

In this frame, the kinetic term of the matter field 6 does not
directly couple to the scalar fields ( (1) and ( (2). Then the
Newton law is not violated in the leading order of perturba-
tion. The kinetic terms of the fields ( (1) and ( (2) can be
diagonalized by

( (1)�y�(�
�y�(�, ( (2)�y�(�

�y�(�.
�A15�

Here

y���1
2
� 1�

�d�2 �2�n�N �2� 1�
n�N
d�2 � 2

4n2N2
� .
�A16�

Hence
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S (d�n�N)
�
VnVN
!2

� ddx��g (d) �R (d)�x�	�(
�	�(�

�x�	�(
�	�(�

�k (1)e�#[2n/(d�2)�2]y�
�2N/(d�2)y�$(�

�#[2n/(d�2)�2]y�
�[2N/(d�2)]y�$(�

�k (2)e�#[2N/(d�2)�2]y�
�[2n/(d�2)]y�$(�

�#�[2N/(d�2)�2]y�
�[2n/(d�2)]y�$(�

�
1
2 	�6	

�6�e�[2/(d�2)]#(ny�
�Ny�)(�

�(ny�
�Ny�)(�$U�6�� . �A17�

Here,

x��
1
2� n�N�

n2�N2

d�2 ��D �	0,

D�� n�N�
n2�N2

d�2 � 2�4nN� 1�
n�N
d�2 �

��n�N �2� 1�
n�N
d�2 � 2� 4n2N2

�d�2 �2	0. �A18�

For simplicity, the case k (2)�U(6)�6�0 and d�4 is con-
sidered. Comparing the action �A17� with �43�, we may iden-
tify

%↔�2x�

3 (�, !6↔�2x�(�. �A19�

From �47�, one sees that

W0��k (1),

2��

%0
�#�n�2 �y�

�Ny�$� 3
2x� ,

�

60
��

�n�2 �y�
�Ny�

�2x�
. �A20�

Using �50�, an expression for � can be found

���
2
1��

, ��
x�#�n�2 �y�

�Ny�$2

x�#�n�2 �y�
�Ny�$2

. �A21�

Since x�
	0 �A18�, �	0 and therefore � satisfies �53�.

Then w	�1 and there is no phantom. More explicitly w is
given by

w��1�
2#�n�2 �y�

�Ny�$

3x��2���
. �A22�

Numerically, with n�2 and N�5, w�0.002 695 54; with
n�3 and N�4, w��0.058 669 1. Although not realistic,
if we choose n�6 and N�31, it follows that w
��0.353 435.
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�26� P.F. González-Dı́az, astro-ph/0404045.
�27� S. Capozziello, V.F. Cardoni, S. Carloni, and A. Troisi, Phys.

Lett. A 326, 292 �2004�.
�28� S. Nojiri and S.D. Odintsov, Phys. Lett. B 576, 5 �2003�.

ELIZALDE, NOJIRI, AND ODINTSOV PHYSICAL REVIEW D 70, 043539 �2004�

043539-20

346



A Choice of Papers                                                                                                         Emilio Elizalde

Dark energy: Vacuum fluctuations, the effective phantom phase, and holography

E. Elizalde,1 S. Nojiri,2 S. D. Odintsov,3 and Peng Wang4

1Consejo Superior de Investigaciones Cientı́ficas (ICE/CSIC), Institut d’Estudis Espacials de Catalunya (IEEC),
Campus UAB, Faculty Ciencies, Torre C5-Par-2a pl, E-08193 Bellaterra (Barcelona) Spain

2Department of Applied Physics, National Defence Academy, Hashirimizu Yokosuka 239-8686, Japan
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We aim at the construction of dark energy models without exotic matter but with a phantomlike
equation of state (an effective phantom phase). The first model we consider is decaying vacuum
cosmology where the fluctuations of the vacuum are taken into account. In this case, the phantom
cosmology (with an effective, observational ! being less than �1 ) emerges even for the case of a real
dark energy with a physical equation of state parameter ! larger than �1. The second proposal is a
generalized holographic model, which is produced by the presence of an infrared cutoff. It also leads to an
effective phantom phase, which is not a transient one as in the first model. However, we show that
quantum effects are able to prevent its evolution towards a big rip singularity.

DOI: 10.1103/PhysRevD.71.103504 PACS numbers: 98.80.2k, 04.50.+h, 04.60.2m, 11.25.2w

I. INTRODUCTION

Recent observational constraints obtained for the dark
energy equation of state (EOS) indicate that our Universe is
probably in a superaccelerating phase (dubbed as ‘‘phan-
tom cosmology’’), i.e. _H > 0 (see [1] and references
therein). When dark energy is modeled as a perfect fluid,
it can be easily found that in order to drive a phantom
cosmology, the dark energy EOS should satisfy !d 
�d=pd <�1 (phantom) [2]. The classical phantom has
already many similarities with a quantum field [3].
However, it violates important energy conditions and all
attempts to consider it as a (quantum) field theory show
that it suffers from instabilities both from a quantum
mechanical and from a gravitational viewpoint [4].
Thermodynamics of this theory are also quite unusual
[5,6]: the corresponding entropy must be negative or either
negative temperatures must be introduced in order to ob-
tain a positive entropy. The typical final state of a phantom
universe is a big rip singularity [7] which occurs within a
finite time interval. (Note that quantum effects coming
from matter may slow up or even prevent the big rip
singularity [6,8], which points towards a transient charac-
ter of the phantom era.)

In the light of such problems, we feel that it would be
very interesting to construct a new scenario where an
(effective) phantom cosmology could be described through
more consistent dark energy models with !d � �1.
Recently, some proposals along this line have already

appeared. An incomplete list of them includes the consid-
eration of modified gravity [9] or generalized gravity [10],
taking into account quantum effects [11], nonlinear
gravity-matter couplings [12], the interaction between the
photon and the axion [13], two-scalar dark energy models
[8,14], the braneworld approach (for a review, see [15],
however, Friedmann-Robertson-Walker (FRW) brane cos-
mology may not be predictive [16]), and several others.

In this paper we continue the construction of more
consistent dark energy models, with an effective phantom
phase but without introducing the phantom field, what is
realized by using a number of considerations from holog-
raphy and vacuum fluctuations. In the next section, a dark
energy model which includes vacuum fluctuations effects
(a decaying vacuum cosmology) is considered. With rea-
sonable assumptions about the vacuum decaying law, the
FRW equations are modified. Then, it is shown that the
effective dark energy EOS parameter, which is constrained
by astrophysical observations, is less than �1. However,
even if the dark energy EOS parameter is actually bigger
than �1, the modified FRW expansion, or in other words, a
decaying vacuum can trick us into thinking about some
exotic matter withw less than �1. Hence, such dark energy
model does not need the exotic phantom matter, its effec-
tive phantom phase is transient and it does not contain a big
rip singularity. In Sec. III another holographic dark energy
model which uses the existence of an infrared cutoff,
identified with a particle or future horizon, is constructed.
It generalizes some previous attempts in this direction and
leads to modified FRW dynamics. Such model also con-
tains an effective phantom phase (without introduction of a
phantom field), which leads to big rip type singularity.
However, taking into account matter quantum effects
may again prevent (or moderate) the big rip emergence,
in the same way as in Refs. [6,8]. A summary and outlook
is given in the Discussion section.
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II. DARK ENERGYAND VACUUM FLUCTUATIONS

When considering the energy of the vacuum, there are
two conceptually different contributions: the energy of the
vacuum state and the energy corresponding to the fluctua-
tions of the vacuum. More precisely, the first is the eigen-
value of the Hamiltonian acting on the vacuum state:
E � h0jHj0i, while the second is the dispersion of the
Hamiltonian: E� � h0jH2j0i � �h0jHj0i�2.

In constructing the dark energy as a scalar field (‘‘quin-
tessence’’) [17], only the energy of the vacuum state is
actually considered, and the vacuum fluctuations are ne-
glected. Note that, while the potential energy of the scalar
field corresponds to the energy of the vacuum state, the
kinetic energy density does not correspond to the energy of
the vacuum fluctuations. The kinetic energy corresponds to
the energy of the excited states. Actually, ignoring vacuum
fluctuations may not be a well justified assumption. It was
ignored for quintessence models, just for simplicity.

Thus, confronted with the difficulties of building a
phantom universe from quintessence alone, it is natural
to consider the sector which was ignored before. In this
paper, we will show that the ignored sector can really help
to resolve the problems above. The key point is that, when
considering those two contributions to the vacuum energy
in a cosmological setup, their energy density changes with
the cosmological expansion in different ways.

First, if dark energy is modeled as a scalar field �,
interacting only with itself and with gravity [17], then it
behaves just like an ordinary perfect fluid satisfying the
continuity equation

_� d � 3H��d � pd� � 0; (1)

where

�d �
1

2
_�2 � V���; (2)

and

pd �
1

2
_�2 � V���: (3)

Thus

!d �
1
2
_�2 � V���

1
2
_�2 � V��� � �1: (4)

When comparing dark energy models with observations, it
is often assumed that !d � const: (this is reasonable since
allowing EOS to vary will increase the number of parame-
ters to constrain). Then from Eq. (1) it follows that

�d / �1� z�3�1�!d�: (5)

On the other hand, to find the energy corresponding to
the fluctuations of the vacuum, we must have a regulariza-
tion scheme in order to handle the divergent expression
[18]. Since the regularization scheme must be Lorentz

invariant (as is the case, e.g. of dimensional regularization
in curved spacetime), it turns out that the final result must
be of the form T�� � ��g� even if �� is time-varying
due to the time variation of the IR cutoff [19]. Note that
mathematically, ��g� is exactly the energy-momentum
of a perfect fluid with p � ��. Then from the energy-
momentum conservation law, we find that the vacuum
fluctuations will interact with matter [20–22]

_�m � 3H�m � � _��; (6)

where �m is the energy density of nonrelativistic matter
and �� is the energy density of vacuum fluctuations.
Following [21], we will call a cosmological model which
includes the effects of vacuum fluctuations a ‘‘decaying
vacuum cosmology’’ since, as can be seen from (6), during
the expansion of the Universe, owing to the fact that �� is
decreasing, new matter is created from the vacuum.

It is clear that Eq. (6) and the Friedmann equation are not
enough to describe a decaying vacuum cosmology. We
should also specify a vacuum decaying law. There are
lots of papers on various proposals concerning how ��

will change with cosmological time (see [21] and referen-
ces therein). However, recently it has been proposed [21]
that from (6) and a simple assumption about the form of the
modified matter expansion rate, the vacuum decaying law
can be constrained to a two-parameter family. Thus, we can
think about the observational consequences of a decaying
vacuum cosmology, even if we do not understand the
physics underlying the decaying law. More precisely, the
main (and rather natural) assumption is that the matter
expansion rate be of the form

�m � �m0a
�3��; (7)

where �m0 is the present value of �m. Actually, this as-
sumption is valid in all the existing models of a decaying
vacuum cosmology. An immediate simple observation is
that one must have � � 1. Otherwise, the Universe would
expand with an acceleration in the matter dominated era,
which is excluded by the observations of SNe Ia, that our
Universe expanded with deceleration before redshift z�
0:5 [1]. Actually, it is expected that �� 1 since, so far,
there has been no observational evidence about an anoma-
lous dark matter expansion rate.

From (6) and (7), we can find that �� is given by

�� � ~��0 �
��m0
3� �

a�3��; (8)

where ~��0 is an integration constant. In [21] it was shown
that all the existing vacuum decaying laws can be de-
scribed by a suitable choice of � and ~��. In our current
framework, the term ~�� can be absorbed into the dark
energy density, so in the following discussion, we will
simply assume ~�� � 0. The FRW equation describing a
Universe consisting of cold dark matter, dark energy and
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vacuum fluctuations is

H2 � 1

3M2
P

��m � �d � ���: (9)

It is important to note that due to the modified dark
matter expansion rate, the physical dark energy EOS !d

is no longer the one directly seen in supernova observa-
tions. To compare our model with observations, we can
adopt the framework of effective dark energy EOS [23]
that can unify quintessence, modified gravity, and decaying
vacuum cosmology into one and a single framework. The
effective dark energy EOS is defined as [23]

!eff � �1� 1

3

d ln	H2�z�
d ln�1� z� ; (10)

where 	H2  H2 � �m0�1� z�3=�3M2
P� characterizes any

contribution to the cosmic expansion in addition to the
standard cold dark matter. It is !eff that is the real quantity
which is constrained in cosmological observations. The
explicit form of 	H2 in the above model is

	H2�z�
H2

0

� 3�m0

3� �
�1� z�3�� ��m0�1� z�3

��d0�1� z�3�1�!d�; (11)

from which we can find the effective dark energy EOS:

!eff�z�

� !d �
!d�1� z�3 � 3!d��

3�� �1� z�3��
3

3�� �1� z�3�� � �1� z�3 � �d0

�m0
�1� z�3�1�!d�

:

(12)

From this one can see that, ignoring the decay of the
vacuum, i.e. with � � 0, then !eff � !d.

Figure 1 shows the evolution of !eff up to redshift 2 for
� � 0:01, !d � 0:9 from top to bottom. It is easy to see
that !eff � !d for small z and negative z. As mentioned
above, in current works constraining!eff , the most reliable
assumption is that !eff is a constant [1]. Thus, what is
actually constrained in those works is the average value of
the effective EOS �!eff 

R
�eff�a�!eff�a�da=

R
�eff�a�da

[24], which from FIG. 1 is smaller than �1 if averaged up
to redshift 2 (the current upper bound on observable su-
pernova) for roughly � > 0:05. Thus, we have constructed
a model which can drive a phantom cosmology with a
physical EOS larger than �1. In this picture, �!eff <�1
is not the result of exotic behavior of the dark energy, but
the modified expansion rate of the CDM, i.e. a decaying
vacuum can trick us into thinking that !eff <�1. Under
the assumption of a constant EOS, the current constraint on
�!eff from SNe Ia data is �4:36< �!eff < 0:8 at 95% C.L.

[1]. Then � < 0:1 is obviously consistent with current
constraints on dark energy EOS. Moreover, it is easy to
see from Fig. 1 that �!eff will be more and more negative
when the redshift gets larger. Thus, if more high redshift
SNe Ia data become available in the future, the interaction
between vacuum and nonrelativistic matter predicts that we
will get a more negative value for �!eff .

It is also interesting to note that in the current model, the
arguments leading to a big rip of the Universe in a phantom
cosmology [7] no longer apply. While the current expan-
sion rate is superaccelerating, the Universe will be driven
by only the healthy !X � �1 dark energy in the future.
The Universe is now superaccelerating just because non-
relativistic matter is of the same order of magnitude as dark
energy, and thus the effects of the nonstandard expansion
rate of nonrelativistic matter cannot be ignored. This con-
clusion is supported by recent analysis on the construction
of a sensible quantum gravity theory in cosmological
spacetime [25]. Actually, it is easy to see that the trouble
with de Sitter space discussed in [25] will be avoided in a
superaccelerating cosmology: the total amount of Hawking
radiation due to the cosmological horizon is infinite and
thus it will thermalize the observer. Furthermore, since the
horizon is decreasing in a superaccelerating cosmology,
black holes will dominate the spectrum of thermal fluctua-
tions in late time [25]. An observer may be swallowed by a
horizon sized black hole before he/she can reach the big rip
singularity. Thus, it is doubtful that the appearance of big
rip singularity makes sense in the quantum gravity theory.
This is also supported by a direct account of the quantum
gravity effects moderating or preventing the big rip [6,8].

In the above discussion, the simplest model of dark
energy characterized by a constant EOS is considered
with the assumption that the vacuum decays only to dark
matter. Let us now discuss a more general case. Let the
vacuum fluctuation energy decay into both dark matter and
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FIG. 1. Evolution of the effective dark energy EOS as given by
Eq. (12) with !d � �0:9. Dotted, dashed and solid lines corre-
spond to � � 0:01, 0.05, 0.1, respectively.
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dark energy. Specifically, we will consider a dark energy
with EOS proposed in [6] (see, also [8,26]),

pd � ��d � A��d ; (13)

where A and � are constant. This can be viewed as char-
acterizing the minimum deviation of the dark energy EOS
from that of a cosmological constant. When considering
the effect of vacuum fluctuations, from the total energy-
momentum conservation, one gets

_� d � _�m � 3H��d � pd � �m� � � _��: (14)

Now one cannot proceed further without specifying a
vacuum decaying law. Currently, the following law can be
proposed

�� � �M2
PH

2: (15)

This law can be deduced from the results of [18], in
which the vacuum fluctuations of a spatially finite quantum
system, e.g. free scalar field, have been evaluated. The
most interesting conclusion in this computation is that

the energy corresponding to the vacuum fluctuations is
proportional to the area of the spatial boundary of the
system. In a cosmological setting, it is reasonable to view
the Hubble horizon as the spatial boundary of the quantum
theory describing matter in the Universe.

From Eq. (15) and the Friedmann equation, it can be
shown that Eq. (14) can be written as

_� d � _�m � �3� ��H��d � pd � �m� � 0; (16)

from which we find that

�d � �d0
1� �3� �� ~A�1� �� ln�1� z��1=�1���;
�m � �m0�1� z�3��; (17)

where ~A  A���1
d0 . For � � 0, i.e. in the absence of vac-

uum decaying effects, (17) reduces to the expression found
in [8,26].

Now, one can find the effective dark energy EOS by
exactly the same procedure as above:

!eff � �1�
�1� z�3�� � �1� z�3 � �3��� ~A�d0

3�m0
�1� �3� �� ~A�1� �� ln�1� z���=�1���

3
3�� �1� z�3�� � �1� z�3 � �d0

�m0
�1� �3� �� ~A�1� �� ln�1� z��1=�1��� : (18)

When � � 0, this reduces to the physical equation of state,

!d �
pd
�d

� �1� ~A�1� 3 ~A�1� �� ln�1� z���1: (19)

Figure 2 shows the evolution of !eff and !d up to
redshift 2 for ~A � �1=3, � � 1=2, � � 0:1. Hence, it is
obvious that while ! for the physical dark energy EOS is
larger than �1, with account of vacuum fluctuations, for
the dark energy EOS is smaller than �1. Thus, we have

constructed a vacuum fluctuation dark energy model where
the phantom phase is transient and there is no need to
introduce exotic matter (a phantom) to comply with the
observational data.

III. HOLOGRAPHIC DARK ENERGY AND THE
PHANTOM ERA

The fluctuations of the vacuum energy are caused by
quantum effects. It is expected, that the quantum correc-
tions to the theories coupled with gravity should be con-
strained by the holography. The holography requires an
infrared cutoff L�, which has dimensions of length and
could be dual to the ultraviolet cutoff. Hence, the fluctua-
tions of the vacuum energy are naturally proportional to the
inverse square of the infrared cutoff. This points to the
connection of dark energy based on fluctuations of the
vacuum energy with the holographic dark energy. Our
purpose here will be to construct the generalization of the
holographic dark energy model which naturally contains
the effective phantom phase.

Let us start from the holographic dark energy model
which is a generalization of the model in [27] (see also
[28–30]). Denote the infrared cutoff by L�, which has a
dimension of length. If the holographic dark energy �� is
given by

�� � 3c2

�2L2
�

; (20)

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
−1.5

−1.4

−1.3

−1.2

−1.1

−1

−0.9

−0.8

−0.7

−0.6

Redshift Z 

D
ar

k 
E

ne
rg

y 
E

O
S

 

FIG. 2. Evolution of the physical (thin line) and effective
(thick line) dark energy EOS as given by Eqs. (19) and (18).
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with a numerical constant c, the first FRW equation
�H2=�2� � �� can be written as

H � c

L�

: (21)

Here it is assumed that c is positive to assure the expansion
of the universe. The particle horizon Lp and future horizon
Lf are defined by

Lp  a
Z t

0

dt

a
; Lf  a

Z 1

t

dt

a
: (22)

For the FRW metric with the flat spacial part:

ds2 � �dt2 � a�t�2
X

i�1;2;3

�dxi�2: (23)

Identifying L� with Lp or Lf, one obtains the following
equation:

d

dt

�
1

aH

�
� � c

a
: (24)

Here, the plus (resp. minus) sign corresponds to the particle
(resp. future) horizon. Assuming

a � a0t
h0 ; (25)

it follows that

h0 � 1� c: (26)

Then, in the case L� � Lf, the universe is accelerating
(h0 > 0 or w � �1� 2=3h0 <�1=3). When c > 1 in the
case L� � Lp, h0 becomes negative and the universe is
shrinking. If the theory is invariant under the change of the
direction of time, one may change t with �t. Furthermore
by properly shifting the origin of time, we obtain, instead
of (25),

a � a0�ts � t�h0 : (27)

This tells us that there will be a big rip singularity at t � ts.
Since the direction of time is changed, the past horizon
becomes a future like one:

Lp ! ~Lf  a
Z ts

t

dt

a
� a

Z 1

0

da

Ha2
: (28)

Note that if L� is chosen as a future horizon in (22), the
deSitter space

a � a0e
t=l

�
H � 1

l

�
(29)

can be a solution. Since Lf is now given by Lf � l, we find
that the holographic dark energy (20) is given by �� �
c2

�2l2
. Then when c � 1, the first FRW equation 3

�2
H2 � ��

is identically satisfied. If c � 1, the deSitter solution is not
a solution. If we choose L� to be the past horizon, the
deSitter solution does not exist, either, since the past
horizon Lp (22) is not a constant: Lp � �1� et=l�=l.

In [31], it has been argued that, when we choose L� to be
the particle horizon Lp, the obtained energy density gives a
natural value consistent with the observations but the pa-
rameter w of the equation of the state vanishes since Lp
should behave as a�t�3=2. That seems to contradict with the
observed value. In the present paper, we wish to generalize
the holographic model to have, hopefully, more freedom
and to be more successful in cosmology. As we will see in
this section, there may be many possiblilities for the choice
of the infrared cutoff L� which are more consistent with
observations (giving correct cosmology without above
problems).

In general, L� could be a combination (a function) of
both, Lp, Lf. Furthermore, if the span of life of the universe
is finite, the span ts can be an infrared cutoff. If the span of
life of the universe is finite, the definition of the future
horizon Lf (22) is not well-posed, since t cannot go to
infinity. Then, we may redefine the future horizon as in (28)

Lf ! ~Lf  a
Z ts

t

dt

a
� a

Z 1

0

da

Ha2
: (30)

Since there can be many choices for the infrared cutoff, one
may assume L� is the function of Lp, ~Lf, and ts, as long as
these quantities are finite:

L� � L��Lp; ~Lf; ts�: (31)

As an example, we consider the model

L�

c
�

2ts�Lp�
~Lf

�ts
�2

f1� �Lp� ~Lf
�ts

�2g2
; (32)

which leads to the solution:

H � 1

2

�
1

t
� 1

ts � t

�
or a � a0

������������
t

ts � t

s
: (33)

In fact, one finds

Lp � ~Lf � a
Z 1

0

da

Ha2
� a

Z ts

0

dt

a
� �ts

������������
t

ts � t

s
; (34)

and therefore

c

L�
� 1

2

�
1

t
� 1

ts � t

�
� H; (35)

which satisfies (21).
We should note that any kind of finite large quantity

could be chosen as the infrared cutoff. For instance, L�

could depend on dLp=dt and/or d ~Lf=dt. The following
model may be considered:

~c

L�

� 1

Lp � ~Lf

�
dLp

dt
� d ~Lf

dt

�
; (36)

with the assumption that
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~c 
Z 1

0

da

Ha2
�

Z ts

0

dt

a
(37)

is finite. Since ~c is a constant and Lp � ~Lf � a~c, from
(36), we find that (21) is trivially satisfied. Therefore, in the
model (36), as long as ~c in (37) is finite, an arbitrary FRW
metric is a solution of (21).

The next step is to consider the combination of the
holographic dark energy and other matter with the follow-
ing EOS

p � ��� f���: (38)

The holographic dark energy is given by (20) with L� �
Lp, Lf in (22), or ~Lf in (28) or (30). Then from the first
FRW equation

� d

dt

�
c

a

�
H2 � �2

3
�

��1=2
�
� 1

a
: (39)

First, we consider the case when f��� � ��1� w�� with
constant w, that is

p � w�: (40)

Then, by using the conservation of the energy

0 � d�

dt
� 3H��� p�; (41)

it follows

� � �0a
�3�1�w�: (42)

By combining (39) with (42), one finds a solution

a �
�
a0t

2=
3�1�w�� when w>�1

a0�ts � t�2=
3�1�w�� when w<�1

�0a
3�1�w�
0 � 3

�2

�
2�1� c�
3�1� w� � c

��
2�1� c�
3�1� w� � c

�
:

(43)

c is assumed to be non-negative. Hence, in order for
�0a

3�1�w�
0 (43) to be positive, the constraint for the solution

(43) appears:

� 1

3
� 2

3c
< w<� 1

3
� 2

3c
: (44)

Then, if w<�1, it follows c < 1.
For another EOS (see also the previous section)

f��� � f0�
�; (45)

the conservation of the energy (41) gives

� �
�
3f0�1� �� ln a

a0

�
1=�1���

: (46)

Defining a new variable q by

q  ln
a

a0
; (47)

since

d

dt
� aH

d

da
� H

d

dq
; (48)

Equation (39) can be rewritten as

�c d
dq

�
e�q

�
H2 � �2

3
�

��1=2
�
� e�q

H
: (49)

Thus, Eq. (46) gives

� � �1q
�; �1  f3f0�1� ��g1=�1���;

�  1

1� �
:

(50)

As we are interested in the case when a, and therefore q, is
large, we assume that H behaves as H� h1q

�, when q is
large. From (49), one gets

�1� c2�h21 �
�2

3
�1; (51)

which requires c2 � 1. At the same time,

a / e�
h1=�1��=2��t�
�1=�1��=2�� or e��
h1=�1��=2���ts�t��1=�1��=2� :
(52)

Hence, if 1� �
2
< 0 or 1=2<�< 1, a diverges at t � ts,

which is similar to a big rip singularity [7].
Let us now consider the contribution of quantum cor-

rections. Quantum corrections are important in the early
universe when t� 0 and curvatures are large. However, the
quantum corrections are important near the big rip singu-
larity, where the curvatures are large around the singularity
at t � ts. Since quantum corrections usually contain the
powers of the curvature or higher derivative terms, such
correction terms play important role near the singularity. It
is interesting to take into account the back reaction of the
quantum effects near the singularity[6,8]. Note that holo-
graphic dark energy could be caused by nonperturbative
quantum gravity. However, it is not easy to determine its
explicit form. As it has been shown above, the big rip may
occur also in a holographic dark energy model. On the
other hand, the contribution of the conformal anomaly as a
back reaction near the singularity could be determined in a
rigorous way. In the situation when the contribution from
the matter fields dominates and one can neglect the quan-
tum gravity contribution, quantum effects could be re-
sponsible for the change of the FRW dynamics nonpertur-
batively. Hence, as in other dark energy models [6,8] the
big rip singularity could be indeed moderated or even
prevented.

The conformal anomaly TA has the following form:

TA � b

�
F� 2

3
r2R

�
� b0G� b00r2R; (53)

where F is the square of a 4d Weyl tensor andG is a Gauss-
Bonnet curvature invariant. In general, with N scalar, N1=2
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spinor, N1 vector fields, N2 ( � 0 or 1) gravitons and NHD

higher derivative conformal scalars, the coefficients b and
b0 are given by

b � N � 6N1=2 � 12N1 � 611N2 � 8NHD

120�4��2 ;

b0 � �N � 11N1=2 � 62N1 � 1411N2 � 28NHD

360�4��2 :
(54)

b > 0 and b0 < 0 for the usual matter except for higher
derivative conformal scalars. We should note that b00 can be
shifted by a finite renormalization of the local counterterm
R2, so b00 can be arbitrary.

In terms of the corresponding energy density �A and the
pressure pA, TA is given by TA � ��A � 3pA. Using the
energy conservation law in the FRW universe:

_� A � 3H��A � pA� � 0; (55)

one may delete pA as

TA � �4�A � _�A=H: (56)

This gives the following expression for �A:

�A � � 1

a4

Z t

t0

dta4HTA

� � 1

a4

Z t

t0

dta4H
�12b _H2 � 24b0�� _H2 �H2 _H

�H4� � �4b� 6b00��H::: � 7H �H � 4 _H2

� 12H2 _H��: (57)

The next step is to consider the FRW equation

3

�2
H2 � �� � �A: (58)

The natural assumption is that the scale factor a behaves as
(25) when t� 0 or as (27) when t� ts. Then H2 and ��

behave as t�2 or �ts � t��2 but �A behaves in a more
singular way as t�4 or �ts � t��4. Hence, the power law
behavior cannot be a solution of (58). Instead, the space-
time approaches the deSitter space as in (29). From (58)
one finds

3�1� c2�
�2l2

� � 6b0

l4
: (59)

When c < 1, which corresponds to the singularity (25) of
the early universe, Eq. (59) has solutions

1

l2
� 0; � 1� c2

2b0�2
: (60)

Thus, the singularity in the early universe may be stopped
by quantum effects. The whole universe could be generated
by the quantum effects. On the other hand, if c > 1 the only
consistent solution of (59) is

H � 1

l
� 0: (61)

This shows that the universe becomes flat. Therefore due to
the quantum matter back-reaction, the big rip singularity
could be avoided. Hence, unlike to the model of previous
section, the effective phantom phase for holographic dark
energy leads to big rip which may be moderated (or
prevented) by other effects.

IV. DISCUSSION

Summing up, we have considered in this paper two dark
energy models both of which contain an effective phantom
phase of the universe evolution without the actual need to
introduce a scalar phantom field. Both models, which can
be termed as decaying vacuum cosmology and (general-
ized) holographic dark energy, have a similar origin related
with quantum considerations. However, the details of the
two models are quite different. For instance, the decaying
vacuum cosmology is caused by vacuum fluctuations and,
under a very reasonable assumption about the decaying
law, the effective phantom phase is transient, no big rip
occurs. Moreover, the observable (effective) EOS parame-
ter being the phantomlike one to comply with observatio-
nal data is different from the real dark energy EOS
parameter, which may be bigger than �1. At the same
time, holographic dark energy is motivated by AdS/CFT-
like holographic considerations (emergence of an infrared
cutoff). Even without the phantom field, the effective
phantom phase there leads to a big rip singularity, which
most probably can be avoided by taking into account
quantum and quantum gravity effects.

It looks quite promising that one can add to the list of
existing dark energy models with phantomlike EOS (some
of them have been mentioned in the introduction) two
additional models which exhibit the interesting new prop-
erty that there is no need to introduce exotic matter ex-
plicitly (as this last is known to violate the basic energy
conditions). Definitely, one may work out these theories in
more detail. However, as usually happens, it is most prob-
able that the truth lies in between the models at hand, and
that a realistic dark energy ought to be constructed as some
synthesis of the existing approaches which seem to possess
reasonable properties. New astrophysical data are needed
for the resolution of this important challenge of the XXI
century.
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Dark energy cosmology is considered in a modified Gauss-Bonnet (GB) model of gravity where an
arbitrary function of the GB invariant, f�G�, is added to the general relativity action. We show that a
theory of this kind is endowed with a quite rich cosmological structure: it may naturally lead to an
effective cosmological constant, quintessence, or phantom cosmic acceleration, with a possibility for the
transition from deceleration to acceleration. It is demonstrated in the paper that this theory is perfectly
viable, since it is compliant with the solar system constraints. Specific properties of f�G� gravity in a de
Sitter (dS) universe, such as dS and SdS solutions, their entropy, and its explicit one-loop quantization are
studied. The issue of a possible solution of the hierarchy problem in modified gravities is also addressed.

DOI: 10.1103/PhysRevD.73.084007 PACS numbers: 04.50.+h, 95.36.+x

I. INTRODUCTION

Recent observational data indicate that our universe is
accelerating. This acceleration is explained in terms of the
so-called dark energy (DE) which could result from a
cosmological constant, an ideal fluid with a (complicated)
equation of state and negative pressure, the manifestation
of vacuum effects, a scalar (or more sophisticated) field,
with quintessencelike or phantomlike behavior, etc. (For a
very complete review of a dynamical DE see [1] and
references therein; for an earlier review, see [2].) The
choice of possibilities reflects the undisputable fact that
the true nature and origin of the dark energy has not been
convincingly explained yet. It is not even clear what type of
DE (cosmological constant, quintessence, or phantom)
occurs in the present, late universe.

A quite appealing possibility for the gravitational origin
of the DE is the modification of general relativity. Actually,
there is no compelling reason why standard general rela-
tivity should be trusted at large cosmological scales. For a
rather minimal modification, one assumes that the gravita-
tional action may contain some additional terms which
start to grow slowly with decreasing curvature (of type
1=R [3,4], lnR [5], Tr1=R [6], string-inspired dilaton grav-
ities [7], etc.), and which could be responsible for the
current accelerated expansion. In fact, there are stringent

constraints on these apparently harmless modifications of
general relativity coming from precise solar system tests,
and thus not many of these modified gravities may be
viable in the end. In such a situation, a quite natural
explanation for both the cosmic speed-up issue and also
of the first and second coincidence problems (for a recent
discussion of the same, see [8]) could be to say that all of
them are caused, in fact, by the universe expansion itself.
Never-
theless, one should not forget that some duality exists
between the ideal fluid equation of state (EoS) description,
the scalar-tensor theories, and modified gravity [9]. Such
duality leads to the same Friedmann-Robertson-Walker
(FRW) dynamics, starting from three physically differ-
ent—but mathematically equivalent—theories. Moreover,
even for modified gravity, different actions may lead to the
same FRW dynamics [10]. Hence, additional evidence in
favor of one or another DE model (with the same FRW
scale factor) should be clearly exhibited [9].

As a simple example, let us now see how different types
of DE may actually show up in different ways at large
distances. It is well known that cold dark matter is local-
ized near galaxy clusters but, quite on the contrary, dark
energy distributes uniformly in the universe. The reason for
that could be explained by a difference in the EoS parame-
ter w � p=�. As we will see in the following, the effect of
gravity on the cosmological fluid depends on w and even
when �1<w< 0 gravity can act sometimes as a repul-
sive force.

To see the w-dependence on the fluid distribution in a
quite simple example, we consider cosmology in anti-de
Sitter (AdS) space, whose metric is given by
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ds2 � dy2 � e2y=l
�
�dt2 �

X
i�1;2

�dxi�2
�
: (1)

Then the conservation law of the energy momentum tensor,
r�T

� gives, by putting  � y,

dp

dy
� 1

l
�p� �� � 0; (2)

if we assume matter to depend only on the coordinate y.
When w is a constant, we can solve Eq. (2) explicitly:

� � �0 exp

�
� 1

l

�
1� 1

w

�
y

�
: (3)

Here �0 is a constant. We should note that 1� 1=w > 0
when w> 0 or w<�1, and 1� 1=w < 0 when �1<
w< 0. Then, for usual matter with w> 0, the density �
becomes large when y is negative and large. In particular,
for dust w� 0 but w> 0, and a collapse would occur. On
the other hand, when �1<w< 0, like for quintessence,
the density � becomes large when y is positive. In the
phantom case, with w<�1, the density � becomes large
when y is negative, although a collapse does not occur.
When w � �1, � becomes constant and uniform.

We may also consider a Schwarzschild-like metric:

ds2 � �e2�r�dt2 � e�2�r�dr2 � r2d�2
�2�: (4)

Here d�2
�2� expresses the metric of a two-dimensional

sphere of unit radius. Then, the conservation law r�T
�

with  � r gives

dp

dr
� d

dr
�p� �� � 0: (5)

When w is constant, we can solve (5) and obtain

� � �0 exp

�
�
�
1� 1

w

�


�
: (6)

Here �0 is a constant again. In particular, in the case of the
Schwarzschild metric,

e 2�r� � 1� r0
r
; (7)

with horizon radius r0, we find

� � �0

�
1� r0

r

���1=2��1�1=w�
: (8)

Then, when w> 0 or w<�1, � is a decreasing function
of r; that is, the fluid is localized near the horizon.
Specifically, in the case of dust with w � 0, the fluid
collapses. On the other hand, when �1<w< 0, � is an
increasing function of r, which means that the fluid deloc-
alizes. Whenw � 0, the distribution of the fluid is uniform.

The above results tell us that the effect of gravity on
matter with �1<w< 0 is opposite to that on usual mat-
ter. Usual matter becomes dense near a star but matter with
�1<w< 0 becomes less dense when approaching a star.

As is known, cold dark matter localizes near galaxy clus-
ters but dark energy distributes uniformly within the uni-
verse, which would be indeed consistent, since the EoS
parameter of dark energy is almost �1. If dark energy is of
phantom nature (w<�1), its density becomes large near
the cluster, but if dark energy is of quintessence type
( � 1<w<�1=3), its density becomes smaller.

In the present paper the (mainly late-time) cosmology
coming from modified Gauss-Bonnet (GB) gravity, intro-
duced in Ref. [11], is investigated in detail. In the next
section, general FRW equations of motion in modified GB
gravity with matter are derived. Late-time solutions
thereof, for various choices of the function f�G�, are found.
It is shown that modified GB gravity may indeed play the
role of a gravitational alternative for DE. In particular, we
demonstrate that this model may naturally lead to a plau-
sible, effective cosmological constant, quintessence or a
phantom era. In addition, f�G� gravity has the possibility to
describe the inflationary era (unifying then inflation with
late-time acceleration), and to yield a transition from de-
celeration to acceleration, as well as a natural crossing of
the phantom divide. It also passes the stringent solar sys-
tem tests, as it shows no correction to Newton’s law in flat
space for an arbitrary choice of f�G�, as well as no insta-
bilities. Section III is devoted to the study of the de Sitter
universe solution in such a model. The entropies of a
Schwarzschilde-de Sitter (SdS) black hole (BH) and of a
de Sitter (dS) universe are derived, and possible applica-
tions to the calculation of the nucleation rate are discussed.
In Sec. IV, the quantization program at one-loop order for
modified GB gravity is presented. This issue is of the
essence for the phantom era, where quantum gravity ef-
fects eventually become important near the big rip singu-
larity. Section V is devoted to the generalization of
modified gravity where F � F�G;R�. This family of mod-
els looks less attractive, given that only some of its specific
realizations may pass the solar system tests. Nevertheless,
it can serve to discuss the origin of the cosmic speed-up as
well as a possible transition from deceleration to accelera-
tion. In Sec. VI, the important hierarchy problem of parti-
cle physics is addressed in the framework of those modified
gravity theories. It is demonstrated there that this issue may
have a natural solution in the frame of F �R� or F�G;R�
gravity. The last section is devoted to a summary and an
outlook. In the Appendix, an attempt is made to construct
zero-curvature black hole solutions in the theory under
discussion.

II. LATE-TIME COSMOLOGY IN MODIFIED
GAUSS-BONNET GRAVITY

Let us start from the following, quite general action for
modified gravity [12]:

S �
Z
d4x

��������gp �~f�R;R�R�; R���R���� �Lm�: (9)
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Here Lm is the matter Lagrangian density. It is not easy to
construct a viable theory directly from this general class,
which allows for nonlinear forms for the action. One must
soon make use of symmetry considerations, which lead to
theories which are more friendly, e.g., to the common solar
system tests. Specifically, we shall restrict the action to the
following form:

S �
Z
d4x

��������gp �F�G;R� �Lm�: (10)

Here G is the GB invariant:

G � R2 � 4R�R
� � R���R

���: (11)

Varying over g�,

0 � T� � 1
2
g�F�G;R� � 2FG�G;R�RR� � 4FG�G;R�R��R� � 2FG�G;R�R����R��� � 4FG�G;R�R���R��

� 2�r�rFG�G;R��R� 2g��r2FG�G;R��R� 4�r�r�FG�G;R��R� � 4�r�rFG�G;R��R��
� 4�r2FG�G;R��R� � 4g��r�r�FG�G;R��R�� � 4�r�r�FG�G; R��R��� � FR�G;R�R�
�r�rFR�G;R� � g�r2FR�G;R�; (12)

T� being the matter-energy momentum tensor, and where
the following expressions are used:

FG�G;R� �
@F�G;R�
@G

; FR�G;R� �
@F�G;R�
@R

: (13)

The spatially flat FRW universe metric is chosen as

ds2 � �dt2 � a�t�2
X3
i�1

�dxi�2: (14)

Then the �t; t�-component of (12) has the following form:

0 � GFG�G;R� � F�G;R� � 24H3
dFG�G;R�

dt

� 6

�
dH

dt
�H2

�
FR�G;R� � 6H

dFR�G;R�
dt

� �m;

(15)

where �m is the energy density corresponding to matter.
Here, G and R have the following form:

G � 24�H2 _H�H4�; R � 6� _H � 2H2�: (16)

In absence of matter (�m � 0), there can be a de Sitter
solution (H � H0 � constant) for (15), in general (see
[12]). One finds H0 by solving the algebraic equation

0 � 24H4
0FG�G;R� � F�G;R� � 6H2

0FR�G;R�: (17)

For a large number of choices of the function F�G;R�,
Eq. (20) has a nontrivial (H0 � 0) real solution for H0 (the
de Sitter universe). The late-time cosmology for the above
theory without matter has been discussed for a number of
examples in Ref. [11].

In this section, we restrict the form of F�G;R� to be

F�G;R� � 1

2�2
R� f�G�; (18)

where �2 � 8�GN ,GN being the Newton constant. As will
be shown, such an action may pass the solar system tests
quite easily. Let us consider now several different forms of
such action. By introducing two auxiliary fields, A and B,

one can rewrite action (10) with (18) as

S �
Z
d4x

��������gp �
1

2�2
R� B�G� A� � f�A� �Lm

�
:

(19)

Varying over B, it follows that A � G. Using this in (19),
the action (10) with (18) is recovered. On the other hand,
varying over A in (19), one gets B � f0�A�, and hence

S �
Z
d4x

��������gp �
1

2�2
R� f0�A�G� Af0�A� � f�A�

�
:

(20)

By varying over A, the relation A � G is obtained again.
The scalar is not dynamical and it has no kinetic term. We
may add, however, a kinetic term to the action by hand:

S �
Z
d4x

��������gp �
1

2�2
R� �

2
@�A@

�A� f0�A�G

� Af0�A� � f�A�
�
: (21)

Here � is a positive constant parameter. Then, one obtains a
dynamical scalar theory coupled with the Gauss-Bonnet
invariant and with a potential. It is known that a theory of
this kind has no ghosts and it is stable, in general. Actually,
it is related with string-inspired dilaton gravity, proposed
as an alternative for dark energy [7]. Thus, in the case that
the limit �! 0 can be obtained smoothly, the correspond-
ing f�G� theory would not have a ghost and could actually
be stable. This question deserves further investigation.

We now consider the case �m � 0. Assuming that
the EoS parameter w  pm=�m for matter (pm is the
pressure of matter) is a constant, then, by using the con-
servation of energy: _�m � 3H��m � pm� � 0, we find � �
�0a

�3�1�w�. We also assume that f�G� is given by

f�G� � f0jGj�; (22)

with constants f0 and �. If �< 1=2, the f�G� term be-
comes dominant, as compared with the Einstein term,
when the curvature is small. If we neglect the contribution

DARK ENERGY IN MODIFIED GAUSS-BONNET . . . PHYSICAL REVIEW D 73, 084007 (2006)

084007-3

357



Cosmology, the Quantum Vacuum, and Zeta Functions

from the Einstein term in (15) with (18), assuming that

a �
�
a0t

h0 ; when h0 > 0

a0�ts � t�h0 ; when h0 < 0;
(23)

the following solution is found:

h0 �
4�

3�1� w� ;

a0 �
�
� f0��� 1�
�h0 � 1��0

f24jh30��1� h0�jg�

	 �h0 � 1� 4��
��f1=
3�1�w��g

: (24)

One can define the effective EoS parameter weff as

weff �
p

�
� �1� 2 _H

3H2
; (25)

which is less than �1 if �< 0, and for w>�1 as

weff � �1� 2

3h0
� �1� 1� w

2�
; (26)

which is again less than �1 for �< 0. Thus, if �< 0, we
obtain an effective phantom with negative h0 even in the
case when w>�1. In the phantom phase [13], a singu-
larity of big rip type at t � ts [14] seems to appear (for the
classification of these singularities, see [15]). Near this sort
of big rip singularity, however, the curvature becomes
dominant and then the Einstein term dominates, so that
the f�G�-term can be neglected. Therefore, the universe
behaves as a � a0t

2=3�w�1� and, as a consequence, the big
rip singularity will not eventually appear. The phantom era
is transient.

A similar model has been found in [16] by using a
consistent version [4] of 1=R-gravity [3]. In general, in
the case of F �R�-gravity instabilities appear [17]. These
instabilities do not show up for the case of f�G�-gravity.

Note that under the assumption (23), the GB invariant G
and the scalar curvature R behave as

G � 24h30�h0 � 1�
t4

; or
24h30�h0 � 1�

�ts � t�4 ;

R � 6h0�2h0 � 1�
t2

; or
6h0�2h0 � 1�
�ts � t�2 :

(27)

As a consequence, when the scalar curvature R becomes
small, that is, when t or ts � t becomes large, the GB
invariant G becomes small more rapidly than R. When R
becomes large, that is, if t or ts � t becomes small, then G
becomes large more rapidly than R. Thus, if f�G� is given
by (22) with�< 1=2, the f�G�-term in the action (10) with
(18) becomes more dominant for small curvature than the
Einstein term, but becomes less dominant in the case of
large curvature. Therefore, Eq. (24) follows when the
curvature is small. There are, however, some exceptions
to this. As is clear from the expressions in (27), when h0 �

�1=2, which corresponds toweff � �7=3, R vanishes, and
when h0 � �1, corresponding to weff � �5=3, G van-
ishes. In both of these cases, only one of the Einstein and
f�G� terms survives.

In the case when �< 0, if the curvature is large, the
Einstein term in the action (10) with (18) dominates, and
we have a nonphantom universe, but when the curvature is
small, the f�G�-term dominates and we obtain an effective
phantom one. Since the universe starts with large curva-
ture, and the curvature becomes gradually smaller, the
transition between the nonphantom and phantom cases
can naturally occur in the present model.

The case when 0<�< 1=2 may be also considered. As
� is positive, the universe does not reach here the phantom
phase. When the curvature is strong, the f�G�-term in the
action (10) with (18) can be neglected and we can work
with Einstein’s gravity. Then, if w is positive, the matter
energy density �m should behave as �m � t�2, but f�G�
goes as f�G� � t�4�. Then, for late times (large t), the
f�G�-term may become dominant as compared with the
matter one. If we neglect the contribution from matter,
Eq. (15) with (18) has a de Sitter universe solution where
H, and therefore G, are constant. If H � H0 with constant
H0, Eq. (15) with (18) looks as (17) with (18). As a
consequence, even if we start from the deceleration phase
with w>�1=3, we may also reach an asymptotically de
Sitter universe, which is an accelerated universe.
Correspondingly, also here there could be a transition
from acceleration to deceleration of the universe.

Now, we consider the case when the contributions com-
ing from the Einstein and matter terms can be neglected.
Then, Eq. (15) with (18) reduces to

0 � Gf0�G� � f�G� � 24 _Gf00�G�H3: (28)

If f�G� behaves as (22), from assumption (23), we obtain

0 � ��� 1�h60�h0 � 1��h0 � 1� 4��: (29)

As h0 � 1 implies G � 0, one may choose

h0 � 1� 4�; (30)

and Eq. (25) gives

weff � �1� 2

3�1� 4�� : (31)

Therefore, if �> 0, the universe is accelerating (weff <
�1=3) and if �> 1=4, the universe is in a phantom phase
(weff <�1). Thus, we are led to consider the following
model:

f�G� � fijGj�i � fljGj�l ; (32)

where we assume that

�i >
1
2
; 1

2
>�l >

1
4
: (33)

Here, when the curvature is large, as in the primordial
universe, the first term dominates, compared with the
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second one and the Einstein term, and gives

�1>weff � �1� 2

3�1� 4�i�
>�5=3: (34)

On the other hand, when the curvature is small, as is the
case in the present universe, the second term in (32)
dominates, compared with the first one and the Einstein
term, and yields

weff � �1� 2

3�1� 4�l�
<�5=3: (35)

Therefore, the theory (32) can in fact produce a model
which is able to describe both inflation and the late-time
acceleration of our universe in a unified way.

Instead of (33), one may also choose �l as

1
4
>�l > 0; (36)

which gives

�1
3
>weff >�1: (37)

Then, what we obtain is effective quintessence. Moreover,
by properly adjusting the couplings fi and fl in (32), we
can obtain a period where the Einstein term dominates and
the universe is in a deceleration phase. After that, there
would come a transition from deceleration to acceleration,
where the GB term becomes the dominant one.

One can consider the system (32) coupled with matter as
in (15) with (18). To this end we just choose

�i >
1
2
>�l: (38)

Then, when the curvature is large, as in the primordial
universe, the first term dominates, as compared with the
second one and the Einstein term. When the curvature is
small, as in the present universe, the second term in (32) is
dominant as compared with the first and Einstein’s. Then,
an effective weff can be obtained from (26). In the primor-
dial universe, matter could be radiation with w � 1=3, and
hence the effective w is given by

wi;eff � �1� 2

3�i
; (39)

which can be less than �1=3; that is, the universe is
accelerating, when �i > 1. On the other hand, in the late-
time universe matter could be dust with w � 0, and then
we would obtain

wl;eff � �1� 1

2�l
; (40)

which is larger than 0, if 0<�l < 1=2, or less than �1, if

�l is negative. Thus, acceleration could occur in both the
primordial and late-time universes, if

�i > 1; �l < 0: (41)

Similarly, one can consider DE cosmology for other
choices of f�G�, for instance, lnG or other function f
increasing with the decrease of G (late universe).

Let us address the issue of the correction to Newton’s
law. Let g�0� be a solution of (12) with (18) and represent
the perturbation of the metric as g� � g�0�� � h�. First,
we consider the perturbation around the de Sitter back-
ground which is a solution of (17) with (18). We write the
de Sitter space metric as g�0��, which gives the following
Riemann tensor:

R�0���� � H2
0�g�0���g�0�� � g�0���g�0���: (42)

The flat background corresponds to the limit of H0 ! 0.
For simplicity, the following gauge condition is chosen:
g
�
�0� h� � r�

�0�h� � 0. Then Eq. (12) with (18) gives

0 � 1

4�2
�r2h� � 2H2

0h�� � T�: (43)

The GB term contribution does not appear except in the
length parameter 1=H0 of the de Sitter space, which is
determined with account to the GB term. This may occur
due to the special structure of the GB invariant.
Equation (43) tells us that there is no correction to
Newton’s law in de Sitter and even in the flat background
corresponding to H0 ! 0, whatever the form of f (at least,
with the above gauge condition). [Note that a study of the
Newtonian limit in 1=R gravity (where significant correc-
tions to Newton’s law may appear), and its extension has
been done in [4,18].] For most 1=R models the corrections
to Newton’s law do not comply with solar system tests.

Expression (43) can be actually valid in the de Sitter
background only. In a more general FRW universe, there
can appear corrections coming from the f�G� term. We
should also note that, in deriving (43), a gauge condition
g��0� h� � 0 was used, but if the mode corresponding to
g
�
�0� h� is included, there might appear corrections coming

from the f�G� term. The mode corresponding to g��0� h�
gives an infinitesimal scale transformation of the metric.
Then, it is convenient to write the metric as

g� � e�g�0��: (44)

Here g�0�� expresses the metric of de Sitter space in (42).
The Gauss-Bonnet invariant G is correspondingly given by
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G � e�2�f24H4
0 � 12H2

0r2
�0��� 6H2

0@��@
��� 2�r2

�0���2 � 2r�0��r�0��r�
�0�r

�0���r2
�0�@��@

��

� 2r�0��r�0��@
�
�0��@


�0��g

� e�2�f24H4
0 �r�

�0���12H2
0r�0���� 2@��r2

�0��� 2r�0��r�0��r
�0��� @��@


�0��@�0���g: (45)

The covariant derivative associated with g�0�� is written here as r�0��. The expansion of f�G�, with respect to �, is��������gp
f�G� � �������������g�0�p ff�24H4

0� � 2f�24H4
0��2 � 48f0�24H4

0�H4
0�

2 � 72f00�24H4
0�H4

0�r2
�0��� 4H2

0��2 �O��3�
� total derivative termsg: (46)

Since the last term contains �r2
�0���2, in general, there could be an instability. A way to avoid the problem is to fine-tune

f�G� so that f00�24H4
0� vanishes for the solution H0 in (17) with (18).

In order to consider a more general case, one expands f�G� in the action (10) with (18) as

f�G� � f�G�0�� � 1
2
f00�G�0��	G2 � f0�G�0��	2G�O�h3�; (47)

where G�0� is the Gauss-Bonnet invariant given by g�0�� and

	G � 4�Rr�rh� � 4R�R
�h�� � 4R�R��

�
h�� � 4rr�h�� � R���r�rh���; (48)

	2G � 
h��f�R�r�r�h�
� �r�r�h�

� � � R��r�rh� � 4R�r�rh�
� � 2R��r�r�h�� � 4R�r�rh�

�

� 2R���r�rh�� � R���r�rh�� � 1
2
R����r�rh�

� �r�r�h�� � R���r�rh
�
�g

� 1
2
f2r�rh��r�r�h�� �r2h��� � 4r�rh���r�rh�

� �r2h� �r�rh�
� �r�r�h�

�
� r�rh���r�rh�� �r�r�h� �r�rh�� �r�r�h��g � 1

2
fR�2r�h�r�h� � 2r�h�rh

�

�r�h�
�rh

� �r��2h��rh� � h��r�h�
� � h�r�h��� � 4R�f�r�h� �rh

�
� �r�h

��r�h��

� �r�h
�
� �r�h�� �r�h

�
��rh

�
� � �2r�h�� �r�h�

��rh�
� �r��2h��rh��

� �rh�� �r�h� �r�h��h����g � R�����r�h� �rh�� �r�h��r�h�� � �r�h�� �r�h��

�r�h���rh�� �r���rh�� �r�h� �r�h��h���g�: (49)

Note that the term proportional to 	G does not appear in (47) since the background metric is a solution of (42). Here and in
the following, the index (0) is always suppressed, when there cannot be confusion. If we choose the gauge condition
r�h� � 0, Eqs. (48) and (49) have the following form:

	G � 4��4R�R
�h�� � 4R�R��

�
h�� � R���r�rh���; (50)

	2G � 
h��f�R�h��R�� � h��R
����� � 4R�r�rh�

� � 2R���h��R�� � h��R
�
�
��� � 4R� �h��R� � h��R

���
�

� 2R����h��R� � h��R
�
�
�
� � R���r�rh�� � 1

2
R����r�rh�

� �r�r�h�� � R���r�rh
�
�g

� 1
2
f�4�h��R� � h��R

�
�
�
��h��R� � h��R

��� �r2h� �r�rh�
�� � r�rh���r�rh��

�r�r�h� �r�rh�� �r�r�h��g � 1
2
fR�2r�h�r�h� �r�h�

� �r���h��r�h�
� � h�r�h���

� 4R�f�r�h� �rh
�
� �r�h

��r�h�� � �r�h
�
� �r�h�� �r�h

�
��rh

�
� �r�h�

�rh�
�

�r��2h��rh�� � �rh�� �r�h� �r�h��h����g � R�����r�h� �rh�� �r�h��r�h��

� �r�h�� �r�h�� �r�h���rh�� �r���rh�� �r�h� �r�h��h���g�: (51)

Now, we consider the case that _H �H2 in the FRW universe (14). Then, by specifying the dimension, the following
structure is found:

	G�H4h�H2r2h; 	2G�H4h2 �H2hr2h�H2�rh�2 �H3hrh� �r2h�2: (52)
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For the qualitative arguments that follow, we have abbre-
viated the vector indices and coefficients. Since Eq. (47)
contains 	G2 and 	2G terms, the H2r2h-term in 	G and
the �r2h�2-term in 	2G have a possibility to generate the
instability. Explicit calculations in the FRW universe tell us
that the �r2h�2 term in 	2G vanishes identically, while the
H2r2h term in 	G has the following form:

H2r2h term in 	G � �4 _Hr2htt (53)

For simplicity, we have chosen again the gauge condition
g
�
�0� h� � r�h� � 0. Then, except for the _H � 0 case,

which describes the de Sitter universe, there might be an
instability.

Since the 	G2-term has a factor f00�G�0��, if one properly
chooses the form of f�G� and fine-tunes the coefficients, it
could occur that f00�G�0�� � 0 in the present universe.
Correspondingly, the term �r2h�2 does not appear in the
action and no instability appears.

To summarize, in both cases (46) and (52), if we choose
f00 � 0 in the present universe, the instability does not
appear. As an example, one can consider the model (32).
As

f00�G� � fi�i��i � 1�jGj�i�2 � fl�l��l � 1�jGj�l�2;

(54)

if we choose the parameters fi, �i, fl, and �l to satisfy

0 � fi�i��i � 1�jG�0�j�i��l � fl�l��l � 1�; (55)

we find f0�G�0�� � 0 and thus there will be no instability. In
(55), G�0� is the value of the Gauss-Bonnet invariant given
by the curvature in the present universe.

One now rewrites (12) with (18) as an FRW equation:

0 � � 3

�2
H2 � �G � �M; (56)

0 � 1

�2
�2 _H � 3H2� � pG � pm: (57)

Here �G and pG express the contribution from the f�G�
term in the action (10) with (18):

�G � Gf0�G� � f�G� � 24 _Gf00�G�H3;

pG � �Gf0�G� � f�G� � 24 _Gf00�G�H3 � 8 _G2f000�G�H2

� 192f00�G���8H3 _H �H�6H2 _H3 �H4H
::: � 3H5 �H

� 18H4 _H2 � 4H6 _H�: (58)

One can view the contribution from the f�G� term as a sort
of matter satisfying a special (inhomogeneous) EoS [19]
(or usual EoS with time-dependent bulk viscosity [20]) of
the form

0 � �G � pG � 8 _G2f000�G�H2 � 192f00�G���8H3 _H �H

� 6H2 _H3 �H4H
::: � 3H5 �H � 18H4 _H2 � 4H6 _H�:

(59)

In particular, in the case of de Sitter space, owing to the fact
that the Hubble rate H, and therefore G, are constant, we
find 0 � �G � pG. In the case that f�G� is given by (22)
and one further assumes (23), one gets

�G � f0jGj���� 1�h0 � 1� 4�

h0 � 1
;

pG � f0jGj���� 1� 3h
2
0 � �3� 8��h0 � 16�2 � 4�

3h0�h0 � 1� :

(60)

It follows that the effective EoS wG  pG=�G for the f�G�
part is given by

wG � 3h20 � �3� 8��h0 � 16�2 � 4�

3h0�h0 � 1� 4�� : (61)

In absence of matter (�m � pm � 0), Eq. (56) may be
rewritten as

H2 � �2

6
�G; _H � ��2

2
��G � pG�: (62)

Then, by using the expression (16), we find

G � � 2�4

3
�G�2�G � 3pG�;

_G � 4

�
�2 �H�� �4��G � pG���G � 3pG�

���������
�2�

6

s �
;

(63)

and by using the first equation in (58), the effective equa-
tion of state is

0 � ��G � 2�4

3
�G�2�G � 3pG�f0

�
� 2�4

3
�G�2�G � 3pG�

�
� f

�
� 2�4

3
�G�2�G � 3pG�

�
� �24�2

�
�H

�
�2

6
�G

�
5=2 � �2

6
��G � pG���G � 3pG�

�
�2

6
�G

�
2
�
f00

�
� 2�4

3
�G�2�G � 3pG�

�
; (64)
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which has the form of ~F��G; pG; �H� � 0 [19]. At the
dynamical level, this demonstrates the equivalency be-
tween modified GB gravity and the effective inhomoge-
neous EoS description. It may be of interest to study the
choice of f�G� which leads to the inhomogeneous general-
ization of EoS p � ��� A�� suggested and studied in
[21] as this may be easily compared with standard �CDM
cosmology.

Summing up, late-time cosmology in modified GB grav-
ity with matter was studied. It has been shown that effec-
tive DE of quintessence, phantom, or cosmological
constant type can be actually produced within such theory,
with the possibility to unify it also with primordial infla-
tion. Moreover, the transition from the deceleration to the
acceleration era easily occurs in some versions of the f�G�
theory which comply with the solar system tests (no in-
stabilities appear; no corrections to Newton’s law follow).

III. DE SITTER SOLUTION IN MODIFIED
GAUSS-BONNET GRAVITY MODELS

In this section, we will investigate the properties of some
black hole solutions within the modified GB gravity
scheme. The role played by static, spherically symmetric
solutions, as the Schwarzschild one, with regard to solar
system tests, is well known. Because of the absence of this
kind of zero-curvature BH in the f�G� theory (see the
Appendix) de Sitter space as well as SdS BH need her
special consideration, which is done below.

For the general model, it can be shown that the equations
of motion have the following structure (no-matter case)

0 � 1
2
F�G; R�g� � FR�G;R�R�
� 2FG�G;R��RR� � 2R��R

�
 � R����R

���

� 2R���R
��� �	��r�FG�G; R�;r�FR�G;R��;

where 	� is vanishing when G and R are constant.
In this section we are interested in a finding condition

assuring the existence of solutions of the de Sitter type
(including SdS BH). In such a case, the Gauss-Bonnet
invariant and the Ricci scalar are constant and the Gauss-
Bonnet invariant reads

R � R0; G � G0 � 1
6
R2
0: (65)

Assuming the maximally symmetric metric solution, one
gets

2FR�G;R�R0
� � �F�G0; R0� � G0FG0

�G0; R0��g0�:
(66)

Note that if F�G;R� � R� �G, namely, there is only a
linear term in G, one gets the ordinary Einstein equation in
vacuum, as it should be, because in this case, F�G;R�
contains the Hilbert-Einstein term plus a topological
invariant.

Taking the trace of (66), the condition follows

R0FR0
�G0; R0�
2

� 
F�G0; R0� �G0FG0
�G0; R0��: (67)

This condition will play an important role in the following
and it is equivalent to the condition (17). As an example,
when F�G;R� � R� f�G�, (here 2�2 � 1), one has

G0f
0�G0� � f�G0� �

R0

2
: (68)

In general, solving Eq. (67) in terms of R0, one can rewrite
the maximally symmetric solution as

R0
� �

R0

4
g0� � �effg

0
�; (69)

which defines an effective cosmological constant. For ex-
ample, when F�G;R� � R� f�G�, one has

�eff � 1
2
�G0f

0�G0� � f�G0��: (70)

Thus, if f�G� � ��G�, one has,

2��1� ���1
6
�� � R1�2�

0 : (71)

When � is small, �> 0, one obtains R0 � �, while with
the choice � � �1=2, �> 0, one has

R0 � 61=4
������
3�

p
; (72)

and the corresponding effective cosmological constant
reads

�eff � 1
4
61=4

������
3�

p
: (73)

As in the pure Einstein case, one is confronted with the
black hole nucleation problem [22]. We review here the
discussion reported in Refs. [22,23].

To begin with, we recall that we shall deal with a
tunneling process in quantum gravity. On general back-
grounds, this process is mediated by the associated gravi-
tational instantons, namely, stationary solutions of
Euclidean gravitational action, which dominate the path
integral of Euclidean quantum gravity. It is a well-known
fact that, as soon as an imaginary part appears in the one-
loop partition function, one has a metastable thermal state
and thus a nonvanishing decay rate. Typically, this imagi-
nary part comes from the existence of a negative mode in
the one-loop functional determinant. Here, the semiclassi-
cal and one-loop approximations are the only techniques at
disposal, even though one should bear in mind their limi-
tations as well as their merits.

Let us consider a general model described by F�G;R�,
satisfying the condition (67) and with �eff > 0. Thus, we
may have a de Sitter Euclidean instanton. In the Euclidean
version, the associated manifold is S4.

Making use of the instanton approach, for the Euclidean
partition function we have

Z ’ Z�S4� � Z�1��S4�e�I�S4�; (74)
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where I is the classical action and Z�1� the quantum cor-
rection, typically a ratio of functional determinants. The
classical action can be easily evaluated and reads

I�S4� � � 192�2

�2R2
0

F�G0; R0�: (75)

At this point we make a brief digression regarding the
entropy of the above black hole solution. To this aim, we
follow the arguments reported in Ref. [24]. If one make use
of the Noether charge method [25] for evaluating the
entropy associated with black hole solutions with constant
Gauss-Bonnet and Ricci invariants in modified gravity
models, a direct computation gives

S � 2�AH
�2

�
FR0

�G0; R0� �
R0

3
FG0

�G0; R0�
�
: (76)

In the above equations, AH � 4�r2H, rH being the radius of
the event horizon or cosmological horizon related to a
black hole solution. This turns out to be model dependent.

Another consequence, as is well known, is the modifi-
cation of the ‘‘Area Law,’’ which reads instead

S � 2�AH
�2

� AH
4GN

: (77)

One should also stress that, since the above entropy for-
mula depends on FG�G;R�, there is always an indetermi-
nation: any linear term in G appearing in the classical
action is irrelevant as far as the equations of motion are
concerned, while in the entropy formula it gives a constant
nonvanishing contribution. This is a kind of indetermina-
tion associated with the Noether method [25].

Furthermore, as in principle the quantity which modifies
in a nontrivial way the usual Area Law

FR0
�G0; R0� �

R0

3
FG0

�G0; R0� (78)

might be negative, there exists the possibility of having
negative BH entropies, according to specific choices of
F�G;R�.

Let us consider an example. For the model defined by
F�G;R� � R� f�G�,

1� R0

3
f0�G0� � 2

�
1� f�G0�

R0

�
: (79)

Thus, with the choice f�G� � ��G�, �> 0, one has

S � 4�AH
�2

1

�� 1
: (80)

As a result, modulo the Noether charge method indetermi-
nation, the entropy may be negative.

Coming back to the general case, we recall that we are
interested in the de Sitter metric, which reads

ds2 � �
�
1� r2

l2

�
dt2 � dr2

1� r2

l2

� r2dS22; (81)

with �eff � 3
l2

. The Ricci scalar is R0 � 4�.
Since rH � l, one has

AH � 12�

�eff

� 48�

R0

: (82)

As a consequence,

S�S4� �
96�2

�2R0

�
FR0

�G0; R0� �
R0

3
FG0

�G0; R0�
�
: (83)

Taking Eqs. (67) and (75) into account, from the last
equation, one obtains

S�S4� � �I�S4�; (84)

which is a good check of our entropy formula (76).

IV. ONE-LOOP QUANTIZATION OF MODIFIED
GAUSS-BONNET GRAVITY ON DE SITTER SPACE

Here we discuss the one-loop quantization of the class of
models we are dealing with, on a maximally symmetric
space. One-loop contributions are certainly important dur-
ing the inflationary phase, but as it has been shown in [26],
they also provide a powerful method in order to study the
stability of the solutions.

We start by recalling some properties of the classical
model defined by the choice F�G; R� � 1

2�2
�R� f̂�G��,

where now the generic function f̂�G� is supposed to satisfy
the ‘‘on shell’’ condition (68). Such a condition ensures the
existence of a constant GB invariant, maximally symmetric
solution of the field equations (12) with (18).

In accordance with the background field method, we
now consider the small fluctuations of the fields around
the de Sitter manifold. Then, for the arbitrary solutions of
the field equations we set

g� � g0� � h� (85)

and perform a Taylor expansion of the action around the de
Sitter manifold. Up to second order in h�, we get

S
h� � 1

2�2

Z
d4x

�����������g0
p �

R0 � f̂0 �
�
R0

4
� f̂0

2
� R2

0f̂1
2

�
h

�L2

�
; (86)

where L2 represents the quadratic contribution in the
fluctuation field h� and, in contrast with previous sec-
tions, here r� represents the covariant derivative in the
unperturbed metric g0�. For the sake of simplicity, we
have also used the notation f̂0 � f̂�G0�, f̂1 � f̂0�G0�, and
f̂2 � f̂00�G0�.
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For technical reasons it is convenient to carry out the
standard expansion of the tensor field h� in irreducible
components [27], that is

h� � ĥ� �r�� �r�� �r�r�� 1
4
g��h� ���;

(87)

where � is the scalar component, while �� and ĥ� are the
vector and tensor components, with the properties

r��
� � 0; r�ĥ

�
 � 0; ĥ�� � 0: (88)

In terms of the irreducible components of the h� field, the
quadratic part of the Lagrangian density, disregarding total
derivatives, reads

L 2 � Ltensor �Lvector �Lscalar; (89)

where Ltensor, Lvector, and Lscalar represent the tensor,
vector, and scalar contributions, respectively. They have
the form

Ltensor � ĥ�

�
� f̂0

4
� R0

6
� f̂1R

2
0

6
�

�
1

4
� f̂1R0

6

�
�2

�
ĥ�;

(90)

Lvector � ��

�
f̂0R0

8
� R2

0

16
� 31f̂1R

3
0

288
� f̂2R

5
0

432

�
�
f̂0
2
� R0

4
� 17f̂1R

2
0

36
� f̂2R

4
0

108

�
�1

� f̂1R0

32
�2

1

�
��; (91)

Lscalar � h

�
f̂0
16

� f̂1R
2
0

48
� f̂2R

4
0

72
�

�
� 3

32
� 5f̂1R0

32
� f̂2R

3
0

24

�
�0 �

f̂2R
2
0

32
�2

0

�
h

� �

�
� f̂0R0

16
� R2

0

32
� 17f̂1R

3
0

288
�

�
� 3f̂0

16
� R0

8
� 3f̂1R

2
0

16
� f̂2R

4
0

288

�
�0 �

�
� 3

32
� f̂1R0

32
� f̂2R

3
0

48

�
�2

0

� f̂2R
2
0

32
�3

0

�
�0�� h

�
R0

16
� f̂1R

2
0

16
� f̂2R

4
0

72
�

�
3

16
� 3f̂1R0

16
� f̂2R

3
0

16

�
�0 �

f̂2R
2
0

16
�2

0

�
�0�; (92)

where �0, �1, and �2 are the Laplace-Beltrami operators acting on scalars, transverse vector, and traceless-transverse
tensor fields, respectively. The latter expression is valid off-shell, that is, for an arbitrary choice of the function f�G0�.

As is well known, invariance under diffeomorphisms renders the operator related to the latter quadratic form not
invertible in the �h; �� sector. One needs a gauge-fixing term and a corresponding ghost compensating term. We can use the
same class of gauge conditions chosen in Ref. [28] and for this reason we refer the reader to that paper, the gauge-fixing
Lgf and ghost Lgh contributions to the quadratic Lagrangian L � L2 �Lgf �Lgh being the very same, that is

Lgf �
�

2

�
��

�
�1 �

R0

4

�
2

�� � 3�

8
h

�
�0 �

R0

3

�
�0�� �2

16
h�0h�

9

16
�

�
�0 �

R0

3

�
2

�0�

�
� �

2

�
�k
�
�1 �

R0

4

�
2

�1�k �
3�

8
h

�
�0 �

R0

4

��
�0 �

R0

3

�
�0�� �2

16
h

�
�0 �

R0

4

�
�0h

� 9

16
�

�
�0 �

R0

4

��
�0 �

R0

3

�
2

�0�

�
; (93)

Lgh � �

�
B̂�

�
�1 �

R0

4

�
Ĉ� � �� 3

2
b

�
�0 �

R0

�� 3

�
�0c

�
� �

�
B̂�

�
�1 �

R0

4

�
�1Ĉ�

� �� 3

2
b

�
�0 �

R0

4

��
�0 �

R0

�� 3

�
�0c

�
; (94)

where �, �, � are arbitrary parameters and Ĉ�, c, B̂�, b
are the irreducible components of ghost and anti-ghost
fields.

Now, via standard path integral quantization and zeta-
function regularization [27,29,30], one can compute the
one-loop effective action as a determinant of a differential
operator, exactly in the same way as it has been done in

Ref. [28]. Here the technical difficulty comes from the fact
that the determinant which gives the one-loop effective
action, also after simplifications, is a polynomial of fifth
order in the Laplace operator and thus, in general, it is not
possible to write it as a product of determinants of Laplace-
like operators. The general structure of the one-loop effec-
tive action 
�1� is of the form
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e�
�1� � det��0 � R0� det
�
�1 �

R0

4

�
det

�X5
k�0

Wk�
k
0

��1=2

	 det
��1 � Y���1 � Z���1=2 det��2 � X��1=2;

(95)

where X, Y, Z, Wk are complicated functions of f̂0, f̂1, f̂2.
In principle, they can be exactly computed, but we will not
write them explicitly here since, as they stand, they are not
really convenient for direct applications to the dark energy
problem. However, Eq. (95) is certainly useful for a nu-
merical analysis of the models, since the eigenvalues of
Laplace-like operators on de Sitter manifolds are exactly
known and, as a consequence, the one-loop effective action
can be obtained in closed form. They could be also useful
for the study of the stability of the de Sitter solutions of GB
modified gravity, as it happens for the simpler case of F �R�
models [26].

One can see that the structure of Eq. (95), here written
for the gauge parameter � � 0, is similar to the one for the
analog equation (3.24) in Ref. [26], the only difference
being due to the fact that (95) contains some additional
contributions, since the starting classical action here de-
pends not only on curvature, but also on other invariants.

V. THE TRANSITION FROM THE DECELERATION
TO THE ACCELERATION ERA IN MODIFIED

CURVATURE-GAUSS-BONNET GRAVITY

It is interesting to study late-time cosmology in gener-
alized theories, which include both the functional depen-
dence from curvature as well as from the Gauss-Bonnet
term (for some investigation of the related Ricci-squared
gravity cosmology, see [31]). Our starting action is (10). In
the case �m � 0, we can consider the situation where
F�G;R� has the following form, as an explicitly solvable
example:

F�G;R� � R~f

�
G

R2

�
: (96)

If we assume that H � h0=t, with a constant h0, Eq. (15)
reduces to an algebraic equation:

0 � 2�3h0 � 1�~f0�C� � 3�2h0 � 1�2 ~f�C�;

C  2h0�h0 � 1�
3�2h0 � 1�2 :

(97)

As a further example, we consider the model where

~f

�
G

R2

�
� 1

2�2
� f0

�
G

R2

�
: (98)

Here, it may be shown that

0 �
�
6

�2
� 2f0

�
h20 � 2

�
3

�2
� 2f0

�
h0 �

3

2�2
� 2f0: (99)

When f0 < 0 and f0 > 3=8�2, Eq. (99) has the following

solutions:

h0 �
3
�2
� 2f0 �

����������������������������
8f0�f0 � 3

8�2
�

q
6
�2
� 2f0

: (100)

One can solve (99) with respect to �2f0:

�2f0 � ~G�h0�  � 3�2h0 � 1�2
4�h20 � 2h0 � 1� (101)

and, therefore, by properly choosing f0, we obtain a theory
for any specified h0. It is easy to check that ~G�1� � 3,
~G�1=2� � 0, and ~G��1� ���

2
p � � 1. Since

~G 0�h0� � � 3�2h0 � 1��3h0 � 1�
2�h20 � 2h0 � 1�2 ; (102)

we also get that ~G�h0� has extrema for h0 � 1=2, 1=3.
Moreover, ~G�1=3� � 3=8. The qualitative behavior of
�2f0 � ~G�h0� is given in Fig. 1. Then, for �2f0 <�3,
there is a solution describing a phantom with h0 <�1����
2

p
and a solution describing effective matter with h0 >

�1� ���
2

p
. When �3< �2f0 < 0, there are two solutions,

describing effective matter with h0 >�1� ���
2

p
. When 0<

�2f0 < 3=8, there is no solution. When 3=8< �2f0 < 3=2,
there are two solutions describing matter with 0< h0 <

�1� ���
2

p
< 1. When �2f0 > 3=2, there is a solution de-

scribing a phantom era with �1� ���
2

p
< h0 < 0 and a

solution describing an effective matter era with <1=3<

h0 <�1� ���
2

p
. As one sees, there can be indeed solutions

describing an effective phantom era, in general.
Observational data hint towards the fact that the decel-

eration of the universe turned into acceleration about 5	
109 years ago. We now investigate if we can construct a
model describing the transition from the deceleration phase

FIG. 1. The qualitative behavior of ~G�h0�.
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to the acceleration one, in the present formulation. To this
end, we consider the following model:

F�G;R� � R

�
1

2�2
� f0

G

R2

�
� g0
G
: (103)

When the curvature is large, as in the case of the primordial
universe, the last term can be neglected and the model
(103) reduces to (98). Then, with the choice 3=8< �2f0 <

3=2, it follows 0< h0 <�1� ���
2

p
< 1 and therefore the

universe is decelerating. If the curvature becomes small, as
in the present universe, the last term becomes large. But, by
including the last term, we have a solution describing a de
Sitter universe in (17), which has the form

0 � �H2
0

�2
��2f0 � 3� � g0

12H4
0

: (104)

As �2f0 � 3 is positive when 3=8< �2f0 < 3=2, Eq. (105)
has a real solution for g0 < 0:

H0 �
�
� �2g0
12��2f0 � 3�

�
1=6
: (105)

Then, the decelerating universe can indeed turn to a de
Sitter universe, which is accelerating. Therefore, the model
(103) could perfectly describe the transition from decel-
eration to acceleration. More complicated, dark energy
cosmologies may be constructed in frames of such theory.

VI. HIERARCHY PROBLEM IN MODIFIED
GRAVITY

Recently the hierarchy problem has been investigated, in
[32], by using a scalar-tensor theory. Here, we will give
somewhat similar but seemingly more natural models in
the scalar-tensor family with modified gravity. In [32], in
order to generate the hierarchy, a small scale, which is the
vacuum decay rate 
vac, was considered. Instead of 
vac,
we here use the age of the universe, �10�33 eV, as the
small mass scale.

The following scalar-tensor theory [33] can be consid-
ered, as an example:

S � 1

�2

Z
d4x

��������gp
e��

�
R� 1

2
@��@

��� V0e
�2�=�0

�
�

Z
d4x

��������gp �
� 1

2
@�
@

�
�U�
�
�
; (106)

where �, V0, and �0 are constant parameters and U�
� is
the potential for 
. As the matter scalar, 
 does not couple
with � directly, the equivalence principle is not violated,
although the effective gravitational coupling depends on �
as

~� � �e�
����=2�: (107)

When 
 � 0, the following FRW solution exists:

a�t� � a0

�
t

t0

�
h0
; � � �0 ln

t

t0
;

h0 
2�2�2

0 ��2
0 � 2��0

2���0 � 2� ;

t0 
�2

0

���0 � 2�2

	
��������������������������������������������������������������������������������
��2 � 1

3
��24�2�2

0 � 4��0 � 9�2
0 � 4�

2V0

s
:

(108)

The effective EoS parameter is

weff � �1� 4���0 � 2�
3�2�2�2

0 ��2
0 � 2��0�

; (109)

which can be less than �1, in general.
We may perfectly assume the dimensionful parameters

� and V0, and therefore t0 in (106), could be the scale of the
weak interaction �102 GeV � 1011 eV. If t is of the order
of the age of the universe, �10�33 eV, Eq. (108) gives

e���=2 � 10�22��0 : (110)

Then, if

��0 �
17

22
; (111)

~� (107) is of the order of the Planck length �1019 GeV��1.
Therefore, using a model whose action is given by (106),
the important hierarchy problem might be solved. By sub-
stituting (111) into (109), one obtains

weff � �1� 61

33��2
0 � 85

242
� : (112)

It is seen that weff can be less than �1 if�2
0 < 85=242, and

t0 is given by

t0 �
222�2

0

612

���������������������������������������������
� 172

222�2
0

� 1
3
��876
121

� 9�2
0�

2V0

vuut
; (113)

which is real and positive, as far as V0 > 0. A similar
method can be applied in the solution of the hierarchy
problem in a generalized scalar-tensor theory including a
nonminimal coupling with the curvature [34].

We now start from the following action for modified
gravity coupled with matter:

S �
Z
d4x

��������gp �
1

�2
F �R� �Lmatter

�
; (114)

F �R� being some arbitrary function. Introducing the aux-
iliary fields, A and B, one can rewrite the action (114) as
follows:

S �
Z
d4x

��������gp �
1

�2
fB�R� A� �F �A�g �Lmatter

�
:

(115)
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One is able to eliminate B, and obtain

S �
Z
d4x

��������gp �
1

�2
fF 0�A��R� A� �F �A�g �Lmatter

�
;

(116)

and by using the conformal transformation

g� ! e�g�; (117)

with

� � � lnF 0�A�; (118)

the action (116) is rewritten as the Einstein-frame action:

SE �
Z
d4x

��������gp �
1

�2

�
R� 3

2
g��@��@��� V���

�
�L�

matter

�
: (119)

Here,

V��� � e�G�e��� � e2�F �G�e���� � A

F 0�A� �
F �A�
F 0�A�2 ;

(120)

and we solve (118) with respect to A as A � G���. Let us
assume that the matter Lagrangian density Lmatter contains
a Higgs-like scalar field ’

L matter � � 1

2
r�’r�’��2

2
’2 � �’4 � � � � : (121)

Under the conformal transformation (117), the matter
Lagrangian density Lmatter is transformed as

L matter ! L�
matter

� � e�

2
r�’r�’��2e2�

2
’2 � �e2�’4 � � � � :

(122)

By redefining ’ as

’! e��=2’; (123)

L�
matter acquires the following form:

L �
matter �� 1

2
r�’r�’��2e�

2
’2 � �’4 � � � � ;

(124)

where the time derivative of � is neglected. Then, the
massive parameter �, which determines the weak scale,
is effectively transformed as

�! ~�  e�=2�: (125)

In principle, � can be of the order of the Planck scale
1019 GeV, but if e�=2 � 10�17 in the present universe, ~�
could be 102 GeV, which is the scale of the weak interac-
tion. Therefore, there is a quite natural possibility that the

hierarchy problem can be solved by using the above ver-
sion of modified gravity.

We may consider the model

F �R� � R� f0R
�; (126)

with constant f0 and �. If �< 1, the second term domi-
nates, when the curvature is small. Assuming that the EoS
parameter w of matter is constant, one gets [16]

a � a0t
h0 ; h0 

2�

3�1� w� ;

a0 
�
� 6f0h0

�0

��6h0 � 12h20���1f�1� 2���1� ��

� �2� ��h0g
��f1=
3�1�w��g

; (127)

and, by using (127), we find the effective weff to be given
by

weff � �1� 1� w

�
: (128)

Hence, if w is larger than �1 (as for effective quintessence
or even for a usual ideal fluid with positive w), when � is
negative, an effective phantom phase occurs where weff is
less than �1. Note that this is different from the case of
pure modified gravity.

By using (118) and neglecting the first term in (126), it
follows that

e �=2 � 1�������������������
f0�R

��1
p : (129)

In the present universe,R� �10�33 eV�2. Assume now that
f0 could be given by the Planck scale �1019 GeV �
1028 eV as f0 � �1028 eV�1=2���1�. Then, Eq. (129) would
yield

e �=2 � 1061���1�: (130)

If we furthermore assume that �17 � 61��� 1�, we find
� � 44=61. In that case, if w>�1, weff >�1 and the
universe is not phantomlike, but (130) hints towards the
possibility that modified gravity can solve in fact the
hierarchy problem.

Let us write the action of the scalar-tensor theory as

S� 1

�2

Z
d4x

��������gp
e��

�
R�1

2
@��@

���V0e
�2�=�0

�
�
Z
d4x

��������gp
Lmatter;

Lmatter ��1

2
@�’@�’��2

2
’2��’4���� : (131)

This action could be regarded as the Jordan frame action.
Scalar field ’ could be identified with the Higgs field in
the weak (electromagnetic) interaction. Now the ratio of
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the inverse of the effective gravitational coupling ~� �
�e����=2� (107) and the Higgs mass � is given by

1
~�

�
� e����=2

��
: (132)

Hence, even if both of 1=� and � are of the order of the
weak interaction scale, if e��=2 � 1017, 1=~� could be of the
order of the Planck scale.

By rescaling the metric and the Higgs scalar ’ as

g� ! e���g�; ’! e����=2’; (133)

the Einstein-frame action is obtained:

S � 1

�2

Z
d4x

��������gp �
R� 1

2
�1� 3�2�@��@��

� V0e
�2��1=�0���

�
�

Z
d4x

��������gp
Lmatter;

Lmatter � � 1

2

�
@�’� �

2
@��’

��
@�’� �

2
@��’

�
��2e���

2
’2 � �’4 � � � � : (134)

In the Einstein frame, the gravitational coupling � is
constant but the effective Higgs mass, ~�, defined by

~�  e�
����=2��; (135)

can be time dependent. Hence, the ratio of 1=� and ~� is
given by

1
�

~�
� e����=2

��
; (136)

which is identical with (132). Then, even if both of 1=� and
� are of the order of the Planck scale, if e��=2 � 1017, ~�
could be an order of the weak interaction scale. Therefore
the solution of the hierarchy problem does not essentially
depend on the choice of frame.

Nevertheless, note that the cosmological time variables
in the two frames could be different due to the scale
transformation (133), as

dt! d~t � e�
����=2�dt: (137)

Therefore, the time intervals are different in the two
frames. The units of time and length are now defined by
electromagnetism. Then, the frame where the electromag-
netic fields do not couple with the scalar field � could be
physically more preferable. Since the electromagnetic in-
teraction is a part of the electroweak interaction, the Jordan
frame in (131) should be more preferable from the point of
view of the solution of the hierarchy problem.

In the case of f�G�-gravity, whose action is given by
(10) with (18), it is rather difficult to solve the hierarchy

problem in the same way, since the factor in front of the
scalar curvature, which should be the inverse of the
Newton constant, although it is indeed a constant, in the
above cases this factor depends on time. However, when
including a term like g�G�R, where g�G� is a proper
function of the Gauss-Bonnet invariant, the effective
Newton constant could become time dependent and might
indeed help solve the hierarchy problem.

A similar mechanism can work also in F�G; R�-gravity
(10). Introducing the auxiliary fields, A, B, C, and D, one
can rewrite the action (114) as follows:

S �
Z
d4x

��������gp �
1

�2
fB�R� A� �D�G� C�

� F�A;C�g �Lmatter

�
: (138)

One is able to eliminate B and D, and obtain

S �
Z
d4x

��������gp �
1

�2
f@AF�A;C��R� A�

� @CF�A;C��G� C� � F�A;C�g �Lmatter

�
: (139)

If a scalar field is deleted by

e��  @AF�A;C�; (140)

one can solve (140) with respect to A as A � A��;C�.
Then, we obtain

S �
Z
d4x

��������gp �
1

�2
fe���R� A��;C��

� @CF�A��;C�; C��G� C� � F�A��;C�; C�g

�Lmatter

�
: (141)

Varying over C, it follows that C � G, which allows one to
eliminate C:

S �
Z
d4x

��������gp �
1

�2
fe���R� A��;G��

� F�A��;G�; G�g �Lmatter

�
: (142)

Performing the scale transformation (117), we obtain the
Einstein-frame action. If we consider matter (Higgs) scalar
as in (121), we can redefine ’ as in (123). The same
scenario as in the case of F �R�-gravity is applied, if e�=2 �
10�17 in the present universe, there is a possibility that the
hierarchy problem can be solved by working in the above
version of F�G;R� gravity. Hence, we have proven that the
hierarchy problem can indeed be solved in modified grav-
ity which contains a F�G;R� term.
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VII. DISCUSSION

To summarize, various types of dark energy cosmologies
in modified Gauss-Bonnet gravity—which can be viewed
as inspired by string considerations—have been investi-
gated in this paper. We have shown, in particular, that
effective quintessence, phantom, and cosmological con-
stant eras can naturally emerge in this framework, without
the need to introduce scalar fields of any sort explicitly.
Actually, the cosmic acceleration we observe may result
from the expansion of the universe due to the growing of
the extra terms in the gravitational action when the curva-
ture decreases. In addition, with the help of several ex-
amples, corresponding to explicit choices of the function
f�G�, we have shown that the unification of early-time
inflation with late-time acceleration in those theories oc-
curs also quite naturally. Moreover, the framework is at-
tractive in the sense that it leads to a reasonable behavior in
the solar system limit (no corrections to Newton’s law, no
instabilities, no Brans-Dicke problems appear), whatever
the particular choice of f�G�. Finally, the transition from
the deceleration to the acceleration epoch, or from the
nonphantom to the phantom regime—provided the current
universe is in its phantom phase—may both be natural
ingredients of our theory, without the necessity to invoke
any sort of exotic matter (quintessence or phantom) with an
explicit negative EoS parameter.

We have also shown in the paper that modified GB
gravity has de Sitter or SdS BH solutions, for which the
corresponding entropy has been calculated. It has been
explicitly demonstrated that our theory can be consistently
quantized to one-loop order in de Sitter space, in the same
way as modified F �R� gravity.

Dark energy cosmologies in a more complicated
F�G;R� framework can be constructed in a similar fashion,
too. An attempt to address fundamental particle physics
issues (as the hierarchy problem), as resulting from a
modification of gravity, has shown that some natural solu-
tion may possibly be achieved in F �R�-gravity, but proba-
bly not in f�G�-gravity [albeit the case F�G;R� opens
again a new possibility]. In this respect, it may also be of
interest to study other modified gravities, where a non-
minimal coupling of the sort Ld�f�G�, with Ld being some
matter Lagrangian which includes also a kinetic term is
introduced. In the specific case of a Ld�F �R� nonminimal
coupling, such terms may be able to explain the current
dark energy dominance [35] as a gravitationally assisted
one.

The next step should be to fit the specific astrophysical
predictions of the above theory with current observational
data (for a recent summary and comparison of such data
from various sources, see [36]), which ought to be modified
accordingly, as most of them are derived under the (often
implicit) assumption that standard general relativity is
correct. One immediate possibility is to study the pertur-
bation structure in close analogy with what has been

done for F �R�-gravity [19,37]. This will be reported
elsewhere.
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APPENDIX

Having in mind the importance of spherically symmetric
BH solutions in gravity theories, let us consider the possi-
bility that F�G;R�-gravity has the Schwarzschild black
hole solution:

ds2 � �e2dt2 � e�2dr2 � r2d�2
2; e2 � 1� r0

r
;

(A1)

For simplicity, we consider the vacuum case (T� � 0) and
concentrate on the model (18). Then, by multiplying g�
with (12) for the action (18), we find

0 � 1

2�2
R� 2f�G� � 2f0�G�R2 � 4f0�G�R��R��

� 2f0�G�R����R���� � 4f0�G�R�R�
� 2�r2f0�G��R� 4�rr�f0�G��R�: (A2)

In the case of the Schwarzschild black hole (A1), one has

R � R� � 0; G � R���R
��� � 12r20

r6
: (A3)

Then, Eq. (A2) is reduced to be

0 � f�G� � Gf0�G�; (A4)

which gives

f�G� � f0G; (A5)

with a constant f0. Since G is a total derivative, one can
drop f�G� in (10) with (18) for (A5). Hence, the
Schwarzschild black hole geometry is not a solution for a
nontrivial f�G�-gravity which justifies our interest for SdS
BH in Sec. III as for the spherically symmetric solution of
the above f�G� theory. Note that a theory of this sort may
contain a Schwarzschild solution in higher dimensions,
where G is not a topological invariant (for a recent
example, see [38]). It should be also stressed that modi-
fied gravity of the F�G;R� form containing more compli-
cated R-dependent terms might admit the standard
Schwarzschild black hole solution.
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Abstract

It is shown that phantom scalar models can be mapped into a mathematically equivalent, modified F(R) gravity, which turns out to be complex,
in general. Only for even scalar potentials is the ensuing modified gravity real. It is also demonstrated that, even in this case, modified gravity
becomes complex at the region where the original phantom dark energy theory develops a Big Rip singularity. A number of explicit examples are
presented which show that these two theories are not completely equivalent, from the physical viewpoint. This basically owes to the fact that the
physical metric in both theories differ in a time-dependent conformal factor. As a result, an FRW accelerating solution, or FRW instanton, in the
scalar–tensor theory may look as a decelerating FRW solution, or a non-instantonic one, in the corresponding modified gravity theory.
© 2007 Elsevier B.V. All rights reserved.

PACS: 11.25.-w; 95.36.+x; 98.80.-k

1. Introduction

The explanation of the origin of dark energy and the precise
description of the cosmological structure of the currently accel-
erating universe are fundamental challenges of modern cosmol-
ogy. A good amount of observational data indicate quite clearly
that the present universe may already be, or may soon enter,
in a so-called phantom or superacceleration era, with an effec-
tive equation of state parameter w slightly less than −1 (for a
recent discussion on phantom-favoring observational data, see
[1]). The simplest possibility to realize this phantom dark en-
ergy era is based on the introduction of a phantom scalar, i.e. a
scalar field with negative kinetic energy (for a recent discussion
of scalar phantom cosmology, see [2] and references therein).
The fundamental property of such a phantom field in the accel-

* Corresponding author.
E-mail addresses: elizalde@ieec.uab.es (E. Elizalde),

nojiri@phys.nagoya-u.ac.jp (S. Nojiri), odintsov@ieec.uab.es (S.D. Odintsov).
1 Also at TSPU, Tomsk, Russia.

erating FRW universe is the appearance of a finite-time future
singularity (Big Rip) [3] of the scale factor. Moreover, a phan-
tom scalar with negative kinetic energy leads to a number of
instabilities and it is unwanted from a physical point of view.

In a situation like that, it is quite natural to search for other
theories, without negative kinetic energy, which may also lead
in a quite natural way to an effective phantom era. A rather
straightforward possibility is modified gravity (for a recent re-
view, see [4]), where indeed an effective phantom phase can
be realized without a scalar phantom. It seems clear that the
same phantom era can be alternatively described by modified
gravity, by a phantom with some specific scalar potential, by a
phantom-like ideal fluid, etc. Hence, it is important to investi-
gate the relation between phantom scalar models and modified
gravity, with the final aim to clarify what the different proper-
ties of both theories are.

It is known already that F(R) modified gravity can be al-
ways presented under the mathematically-equivalent form of a
(canonical) scalar–tensor theory, but this could not be proven
for the scalar phantom one. In the present Letter we will show

0370-2693/$ – see front matter © 2007 Elsevier B.V. All rights reserved.
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that any scalar phantom theory can be always represented as a
modified F(R) gravity which is, generally speaking, complex
but that for some potentials may be real. The class of phantom
theories leading to real modified gravities will be investigated
in some detail.

Before going on, it must be pointed out that, in spite of the
mathematical equivalence of these two theories, they are not
physically equivalent. This is due to the fact that the physical
metric—which is to be fitted against the observational data—is
different in both theories, owing to the appearance of a confor-
mal factor in the process of transforming one theory into the
other. As a result, an FRW instanton in one version is not nec-
essarily an instanton in the (mathematically) equivalent theory,
or an accelerating FRW cosmological solution in the scalar–
tensor theory may result into a decelerating FRW universe, in
the corresponding version of modified gravity. One must be
very careful in analyzing all these possibilities. Furthermore,
the origin of the Big Rip singularity will be hereby clarified,
following the mapping of the phantom phase into real, modi-
fied gravity: the phantom Big Rip will precisely correspond to
the region of modified gravity where it becomes complex.

2. The phantom scalar as (complex) modified gravity

Using a complex conformal transformation, we will show in
this section how the phantom scalar can be represented as an
equivalent modified gravity theory. The starting action for the
scalar–tensor theory will be given by

(1)S =
∫

d4x
√

−g′
{

R′

2κ2
∓ 1

2
∂μϕ∂μϕ − V (ϕ)

}
,

where V (ϕ) is a potential of the scalar field ϕ and R′ is the
scalar curvature corresponding to the metric tensor gμν . In the
above expression, the sign in front of the kinetic term is +
(−) for the case that the scalar field ϕ is a phantom (canoni-
cal scalar). In [5] it has been shown that, in the non-phantom
case, the scalar–tensor theory can be mapped—using a confor-
mal transformation of the metric tensor—to modified gravity
(for a general review of this procedure, see [4]). The relation
between the two theories has been investigated with care. Math-
ematically, the two are equivalent but physically there are cer-
tain non-equivalency issues [5–7]. They are related with the
fact that the physical metric that has to fit the observational
data in the two theories is different (due to the conformal fac-
tor). For instance, some accelerating FRW universe solution of
the scalar–tensor theory may well correspond to a decelerating
FRW universe in the equivalent, modified gravity formulation
(see some examples in [7]). Under these circumstances, if it
turns out that the cosmological parameters are well fitted from
the ones of the scalar–tensor theory, or either from those of
modified gravity, it is this well behaved corresponding theory
the one which will better describe our current accelerating uni-
verse. Note also that there was recent discussion [8] indicating
that some versions of F(R) gravity may have problems with
Solar System tests. We will not discuss different points of view
on this problem here.

A non-trivial problem occurs when a conformal transforma-
tion is used for the phantom case. Indeed, a real conformal
transformation on the metric tensor of the type used in [5],

g′
μν = e±κϕ

√
2
3 gμν , can cancel the kinetic term of the scalar field

in the non-phantom case only. In order to solve this problem,
we here suggest to use a complex conformal transformation
which will lead to a (generally speaking, complex) modified
F(R) gravity.

From now on, we will restrict our discussion to the phan-
tom scalar. To start, one can repeat step by step the calculations
made in [5] by using a complex conformal transformation given
by

(2)g′
μν = e±iκϕ

√
2
3 gμν.

Using it in (1), one arrives at

(3)S =
∫

d4x
√−g

{
e±iκϕ

√
2
3 R

2κ2
− e±i2κϕ

√
2
3 V (ϕ)

}
,

where the kinetic term of the scalar field disappears. Now, the
scalar ϕ is just an auxiliary field and can be expressed in terms
of the scalar curvature as ϕ = ϕ(R), by using the equation of
motion

(4)R = e±iκϕ

√
2
3
(
4κ2V (ϕ) ∓ i

√
6κV ′(ϕ)

)
.

Hence, the scalar–tensor action appears under the form of F(R)

gravity:

(5)S =
∫

d4x
√−gF(R).

Here the function F(R) is given by the expression

(6)F(R) ≡ e±iκϕ

√
2
3

R

2κ2
− e±i2κϕ

√
2
3 V (ϕ).

Note that, generally speaking, the curvature and the action it-
self can easily become complex, as they may contain a non-zero
imaginary part after performing the complex conformal trans-
formation. This fact indicates to known physical problems of
phantom from another side.

Let us consider the simple example where the potential is
given by

(7)V (ϕ) = V0eakϕ .

Then, we find

(8)R = 2κ2V0

(
2 ∓ i

√
3

2
a

)
eκϕ(R)

(
a±i

√
2
3
)
,

and

(9)

F(R) = V0

(
1 ∓ ia

√
3

2

)(
R

2κ2V0
(
2 ∓ ia

√
3
2

)
) a±2i

√
2
3

a±i

√
2
3

(1+2nπi)

.

As is clear from (4), if the scalar field ϕ is real, the scalar
curvature R will not be always real. In order for R to be real,
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the following condition should be fulfilled

eiκϕ

√
2
3
(
4κ2V (ϕ) − i

√
6κV ′(ϕ)

)
(10)= e−iκϕ

√
2
3
(
4κ2V (ϕ) + i

√
6κV ′(ϕ)

)
,

which is satisfied for a potential like

(11)V (ϕ) = V0

cos
(
κϕ

√
2
3

) .
Except for the case (11), the curvature R in (4) is not real

for real ϕ. There still could be, however, the possibility that,
after formally solving (4) with respect to ϕ, if we substitute the
expression into (3), the resulting action might be real. Let us
assume that the potential V (ϕ) contains only even powers of
ϕ, and write this potential as V (ϕ) = U(ϕ2). This is a typical
situation in quantum field theory (note that some properties of
the phantom are indeed similar to those of a QFT, as was shown
in [9], while quantum effects may render an effective phantom
cosmology [10]). Since Eq. (4) can be rewritten as

(12)R = e±iκϕ

√
2
3
(
4κ2U

(
ϕ2)∓ i2

√
6κU ′(ϕ2)ϕ),

this tells us that ϕ is pure imaginary, if R is real. Then, from
the expression of (6), we find that the action (5) is indeed real.
As ϕ is purely imaginary, we can write it as ϕ = iφ and use the
real field φ. Then, even if we start with the plus sign in front of
the kinetic term of the scalar field, in (1)—which corresponds
to a phantom—it turns out that

(13)S =
∫

d4x
√

−g′
{

R′

2κ2
− 1

2
∂μφ∂μφ − U

(−φ2)},

which corresponds to a non-phantom theory. Therefore, even if
we started with a phantom theory, in order that the F(R) grav-
ity action could be real, the corresponding scalar–tensor theory
reduces to a non-phantom theory, except for the case (11). We
should note, however, that in the action (13), by analytic con-
tinuation, the potential becomes sometimes negative, as we will
see later. This might be taken as a footprint of the original phan-
tom nature of the theory. One further remark is in order. Some
time ago complex general relativity attracted considerable inter-
est, for different reason. In any case, if one starts with complex
modified gravity where the whole imaginary part of the metric
may be included into the conformal factor, then by an inverse
transformation, such complex modified gravity can be mapped
into a phantom scalar–tensor theory.

The next simple example is the model of a massive phantom
and a cosmological constant:

(14)S =
∫

d4x
√

−g′
{

R′

2κ2
+ 1

2
∂μϕ∂μϕ − 2α2

κ2
− 6α2ϕ2

}
.

Here α is a constant. A cosmological solution is given by

(15)a = a0eα2t2
, ϕ = 2αt

κ
.

Since Ḣ = 2α2 > 0, the solution (15) actually expresses a
super-accelerated (phantom) expanding (if t > 0) universe. For

the potential (14), Eq. (4) tells us that ϕ is purely imaginary. In
fact, when we define φ = −iϕ, Eq. (4) becomes real

(16)R = e∓κφ
(
8α2(1 − 3κ2φ2)± 12

√
6α2κφ

)
,

and can be solved as φ = φ(R), and then we have the following
F(R) theory, from (6),

(17)

F(R) = e∓iκϕ
√

2/3R

2κ2
− 2α2e∓2

√
2/3iκφ(R)(1 − 3κ2φ(R)2)

κ2
.

By inversely transforming the F(R) gravity into the scalar–
tensor theory, with the usual procedure, instead of (14), one
obtains

(18)S =
∫

d4x
√

−g′
{

R′

2κ2
− 1

2
∂μφ∂μφ − 2α2

κ2
+ 6α2φ2

}
.

As the mass is negative, the scalar field is a tachyon. The action
does not yield the same solution as (15), but if we Wick-rotate
the time-coordinate t as t → iτ , we obtain the Euclidean solu-
tion

(19)a = a0e−α2τ2
, φ = 2ατ

κ
.

We should point out that, in F(R) gravity, owing to the scale
transformation (2), the metric looks rather different

ds2
F(R) = e±iκϕ

√
2
3

(
dτ 2 + a(τ)2

3∑
i=1

(
dxi
)2)

(20)= dτ̃ 2 + 2a2
0α2τ̃ 2

3
e− 3

2
(
ln
(∓√ 2

3 ατ̃
))2 3∑

i=1

(
dxi
)2

.

Here

(21)τ̃ ≡ ∓
√

3

2

e∓
√

2
3 ατ

3
.

The metric (20) has a conical singularity unless

(22)2a2
0α2 = 3.

The third example is

(23)

S =
∫

d4x
√

−g′
{

R′

2κ2
+ 1

2
∂μϕ∂μϕ − V0 cos

(
κϕ

√
2

3

)}
.

By solving (4), we find

(24)e±2iκϕ
√

2/3 = −3 + R

V0κ2
,

and therefore ϕ is clearly imaginary. The corresponding F(R)

gravity (6) is given by

(25)F(R) = V0

√
−3 + R

V0κ2
.

Since ϕ is imaginary, by putting ϕ = −iφ, the action (23) ac-
quires the following form:
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(26)

S =
∫

d4x
√

−g′
{

R′

2κ2
− 1

2
∂μφ∂μφ − V0 cosh

(
κφ

√
2

3

)}
,

which can be also obtained by inversely transforming the F(R)

gravity (25) into the scalar–tensor theory with the above proce-
dure. In (26), when |φ| is large, the action behaves as

(27)S ∼
∫

d4x
√

−g′
{

R′

2κ2
− 1

2
∂μφ∂μφ − V0

2
eκ|φ|

√
2
3

}
.

Hence, we have a solution like

(28)φ ∼ κ

√
2

3
ln

∣∣∣∣ tt1
∣∣∣∣, H = 3

t
, t1 ≡ 48

κ2V0
.

Since from Eq. (24) it follows that

(29)R = V0κ
2(3 + e2κφ

√
2
3
)
,

we find R → 3V0κ
2 or R → +∞ when |φ| → ∞.

Thus, we have shown that a phantom scalar may be always
mapped into complex modified gravity. In cases of an even
scalar potential, the corresponding, equivalent modified grav-
ity is real.

3. The Big Rip singularity: phantom versus modified
gravity

In the present section we will compare what happens in the
phantom scalar–tensor theory and in modified gravity when a
finite-time singularity (Big Rip) appears in either of these theo-
ries. Let us consider the following example

(30)S =
∫

d4x
√

−g′
{

R′

2κ2
+ 1

2
∂μϕ∂μϕ − V0 cosh

(
2

ϕ

ϕ0

)}
.

Since V0 cosh(2 ϕ
ϕ0

) ∼ V0
2 e2|ϕ|/ϕ0 , when ϕ is large, we have the

following asymptotic solution

ϕ ∼ ϕ0 ln

∣∣∣∣ t0 − t

t1

∣∣∣∣, H ∼ κ2ϕ2
0

4(t0 − t)
,

(31)t2
1 ≡ ϕ2

0

(
1 + 3κ2ϕ0

4

)
v0

,

which exhibits a Big Rip singularity [3] at t = t0 (for the clas-
sification of future, finite-time singularities, see [11]). Hence,
Eq. (4) yields

R = e±iκϕ

√
2
3

(
4κ2 cosh

2ϕ

ϕ0
∓ i

2
√

6κ

ϕ0
sinh

2ϕ

ϕ0

)

(32)= e∓κφ

√
2
3

(
4κ2 cos

2φ

ϕ0
∓ 2

√
6κ

ϕ0
sin

2φ

ϕ0

)
.

Solving (32) with respect to iϕ or φ and using (5) and (6), we
obtain an F(R) gravity. Since the Big Rip singularity corre-
sponds to |ϕ| → ∞, the scalar curvature (32) in F(R) grav-
ity becomes complex and large as in (8). In particular, when
φ → +∞, one finds

(33)R ∝ e
(±iκ

√
2
3 + 2

ϕ0

)
ϕ
,

which gives a complex F(R) theory with

(34)F(R) ∝ R

2−
2
ϕ0

±iκ

√
2
3 + 2

ϕ0 .

Therefore, there is no solution in the corresponding F(R) grav-
ity which could be also obtained from a non-phantom theory

(35)S =
∫

d4x
√

−g′
{

R′

2κ2
− 1

2
∂μφ∂μφ − V0 cos

(
2

φ

ϕ0

)}
.

The point corresponding to the Big Rip singularity only ap-
pears when φ is analytically continued to be imaginary. This
clearly demonstrates the physical non-equivalence between the
phantom and the corresponding modified gravity theories: even
when the (phantom) scalar–tensor theory can be mapped into a
real F(R) gravity, the FRW accelerating solution of the scalar–
tensor theory might be mapped into the corresponding FRW
solution in the F(R) theory only partially. When the scalar–
tensor FRW metric becomes singular (the Big Rip occurs) the
equivalent F(R) gravity becomes complex and the singularity
does not show up. This is a quite general situation in the ex-
amples we have discussed. Nevertheless, one may also expect
that in some specific cases the transformation of the scalar–
tensor theory into modified F(R) gravity may become singular
precisely at the point where the Big Rip occurs. The generic
conclusion is that when the phantom Big Rip occurs, there is no
possibility to transform the Big Rip region of the scalar–tensor
theory to a reliable (real) modified gravity sector.

Conversely, the Big Rip singularity can occur even in F(R)

gravity, for instance, if [4]

(36)F(R) = f0eR/6H 2
0 ,

with constant f0 and H0 [4]. We now consider what could oc-
cur in the corresponding scalar–tensor theory. Let us rewrite the
general action of F(R) gravity (5) as a scalar–tensor theory. By
introducing the auxiliary fields, A and B , one can rewrite the
action (5) as follows

(37)S =
∫

d4x
√−g

[
1

κ2

{
B(R − A) + F(A)

}]
.

Then, one is able to eliminate B , to obtain

(38)S =
∫

d4x
√−g

[
1

κ2

{
F ′(A)(R − A) + F(A)

}]
,

and using the conformal transformation gμν → eσ gμν (σ =
− lnF ′(A)), the action (38) can be rewritten as the Einstein-
frame action

(39)SE =
∫

d4x
√−g

[
1

κ2

(
R − 3

2
gρσ ∂ρσ∂σ σ − V (σ)

)]
.

Here,

(40)

V (σ) = eσ G
(
e−σ

)− e2σ f
(
G
(
e−σ

))= A

F ′(A)
− F(A)

F ′(A)2
.

The action (38) is called the Jordan-frame action (a recent com-
parison of the equivalence between the Einstein and the Jordan
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frames can be found in [12]). If we identify ϕ =
√

3σ/κ , we ob-
tain the action of the scalar–tensor theory (1). The action thus
obtained is not the phantom one, since the scalar field in (40)
has a canonical kinetic term. Near the Big Rip singularity, the
scalar curvature in F(R) gravity becomes large and then, for
the model (36), we find σ ∝ −R/6H 2

0 . As a consequence, σ

becomes negative and large, and the potential V (σ) → 0.
When F(R) behaves as F(R) ∼ R−n, the scalar factor be-

haves as

(41)a ∼ (t0 − t)
(n+1)(2n+1)

n+2 .

Thus, when n < −2 or −1 < n < −1/2, a singularity of the Big
Rip type can appear at t = t0. In this case, we find

(42)σ ∼ (n + 1) lnR ∼ −2(n + 1) ln(t0 − t),

since

(43)R ∼ 6(n + 1)(2n + 1)(4n + 5)n

(n + 2)2(t0 − t)2
.

Then, in the corresponding scalar–tensor theory, the time co-
ordinate t̃ could be given by dt̃ = ±eσ dt ∼ ±(t0 − t)n+1 dt ,
that is t̃ = ±(t0 − t)n+2. Therefore, when n < −2, t → t0
corresponds to t → ±∞. As a consequence, the singularity
changes its structure: it does not appear in finite time for the
scalar–tensor theory. On the other hand, when n > −2, t → t0
corresponds to t → 0. We also find that the metric in the scalar–
tensor theory behaves as

ds2
ST = eσ

(
−dt2 + a(t)2

∑
i=1,2,3

(
dxi
)2)

∼ −dt̃ 2 + ã(t)2
∑

i=1,2,3

(
dxi
)2

,

(44)ã(t)2 ∼ a2
0 t̃

(n+1)(2n+5)

(n+2)2 ,

with a constant a0. Since in the case −1 < n < −1/2, a(t)2 →
0 when t̃ → 0, the Big Rip singularity could be replaced with a
Big Crunch, where the universe shrinks indefinitely.

Hence, the Big Rip singularity which may occur in some
versions of F(R) gravity may change its structure in the equiv-
alent, scalar–tensor theory. Either it goes to the infinite past or
future (n < −2), or the Big Rip singularity is replaced with a
Big Crunch singularity (−1 < n < −1/2) in the corresponding
scalar–tensor theory. Thus, generically, there is in fact a mathe-
matical equivalence between the phantom scalar–tensor theory
and the corresponding modified gravity, the Big Rip singularity
region being then the part of the solution where physical equiv-
alence is lost. This may be due to the actual non-existence of
one of the corresponding theories precisely in this region, or
either to a total change of the structure and properties of the
singularity.

4. The FRW instanton with a spatially non-flat metric both
in the phantom theory and in modified gravity

In Section 2 we have studied the analytic continuation of the
phantom scalar field, while in [13], the reconstruction scenario

for the scalar–tensor theory was considered. In this formula-
tion the scalar field is identified with the time coordinate. As
we analytically continue the scalar field to pure imaginary val-
ues (Section 2), the time coordinate could be also analytically
continued. Then one could obtain a kind of an instanton so-
lution. In [13], only the case that the spatial part is flat was
considered, since the spatial part of the observed universe is
approximately flat. In order to obtain a finite action for the in-
stanton solution, however, we may consider the case when the
spatial part is spherical. But even if the spatial part is flat or a
hyperboloid, dividing the manifold by using a discrete group,
we can also obtain a finite action. In either way, we are able to
extend the formulation of [13] to the (phantom) case when the
spatial part is not flat

(45)ds2 = −dt2 + a(t)2 dΩ2.

Here dΩ2 is the metric of either the three-dimensional flat
space, the hyperboloid, or the sphere with unit radius. The ac-
tion of the scalar–tensor theory is chosen to be

(46)S =
∫

d4x
√−g

{
R

2κ2
− 1

2
ω(ϕ)∂μφ∂μφ − V (φ)

}
.

By assuming that the scalar field ϕ only depends on time, the
FRW equations give

0 = − 3

κ2
+ 1

2
ωφφ̇2 + V (φ) − 3k

2κ2a2
,

(47)0 = 1

κ2

(
Ḣ + 3H 2)+ 1

2
ωφφ̇2 − V (φ) + k

2κ2a2
.

If dΩ2 in (45) is the metric of the sphere, we have k = 2, if
it corresponds to a hyperboloid, k = −2, and in the flat case
k = 0. Since there is freedom in redefining the scalar field φ,
we may choose φ = t . Then, we obtain

ω(φ) = − 2

κ2
Ḣ + k

κ2a2
,

(48)V (φ) = 1

κ2

(
Ḣ + 3H 2)+ k

κ2a2
.

As a consequence, if we consider the model where ω(φ) and
V (φ) are given by

ω(φ) = − 2

κ2
g′′(φ) + ke−2g(φ)

κ2a2
0

,

(49)V (φ) = 1

κ2

(
g′′(φ) + 3g′(φ)2)+ ke−2g(φ)

κ2a2
0

,

there is the following solution

(50)φ = t, H = g′(t)
(
a = a0eg(t)

)
.

First we consider a special (and trivial) example with k = 2
(sphere):

(51)g(φ) = ln cosh
φ

a0
.

Then by using (50), we find that the metric is given by

(52)ds2 = −dt2 + a0 cosh
t

a0
dΩ2,
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which is nothing but the metric of de Sitter space. In fact, (48)
yields

(53)ω(φ) = 0, V (φ) = 3

a2
0κ2

.

Therefore, the scalar field φ does not appear in this action (46),
there only appears the cosmological term, where the cosmolog-
ical constant is given by V in (53). As well known, by Wick-
rotating the time coordinate t by t → ia0τ , the metric (52) is
transformed into the metric of the sphere with radius a0:

(54)ds2 = a2
0

(
dτ 2 + cos2 τ dΩ2).

The solution (54) can be regarded as an instanton.
Let us consider the second non-trivial example, again when

k = 2:

(55)g(t) = ln

{
1

2

(
1 + t2

a2
0

)}
,

which gives

ω(φ) = 4

κ2a2
0

(
1 + φ2

a2
0

)−2

,

(56)V (φ) = 10

a0κ2

(
1 + φ2

a2
0

)−1

.

Eq. (55) tells us that

(57)a(t) = a0

2

(
1 + t2

a2
0

)2

.

We may analyticaly continue the scalar field φ as φ = iρ, which
gives

ω(ρ) = 4

κ2a2
0

(
1 − ρ2

a2
0

)−2

,

(58)V (ρ) = 10

a0κ2

(
1 − ρ2

a2
0

)−1

.

In the Euclidean signature, t = iτ , the scalar–tensor theory
leads to the following metric, instead of (57),

(59)ds2 = dτ 2 + a0

2

(
1 − τ 2

a2
0

)2

dΩ2.

This metric seems to be singular when τ → ±a0. Since the met-
ric behaves as

(60)ds2 ∼ dτ 2 + (τ − a0)
2 dΩ2,

when τ → −a0 and

(61)ds2 ∼ dτ 2 + (a0 − τ)2 dΩ2,

when τ → a0, there is no conical singularity when τ → ±a0.
Therefore, this metric (59) corresponds to the instanton.

By changing the scalar field φ to φ̃ as

(62)φ = a0 tan

(
κ

2
φ̃

)
,

Eqs. (58) yield the following action

(63)

S =
∫

d4x
√−g

{
R

2κ2
− 1

2
∂μφ̃∂μφ̃ − 10

a2
0κ2

cos2
(

κ

2
φ̃

)}
,

and by analytic continuation of φ̃ as φ̃ = iϕ, the action is trans-
formed into

(64)

S =
∫

d4x
√−g

{
R

2κ2
+ 1

2
∂μϕ∂μϕ − 10

a2
0κ2

cosh2
(

κ

2
ϕ

)}
,

which corresponds to a phantom field. Since, from (62)

(65)ρ = a0 tanh

(
κ

2
ϕ

)
,

the action (64) gives the metric in (59). If we start with the ac-
tion (56), Eqs. (4) and (6) lead to a corresponding F(R) gravity
theory. Even if we start with the action (63), we obtain the same
F(R) gravity action. More explicitly, Eq. (4) gives

(66)R = 20e±κφ̃

√
2
3

a2
0

(
2 cos(κφ̃) + 2 ∓

√
3

2
sin(κφ̃)

)
.

In F(R) gravity, the Lorentz-signature metric has the following
form:

(67)ds2
F(R) = e

∓i

√
2
3 ln

( a0+it

a0−it

)(
−dt2 + a0

2

(
1 + t2

a2
0

)2

dΩ2
)

,

which seems difficult to continue analytically in the Euclidean
signature.

All the above shows that the properties of the Euclidean-
signature solution in F(R) gravity are quite different from those
in the corresponding (phantom) scalar–tensor theory. There-
fore, this indicates again a certain physical non-equivalence
of F(R) gravity as compared to the corresponding (phantom)
scalar–tensor theory. Note also that the conclusions of the pre-
vious section about the Big Rip singularity do not change for
the case of the spatially non-flat FRW universe.

5. Discussion

In summary, we have here demonstrated that any phantom
scalar theory can be mapped into a mathematically equiva-
lent one, which is a complex modified gravity. The fact that
the mathematically-equivalent theory is complex can be taken,
generically speaking, as an indication of some problems (al-
ready well known in fact) concerning the physical properties of
the phantom field.

For even scalar potentials, the ensuing modified gravity turns
out to be real. Nevertheless, even in this case it becomes com-
plex in the region where the scale factor develops the well-
known Big Rip singularity. Thus, the correspondence we have
unveiled helps a lot to clarify the origin of the Big Rip singular-
ity.

From a different perspective, we have also seen that, when
some version of F(R) gravity develops an effectively phan-
tom universe, with a possible future Big Rip, the corresponding
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scalar–tensor theory is not a phantom one. Moreover, the struc-
ture of the Big Rip in the modified gravity changes to some
other type of singularity in the scalar–tensor theory: it usually
becomes an infinite-time one or has a totally different nature.
Even a transmutation from a Big Rip to a Big Crunch singular-
ity is possible.

As a final remark, let us recall the known fact that any
(canonical or phantom) scalar–tensor theory can be presented,
in an equivalent form, as a fluid obeying some equation of state.
This equivalence can then easily be extended to modified grav-
ity [5]. As a result, using our connection here, an ideal fluid
phantom dark energy model might be also presented as modi-
fied F(R) gravity, and the comparison of the properties of both
theories is to be performed in a way similar to what we have
done in this work.
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Abstract

Six-dimensional Einstein–Gauss–Bonnet gravity (with a linear Gauss–Bonnet term) is investigated. This theory is inspired by basic features of
results coming from string and M-theory. Dynamical compactification is carried out and it is seen that a four-dimensional accelerating FRW uni-
verse is recovered, when the two-dimensional internal space radius shrinks. A non-perturbative structure of the corresponding theory is identified
which has either three or one stable fixed points, depending on the Gauss–Bonnet coupling being positive or negative. A much richer structure
than in the case of the perturbative regime of the dynamical compactification recently studied by Andrew, Bolen, and Middleton is exhibited.
© 2006 Elsevier B.V. All rights reserved.

PACS: 98.80.-k; 98.80.Es; 97.60.Bw; 98.70.Dk

1. Introduction

To realize that the expansion of the universe is accelerating
was one of the most important scientific discoveries of the last
century. There are several alternative explanations of this re-
markable fact (what already means that it is not well understood
yet). A quite appealing possibility for the gravitational origin
of the dark energy responsible for this accelerated expansion is
the modification of general relativity (GR) or the corresponding
Einsteinian gravity (see [1] for a review of these approaches).
Such a well-established and successful theory cannot be modi-
fied without a very good reason, and much less in an arbitrary
way. But observe that there is no compelling reason why stan-
dard GR should be trusted at cosmological scales. For a rather
minimal modification of the same, one assumes that the gravita-

* Corresponding author.
E-mail addresses: elizalde@ieec.uab.es, elizalde@math.mit.edu

(E. Elizalde), andre@tspu.edu.ru (A.N. Makarenko), obukhov@tspu.edu.ru
(V.V. Obukhov), osetrin@tspu.edu.ru (K.E. Osetrin).

1 Presently on leave at Department of Physics & Astronomy, Dartmouth Col-
lege, 6127 Wilder Laboratory, Hanover, NH 03755, USA.

tional action might contain some additional terms which would
start to grow slowly with decreasing curvature. A particularly
interesting formulation is obtained by using well-grounded geo-
metrical arguments, specifically when the modified gravity ac-
tion is endowed with a function of the Gauss–Bonnet (GB)
topological invariant, G, as it was suggested in [2].

It must be noted that different types of dark energy may
actually show up in different ways, at large distances. Cold
dark matter is known to be localized near galaxy clusters but,
quite on the contrary, dark energy distributes uniformly in the
universe. The reason for that behavior could be explained by
a difference in the equation of state parameter w = p/ρ. More-
over, the effect of gravity on the cosmological fluid turns out to
depend on w and it so happens that, even when −1 < w < 0,
gravity can act sometimes as a repulsive force. The effect of
gravity on matter with −1 < w < 0 can be shown to be opposite
to that on usual matter, which becomes dense near a star, while
matter with −1 < w < 0 becomes less dense when approach-
ing a star [2]. Dark energy contributes uniformly throughout
the universe, which would be indeed consistent, since the equa-
tion of state parameter of dark energy is almost −1. If dark
energy is of phantom nature (w < −1), its density becomes

0370-2693/$ – see front matter © 2006 Elsevier B.V. All rights reserved.
doi:10.1016/j.physletb.2006.11.031
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large near the cluster but if dark energy is of quintessence type
(−1 < w < −1/3), then its density becomes smaller.

Another very important argument in favor of the GB mod-
ified theory is the fact that it can be seen as being inspired by
string and/or M-theory [3]. In fact, specific models for string-
inspired scalar GB gravity, considered as possible forms of dark
energy, have been discussed in [4] and [5]. It was subsequently
shown in [6], that scalar GB gravity can actually be represented
as a modified GB gravity without scalars, and specifically that it
can be equivalent to an ideal fluid with an homogeneous equa-
tion of state [7].

In the present Letter we will study the case of 6-dimensional
Einstein GB gravity, with a linear GB term. As already ad-
vanced, this situation is quite interesting, since the theory that
we will thereby obtain can be shown to be inspired by what is
derived from string/M-theory, after some specific compactifica-
tion is carried out, when the scale factor of the 2-dimensional
internal space goes to zero. In the course of our study we will
discover a non-perturbative structure of the corresponding the-
ory with either three (for positive GB coupling, ε) or one (for
negative GB coupling) stable fixed points. This will exhibit
a much richer structure than the one that follows from the case
of the perturbative regime of the dynamical compactification
recently studied by Andrew et al. [8].

2. Dynamical compactification of 6-dimensional
Einstein–Gauss–Bonnet gravity

We shall start from the following, string-inspired action in
six dimensions

(1)S =
∫

d6x
√−g(R + εLGB),

where ε is a constant, and the metric is the product of the usual
metric corresponding to the 4-dimensional FRW universe and
a 2-dimensional surface, namely

ds2 = −dt2 + a2(t)
[(

dx1)2 + (dx2)2 + (dx3)2]
(2)+ b2(t)

[(
dx4)2 + (dx5)2],

the scalar curvature is

(3)R = 6ȧ2

a2
+ 12ȧḃ

ab
+ 2ḃ2

b2
+ 6ä

a
+ 4b̈

b
,

while the four-dimensional and topologically invariant Gauss–
Bonnet Lagrangian, LGB, has the form

LGB = 48ȧ3ḃ

a3b
+ 72ȧ2ḃ2

a2b2
+ 24ȧ2ä

a3
+ 96ȧäḃ

a2b
+ 24äḃ2

ab2

(4)+ 48ȧ2b̈

a2b
+ 48ȧḃb̈

ab2
,

or, equivalently,

LGB = 24

a3b2

(
2ȧ3bḃ + 3aȧ2ḃ2 + ȧ2äb2 + 4aȧäbḃ

(5)+ a2äḃ2 + 2aȧ2bb̈ + 2a2ȧḃb̈
)
.

Note that, unlike the six-dimensional compactification case of
Elizalde et al. [9], the theory under consideration is not mul-
tiplicatively renormalizable. The corresponding equations of
motion are obtained by variation of the action with respect to a

and b, what yields

ȧ2b2 + 4aȧbḃ + a2ḃ2 + 2aäb2 + 2a2bb̈ + 12εȧ2ḃ2

+ 16εȧäbḃ + 8εaäḃ2 + 8εȧ2bb̈ + 16εaȧḃb̈ = 0,

3aȧ2b + 3a2ȧḃ + 3a2äb + a3b̈ + 12εȧ3ḃ + 12εȧ2äb

(6)+ 24εaȧäḃ + 12εaȧ2b̈ = 0.

These equations can be easily rewritten in terms of the Hubble
rates H = a′/a and h = b′/b, namely

3h2 + 4hH + 3H 2 + 2ḣ + 2Ḣ + 16εh3H + 28εh2H 2

+ 16εhH 3 + 16εhḣH + 8εḣH 2 + 8εh2Ḣ

+ 16εhHḢ = 0,

h2 + 3hH + 6H 2 + ḣ + 3Ḣ + 12εh2H 2 + 36εhH 3

(7)+ 12εH 4 + 12εḣH 2 + 24εhHḢ + 12εH 2Ḣ = 0.

In addition, variation over the metric in the above expressions
gives the constraint equation

(8)h2 + 6hH + 3H 2 + 36εh2H 2 + 24εhH 3 = 0.

This equation helps to exclude h and h′ from Eqs. (7). As a re-
sult, one gets an equation for H only:

H ′ = 3H 2[√6 + 4G + ε(−22
√

6 + 64G)H 2

− 24ε2(9
√

6 − 52G)H 4 + 96ε3(17
√

6 + 12G)H 6

− 8064
√

6ε4H 8]
× [√6 − 12ε(

√
6 + 16G)H 2 + 72ε2(3

√
6 − 32G)H 4

(9)− 2880
√

6ε3H 6 + 31104
√

6ε4H 8]−1
,

where

(10)G =
√

1 − 6εH 2 + 24ε2H 4.

One can check that this last equation obeys the fundamental
relation (for ε > 0):

(11)H ′ = H 2(H 2 − p2)

(H 2 − q2)(H 2 − r2)
f (H),

where p, q and r are constants, and the function f (H) < 0. We
start now with its numerical analysis.

3. First case: ε > 0

It leads to the following values of the constants, corre-
sponding to constant curvatures in the 4-dimensional and 2-
dimensional spaces:

p0 ≈ 0,7501/
√

ε, q0 ≈ 0,4842/
√

ε,

(12)r0 ≈ 0,1023/
√

ε.

Note that p0 is a stable fixed point while q0 and r0 are singular
points. It turns out then, that the initial values of H(t) can be
classified as belonging to four different regions, which are de-
limited by these values of p0, q0 and r0. The behavior of H(t)

in each of these regions can differ considerably, from one to the
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(a) (b)

(c) (d)

Fig. 1.

other. We will now consider the different possibilities in detail.
The four different cases corresponding to ε > 0 are as follows.

3.1. Case 0 < H(0) < r0, then H ′ > 0, when H → q0,
and in the limit it turns out that H ′ → +∞. Thus, at H = q0
a singularity develops, Figs. 1(a), (b) (for a classification of the
different types of future singularities, see e.g. [10]).

Using Eq. (8), we obtain the form of h(t) and h′(h),
Figs. 1(c), (d) (remember that h = ḃ/b).

We see that in this case the resulting FRW universe expands
with acceleration while the compactification radius of the extra-
dimensional space decreases with time. This indicates that the
higher-dimensional GB term can indeed play the role of dark
energy in this universe. As is the cases in the majority of the
dark energy models currently available, a future singularity oc-
curs.

3.2. Case r0 < H(0) < q0, then H ′ < 0, when H → r0, and
in the limit one has that H ′ → −∞. Again, H = r0 corresponds
to a singularity, and the curves are, respectively (Figs. 2(a), (b)).

As in the case before, using Eq. (8) the behavior of h(t) and
h′(h) can be obtained (Figs. 2(c), (d)).

We see that in this case the size of the FRW universe de-
creases, while the 2-dimensional internal space scale factor may
increase. This case cannot thus naturally describe the dark en-
ergy universe.

3.3. Case q0 < H(0) < p0, then H ′ > 0, when H → p0,
and then H tends to a constant, after an oscillatory regime
(Figs. 3(a), (b)).

Furthermore, the scale factor of the internal space can actu-
ally decrease, in fact (Figs. 3(c), (d)).

Hence, the exact solution obtained at H = p0 turns out to
be a stationary stable point. Precise analysis corresponding to
specific values of the parameters can be further carried out in
a rather simple way.

3.4. Case p0 < H(0), then H ′ < 0 as H → p0, and the
solution in this case is oscillatory (Figs. 4(a), (b)).

As in the previous cases, using (8) the behaviors of h(t) and
h′(h) can be obtained (Figs. 4(c), (d)).

In this situation the FRW scale factor tends to a stationary
point with decreasing H . The dark energy universe can corre-
spond, in this case, to one of the branches of the oscillatory
universe: expansion is turned into contraction, and vice-versa,
with the repeated oscillations. Such universe would explicitly
correspond to the general case described in [11]. The analytic
solution for this case can be obtained.

Thus, it turns that in the FRW universe the scale factor be-
havior is much less complicated for these models than in the
case of the absence of the GB term. This is certainly rewarding.
In particular, for instance, in order to keep close to the Einstein
regime, the condition of proportionality (perturbative regime)
of a(t) and b(t) was used for the study of dynamical compacti-
fication in the Einstein–GB theory in Ref. [8]. For comparison,
one can easily check that the situation there gets quite com-
plicated and that different regimes for the Hubble rates appear,
everything being much more simple and natural in our model
above.
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Fig. 2.

(a) (b)

(c) (d)

Fig. 3.
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(a) (b)

(c) (d)

Fig. 4.

4. Second case: ε < 0

In this case there is one stationary stable point H = h =
±1/

√
6|ε| (see Fig. 5).

Notice here that solutions with close initial data tend to the
stationary point in the oscillatory regime. However, both scale
factors have the same sign and no dynamical compactification
occurs! The universe, as a whole 6-dimensional object, either
exponentially expands or shrinks. This indicates already that
problems should be expected from a negative-ε model (indeed,
in the higher-dimensional black hole case this may lead to neg-
ative entropy [14]).

5. Third case: ε = 0

In this case one does recover (as it should be) an explicit
solution. In fact, the equations for a, b are

b2a′2 + 4aba′b′ + a2b′2 + 2ab2a′′ + 2a2bb′′ = 0,

(13)3aba′2 + 3a2a′b′ + 3a2ba′′ + a3b′′ = 0,

and, from here,

3h2 + 4hH + 3H 2 + 2h′ + 2H ′ = 0,

(14)h2 + 3hH + 6H 2 + h′ + 3H ′ = 0.

From where one gets that

(15)H ′ = (3 ± 2
√

6)H 2

and the solution is given by

(16)H = − 1

αt + C1
,

being

(17)α = 3 ± 2
√

6.

Moreover, in terms of the scale factors:

a = C2
[±(αt + C1)

]−1/α
,

(18)b = C3
[±(αt + C1)

]β/α
,

where

(19)β = 3 ±
√

6.

6. Discussion

Summing up, we have investigated in this Letter explicit non-
perturbative dynamical compactification to a 4-dimensional
FRW universe starting from a model of 6-dimensional Einstein–
GB gravity. The number of stationary points obtained depends
on the sign of the GB parameter, ε. They correspond in fact to
exact solutions where the curvatures of the 2-dimensional and
4-dimensional spaces are constant. We have found a regime
where the FRW universe does expand with acceleration, at the
same time that the scale factor of the internal space goes to
zero. But the most interesting regime discovered here is the os-
cillatory case, where a unification of an inflationary epoch with
a late-time acceleration regime is indeed possible. This was
suggested in [12] and has been explicitly realized here with
concrete solutions and numbers, by combining numerical with
analytical methods. For lack of space, in this Letter we have just
provided a brief presentation of the results. A more detailed
study of the different accelerating universes that are derived
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(a) (b)

(c) (d)

Fig. 5.

from the model will be given elsewhere, in particular, details
on the sequence of the matter dominated phase, the transition
to acceleration, and the proper accelerating phases, as was done
for other dark energy models of modified gravity in [13]. It will
be also necessary to include in our considerations the effects of
scalars (dilaton, moduli) in the low-energy sector of the string
effective action.
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11. E. Elizalde and E. Gaztañaga, A statistical formula for the galaxy distribution in the universe, Pro-
ceedings of the International Europhysics Conference HEP’89, Madrid (1989).

12. E. Elizalde and A. Romeo, New aspects of zeta-function regularization in Quantum Field Theory,
Proceedings of the International Europhysics Conference HEP’89, Madrid (1989).

13. E. Elizalde, Connections on fiber bundles, Bianchi identities, and Maxwell and Yang-Mills equations,
Rev. Soc. Cat. F́ısica 2, 94 (1990).

14. E. Elizalde, On the solutions of quantum field equations in curved space time, in Recent Developments
in Gravitation, Eds. E. Verdaguer, J. Garriga and J. Céspedes, World Scientific, London, 342 (1990).
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dimensions moleculars), translation of the original article into catalan; for Institut d’Estudis
Catalans, 2006.

19. Andrei Linde, Particle physics and inflationary cosmology, for the interdisciplinar project of
Josiah McElheny, Island Universe, White Cube, London, and Museo Nacional Reina Sof́ıa,
Madrid, 2008-09. (At the request of the artist.)

405



������� �	
����

���������� 	
� ���	� �����

��� ��	� ���	����

� ����� �� ���� � ������� ����� �������� ����

� ��� ������ � ���  !�� "������#

$������%� ������&

'('( )"�*��

$(+( )������

��������� 	 �
���� ���������� ������� ���
����
����� 	 �
���� ���������� �
���� ������
����
������ ���  !"� #�$� �
�� $���%&�%
'�!�"� (�%)* +������ ,�-�()�,

."���
$��	� ����!��� ���������	
����� �
�������
�!��� ���	
����
��
�� ����!& ��� /������$�!�0& 1�� �
$�� 2%���3 ��4��4�%

56789:;<=5>7?�@A?�:?
B��
������ 	 ���������� �C�#&

�� ����!& �$� C
�D
��& (�� �
$�� 2%���3 ��4��4�%



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


