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Preface
On March 8, 2010, Professor Emilio Elizalde Rius, a renowned Spanish and Catalan scientist in
the area of mathematical physics, quantum ﬁeld theory and cosmology, is celebrating his sixtieth
birthday. This special volume contains a selected collection of his more important articles written
during the last thirty years.
It is quite natural that such a book is being edited by Tomsk State Pedagogical University
(TSPU). Professor Emilio Elizalde (ICE, CSIC-IEEC, Barcelona) has been collaborating very
intensively with mathematical physics/cosmology researchers from Tomsk State Pedagogical University during the last twenty years. In total he has published more than one hundred papers
written together with TSPU professors. Among his collaborators one can count the leaders of the
aforementioned theoretical physics directions: Prof. V.V. Obukhov (General Relativity and Mathematical Physics), Prof. S.D. Odintsov (Cosmology and Quantum Gravity), Prof. K.E. Osetrin
(General Relativity and Mathematical Physics) as well as several other professors of TSPU.
The scientiﬁc relations between TSPU and ICE-IEEC were developed to a very high level
during the last years. There was established a cooperation agreement between ICE-IEEC, Barcelona and TSPU, Tomsk. Our students and professors are often guests of ICE-IEEC, Barcelona.
A number of common conferences has been organized. Moreover, Professor Emilio Elizalde is
nominated to become honorary professor of TSPU in 2010.
The research activity by Emilio Elizalde is very wide, as one can see from his brief CV attached
at the end of this volume as well as from his publications list. He has got a number of fundamental
results in zeta-regularization techniques (where three monographs are published), mathematical
physics, observational and theoretical cosmology, quantum gravity and quantum ﬁeld theory. We
are proud of the fact that some of these fundamental results have been obtained together with his
Tomsk colleagues.
Needless to say that on his 60th birthday Prof. Emilio Elizalde is extremely active in research,
publishing a dozen of scientiﬁc papers a year. This deﬁnitely means that we can expect a lot more
brilliant results from him in the future. TSPU presents this special volume to Emilio as a gift
on his 60th anniversary. All his Tomsk friends and colleagues wish him excellent health for many
years to come and even more fundamental scientiﬁc achievements.
Prof. V.V. Obukhov
Prof. S.D. Odintsov
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Some personal remembrances of my scientific life
My scientiﬁc career oﬃcially started on a June 29th, some years ago, during the Saint Day’s
celebration of my ﬁrst mentor, Prof. Pedro Pascual who, over a glass of Torres Sangre de Toro
wine, handed me a couple of references by Hans Bethe related with the missing neutrinos problem.
I completed my Master Thesis on this issue. For my PhD Thesis, written under the supervision
of Profs. Joaquim Gomis and Pascual, I studied the compatibility of the relativistic equations of
Quantum Field Theory for higher-spin particles under minimal coupling, in the light-cone reference
frame. And also the relation, both ways, of this process with the corresponding one for equations
which are invariant under the Galileo group (very fashionable then, owing to Levy-Leblond’s
papers). In particular, I studied the interconnections between the respective symmetry groups,
at the classical and quantum levels, clarifying thereby some of the basic problems (technical
and conceptual) which appeared in establishing those relations. Later, as a young Post-Doc
in Hamburg, as a Fellow of the Alexander von Humboldt Foundation, the study of some other
intriguing questions of the time—as quark conﬁnement (the Savvidy model, the Callan-DashenGross approach, instantons, merons and solitonic solutions in general)—brought me to consider
the analytic continuation of some classes of zeta functions. They proved to be useful in the search
for eﬀective models of quark conﬁnement. In any case, this problem was also extremely hard (as
the next decades would undoubtedly show) and, as with the solar-neutrino issue I did not consider
myself to be skilful enough to make a breakthrough contribution there. Maybe this was my second
crucial mistake. Be as it may, having mastered some basic zeta function regularization techniques,
I started to apply them to a lot of diﬀerent situations in the years to come. Back in 1977, Steven
Hawking had written a seminal paper on zeta regularization [Commun. Math. Phys. 55, 133]
which, with near one-thousand citations, remains today the most cited reference on the subject.
This is a real accomplishment, for a work on dry mathematical-physics. A book written with my
collaborators in Barcelona (among them Prof. Sergei Odintsov from TSPU) seventeen years later
[Zeta regularization techniques with applications, World Sci, 1994], with ca. ﬁve-hundred, is the
second most cited reference ever on this same subject. Another work I wrote in 1995, the Springer
Verlag monograph Ten physical applications of spectral zeta functions, goes third in the raw, with
ca. three-hundred citations. It is just fair to say that, in the subject of zeta functions—together
with my then students A. Romeo and S. Leseduarte, post-doc K. Kirsten, and collaborators
S. Zerbini, A. Bytsenko, G. Cognola and S.D. Odintsov—our school gained solid international
recognition, which resulted in some ten works over the hundred citation mark, and this in a ﬁeld
where it is quite hard to get mentioned. Such performance is unparalleled internationally, in this
area I mean, and reﬂects in many ways, some of which would be diﬃcult to quantify precisely. A
couple of hints follow.
I always like to recall the time when the worldwide web started and when, some years later,
it became popular among American students (and professors too), and I suddenly begun to get
by e-mail a rapidly growing number of questions on zeta functions, from the very elementary to
extremely hard ones—also from several distinguished colleagues who already mastered the new
invention. I then suddenly realized that I had become an international authority on the subject.
Other proofs of my leadership in the ﬁeld, as calls to be a principal speaker at relevant conferences,
invitations to give seminars at top-ranked universities (including Harvard, Cambridge, Oxford,
the MIT, etc.), fellowship appointments in scientiﬁc societies, memberships in Editorial Boards of
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various International Journals, participation in numerous panels and commissions, my becoming
over the years a PI of tenths of projects, an exhausting work as referee at many diﬀerent instances,
and so on, followed. This may be seen as a mere accumulation of tedious work during several
decades but, anyhow, it has got some salt and pepper! Indeed, I keep copies of sentences written
by numerous colleagues in journal articles, letters, referee reports, and other means, where they
freely ponder my papers with adjectives such as (I transcribe them literally): ‘most beautiful’, ‘very
impressed’, ‘will inﬂuence permanently’, ‘extremely useful’, ‘removed the mystery from’, ‘another
beautiful paper’, ‘very important’, ‘highly interesting’, ‘a joy to read’, and so on. This gives me
real pleasure.
As a consequence of my working in such an interdisciplinary ﬁeld, I produced results that
are of primary importance for the mathematical community dealing with zeta and other special
functions, and some other results which are more useful in speciﬁc applications, as the ones already
mentioned on eﬀective models of QFT, in particular, for the study of quantum vacuum ﬂuctuations
and their manifestations, as the Casimir force, in quite diﬀerent conﬁgurations and set ups, from
laboratory nano-physics to applications in cosmology and quantum gravity. From among the ﬁrst,
I am most proud of my seminal contributions to the Chowla-Selberg series formula, which did
considerably extend the important results of these two authors on the subject. A simple search
under this same acronym in any standard searching platform will reﬂect my leadership in this ﬁeld.
And this is work I did basically alone, as the typical mathematician. One of the generalized zeta
functions, to which I extended the results of Chowla and Selberg, is now sometimes known under
my name. Also, I am quite proud of the results we obtained with my Italian colleagues (mentioned
above) on the multiplicative anomaly (or defect) of the zeta determinant of a pseudo-diﬀerential
operator. Here, again, I led this block of research, albeit I do acknowledge, in all its value, the
guidance and support of Professor Isadore Singer in this subject that still lies rather on the verge
of standard Mathematics. Together with my collaborators, we actually did pioneering work here,
maybe too advanced to its time, for which reason, in my opinion, it quite probably has not been
recognized in all its value yet.
Turning now to my work on zeta functions with applications in Physics, some of our most
successful papers deal with the calculation of heat-kernel coeﬃcients for some relevant problems,
as the MIT bag model of quark conﬁnement and other compact conﬁgurations, and also with the
computation of the contribution of the vacuum (Casimir) energy to braneworld models. These
results could eventually provide a natural and very economic mechanism of stabilization of these
conﬁgurations through quantum eﬀects. And, ﬁnally, with several calculations of quantum vacuum
contributions that appear in fundamental models of physics, as some speciﬁc string theories, and
other. I have often told how, in the middle 80’s, Enrique Gaztañaga came to my oﬃce at the
Diagonal Ave. in search of a subject for a Thesis; it came out that I had just participated in a
GIFT Meeting at Peñı́scola, where Mike Turner and Ricky Kolb had been talking, very excitedly,
on the ﬁrst 3D map (a slice, in fact) of the Universe (the famous CfA Survey of M. Geller and
J. Huchra). Many theoretical physicists (Ed Witten, for one) immediately started work on this
point map, trying to ﬁt fundamental theories into an explanation of the large voids and strange
clusters (as God’s ﬁnger, the man’s image, and others) of the point distribution. This was both
the beginning of my involvement in cosmology and of Enrique’s very successful career. From
those large-scale structure analysis, counts in cells, and data reduction and compression, I was
driven to basic cosmological issues and to Quantum Gravity ones, attracted also to these ﬁelds
by the coming to Barcelona—after a post-doc stay with Professor Enrique Álvarez in Madrid—of
Sergei D. Odintsov. Sergei had quite a diﬀerent background, and this rendered our collaboration
enormously successful over the years: Dr. Odintsov came back as a visiting scholar, at diﬀerent
epochs, with money I could get for him from several diﬀerent sources, as the Spanish Ministry
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and the Catalan Government, until he obtained a prestigious ICREA professorship.
This opened, once more, a new path in my scientiﬁc life, zeta function techniques being still
useful, sometimes, to deal with some particular problems, but which mainly demanded diﬀerent
mathematical tools of classical and quantum gravity and speciﬁc know-how of the ﬁeld, in which
Sergei was an expert (together with J. Buchbinder and I. Shapiro he had just written what is
one of the most successful books and basic reference on Quantum Gravity). Along these subjects,
we have been working with alternative models to General Relativity, as phantom models, GaussBonnet, and general F(R) and F(G) models, recently including non-local ones, with impressive
successes, especially in the last half-a-dozen years, mainly together with Prof. Sin’ichi Nojiri,
from Japan, and also with the Italian colleagues. In the mentioned subjects, we have now a
record of six papers among the twenty most cited references in the ArXives. The merit here must
go in big part to Sergei and Sin’ichi, but in an important way those are also by-products of my
leadership, in growing over the years a strong group on quantum physics and theoretical cosmology
in Barcelona, which is now leading this ﬁeld not only in Barcelona, and in the whole of Spain,
but which is presently one of the most successful teams on the international scene in the above
mentioned subjects. Once more, this makes me very happy.
As a remarkable part of my proﬁle, I must also stress that I have carried out a very extensive
outreach activity in bringing scientiﬁc knowledge to the society, both in Spain and abroad. I need
mention my activity as a book writer, in Spanish and Catalan (ﬁfteen books in all, from highschool texts to dictionaries), articles for popular science journals, over sixty articles for newspapers
and magazines, some including profound social discussions, as science and religion, the origin of
the universe, etc., my work as a translator of books, of Scientiﬁc American articles and the like
from several languages into Spanish and Catalan. Also, the large amount of conferences I have
given in schools, town-halls, social clubs, auditoriums, etc. I have been regularly participating
in Graduierten Kollegs and other PhD Programs in Europe (Germany, France, Italy, Spain) and
America (USA, Brazil). A detailed account of my outreach activities along these lines during the
last few months can be found on my webpage (just google: Emilio Elizalde).
Finally, another important aspect of my activity, which I am extremely proud of, is my teaching
record at Barcelona University during twenty-ﬁve years and, very particularly, of the success of
my several graduate students (and of my undergraduates, too, some of whom have written to me
acknowledgment letters that I keep as a valuable treasure), accomplished in a wide spectrum of
diﬀerent ﬁelds: from heavy quark physics to informatics engineering, from observational cosmology
to sport physics, from ﬁnancial mathematics to large-scale structure, from data compression to
the Casimir eﬀect. I am very proud of the fact that some of my former students, Prof. J. Soto,
Dr. A. Romeo, Prof. S. Gómez, Dr. S. Leseduarte, Dr. P. Fosalba, Dr. S.R. Hildebrandt, Dr.
M. Tierz, Prof. E. Gaztañaga, and post-doc Prof. K. Kirsten, among others, are now quite well
known scientists and university professors, some of them, in diﬀerent countries worldwide. To
wit, during my career I have been forming a good number of competent young professionals. My
group in Barcelona has traditionally consisted of just four to six people, in constant renovation
every few years. This is, by the way, quite exceptional in Spain, where groups have tended to grow
incestuously, by accumulation of former students. The variety of subjects dealt with in those PhD
thesis and the fact that my students did leave the group after ﬁnishing work, to pursue independent
careers, resulted in my being a true generator of ‘scientiﬁc spin-oﬀs’. I often complain, however,
about the fact that—in order to do this task—I have to devote a considerable part of my precious
time to raise funds from several diﬀerent sources, in order to procure the means for the whole
group to work decently: to travel anywhere to a good conference, to organize diﬀerent activities,
to buy powerful computers, to invite good scientists to Barcelona, etc. This has truly constituted
an important activity and has made possible the visits and stays of many colleagues from all over
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the world, in special from countries with good scientiﬁc schools—but with little ﬁnancial means.
In particular from Tomsk, the TSPU (including Profs. V. Obukhov, K. Osetrin, I. Buchbinder,
P. Lavrov, etc.) and from other Russian Universities (as Prof. A. Bytsenko, K. Bronnikov, A.
Burinskii, and many more), what I have always considered to be a very substantial activity as
well.
Prof. Emilio Elizalde
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I. INTRODUCTION

entropy function, this disagreement may have consequences
for the Verlinde-Cardy relations 关7,8兴.
The purpose of this brief note is to examine such questions a little further. We will see that a generalized zeta function approach to the problem shows that 共i兲 there is indeed a
contribution to the thermal energy of the spatial zero mode as
calculated independently by Dowker 关9兴 and Dowker and
Kirsten 关10兴, and also Cardy 关6兴; 共ii兲 although the thermal
energy is independent of the scaling mass inherent to zeta
function regularization, the free energy and the entropy associated with the spatial zero mode depend on the scaling
mass; and, ﬁnally, 共iii兲 there is no sense in discarding the
terms that depend on the scaling mass, since this would lead
to a violation of the fundamental thermodynamical relations;
in fact, these need the inclusion of a dimensionful parameter
to go with ␤ and provide the unit scale in such a way that the
laws of thermodynamics are obeyed by the thermodynamics
of the zero mode. Or, to put it in other words, it does not
seem to make sense to choose a particular, convenient value
of the scaling mass at this stage of the procedure, any such
value being inescapably arbitrary. The full resolution of the
problem can only be obtained after carrying out a compulsory renormalization procedure which makes contact with
physical experiment.

In a recent paper Brevik, Milton, and Odintsov 关1兴 calculated the thermal energy associated with several types of
quantum ﬁelds living in S 1 ⫻S d⫺1 geometries with d⫽2,3.
In particular, the thermal energy of a quantum neutral scalar
ﬁeld deﬁned on a one-dimensional compact space at ﬁnite
temperature (S 1 ⫻S 1 ) was found by those authors to depend
quadratically and also linearly on the temperature in the
high-temperature limit. Their result reads
E共 ␤ 兲⯝

冉 冊

1 2a
24a ␤

2

⫺

1
,
2␤

a/ ␤ Ⰷ1,

共1兲

where ␤ is the reciprocal of the thermal equilibrium temperature T. This expression is in agreement with the corresponding one obtained by Kutasov and Larsen 关2兴 共in the hightemperature limit兲 but at variance with the one obtained by
Klemm et al. 关3兴. These last authors justify their result by
arguing that the contribution of the zero modes becomes signiﬁcant only when the saddle-point approximation does not
hold anymore. This disagreement has caused some doubts
concerning the correctness of Brevik et al.’s evaluation.
Some other authors also strongly support the necessity of
getting rid of the zero mode 共see, for instance, 关4兴兲, a common practice also in, e.g., zeta function regularization. However, it has been argued by Dowker that the correct result for
the thermal energy for this particular arrangement of quantum ﬁeld and geometry contains a positive, linearly dependent term in the temperature that in the high-temperature
limit cancels exactly the corresponding negative term in Eq.
共1兲 共see 关5兴 and references therein兲. This same result can be
inferred from Cardy’s analysis of partition functions for conformal ﬁeld theories in higher dimensions 关6兴. In addition to
causing a fundamental problem concerning the associated

II. ZETA FUNCTION APPROACH TO THE PARTITION
FUNCTION

We begin by brieﬂy sketching a generalized zeta function
关11兴 approach to the partition function of a quantum scalar
ﬁeld in thermal equilibrium with a heat bath at a ﬁxed temperature ␤ ⫺1 .
The zeta function for conformally coupled massless scalar
ﬁelds living on a compact d R -dimensional manifold at ﬁnite
temperature reads
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where  2 ªⵜ 2 ⫹  2 /  2  ,  is the scaling mass,  ⫽(D
⫺2)/4(D⫺1) is the conformal parameter, and R is the Ricci
curvature scalar. Here D⫽d R ⫹1 where d R denotes the number of dimensions of the manifold. The eigenvalues  2 of the
Euclidean d’Alembertian operator are given by

 2 ⫽

冉 冊 冉 冊
2n
␤

M 2ᐉ

2

⫹

We can separate the inﬁnite temperature sector, which
corresponds to n⫽0, i.e., the zero mode associated with the
compactiﬁed Euclidean temporal dimension, from the ﬁnite
temperature sector and at the same time isolate the spatial
zero mode in the following way. Suppose that the spatial
zero mode corresponds to ᐉ⫽0 and the remaining ᐉ are
shifted to ᐉ⫹1 such that ᐉ⫽0,1,2, . . . with an appropriate
degeneracy factor taken into account. For convenience, however, suppose initially that the spatial zero mode is absent.
Then taking Eq. 共3兲 into Eq. 共2兲, performing a Mellin transform, and making use of the Poisson sum formula 共or Jacobi
theta function identity兲

2

a2

共3兲

,

where, in principle, n⫽0,⫾1,⫾2, . . . . Here M 2ᐉ /a 2 denote
the eigenvalues of the Laplace operator on the
d R -dimensional manifold. For a bosonic neutral scalar ﬁeld
the partition function can be obtained from the zeta function
through
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Since  R (0)⫽0, we can expect a scaling mass dependence
of some or all thermodynamical quantities associated with
the spatial zero mode. The derivative at s⫽0 reads

 2⫹  R

⫽4 log
.

共7兲

2

冊

冉 冊

␤
 共 0 兲 ⫹4  ⬘ 共 0 兲 .
2 R

共9兲

The last term is linear in ␤ and can be discarded, as we did
above 共its contribution can readily be absorbed in the regularization mass  ).
An alternative way 共much more elegant mathematically兲
of treating the thermal contribution of the zero mode is to
proceed along the lines pioneered in 关12兴, that is, 共in a nutshell兲 to use the ordinary formulas of zeta regularization until
the end, while ‘‘lifting’’ the zero modes 共e.g., preventing
them from becoming zero兲, both the spatial and temporal
ones in this case, with the help of two small parameters 共say
 and  ), which are ﬁnally taken to zero after the whole zeta
regularization process 共which uses the ordinary expressions
in the absence of zero modes兲 has been carried through. This
method provides, in some situations, a justiﬁcation of the
usual principal part prescription 共see 关12兴兲, and in the present

2s

 R 共 2s 兲 .

2/
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兺 Dᐉ
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␤

The contribution of the spatial zero mode as it stands is divergent, the origin of this divergence being the simultaneous
consideration of two zero modes, the temporal and the spatial ones. Nevertheless, we can regularize it and extract its
ﬁnite contribution in several ways. One of these ways is to
apply Eq. 共5兲 and discard terms that do not depend on ␤ or
contribute to the partition function with a term which is linear in ␤ . We obtain

 ZM s;
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where D l is the degeneracy factor. It is not hard to see that
the spatial zero mode can be taken into account by considering the additional term

 ZM s;
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case leads also to a complete cancellation 共more than that, it
actually avoids the appearance兲 of the divergences that we
have just discarded on physical 共dimensional兲 grounds.
Making use of the integral representation for the modiﬁed
Bessel function of the third kind 关13兴
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is actually satisﬁed by Eqs. 共12兲, 共13兲, and 共14兲. These results
are in complete agreement with the ones obtained by Cardy
关6兴, provided that we choose  ⫽2  ‘‘in inverse length
units.’’ Their physical relevance, however, is dubious because, as we have already advanced and clearly see now, in
order to maintain internally consistent thermodynamics, the
need for a dimensionful parameter  is unavoidable and setting it equal to any particular value at this stage 共that is,
setting a mass scale arbitrarily兲 is not justiﬁed. For this reason, in the following we will leave the zero mode aside
共however, we will discuss the effect of its inclusion a little
later兲.
IV. THE HIGH-TEMPERATURE REGIME

For conformally coupled scalar ﬁelds on S d⫺1 , the relevant contribution from Eq. 共11兲 共skipping the zero mode兲
reads
⬁

log Z 共 ␤ 兲 ⫽⫺
III. THE THERMODYNAMICS ASSOCIATED WITH THE
ZERO MODE

兺

ᐉ⫽0

共 ᐉ⫹1 兲 d⫺2 log共 1⫺e ⫺ ␤ (ᐉ⫹1)/a 兲 . 共17兲

And, also from Eq. 共11兲, the zero temperature vacuum energy is

We consider, to start with, the thermodynamics associated
with the zero mode. First of all, let us remark that the thermal energy associated with the zero mode does not depend
on the scaling mass, in fact,

⫽

共14兲

S⫽ ␤ 共 E⫺F 兲 ,

共11兲

where we have also used the explicit form of K 1/2(z) 关13兴.
Notice that in this approach—and also in the one described
in 关12兴—there is no temperature-dependent pole as in 关9兴.
The factor 2  in the denominator of the log term in this
equation is fully arbitrary 共it can obviously be absorbed into
the  parameter兲. It would lack any sense to set  equal to a
particular value 共say 1 or 2  ), as  clearly provides the
共regularization兲 scale.
Equation 共11兲 can be applied to several situations concerning scalar conformally coupled ﬁelds on a
d R -dimensional manifold. The ﬁrst term of Eq. 共11兲 is associated with the zero temperature vacuum energy, the second
one describes the thermal corrections due to the spatial zero
mode 共when present; if not so, this term just has to be deleted兲, and the third one is the thermal contribution due to
real excitations of the conformally coupled ﬁelds on S d⫺1 .
This simple and easy to interpret formula is the result of the
generalized zeta function approach used here.

E ZM 共 ␤ 兲 ⫽⫺

␤
⫹1.
2

we see that, in order to have complete compatibility between
Eqs. 共12兲 and 共13兲, we must necessarily choose C
⫽log(/2 ). One can also verify, quite easily, that the fundamental relation between the three quantities above,
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D ᐉ M ᐉ ⫺ log
2
2

⬁
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冉 冊

Since the thermal energy and the free energy are related by

共10兲

for the temperature-dependent part describing the nonzero
modes, and adding the zero mode contribution, we have
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Let us consider the one-dimensional compact space for
which d R ⫽1 and D⫽d⫽2. In this case
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On the other hand, Eq. 共17兲 reads

On the contrary, the free energy and the entropy do. The free
energy is
1
1
␤
,
F ZM 共 ␤ 兲 ⫽⫺ log Z ZM 共 ␤ 兲 ⫽ log
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where we have shifted the quantum number ᐉ by one unit.
Since the thermal energy is given by

and the entropy reads
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Ẽ 共 ␤ 兲 ⫽⫺

d
log Z 共 ␤ 兲 ,
d␤

V. THE LOW-TEMPERATURE REGIME

共21兲

We will now construct an alternative representation for
the thermal energy. Contrary to what has been done in the
preceding section, through most of the present one we will
be dealing with expressions valid in the high-temperature
regime, and toward the end we will make use of the AbelPlana formula in order to obtain the desired low-temperature
expansion.1
In order to obtain, to begin with, a high-temperature representation of the free energy, we make use of the Poisson
sum formula, in the form

one can combine Eqs. 共19兲, 共20兲, and 共21兲 to obtain the total
energy, in the form
E 共 ␤ 兲 ⫽E 0 ⫹Ẽ 共 ␤ 兲
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⬁
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共22兲

.

One can now make use of an appropriate sum formula, say
Euler-MacLaurin, Abel-Plana, or Poisson, in one of its several versions, to evaluate the sum on the right-hand side of
Eq. 共22兲. As an alternative to Euler-MacLaurin’s formula employed in 关1兴, let us consider here the Abel-Plana sum formula
⬁
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which is the result obtained in 关1兴 and questioned in 关5兴. The
inclusion of the zero mode here would have certainly led,
unambiguously, to a cancellation of the ␤ ⫺1 dependence.
But this is a very speciﬁc feature of the thermal energy,
which is the only thermodynamical quantity that does not
depend on the regularization scale of the zero mode.
Notice that Eq. 共22兲 is more appropriate for a lowtemperature representation of the energy, and upon the use of
the Abel-Plana sum formula it yields the high-temperature
result. As is well known, this is a property of this kind of
sum formula 共starting with the Jacobi identity兲, which relates
a series expansion valid for, say, low values of the relevant
parameter with a corresponding series expansion for large
values of the parameter. In spite of those formulas being
identities 共both expansions correspond, of course, to the
same function兲, one should be careful not to mix terms of
one of the expansions with terms of the other one.
It can be veriﬁed precisely that it is the third term in the
Abel-Plana formula that exactly cancels the zero temperature
contribution. In fact, the contribution of this term reads
i

⬁

0

where here f (x)⫽log(1⫺e⫺␤x/a). A straightforward application of Eq. 共26兲 to Eq. 共20兲 yields

A straightforward application of this expression, with f (x)
⫽x/(e ␤ x/a ⫺1), leads to
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n⫽0,1,2,3, . . . .

The integrals deﬁned by I(n) can be readily evaluated with
the help of formulas to be found in 关13兴, and the result is
log Z 共 ␤ 兲 ⫽
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The contribution due to f (0) can be explicitly calculated as
follows. Expanding the log as usual we can write
f 共 x 兲 ⫽⫺

1
2i

冕

c⫹i⬁

c⫺i⬁
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a
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where we have made use of the representation

共25兲

Observe also that the result given by Eq. 共24兲 is closed, in
the sense that the use of the Abel-Plana sum formula does
not allow for exponential corrections; hence it holds only in
the very high-temperature regime.

1
Both the high- and low-temperature expansions can be derived,
in a completely equivalent but more direct way, from the representation of Eq. 共22兲 in terms of the normalized Eisenstein series E 2 (  )
关4,14兴.
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e ⫺s ⫽

1
2i

冕

c⫹i⬁

c⫺i⬁

s,c

the coefﬁcients of this expansion satisfying the relation

d ␣ ⌫共 ␣ 兲s ⫺␣,

d/2

兩 s 兩 ⬍1,c⬎1.

real,

兺

共31兲

k⫽0

In the limit x→0 the ﬁnite contribution of f (x) is determined by the double pole of the integrand in Eq. 共30兲 at ␣
⫽0,
lim f 共 x 兲 ⫽ f 共 0 兲 ⫽log
x→0

冉 冊

␤
.
2a

共32兲

⬁

兺

e ⫺2 px ,

共33兲

x⬎0.

p⫽1

As a consequence, after discarding an unphysical 共formally
divergent兲 constant we end up with
log Z 共 ␤ 兲 ⫽

冉 冊

 2a 1
␤
␤
⫹ log
⫺
6␤
2
2a
24a
⬁

⫹

1

F 共 ␤ 兲 ⫽E 0 ⫹F̃ 共 ␤ 兲

兺 e ⫺4  n p a/ ␤ .
p,n⫽1 n
2

共37兲

If not for the log term, these relations would be fulﬁlled.
Observe, however, that there would not be an immediate
cancellation of the log term if we had included the zero mode
contribution. In fact, the matching of the zero mode term
log(␤/2 ), with the one, with opposite sign, coming from
the high-T limit, ⫺log(␤/2 a), is not a triviality. On the
contrary, it has a very deep meaning: it takes place if and
only if we prescribe that the regulating mass-dimensional
parameter be set exactly equal to the inverse of the compactiﬁcation length,  ⫽1/a. This may certainly be viewed as a
most natural choice and a physically meaningful one—1/a
being the only characteristic dimension in our model—but
even then this is no substitute for the pertinent renormalization procedure.
The total free energy is

On the other hand, we can also make use of the expansion
coth共 x 兲 ⫽1⫹2

共 ⫺1 兲 k 共 2k⫺1 兲 a 2k ⫽0.

共34兲

⫽⫺

 2a
6␤

⫺
2

冉 冊

1
1
␤
log
⫺
2␤
2a
␤

⬁

1

兺 e ⫺4  n p a/ ␤ .
p,n⫽1 n
2

共38兲

It follows that the thermal part of the free energy in this
representation is given by
The total energy reads
1
F̃ 共 ␤ 兲 ⫽⫺ log Z 共 ␤ 兲
␤
⫽⫺

 2a
6␤2
⫺

1
␤

⫺

E共 ␤ 兲⫽

冉 冊

1
␤
1
log
⫹
2␤
2a
24a
⬁

⫽

1 ⫺4  2 n p a/ ␤
.
e
n

兺

p, n⫽1
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冉 冊
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冉 冊
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E共 ␤ 兲⫽
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⫺
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1
4  2a
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⫺
2

1
4  2a
⫺
2␤
␤2

⬁
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.
兺
p⫽1 e ⫺4  pa/ ␤ ⫺1
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共40兲

If we now, as before, make use of the Abel-Plana sum formula 共23兲, we obtain
E 共 ␤ 兲 ⫽⫺

d⫺2

⫹O 共 e ⫺4 

 2a

and can be summed over n to yield the high-temperature
representation

As in the case of Sec. II, an alternative calculation can be
performed using standard zeta function methods ab initio,
namely, the transform 共31兲 already in the expansion of the
starting expression 共17兲. The ﬁnal result obtained is exactly
the same, but the calculation is very much shortened and 共as
before兲 it avoids at every step the formation of divergences.2
Notice that our result, Eq. 共35兲, has a log term and therefore does not fulﬁll the general relations given in 关2兴, namely,
that the high-temperature expansion of the free energy must
have the general form
⫺F̃ 共 ␤ 兲 a⫽a d

d
关 ␤ F 共 ␤ 兲兴
d␤

1
,
24a

a/ ␤ Ⰶ1.

共41兲

Notice that, as anounced above, we have here started from a
high-temperature representation for the energy and now,
upon the use of the Abel-Plana sum formula, we obtain the
energy in the zero temperature limit, a procedure that can be
considered the reciprocal of the one employed in Ref. 关1兴.
Notice also that in the Abel-Plana formula the ﬁrst term leads
to the zero temperature term, the second cancels out the linear contribution, and the third one cancels out the StefanBoltzmann term.

共36兲

2
We owe to K. Kirsten this observation and the correction of an
error in our previous result.
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VI. FINAL REMARKS

thus, that coherence forces one to set the zero mode and its
thermodynamics aside. Notice also that the thermal energy,
the entropy, and the free energy of the zero mode do not
explicitly depend on the radius 共or characteristic compactiﬁcation length兲 of the manifold. This means that 共at least at the
one-loop level兲 their contribution to any isothermal
process—e.g., the only ones permitted if the system is in
thermal equilibrium with a heat bath—will not be physically
observable. But this consideration would be completely reversed if the necessity for setting in fact  ⫽1/a were to
prevail in the ends 共as one of the factions in the already
mentioned controversy tends to support兲, and this would
open the door to an experimental manifestation of the zero
mode and to the possibility of answering in the afﬁrmative
the important question of the controversial physical relevance of these zero modes. In that sense, a ﬁne experimental validation of Eq. 共24兲 would be crucial 共the presence or
absence of the linear dependence兲. From what we have seen,
this would imply, necessarily, the breaking of the thermodynamical relations and the necessity of reformulating the third
principle in the quantum ﬁeld theory domain.

In this brief analysis, we have focused on the possible
contribution of the spatial zero mode to the thermal energy of
a scalar ﬁeld in a S 1 ⫻S 1 geometry. We have shown that,
although the thermal energy does not depend on the scaling
mass  , the partition function, the free energy, and the entropy do depend on the choice of value for this parameter.
The important obstruction to be circumvented is to satisfy
the third law of thermodynamics for, as it stands, the entropy
共14兲 associated with the spatial zero mode diverges in the
zero temperature limit, a fact also noticed in 关1兴. It was argued in 关9兴 that the scaling mass can be redeﬁned. Unfortunately, any attempt at redeﬁning the scaling mass, that is, at
eliminating the scaling mass dependence from Eq. 共14兲, will
lead to clear contradictions among the thermodynamical relations linking the basic quantities 共12兲, 共13兲, and 共14兲. In
fact, the scaling mass parameter cannot be made to disappear. At most, it can be traded for a characteristic mass or
inverse length of the system considered 共here 1/a, the inverse compactiﬁcation radius兲. A subsequent renormalization
procedure seems inescapable, which makes contact in the
end with physical reality.
Let us point out that, although we have here considered a
very simple model, in order to keep all terms under easy
control and render the argument clear, the results obtained
are valid under much more general circumstances, affecting
very general physical systems that develop zero modes. The
treatment has been that of 共a natural extension of兲 the zeta
function regularization prescription.
To sum up, only if one restricts the analysis to the thermal
energy—and nothing else—can one avoid the situation here
presented, since this is the only thermodynamical quantity
that does not depend on the scaling mass. It would seem,
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galaxies 关6兴 seems to require the existence of seed ﬁelds of
primordial origin 关7兴. According to several mechanisms 关8兴,
strong primordial ﬁelds ⬃1024 G could be generated at the
electroweak transition. Even larger ﬁelds have been associated with superconducting magnetic strings, which would
generate ﬁelds ⬃1030 G in their vicinity if created after inﬂation 关9兴.
Were primordial magnetic ﬁelds present in the early universe, they would have had nontrivial consequences for
particle-physics cosmology. For instance, as it is well known,
oscillations between neutrino ﬂavors may change the relative
abundance of neutrino species and may thereby affect primordial nucleosynthesis 共for a recent review on neutrinos in
cosmology see 关10兴兲. Therefore, if a strong magnetic ﬁeld
(M W Ⰷ 冑BⰇm e ,T,  , 兩 p兩 , with M W and m e the W-boson and
electron masses respectively兲 modiﬁes the neutrino energy
spectrum of different ﬂavors in different ways, a primordial
magnetic ﬁeld can consequently inﬂuence the oscillation process in the primeval plasma 关11兴.
The propagation of neutrinos in magnetized media has
been previously investigated by several authors 关12–15兴.
Weak-ﬁeld calculations were done for magnetized vacuum in
Refs. 关12,13兴, and at T⫽0 and  ⫽0 (  is the electric
chemical potential兲 in Ref. 关14兴. In the  ⫽0 case, as long as
B⬍T 2 , both the ﬁeld- and temperature-dependent leading
contributions to the neutrino energy resulted of 1/M 4W -order
关12–14兴. In the charged plasma 关15兴, the ﬁeld-dependent
terms were much larger, ⬃1/M 2W , but they vanished in the
(  →0)-limit. The weak-ﬁeld results of papers 关12–15兴 led
to the idea that the magnetic-ﬁeld effects could be signiﬁcant
in astrophysics, because of the ﬁeld- and  -dependent terms
of order 1/M 2W , but were irrelevant (⬃1/M 4W -order兲 in the
early universe due to its charge-symmetric character ( 
⫽0). Hence, it has been assumed that in cosmology the

I. INTRODUCTION

There are many astrophysical systems on which the physics of neutrinos in a magnetic ﬁeld plays an important role.
Let us recall that proto-neutron stars typically possess very
strong magnetic ﬁelds. Large magnetic ﬁelds B⫽1012
⫺1014 G have been associated with the surface of supernovas 关1兴 and neutron stars 关2兴, and ﬁelds perhaps as large as
1016 G with magnetars 关3兴. Even larger ﬁelds could exist in
the star’s interior. It is presumed from the scalar virial theorem 关4兴 that the interior ﬁeld in neutron stars could be as
high as 1018 G. A magnetic ﬁeld such as this (⬃1018 G) in
the interior of a compact star will be larger in two orders than
the chemical potential characterizing its quark matter density.
Unveiling the interconnection between the star magnetic
ﬁeld and its particle current ﬂows could shed new light on
the question of the star evolution. For example, it is well
known that neutrinos drive supernova dynamics from beginning to end. Neutrino emission and interactions play a crucial role in core collapse supernovae 关5兴. Their eventual
emission from the proto-neutron star contains nearly all the
energy released in the star explosion. Neutrino luminosity,
emissivity and the speciﬁc heat of the densest parts of the
star are governed by charged and neutral current interactions
involving matter at high densities and in the presence of
strong magnetic ﬁelds. Thus, a total understanding of the star
cooling mechanism in a strongly magnetized medium is crucial for astrophysics.
On the other hand, the explanation of large-scale magnetic
ﬁelds observed in a number of galaxies, and in clusters of

*On leave at Department of Mathematics, Massachusetts Institute
of Technology, 77 Massachusetts Avenue, Cambridge, MA 021394307, USA.
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main contribution to neutrino energy was the purely thermal
term of order T 4 /M 4W 关16兴. However, as we will show below,
a strong magnetic ﬁeld (M W Ⰷ 冑BⰇm e ,T,  , 兩 p兩 ) gives rise
to a new contribution to the neutrino energy that is linear in
the ﬁeld, independent of the chemical potential, and that is of
the same order (1/M 2W ) as the largest terms found in the
weak-ﬁeld charged-medium case. This new result can turn
magnetic-ﬁeld effects relevant for cosmology.
In recent papers 关17,18兴, we investigated the effects of a
strong magnetic ﬁeld on neutrinos in magnetized vacuum
共i.e. with T⫽0 and  ⫽0). There, to facilitate the calculations in the strong-ﬁeld limit, we extended the Ritus’ Epeigenfunction method of diagonalization of the Green functions of spin-1/2 charged particle in electromagnetic ﬁeld
关19,20兴, to the case of spin-1 charged particles 关17兴. This
formulation, which is particularly advantageous for strongﬁeld calculations, provides an alternative method to the
Schwinger approach to address QFT problems in electromagnetic backgrounds 关21兴. The use of Ritus’ method made
it very convenient to study the neutrino-self-energy in magnetized media, since it allowed to diagonalize in momentum
space both the electron and the W-boson Green’s functions in
the presence of a magnetic ﬁeld. Ritus’ formalism has also
been recently applied to investigate nonperturbative QFT in
electromagnetic backgrounds 关22兴.
From the above considerations it is clear that strong magnetic ﬁelds can play a signiﬁcant role in a variety of astrophysical systems, and possibly also in the early universe. For
these applications, the analysis has to be carried out in the
presence of a medium. Thus, in the present paper we extend
the results obtained in papers 关17兴 and 关18兴 to include ﬁnite
temperature and density, performing a detailed study of the
effects of a strong magnetic ﬁeld on neutrino propagation in
neutral and charged media, and discussing possible applications to astrophysics and cosmology.
We stress that in calculating the neutrino self-energy in a
magnetized medium, we should consider, as usual, its
vacuum and statistical parts. In this case the vacuum part
depends on the magnetic ﬁeld, and for strong ﬁelds it can
make important contributions even at high temperatures T 2
ⲏeB. The reason is that the vacuum and statistical terms
have different analytical behaviors, due to the lack of the
statistic ultraviolet cutoff in the vacuum part. This fact gives
rise to a ﬁeld-dependent vacuum contribution (1/M 2W -order兲
which is larger than the thermal one (1/M 4W -order兲, into the
self-energy. Therefore, as shown in this paper, a strong magnetic ﬁeld can become more relevant than temperature for
neutrino propagation in neutral media.
The plan of the paper is as follows. In Sec. II we consider
the radiative correction to the neutrino dispersion relation in
the presence of a constant magnetic ﬁeld. We introduce the
general covariant structure of the neutrino self-energy in the
presence of an external ﬁeld, and ﬁnd the dispersion relation
as a function of the coefﬁcients of each independent term in
the covariant structure. The general form of the found dispersion relation goes beyond any given approximation and
medium characteristic and serves as a guidance for particular
applications. The general expressions for the coefﬁcients of

the self-energy structures in the presence of the magnetic
ﬁeld are found in the one-loop approximation in Sec. III. The
leading behavior in the 1/M 2W expansion of those coefﬁcients
is then calculated in Sec. IV in the strong-ﬁeld limit 关i.e. in
the lowest Landau level 共LLL兲 approximation兴 for neutral
and charged magnetized media. These results are then used
in Sec. V to ﬁnd the corresponding neutrino dispersion relations and the indexes of refraction in neutral and charged
strongly magnetized media. In Sec. VI, the LLLapproximation is numerically corroborated by summing in
all Landau levels and ﬁnding the values of the coefﬁcients
for parameter ranges corresponding to strong BⰇT 2 and
weakly strong BⲏT 2 ﬁelds. Possible applications to cosmology and astrophysics are discussed in Sec. VII. Finally, in
Sec. VIII we summarize the main outcomes of the paper and
make some ﬁnal remarks.
II. NEUTRINO SELF-ENERGY GENERAL STRUCTURE IN
A MAGNETIC FIELD

The neutrino ﬁeld equation of motion in a magnetized
medium, including radiative corrections, is

冋

p” ⫹

兺

册

⌿ L ⫽0

共1兲

where the neutrino self-energy operator 兺 ( p) depends on the
parameters characterizing the medium, as for instance, temperature, magnetic ﬁeld, particle density, etc.
The operator 兺 ( p) is a Lorentz scalar that can be formed
in the spinorial space taking the contractions between the
characteristic vectors and tensors of the system with all the
independent elements of the Dirac ring. Explicit chirality reduces it to

兺 ⫽R 兺 L, 兺 ⫽V  ␥ 

共2兲

where L,R⫽ 12 (1⫾ ␥ 5 ) are the chiral projector operators, and
V  is a Lorentz vector that can be spanned as a superposition
of four basic vectors that can be formed from the characteristic tensors of the problem. In a magnetized medium, besides the neutrino four-momentum p  , we have to consider
the magnetic-ﬁeld strength tensor F   , to form the covariant
structures

兺 共 p,B 兲 ⫽a p” 储 ⫹b p” ⬜ ⫹c p  F̃ˆ   ␥  ⫹id p  F̂   ␥  .

共3兲

In Eq. 共3兲 we introduced the notations F̂   ⫽(1/兩 B 兩 )F   ,
and F̃ˆ   ⫽(1/2兩 B 兩 )    F   . In the covariant representation
the magnetic ﬁeld can be expressed as B  ⫽ 21     u  F   ,
where u  is the vector four-velocity of the center of mass of
the magnetized medium. The presence of the magnetic ﬁeld,
and hence of the dimensionless magnetic ﬁeld tensor F̂  
and its dual F̃ˆ , allows the covariant separation in Eq. 共3兲


between longitudinal and transverse momentum terms that
appears naturally in magnetic backgrounds
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while in a charged medium both diagrams should be considered. However, only the bubble distinguishes between neutrino ﬂavors, since the ﬂavor of the internal charged lepton is
directly associated to the ﬂavor of the propagating neutrino
共i.e., the one appearing in the external legs兲. For the tadpole,
because the internal boson is the neutral Z-boson, the
charged leptons corresponding to different families are
linked to the same neutrino ﬂavor. Therefore, with regard to
magnetic ﬁeld effects on neutrino oscillations, the bubble
contribution is the essential one. Thus, because the ultimate
goal of our study is to elucidate the possible effect of a
strong magnetic ﬁeld on neutrino ﬂavor oscillations, henceforth we only consider the bubble diagram contribution, represented in Fig. 1共a兲, into the neutrino self-energy.
The bubble contribution to the one-loop self-energy is

FIG. 1. One-loop contributions to the neutrino self-energy in a
magnetized medium. 共a兲 Bubble graph: The dashed line represents
the test neutrino, the solid line a charged lepton of the same family
of the test neutrino, and the wiggly line the W-boson. 共b兲 Tadpole
graph: The dashed line represents the test neutrino, the solid line a
charged lepton of any species, and the zigzag line the Z-boson.

p” 储 ⫽ p  F̃ˆ   F̃ˆ  ␥  ,

p” ⬜ ⫽p  F̂   F̂  ␥  .

共4兲

Coefﬁcients a, b, c, and d are Lorentz scalars that depend on
the parameters of the theory and the approximation used.
Notice that ﬁnite temperature and/or density would not introduce any new term into Eq. 共3兲. This formulation is indeed
the most general one for a magnetized medium. In magnetized space, even if T⫽  ⫽0, the vector u  is present, since
the presence of a constant magnetic ﬁeld ﬁxes a special Lorentz frame: the rest frame 关on which u  ⫽(1,0,0,0)] where
the magnetic ﬁeld is deﬁned (u  F   ⫽0). Thus, the inclusion of a medium does not break any additional symmetry.
To express 兺̄ ( p,B) in terms of u  only means, therefore, to
make a change in the selected basis vectors.1
The neutrino energy spectrum in a magnetic background
can be found from Eq. 共1兲 as the nontrivial solution of

冋

det p” ⫹

册

兺 共 p,B 兲 ⫽0.

⌺ 共 x,y 兲 ⫽

共 1⫹b 兲 2 ⫺d 2
共 1⫹a 兲 2 ⫺c

p2 .
2 ⬜

共7兲

where S(x,y) and G F (x,y)   are the Green’s functions of
the electron and W-boson, in the presence of the magnetic
ﬁeld, respectively. Since both virtual particles are electrically
charged, the magnetic ﬁeld interacts with both of them producing the Landau quantization of the corresponding transverse momenta 关17,18兴.
The electron Green’s function, diagonal in momentum
space at arbitrary ﬁeld strength, was obtained in Refs.
关19,20兴 by Ritus, using what has become an alternative
method to the Schwinger approach 关21兴 to deal with QFT
problems on electromagnetic backgrounds. In this method
the electron Green’s function in conﬁguration space is given
by

共5兲

S 共 x,y 兲 ⫽

Using the covariant structure 共3兲, the dispersion relation
共5兲 takes the form
p 20 ⫽ p 23 ⫹

ig 2
R ␥  S 共 x,y 兲 ␥  G F 共 x,y 兲   L
2

冕 共 2  兲4 E q共 x 兲 ␥ •q̄⫹m Ē q共 y 兲
兺
d 3 q̂

1

共8兲

e

l

where q̂  ⫽(q 0 ,0,q 2 ,q 3 ), Ē q ⬅ ␥ 0 E †q ␥ 0 , and the magnetic
ﬁeld has been specialized in the rest frame along the
Z-direction 共i.e. given in the Landau gauge as A ext
⫽Bx 1 ␦  2 ).
The transformation functions E q (x) in Eq. 共8兲 play the
role, in the presence of magnetic ﬁelds, of the usual Fourier
functions e iqx in the free case and are given by

共6兲

One of the main goals of this paper is to ﬁnd the coefﬁcients a, b, c, and d, in the one-loop approximation, and
hence, the dispersion relations for different systems in the
presence of strong magnetic-ﬁeld backgrounds.

E q共 x 兲 ⫽

III. ONE-LOOP NEUTRINO SELF-ENERGY

Let us consider the one-loop corrections to the neutrino
self-energy in the presence of a constant magnetic ﬁeld. To
leading order in the Fermi coupling constant the main ﬁelddependent contribution to the self-energy comes from the
bubble diagram 关Fig. 1共a兲兴 with internal lines of virtual
charged leptons and W-bosons, and from the tadpole diagram
关Fig. 1共b兲兴 with virtual loop of charged leptons.
In a neutral medium only the bubble diagram contributes,

兺 E q 共 x 兲 ⌬ 共  兲 ,

共9兲

with spin matrix
⌬ 共  兲 ⫽diag共 ␦  1 , ␦  ⫺1 , ␦  1 , ␦  ⫺1 兲 ,

 ⫽⫾1,

共10兲

and eigenfunctions
E q  共 x 兲 ⫽N 共  兲 exp i 共 q̂•x̂ 兲 D  共  兲

共11兲

where N(  )⫽(4  兩 eB 兩 ) 1/4/ 冑 ! is a normalization factor
and D  (  ) denotes the parabolic cylinder functions 关23兴
with argument  ⫽ 冑2 兩 eB 兩 关 x 1 ⫺(q 2 /eB) 兴 and positive
integer index

1
This point will turn clear in Sec. IV when expressing 兺̄ ( p,B) in
terms of u  in the charged medium.
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 ⫽  共 l,  兲 ⬅l⫹

 1
⫺ ,
2 2

 ⫽0,1,2, . . . .

⌫ ␣k  共 x 兲 ⫽ P ␣ ␥ 关 Fk 共 x 兲兴 ␥  P ⫺1 

共12兲
with

The integer l in Eq. 共12兲 labels the Landau levels l
⫽0,1,2, . . . .
The electron momentum eigenvalue in the presence of the
magnetic ﬁeld, q̄, is given by
q̄  ⫽ 共 q 0 ,0,⫺sgn共 eB 兲 冑2 兩 eB 兩 l,q 3 兲

P ␣␥⫽

共13兲

G F 共 k,k ⬘ 兲  ⫽ 共 2  兲 ␦

4 ˆ (4)

共 k⫺k ⬘ 兲

␦ 

关 Fk 共 x 兲兴 ␥  ⫽

3

k̄ 2 ⫽⫺k 20 ⫹k 23 ⫹2 共 n⫺1/2兲 eB,

冕 共 2  兲4 ⌫ ␣k 共 x 兲 k̄ 2⫹M␣ 2 ⌫ k†␤ 共 y 兲
兺
␦

d 3 k̂

0

0

0

冑2

兺

Fk  共 x 兲关 ⍀ (  ) 兴 ␥  .

共18兲

 ⫽0,⫾1

共19兲

 ⫽0,⫾1

共20兲

共21兲

 ⬘ ⫽0,1,2, . . . .

共22兲

共 2  兲 4 ␦ (4) 共 p⫺p ⬘ 兲 ⌺ 共 p,B 兲

⫽

共16兲

冕

d 4 xd 4 ye ⫺i( p•x⫺ p ⬘ •y) ⌺ 共 x,y 兲 .

共23兲

Substituting with Eqs. 共7兲, 共8兲, and 共16兲 on the right-hand
side 共RHS兲 of Eq. 共23兲 we obtain

冕 冕

⫻␥

0

As the neutrino is an electrically neutral particle, the
transformation to momentum space of its self-energy can be
carried out by the usual Fourier transform

␤

ig 2
2

⫺i

 ⬘ ⫽  ⬘ 共 n,  兲 ⬅n⫺  ⫺1,

where the transformation functions are

共 2  兲 4 ␦ (4) 共 p⫺ p ⬘ 兲 ⌺ 共 p,B 兲 ⫽

i

with N(  ⬘ ) a normalization factor similar to that appearing
in Eq. 共11兲, and D  ⬘ (  ) denoting the parabolic cylinder functions with argument  ⫽ 冑2 兩 eB 兩 (x 1 ⫺k 2 /eB) and positive integer index  ⬘ given in terms of the W-boson Landau numbers n and spin projections  as

W

n

0

Fk  共 x 兲 ⫽N 共  ⬘ 兲 exp i 共 k̂•x̂ 兲 D  ⬘ 共  兲

with n denoting the W-boson Landau levels. Considering the
mass-shell condition k̄ 2 ⫽⫺M 2W in Eq. 共15兲, we can identify
at eB⬎M 2W the so called ‘‘zero-mode problem’’ 关24,25兴. As
known, at those values of the magnetic ﬁeld a vacuum instability appears giving rise to W-condensation 关25兴. In our calculations we restrict the magnitude of the magnetic ﬁeld to
eB⬍M 2W , so as to avoid the presence of any tachyonic
mode.
The W-boson Green’s function in conﬁguration space is
then
G F 共 x,y 兲   ⫽

0
0

and the eigenfunctions Fk  are

共15兲

n⫽0,1,2, . . .

0
1

⍀ (  ) ⫽diag共 ␦  ,0 , ␦  ,1 , ␦  ,⫺1 , ␦  ,0兲 ,

where ␦ (k⫺k ⬘ )⫽ ␦ (k⫺k ⬘ ) ␦ nn ⬘ , and the W-boson momentum eigenvalue in the presence of the magnetic ﬁeld, k̄,
is given by the relation
ˆ (4)

冊

0
1

The matrices ⍀ (  ) are explicitly given in terms of the
W-boson spin projections  by

共14兲

k̄ 2 ⫹M 2W

冉

冑2
0

and

Ritus’ technique for spin-1/2 particles was recently extended to the spin-1 particle case in Refs. 关17,18兴. In this
case the corresponding W-boson Green’s function can be diagonalized in momentum space as


1

冑2

共17兲

d 4x

冉 兺冕
n

再冋 冉
冊册 冎

d 4 ye ⫺i(p•x⫺ p ⬘ •y) R ␥ 

冕 共 2  兲4 E q共 x 兲 ␥ •q̄⫹m Ē q共 y 兲
兺
d 3 q̂

l

d 3 k̂ ⌫ k␣  共 x 兲 ⌫ k†␣  共 y 兲
共 2 兲4

k̄ 2 ⫹M 2W

L .

1

e

冊
共24兲

The coefﬁcients of the covariant expression for ⌺( p,B) can be found using the explicit form 共24兲 in the covariant
expression
共 2  兲 4 ␦ (4) 共 p⫺ p ⬘ 兲 ⌺ 共 p,B 兲 ⫽a ⬘ p” 储 ⫹b ⬘ p” ⬜ ⫹c ⬘ p  F̃ˆ   ␥  ⫹id ⬘ p  F̂   ␥  .

共25兲

Introducing in Eq. 共24兲 the transformation functions E q and ⌫ ␣k  , and taking into account the following properties of the
spinor matrices:
043012-4

36

A Choice of Papers

Emilio Elizalde
PHYSICAL REVIEW D 70, 043012 共2004兲

NEUTRINO PROPAGATION IN A STRONGLY . . .

⌬ 共 ⫾ 兲 † ⫽⌬ 共 ⫾ 兲 ,

⌬ 共 ⫾ 兲 ⌬ 共 ⫾ 兲 ⫽⌬ 共 ⫾ 兲 ,

⌬ 共 ⫾ 兲 ⌬ 共 ⫿ 兲 ⫽0

␥⬜ ⌬ 共 ⫾ 兲 ⫽⌬ 共 ⫿ 兲 ␥⬜ ,

␥ 储 ⌬ 共 ⫾ 兲 ⫽⌬ 共 ⫾ 兲 ␥ 储 ,
L⌬ 共 ⫾ 兲 ⫽⌬ 共 ⫾ 兲 L,

R⌬ 共 ⫾ 兲 ⫽⌬ 共 ⫾ 兲 R

共26兲

where the notation ␥ 储 ⫽( ␥ 0 , ␥ 3 ) and ␥⬜ ⫽( ␥ 1 , ␥ 2 ) was used, we ﬁnd for the coefﬁcients appearing in Eq. 共25兲 the following
general expressions in the one-loop approximation 关henceforth we consider sgn(eB)⬎0, to simplify the notation兴:
a ⬘⫽

ig 2

兺
2 p 2 l,n
储

冕 冕 冕
d 4x

d4y

d 3 q̂
共 2 兲4

冕

e ⫺i( p•x⫺ p ⬘ •y)

d 3 k̂

共 2  兲 4 共 q̄ 2 ⫹m 2e 兲共 k̄ 2 ⫹M 2W 兲

*
共y兲
兵 共 q 0 ⫹q 3 兲共 p 3 ⫺ p 0 兲 I n⫺2,l⫺1 共 x 兲 I n⫺2,l⫺1

* 共 y 兲其
⫹ 共 q 3 ⫺q 0 兲共 p 3 ⫹ p 0 兲 I n,l 共 x 兲 I n,l
b ⬘⫽

ig 2

冕 冕 冕

兺

d 4x

2 p⬜2 l,n

冕

d 3 q̂

d4y

共27兲

共 2 兲4

e ⫺i( p•x⫺ p ⬘ •y)

d 3 k̂

共 2  兲 4 共 q̄ 2 ⫹m 2e 兲共 k̄ 2 ⫹M 2W 兲

*
共y兲
兵 共 p 2 ⫹i p 1 兲 q̄ 2 I n⫺1,l 共 x 兲 I n⫺1,l⫺1

* 共 y 兲其
⫹ 共 p 2 ⫺i p 1 兲 q̄ 2 I n⫺1,l⫺1 共 x 兲 I n⫺1,l
c ⬘⫽

ig 2

兺

2 p 2储 l,n

冕 冕 冕
d 4x

d4y

d 3 q̂
共2兲

4

冕

共28兲
e ⫺i(p•x⫺p ⬘ •y)

d 3 k̂

共 2  兲 共 q̄ ⫹m 2e 兲共 k̄ 2 ⫹M 2W 兲
4

2

*
共y兲
兵 共 q 0 ⫹q 3 兲共 p 3 ⫺p 0 兲 I n⫺2,l⫺1 共 x 兲 I n⫺2,l⫺1

⫺ 共 q 3 ⫺q 0 兲共 p 3 ⫹p 0 兲 I n,l 共 x 兲 I *
n,l 共 y 兲 其
d ⬘⫽

⫺ig 2
2 p⬜2

兺
l,n

冕 冕 冕
d 4x

d4y

d 3 q̂
共 2 兲4

冕

共29兲
e ⫺i( p•x⫺ p ⬘ •y)

d 3 k̂

共 2  兲 4 共 q̄ 2 ⫹m 2e 兲共 k̄ 2 ⫹M 2W 兲

*
共y兲
兵 共 p 2 ⫹i p 1 兲 q̄ 2 I n⫺1,l 共 x 兲 I n⫺1,l⫺1

* 共 y 兲其
⫺ 共 p 2 ⫺i p 1 兲 q̄ 2 I n⫺1,l⫺1 共 x 兲 I n⫺1,l

共30兲

consistent to use the LLL approximation in the electron
Green’s function, while in the W-boson Green’s function,
because M W Ⰷ 冑B, we must sum in all W-boson Landau levels.
The neutrino self-energy in a magnetized vacuum was
found within this approximation in Ref. 关17兴. In what follows, we extend that result to neutral and charged media,
introducing ﬁnite temperature and density effects. However,
since the vacuum contribution is always present in the statistical calculations of the self-energy, we summarize below the
results found in Ref. 关17兴.
In the strong ﬁeld approximation (l⫽0) the covariant
structure of the neutrino self-energy reduces to

where
I n,l 共 x 兲 ⫽2  冑eB exp关 ix̂• 共 k̂⫹q̂ 兲兴  n 共  / 冑2 兲  l 共  / 冑2 兲
共31兲
and  m (x) are the orthonormalized harmonic oscillator wave
functions, deﬁned in terms of the Hermite polynomials
H m (x) as

 m 共 x/ 冑2 兲 ⫽

2 ⫺m/2
关 冑 m! 兴 1/2

H m 共 x/ 冑2 兲 exp⫺ 共 x 2 /4兲 .

共32兲

Expressions 共27兲–共30兲, when substituted in Eq. 共25兲, give
the general formula for the one-loop neutrino self-energy in a
constant magnetic ﬁeld of arbitrary strength. Note that, in
this approach, the W-boson/magnetic-ﬁeld interaction is kept
in the poles of the self-energy operator through the effective
momentum k̄ 2 , as well as in the harmonic oscillator wave
functions  n (  / 冑2).

共 2  兲 4 ␦ (4) 共 p⫺ p ⬘ 兲 ⌺̄ 0 共 p,B 兲 ⫽a 0⬘ p” 储 ⫹c 0⬘ p  F̃ˆ   ␥  . 共33兲

That is, b ⬘ and d ⬘ are zero and
a ⬘0 ⫽

ig 2 共 p 3 ⫹ p 0 兲
2p 2储

IV. NEUTRINO SELF-ENERGY IN THE STRONG-FIELD
LIMIT

Since in the strong-ﬁeld limit (M W Ⰷ 冑BⰇm e ,T,  , 兩 p兩 )
the gap between the electron Landau levels is larger than the
rest of the parameters entering in the electron energy, it is

⫻

冕

兺n

冕 冕 冕
d 4x

d4y

d 3 q̂
共 2 兲4

* 共 y 兲 e ⫺i( p•x⫺ p ⬘ •y)
d 3 k̂ 共 q 3 ⫺q 0 兲 I n,0共 x 兲 I n,0
共 2 兲4

共 q 2储 ⫹m e 兲共 k̄ 2 ⫹M 2W 兲

共34兲
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c 0⬘ ⫽⫺a 0⬘ .

contributions of 1/M 2W -order. However, as we will show in
Sec. V, they will play very different roles in the neutrino
energy spectrum, since they are associated to different selfenergy structures. While the strong-ﬁeld results 共38兲 produce
a magnetic-ﬁeld dependence in the neutrino energy spectrum
which is linear in the Fermi coupling constant, the weak-ﬁeld
results 共39兲 generate a smaller second-order contribution.

共35兲

After summing in n and integrating in x, y, and k̂ we
obtain
a 0⬘ ⫽⫺c 0⬘ ⫽
⫻

冕

ig 2  共 p 3 ⫹ p 0 兲

d 2q 储

2 p 2储

2

e ⫺p⬜ /2eB
共 q 3 ⫺q 0 兲

关 q 2储 ⫹m e 兴关共 q 储 ⫺ p 储 兲 2 ⫺eB⫹M 2W 兴

A. Neutral medium in strong magnetic ﬁeld

. 共36兲

In a neutral medium the self-energy operator can be written as

Integrating in q 储 and considering that M 2W ⰇeB,m 2e , p 2储 ,
we obtain for the neutrino self-energy in the strongly magnetized vacuum
ˆ

⌺̄ 0 共 p,B 兲 ⫽a 0 p” 储 ⫹c 0 p F̃   ␥



⌺̄ 共 p,B 兲 ⫽⌺̄ 0 共 p,B 兲 ⫹⌺̄ T 共 p,B 兲 ,

where ⌺̄ 0 is the vacuum contribution 关given in the strongﬁeld approximation by Eqs. 共37兲 and 共38兲兴, and ⌺̄ T is the
statistical part which depends on temperature and magnetic
ﬁeld 共in a charged medium the statistical part can also depend, of course, on the chemical potential兲. Our goal now is
to ﬁnd ⌺̄ T ( p,B) in the parameter range M W Ⰷ 冑B
Ⰷm e ,T, 兩 p兩 . Here we can also assume that the electrons are
conﬁned to the LLL. Thus, performing the same calculations
as in Eqs. 共34兲–共36兲 we arrive at a self-energy operator
⌺̄( p,B) with a structure identical to Eq. 共33兲, and coefﬁcients given by an expression similar to Eq. 共36兲, but with
⬁
the Matsubara replacement, 兰 dq 0 →(2  i/ ␤ ) 兺 m⫽⫺⬁
关q4
⫽(2m⫹1)  / ␤ , m⫽0,⫾1,⫾2, . . . 兴 , corresponding to the
discretization of the fourth component q 4 of the fermion momentum, obtained after introducing the Wick rotation to Euclidean space (q 0 →iq 4 ), ␤ being the inverse of the temperature ␤ ⫽1/T.
After summing in m and extracting the vacuum part 共36兲,
we obtain that the coefﬁcients corresponding to the thermal
contribution ⌺̄ T ( p,B) are given by

共37兲

with coefﬁcients given by
a 0 ⫽⫺c 0 ⯝

⫺g 2 eB
2共 4 兲

2

2

M 2W

e ⫺p⬜ /2eB .

共38兲

Notice the 1/M 2W -order of the leading contribution in the
LLL approximation. Using the zero-temperature weak-ﬁeld
results of Ref. 关12兴 we can identify the scalar coefﬁcients of
the general structure 共3兲 for that case as
3
6g 2 eB
c̃ 0 ⫽⫺ d̃ 0 ⯝
.
2
共 4  兲 2 M 2W

ã 0 ⫽b̃ 0 ⯝0,

共39兲

If we compare the vacuum results at weak-ﬁeld, Eq. 共39兲,
with those at strong ﬁeld, Eq. 共38兲, we can see that in both
cases the nonzero coefﬁcients have ﬁeld-dependent leading

a 0⬘ 共 T 兲 ⫽⫺c ⬘0 共 T 兲 ⫽

⫺i2  2 g 2 eB 共 p 3 ⫹i p 4 兲
p 2储
⫹

共40兲

2

e ⫺ p⬜ /2eB ␦ (4) 共 p⫺ p ⬘ 兲

共 q 3 ⫺i p 4 兲共 p 24 ⫺ 22 ⫹ 21 兲 ⫺2i p 4  22

 2 关共 p 24 ⫺ 22 ⫹ 21 兲 2 ⫹4 22 p 24 兴

f B共  2 兲

冕

冎

dq 3

再

q 3 共 p 24 ⫹ 22 ⫺ 21 兲 ⫹2i p 4  21
 1 关共 p 24 ⫹ 22 ⫺ 21 兲 2 ⫹4 21 p 24 兴

f F共  1 兲

共41兲

 1 ⫽ 冑q 23 ⫹m 2e ,

where

f F共  1 兲 ⫽

1
1⫹e ␤  1

,

f B共  2 兲 ⫽

1
1⫺e ␤  2

 2 ⫽ 冑共 q 3 ⫺p 3 兲 2 ⫹M 2W ⫺2eB.

共42兲

共43兲

To do the integral in Eq. 共41兲 we take into account the
approximation M W Ⰷ 冑B⭓TⰇm e , 兩 p 兩 . Thus, to leading order we can neglect the contribution of the boson distribution,

are the fermion and boson distribution functions respectively,
with effective energies
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since it is damped by the exponential factor e ⫺M W /T . Integrating in momentum and expanding in powers of 1/M 2W , we
obtain, up to leading order,
⌺̄ T 共 p,B 兲 ⫽a 0 共 T 兲 p” 储 ⫹c 0 共 T 兲 p  F̃ˆ   ␥ 

a 0 共 T 兲 ⫽⫺c 0 共 T 兲 ⫽

⫺g 2 eBT 2
24M 4W

2

e ⫺p⬜ /2eB .

dence in the pole of the W-boson Green’s function makes a
nontrivial contribution of (1/M 2W )-order into the nonlocal
part of the bubble diagram. Observe that the W-boson
Green’s function obtained in our approach, Eq. 共14兲, only has
such structure indeed, and that the vacuum results at strong
共38兲 and weak 共39兲 ﬁelds give rise to nonlocal (1/M 2W )-order
contributions to neutrino self-energy.

共44兲

共45兲
B. Charged medium in strong magnetic ﬁeld

We consider now a medium with a ﬁnite density of electric charge. As usual, a ﬁnite density is reﬂected through the
shift q 0 →q 0 ⫺  in the momenta of the particles with nonzero charge associated to  . The chemical potential, depending on the value of the charge density, plays the role of an
external parameter. In stellar medium, for example, the electric charge is ﬁxed by the net charge of the baryons, which,
due to their large masses, are usually treated as a classical
background. Here the following comment is in order: in electroweak matter at ﬁnite density there exists the possibility to
induce additional ‘‘chemical potentials’’ 关28兴. These chemical potentials are nothing but dynamically generated background ﬁelds given by the average 具 W 30 典 and 具 B 0 典 of the zero
components of the gauge ﬁelds. They are known to appear,
for instance, in the presence of ﬁnite lepton/baryon density
关28兴 共for recent applications related to this effect see Refs.
关29兴兲. In our case, a possible consequence of the condensation of such average ﬁelds could be the modiﬁcation of the
effective chemical potential of the W-boson, which then
might be different from the electron chemical potential. Nevertheless, that modiﬁcation, even if present in the case under
study, will have no relevant consequence, as the W-boson
contribution will be always suppressed by the factor
e ⫺M W /T .
In the strong-ﬁeld approximation 关i.e. after considering
the LLL approximation in the neutrino self-energy 共25兲–
共30兲兴 the nonzero coefﬁcients of the neutrino self-energy in
the charged medium are given in Euclidean space by

Hence, the thermal contribution is one order smaller in
powers of 1/M 2W than the ﬁeld-dependent vacuum contribution 共38兲. Notice that in the strong-ﬁeld approximation the
thermal contribution 共45兲 has the same 1/M 4W -order as the
corresponding thermal contributions at weak 关14兴 and zero
关16兴 ﬁeld.
We should call attention to the fact that when calculating
the thermal contribution to the e-W bubble by using the
Schwinger proper-time method 关21兴, some authors 关14兴 have
considered the following expansion:

G 共 k,B 兲   ⯝

␦ 
M 2W

⫹

␦   ⌬ 2 ⫺⌬  ⌬ 
M 4W

⫹O

冉 冊
⌬ 2F 
M 6W

共46兲

within the W-boson Green function in the presence of a constant magnetic ﬁeld

G 共 x,y 兲   ⫽  共 x,y 兲

冕

d 4k
共 2 兲4

e ik•(x⫺y) G 共 k,B 兲   ,
共47兲

where
e
 共 x,y 兲 ⫽exp i y  F   x 
2

共48兲

is the well-known phase factor depending on the applied
ﬁeld 关27兴, and ⌬(k) is the energy-momentum transfer.
Based on this expansion, it has been argued that the nonlocal lower contribution to the bubble diagram should be of
order 1/M 4W , and that the local (1/M 2W )-order term only contributes at ﬁnite density. While this argument is correct when
applied to the statistical part of the self-energy operator 关it
explains the 1/M 4W order appearing in the thermal coefﬁcients a 0 (T) and c 0 (T) in Eq. 共45兲兴, it is not valid for the
self-energy vacuum contribution. For the vacuum (T⫽0, 
⫽0) contribution the situation is different, since we cannot
neglect the internal momenta as compared with M W in the
poles of the W-boson Green’s function, due to the lack of the
ultraviolet cutoff which is present in statistics. Thus, when
calculating the vacuum part, the ﬁrst term in Eq. 共46兲 should
be replaced by ␦   /(M 2W ⫹k 2 ). Such momentum depen-

a ⬘0 ⫽⫺c ⬘0 ⫽

⫻

兺m

ig 2  2 共 p 3 ⫹i p 4 兲

冕

␤ p 2储
dq 3

2

e ⫺ p⬜ /2eB
共 q 3 ⫺iq *
4兲

关共 q 4* 兲 ⫹ 21 兴关共 q 4* ⫺p 4 兲 2 ⫹ 22 兴
2

, 共49兲

This expression is similar to Eq. 共36兲 after taking into ac⬁
count the Matsubara replacement 兰 dq 0 →(i/ ␤ ) 兺 m⫽⫺⬁
关q4
⫽(2m⫹1)  / ␤ , m⫽0,⫾1,⫾2, . . . 兴 , with the additional
change q 4 →q *
4 , where q *
4 ⫽q 4 ⫹i  .
After carrying out the temperature sum in Eq. 共49兲, and
subtracting the vacuum part 共36兲, we arrive at
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a 0⬘ 共 T,  兲 ⫽⫺c 0⬘ 共 T,  兲 ⫽

⫺i  2 g 2 eB 共 p 3 ⫹i p 4 兲
2 p 2储
⫹

2

e ⫺p⬜ /2eB ␦ (4) 共 p⫺p ⬘ 兲

共 q 3 ⫺ 1 兲

 1 关共 i 1 ⫹ p 4 兲 2 ⫹ 22 兴

f⫹
F 共 1兲⫹

1
1⫹e

␤ ( 1 ⫿  )

f⫿
B 共 2兲⫽

,

␤ ( 2 ⫿  )

共51兲

dq 3

f⫿
F 共1兲

共52兲

共53兲

a 0⬘ 共 T,  兲 ⫽⫺c ⬘0 共 T,  兲
⫺i2  2 g 2 eB 共 p 3 ⫹i p 4 兲 
M 2W p 2储

2

e ⫺p⬜ /2eB ␦ (4) 共 p⫺p ⬘ 兲 .
共54兲

⌺̄ T,  共 p,B 兲 ⫽a 0 共 T,  兲 p” 储 ⫹c 0 共 T,  兲 p  F̃ˆ   ␥ 
g 2 eB 共 p 3 ⫹ p 0 兲 
2 共 2  兲 2 M 2W p 2储

f⫹
B 共2兲

冎

共50兲

⫺g 2 eB 
2 共 2  兲 2 M 2W
g 2e 
2共 2 兲

2

M 2W

共57兲

2

e ⫺ p⬜ /2eB ,

2

e ⫺ p⬜ /2eB .

共58兲

V. NEUTRINO INDEX OF REFRACTION IN STRONG
MAGNETIC FIELD

After analytic continuation to Minkowski space, we ﬁnd that
the leading contribution to the statistical part of the selfenergy in a strongly magnetized charged medium is

a 0 共 T,  兲 ⫽⫺c 0 共 T,  兲 ⫽

共 q 3 ⫺ 2 ⫺i p 4 兲

From Eqs. 共57兲,共58兲 we see that the leading term in the
statistical part of the self-energy in the charged medium in
strong magnetic ﬁeld is independent of the momentum and
proportional to 1/M 2W , thus of larger order than the statistical
contribution of the neutral case 关Eq. 共45兲兴.
Comparing our result 共57兲,共58兲 with those found at weak
ﬁeld 关15兴, we see that the coefﬁcient of the structure B” has
similar qualitative characteristics. That is, both c coefﬁcients
are linear in  and have the same order, 1/M 2W . Nevertheless, the coefﬁcients of the structure u” signiﬁcantly differ in
the strong and weak cases. In the weak-ﬁeld limit ā only
depends on the density, thus its leading contribution is proportional to  3 共this is the characteristic term of the MSW
effect 关26兴兲. However, for ﬁelds larger than  , the relation
 BⰇ  3 holds, and the leading becomes proportional to  B,
as in Eq. 共58兲. Thus, in the strong ﬁeld case it is the ﬁeld the
parameter that drives the main dependence of both structures
in ⌺̄ T,  .

was introduced.
It is interesting to consider the situation where  ⰇT,
which is a natural condition in many astrophysical environments. In this case Eq. 共52兲 becomes

⫽

f⫺
F 共1兲

 2 关共 i 2 ⫺ p 4 兲 2 ⫹ 21 兴

c̄ 0 共 T,  兲 ⫽

where the notation N ⫿
0 for the electron/positron number densities in the LLL

22

f⫺
B 共 2兲⫹

ā 0 共 T,  兲 ⫽

M 2W p 2储
2

冕

 1 关共 i 1 ⫺ p 4 兲 2 ⫹ 22 兴

⌺̄ T,  共 p,B 兲 ⫽ā 0 共 T,  兲 u” ⫹c̄ 0 共 T,  兲 B”

⫺i  4 g 2 共 p 3 ⫹i p 4 兲

⫹ ⫺p⬜ /2eB (4)
⫻关N⫺
␦ 共 p⫺ p ⬘ 兲
0 ⫺N 0 兴 e

N⫿
0 ⫽ 兩 eB 兩

共 q 3 ⫹ 1 兲

共 q 3 ⫹ 2 ⫺i p 4 兲

are the fermion/antifermion and boson/antiboson distributions respectively. Here, we obtain an equal energy split for
both distributions since both charged particles have the same
electric charge and thus are characterized by the same chemical potential.
Assuming the approximation M W Ⰷ 冑BⰇ  ,T,m e , 兩 p兩 ,
Eq. 共50兲 is reduced in leading order to
a 0⬘ 共 T,  兲 ⫽⫺c 0⬘ 共 T,  兲 ⫽

再

way using the base formed by the four-velocity u  and the
covariant magnetic ﬁeld vector B  ⫽ 21     u  F   , as

1
1⫺e

dq 3

 2 关共 i 2 ⫹p 4 兲 2 ⫹ 21 兴

where
f⫿
F 共 1兲⫽

冕

The neutrino index of refraction, deﬁned by

共55兲

n⫽

兩 p兩
E 共 兩 p兩 兲

共59兲

2

e ⫺p⬜ /2eB .

where p and E are the neutrino momentum and energy respectively, is a quantity that plays a signiﬁcant role in neutrino ﬂavor oscillations in a medium 关26兴. A ﬂavor-dependent
index of refraction would enhance the periodical change between different ﬂavors of neutrinos travelling through the
medium.

共56兲

The apparent dependence on the momentum components
p 0 , p 3 of the coefﬁcients a 0 (T,  ), c 0 (T,  ) is deceiving, as
we can easily rewrite Eqs. 共55兲,共56兲 in a more convenient
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Here the following comment is in order. If we consider
the weak-ﬁeld results 共39兲 obtained in Ref. 关12兴 for the neutrino self-energy, in the dispersion relation 共6兲 we obtain

To ﬁnd the index of refraction we need to know the dispersion relation E⫽E( 兩 p兩 ). In the presence of a medium the
energy spectra of the massless left-handed neutrinos are
modiﬁed due to their weak interaction with the particles of
the background. In a magnetized medium, even though the
neutrinos are electrically neutral, they feel the magnetic ﬁeld
indirectly through their interaction with the charged particles
of the medium whose properties are affected by the ﬁeld.
As discussed in Sec. II, in a magnetized medium the general form of the neutrino dispersion relation is given by Eq.
共5兲, with the self-energy depending on the medium characteristics. As follows, we present the neutrino energy spectrum and index of refraction for magnetized neutral and
charged media.

冋

⬘ ⫽ 兩 p兩 1⫹
E⫾

In the strongly magnetized neutral medium the dispersion
relation is obtained from
共60兲

B. Neutrino index of refraction in a strongly magnetized
charged medium

with ⌺̄ 0 ( p,B) and ⌺̄ T ( p,B) explicitly given in Eqs. 共37兲,共38兲
and 共44兲,共45兲 respectively. The solution of Eq. 共60兲 in leading order in the Fermi coupling constant is

Now we consider the effect of a strong magnetic ﬁeld in
neutrino propagation in a charged medium. In this case the
dispersion relation is

p 0 ⫽⫾ 兩 p⫹ 冑2/a (0) 共 p⫻B̂兲 兩
⯝⫾ 兩 p兩 关 1⫺a (0) sin2 ␣ 兴 .

共61兲

det关 p” ⫹⌺̄ 0 共 p,B 兲 ⫹⌺̄ T,  共 p,B 兲兴 ⫽0,

In Eq. 共61兲, ␣ is the angle between the direction of the neutrino momentum and that of the applied magnetic ﬁeld, and
the coefﬁcient a (0) ⫽a 0 ⫹a 0 (T) is explicitly given by
a (0) ⫽

⫺g 2 eB
8M 2W

冋

1
共2兲

⫹
2

T2
3M 2W

册

exp共 ⫺p⬜2 /eB 兲 .

共65兲

with ⌺̄ 0 ( p,B) and ⌺̄ T,  ( p,B) given in Eqs. 共37兲,共38兲 and
共57兲,共58兲 respectively. The solution of Eq. 共65兲 is
E ⫾ ⫽⫾

共62兲

From Eq. 共62兲 it is clear that in the strong-ﬁeld limit the
thermal correction a 0 (T) to the neutrino energy is much
smaller than the vacuum correction a 0 . As we will discuss in
Sec. VIII, this result can be signiﬁcant for cosmological applications in the case that a strong primordial magnetic ﬁeld
could exist in the primeval plasma.
The neutrino (⫹)/antineutrino (⫺) energies are given by
E ⫾ ⬅⫾ p 0 respectively. Substituting Eq. 共61兲 into Eq. 共59兲
we obtain for the neutrino 共antineutrino兲 index of refraction
in a neutral medium
n⯝1⫹a (0) sin2 ␣ .

共64兲

In Eq. 共64兲, as the energy depends on c̃ 20 , we can see that the
weak ﬁeld produces a negligible second order correction in
term of the Fermi coupling constant expansion 共i.e. a
1/M 4W -order effect兲. It can be corroborated that the inclusion
of temperature in this approximation also produces a second
order correction 关14兴.
Thus, we conclude that the strong ﬁeld produces an effect
qualitatively larger, which is even more important than the
thermal one. We call the reader’s attention to the fact that the
ﬁeld-dependent vacuum contribution to the neutrino energy
共61兲 has the same order in the Fermi coupling constant as the
ones found in a charged medium at zero 关26兴 and weak 关15兴
ﬁelds.

A. Neutrino index of refraction in strongly magnetized neutral
medium

det关 p” ⫹⌺̄ 0 共 p,B 兲 ⫹⌺̄ T 共 p,B 兲兴 ⫽0,

册

5 2 2
c̃ sin ␣ .
18 0

4a 0 
⫹
共 1⫺2a 0 兲

冑

兩 p兩 2 ⫺2a 0 关 p 3 ⫺4  兴 p 3
.
1⫺2a 0

共66兲

In leading order in the Fermi coupling constant, expression 共66兲 is approximated by
E ⫾ ⯝ 兩 p兩 关 1⫺a 0 sin2 ␣ 兴 ⫺M•B⫾E 0

共67兲

where
M⬅

共63兲

⫺E 0 p
,
兩 B兩 兩 p兩

共68兲

and

Equation 共63兲 implies that the index of refraction depends
on the neutrino direction of motion. The order of the anisotropy is g 2 ( 兩 eB 兩 /M 2W ). Maximum ﬁeld effects take place for
neutrinos propagating perpendicularly to the magnetic ﬁeld.
That is, the maximum departure of the neutrino phase velocity from the light velocity c, occurs at ␣ ⫽  /2. Notice that in
the neutral magnetized medium the magnetic ﬁeld effect
does not differentiate between neutrinos and antineutrinos.

⫹
E 0 ⫽ 冑2G F e ⫺ p⬜ /2eB 关 N ⫺
0 ⫺N 0 兴 .
2

共69兲

On the RHS of Eq. 共67兲, the ﬁrst term is the modiﬁed
neutrino kinetic energy, with the ﬁeld-dependent radiative
correction already found in the neutral case 关see Eq. 共61兲兴;
the second term can be interpreted as a magnetic-moment/
magnetic-ﬁeld interaction energy, with M playing the role of
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rameters, including  and 兩 p兩 are assumed smaller than 冑eB,
such a term is negligible compared to the contribution E 0
which is proportional to the ﬁeld. In both approximations
there is an additional anisotropy related to the induced magnetic moment term, which is linear in the magnetic ﬁeld and
depends on the imbalance between particles and antiparticles. We should notice that this anisotropic term changes its
sign when the neutrino reverses its motion. This property is
crucial for a possible explanation of the peculiar high pulsar
velocities 关32兴. Nevertheless, for the anisotropic term that
modiﬁes the kinetic energy in the strong-ﬁeld approximation,
the neutrino energy-momentum relation is invariant under
the change of ␣ by ⫺ ␣ .
Substituting Eq. 共67兲 into Eq. 共59兲 we obtain that the
neutrino/antineutrino index of refraction in the charged medium is given by

a neutrino effective magnetic moment; and the third term is a
rest energy induced by the magnetized charged medium.
We underline that, contrary to the case of the neutrino
anomalous magnetic moment found beyond the standard
model by including right-chiral neutrinos 关30兴, the induced
magnetic moment here obtained does not require a massive
neutrino. We remind the reader that we are only considering
left-chiral Dirac neutrinos, so the magnetic moment in Eq.
共67兲 cannot be associated with the anomalous magnetic moment structural term    F   in the self-energy. This structure is forbidden in the present case by the explicit chirality
of the standard model. In the case under study we have that
although the neutrino is a neutral massless particle, the
charged medium can endow it, through quantum corrections,
with a magnetic moment proportional to the induced neutrino rest energy. Thus, we are in the presence of a peculiar
magnetic moment created thanks to the particle-antiparticle
imbalance of the charged medium. Such a charge asymmetry
permits the formation of a net virtual current that, due to the
magnetic ﬁeld, circulates in a plane perpendicular to the neutrino propagation and therefore produces an effective magnetic moment in the direction of the neutrino momentum.
In a charged medium CP-symmetry is violated 关31兴, and a
common property of electroweak media with CP violation is
a separation between neutrino and antineutrino energies. In
the present case this property is manifested in the double
sign of E 0 in Eq. 共67兲. Although this difference depends on
the magnetic ﬁeld entering in N ⫾
0 , we stress that it depends
on the magnitude of the magnetic ﬁeld but not on its direction. Thus, the energy anisotropy connected to the ﬁrst two
terms of Eq. 共67兲 is the same for neutrinos and antineutrinos.
The neutrino/antineutrino energy in the charged medium
in the presence of a weak ﬁeld has been found 关15兴 to be

⬙ ⫽ 兩 p兩 ⫺b ⬘
E⫾

p•B
⫾a ⬘ ,
兩 p兩

n ⫾ ⫽1⫹a 0 sin2 ␣ ⫹

b ⬘⫽

eg 2
2M 2W

冕

g2
4M 2W

共70兲

n ⫺ ⫽1⫹

共 N ⫺ ⫺N ⫹ 兲 ,

d3p

d
共 f ⫺⫺ f ⫹ 兲,
3
共 2  兲 2E dE

共72兲

The result 共72兲 implies that the index of refraction depends
on the neutrino direction of motion relative to the magnetic
ﬁeld. Moreover, neutrinos and antineutrinos have different
index of refractions and therefore different phase velocities
even if they move in the same direction. For neutrinos, if
⫹
N⫺
0 ⬎N 0 共i.e. if there is a larger number of electrons than
positrons兲 the index of refraction for B⫽0 is smaller than
one, so their phase velocities will be smaller than light velocity. Thus, in the charged medium with strong magnetic
ﬁeld, neutrinos behave as massive particles. This is in agreement with the behavior they have in a dense medium, even in
the absence of magnetic ﬁeld 关26兴. On the other hand, for
antineutrinos the index of refraction 关the one with the positive sign in front of E 0 in Eq. 共72兲兴 can be larger than one.
For instance, for antineutrinos moving opposite to the ﬁeldline directions the index of refraction is

with
a ⬘⫽

M•B⫿E 0
.
兩 p兩

2E 0
⬎1.
兩 p兩

共73兲

Thus, antineutrinos will have phase velocities larger than
c and depending on the magnetic ﬁeld strength and electron
density. In this regard we should mention that particles with
zero rest mass can even have group velocities that exceed c
in anomalously dispersive media 关33兴. Moreover, in nontrivial backgrounds, particles with superluminal propagations
are not intrinsically forbidden in quantum ﬁeld theories. For
instance, superluminal photons appear in curved spaces 关34兴,
Casimir vacua 关35兴 and in QED with compactiﬁed spatial
dimensions 关36兴. Discussions about the nonviolation of microcausality by the existence of such superluminal velocities,
as well as the lack of a contradiction between such a phenomenon with the bases of special theory of relativity, can be
found in Refs. 关33,34,37兴. There, it was noted that the ‘‘front
velocity,’’ the one related to the index of refraction in the
inﬁnite frequency limit, is the one that cannot exceed c, since
it is related to the signal transmission.

共71兲

where N ⫾ are the electron/positron number densities, and f ⫾
the electron/positron distributions.
Comparing the strong-ﬁeld 共67兲 and the weak-ﬁeld 共70兲
dispersion relations, we see that the ﬁeld-dependent correction to the kinetic energy appearing in the strong-ﬁeld approximation is absent in the leading order of the weak-ﬁeld
case. For a strong-ﬁeld, that correction turns out to be important for neutrinos propagating perpendicular to the magnetic
ﬁeld. Another difference between Eqs. 共67兲 and 共70兲, is that
in the last dispersion relation the rest energy a ⬘ does not
depend on the magnetic ﬁeld. This is the pure medium contribution that gives rise to the well known MSW effect 关26兴.
As discussed above, in the strong-ﬁeld case, where all pa-
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VI. STRONG FIELD AND LLL APPROXIMATION:
NUMERICAL TEST

barely enough to induce the occupation of just a few of the
lower electron Landau levels, and one would not be surprised if the LLL approximation still gives the leading contribution to the dispersion relation.
To investigate Eq. 共75兲 it will be more convenient to independently study the variation range for each coefﬁcient
ratio,

In the calculation of the neutrino self-energy in the strongﬁeld limit (M W Ⰷ 冑BⰇm e ,T,  , 兩 p兩 ) done in Sec. IV, we assumed that the main contribution to the self-energy loop diagram came from electrons in the LLL, since in the strongﬁeld limit the energy gap between electron Landau levels is
much larger than the electron average energy in the medium.
In this section we will check the validity of these arguments
with the help of numerical calculations.
Taking into account that the relevant physical quantity in
this study is the neutrino energy, we can concentrate our
analysis on the self-energy coefﬁcients that give the largest
contribution to the dispersion relation. It is easy to check,
from the analytical structure of Eqs. 共27兲–共30兲, that the leading term in the expansion of the coefﬁcients in powers of
1/M 2W can be at most of order 1/M 2W . Keeping in mind that
the only coefﬁcients that could contribute with a 1/M 2W -order
term in the dispersion relation 共6兲 are a and b 关coefﬁcients c
and d appear squared in Eq. 共6兲 and their contribution to the
dispersion relation should start at least with terms of order
1/M 4W ], we can approximate the dispersion relation 共6兲 by
p 20 ⯝ 兩 p兩 2 ⫺2 共 a⫺b 兲 p⬜2 .

a⫺b
,
a 0 ⫺b 0

a 共 T⫽0 兲 ⫹a 共 T 兲
⫺ 肀 a 共 B⫽0,T⫽0 兲 ,
a0

肀 b⫽

b 共 T⫽0 兲 ⫹b 共 T 兲
⫺ 肀 b 共 B⫽0,T⫽0 兲 ,
a0

共76兲

where a(T⫽0) 关 b(T⫽0) 兴 and a(T) 关 b(T) 兴 are respectively
the vacuum and thermal contributions of each coefﬁcient
a(b). Here we subtract the ultraviolet divergent zero-ﬁeld,
zero-temperature parts 肀 a (B⫽0,T⫽0), 肀 b (B⫽0,T⫽0), as
they can only contribute, after renormalization, with negligible zero-ﬁeld terms. The validity of the LLL approximation
should imply that 肀 a ⬇1 and 肀 b Ⰶ1 for the range of parameters considered. In the ﬁrst part of this section we examine
the validity of the LLL in the zero-temperature case obtaining 肀 a (T⫽0)⫽a(T⫽0)/a 0 ⫺ 肀 a (B⫽0,T⫽0)⬇1, 肀 b (T
⫽0)⫽b(T⫽0)/a 0 ⫺ 肀 b (B⫽0,T⫽0)Ⰶ1. In the second part,
we do a similar analysis, for the thermal part of a, ﬁnding
that 肀 a (T)⫽a(T)/a 0 Ⰶ1, as expected from the theoretical
considerations given in Sec. IV 关see the discussion below Eq.
共48兲兴. As this last numerical calculation is performed for
magnetic ﬁelds that can even be a few orders smaller than
T 2 , the result 肀 a (T)Ⰶ1 conﬁrms the appropriateness of the
LLL-approximation for a rather wide range of primordial
ﬁelds. The analysis of the ﬁnite temperature part of coefﬁcient b 关 肀 b (T)⫽b(T)/a 0 兴 is not explicitly done in the paper,
however, it is not hard to see that it gives rise to a similar
result, that is, 肀 b (T)Ⰶ1.

共74兲

Then, to validate the LLL approximation we should numerically study the ratio

肀⫽

肀 a⫽

共75兲

where a and b are respectively obtained from Eqs. 共27兲 and
共28兲, summing in all the Landau levels and taking parameter
values in the strong-ﬁeld region M W Ⰷ 冑BⰇm e , T, 兩 p兩 . The
coefﬁcients a 0 and b 0 are the corresponding values at T⫽0
in the LLL. In the denominator of Eq. 共74兲 we are neglecting
the thermal contributions a 0 (T) and b 0 (T) since they would
make an insigniﬁcant contribution (1/M 2W -order smaller兲 as
compared with the vacuum ones in the parameter range T
ⰆM W . In Sec. IV, we showed that b 0 ⫽0, and that a 0 is
given by Eq. 共38兲.
The strong-ﬁeld conditions can be naturally found in
many astrophysical systems like magnetars, neutron stars,
etc. In cosmological applications, however, the viable primordial ﬁelds can never be much larger than the
temperature,2 as according to the equipartition principle, the
magnetic energy can only be a small fraction of the universe
energy density. This argument leads to the relation eB/T 2
⬃O(1). Clearly, this is not a situation very consistent with a
strong-ﬁeld approximation. However, even under this condition, it is natural to expect that the thermal energy should be

A. Vacuum contribution

If we introduce in expressions 共27兲 and 共28兲 the integral
representations
1
q̄

2

⫹m 2e
1

k̄

2

⫹M 2W

⫽

冕

⫽

冕

⬁

0

⬁

0

d ␣ exp⫺ 共 q̄ 2 ⫹m 2e 兲 ␣ ,

共77兲

d ␤ exp⫺ 共 k̄ 2 ⫹M 2W 兲 ␤ ,

共78兲

and take into account the recurrence relation 关39兴
共 2l 兲 1/2 l⫺1 共  兲 ⫽ 共   ⫹  兲  l 共  兲 ,

2
In cosmology the electric chemical potential is so small that we
can always assume it is zero.

共79兲

in Eq. 共28兲, it is possible to rewrite coefﬁcients a ⬘ and b ⬘ as
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a ⬘⫽

d 4x

2 共 2  兲 6 p 2储
⫻

b ⬘⫽

冕 冕 冕 冕
冕 ␣ 冕 ␤兵

⫺ig 2 eB
⬁

⬁

d

0

2

2

2

冕 冕 冕 冕
冕 ␣ 冕 ␤再

ig 2 共 eB 兲 3/2

d 4x

共 2  兲 6 p⬜2

⫻

2

d 3 k̂e ⫺i(p 1 x 1 ⫺ p ⬘1 •y 1 ) e ix̂•(k̂⫹q̂⫺ p̂)⫹iŷ•( p̂ ⬘ ⫺k̂⫺q̂)

d 3 q̂

e ⫺(q 储 ⫹m e ) ␣ ⫺(k 储 ⫹M W ⫺eB) ␤ 关共 q 0 ⫺q 3 兲共 p 3 ⫹ p 0 兲 ⫺ 共 q 0 ⫹q 3 兲共 p 3 ⫺p 0 兲 r 2 t 兴 S ␣ S ␤ 其

d

0

d4y

⬁

d4y

⬁

d

2

d 3 k̂e ⫺i( p 1 x 1 ⫺ p ⬘1 •y 1 ) e ix̂•(k̂⫹q̂⫺ p̂)⫹iŷ•( p̂ ⬘ ⫺k̂⫺q̂)

2

2

2

e ⫺(q 储 ⫹m e ) ␣ ⫺(k 储 ⫹M W ⫺eB) ␤

d

0

d 3 q̂

共80兲

0

冋

册

冎

⫹⬘
⫺⬘
p ⫹i
p rtS ␣ S ␤ .
1⫹t 2
1⫺t 1

共81兲

Here, S ␣ and S ␤ are found doing the sum in Landau levels with the help of Mehler’s formula 关38兴
⬁

S ␣⫽

兺  l共  兲  l共  ⬘ 兲 t l ⫽ 关  共 1⫺t 2 兲兴 ⫺1/2exp⫺
l⫽0

冉 冊

 2⫺  ⬘2
共  ⬘⫺  t 兲2
exp⫺
2
1⫺t 2

共82兲

where t⫽exp⫺(2eB␣),  ⫽ 冑2eB(x 1 ⫹q 2 /eB) and  ⬘ ⫽ 冑2eB(y 1 ⫹q 2 /eB). S ␤ is obtained from Eq. 共82兲 by replacing t
→r⫽exp⫺(2eB␤),  →  ⫽ 冑2eB(x 1 ⫺k 2 /eB) and  ⬘ →  ⬘ ⫽ 冑2eB(y 1 ⫺k 2 /eB).
Integrating in x̂, ŷ, q̂ and k 2 , and introducing the variable changes x 1 →  and y 1 →  ⬘ , we ﬁnd
a ⬘⫽

⫺ig 2 eB 
p 2储

␦ 4 共 p⫺p ⬘ 兲

冕

⬁

⫺⬁

d 2k 储

冕 ␣冕 ␤冕 冕
⬁

⬁

d

⬁

d

0

⫺⬁

0

d

⬁

⫺⬁

d  ⬘ 兵 e ⫺[(q 储 ⫺ p 储 )

⫻ 共 p 20 ⫺ p 23 兲 ⫺ 共 k 0 ⫺k 3 兲共 p 3 ⫹ p 0 兲 ⫹ 共 k 0 ⫹k 3 兲共 p 3 ⫺ p 0 兲 r 2 t 兴 S ␣⬘ S ␤ 其
b ⬘⫽

2ig 2 共 eB 兲 3/2
p⬜2
⫹

2 p 22

冑eB 共 1⫹t 兲

␦ 4 共 p⫺p ⬘ 兲

册

冕

⬁

⫺⬁

d 2k 储

冕 ␣冕 ␤冕 冕
⬁

⬁

d

0

e ⫺i(  ⫺  ⬘ )p 1 / 冑eB rtS ␣⬘ S ␤

⬁

d

⫺⬁

0

冎

d

⬁

⫺⬁

2 ⫹m 2 ] ␣ ⫺(k 2 ⫹M 2 ⫺eB) ␤ ⫺i(  ⫺  ) p / 冑eB
⬘ 1
储
e
W

e

关共 1⫹r 2 t 兲

共83兲

再

d  ⬘ e ⫺[(q 储 ⫺ p 储 )

2 ⫹m 2 ] ␣ ⫺(k 2 ⫹M 2 ⫺eB) ␤
储
e
W

冋

⫹⬘
⫺⬘
p ⫹i
p
1⫹t 2
1⫺t 1
共84兲

where
S ␣⬘ ⫽ 关  共 1⫺t 2 兲兴 ⫺1/2exp⫺

冉

冊

关  ⫹ p 2 / 冑eB 兴 2 ⫺ 关  ⬘ ⫹ p 2 / 冑eB 兴 2
关共  ⬘ ⫹ p 2 / 冑eB 兲 ⫺ 共  ⫹ p 2 / 冑eB 兲 t 兴 2
exp⫺
.
2
1⫺t 2

共85兲

After Wick rotating to Euclidean space and doing the Gaussian integrals in k 3 , k 4 ,  and  ⬘ , we ﬁnally obtain
a ⬘ ⫽ ␦ 4 共 p⫺ p ⬘ 兲 g 2  2

冕 ␣冕
⬁

⬁

d

0

b ⬘ ⫽⫺ ␦ 4 共 p⫺ p ⬘ 兲 g 2  2

0

d␤

冕 ␣冕
⬁

⬁

d

0

0

␤

冋

册

冋

册

cosh共 ␣ ⫹2 ␤ 兲
1
␣␤ 2
exp共 ⫺m̂ 2e ␣ ⫺M̂ 2W ␤ 兲 exp⫺
p̂ 储 ⫹
p̂ 2
sinh
␣
⫹
␤
␣
⫹
␤
cth
␣
⫹cth
兲
兲
共
共
共␤兲 ⬜
共␣⫹␤兲

d␤

2

1
1
sinh共 ␤ 兲
␣␤ 2
exp共 ⫺m̂ 2e ␣ ⫺M̂ 2W ␤ 兲 exp⫺
p̂ ⫹
p̂ 2
␣ ⫹ ␤ 储 cth 共 ␣ 兲 ⫹cth 共 ␤ 兲 ⬜
共 ␣ ⫹ ␤ 兲 sinh2 共 ␣ ⫹ ␤ 兲

共86兲

共87兲

where we introduced the normalized parameters m̂ e ⫽m e / 冑eB, p̂  ⫽ p  / 冑eB, and M̂ W ⫽M W / 冑eB. Equations 共86兲 and 共87兲
are as far as we can go in the calculation of a ⬘ and b ⬘ after summing in all Landau levels without using any approximation.
In the zero-ﬁeld limit the coefﬁcients 共86兲 and 共87兲 reduce to

⬘ ⫽b B⫽0
⬘ ⫽⫺ ␦ 4 共 p⫺ p ⬘ 兲 g 2  2
a B⫽0

冕 ␣冕
⬁

⬁

d

0

0

d␤

␤
共 ␣⫹␤ 兲3
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冉

exp⫺ ␣ ⫹

␣␤ 2
p̄ ⫹M̄ 2W ␤
␣⫹␤ 

冊
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where M̄ W ⫽M W /m e , p̄  ⫽ p  /m e .
Our goal now is to investigate the validity of the LLL approximation for the zero-temperature contribution of the coefﬁcients in the parameters’ range: M W Ⰷ 冑BⰇm e , 兩 p兩 . With this purpose, in Figs. 2 and 3 we plot,

肀 a 共 T⫽0 兲 ⫽

a⫺a B⫽0
vs log m̂ ⫺1 苸 关 ⫺2,2兴
a0

共89兲

and

肀 b 共 T⫽0 兲 ⫽

b⫺b B⫽0
a0

vs

log m̂ ⫺1 苸 关 ⫺2,2兴

共90兲

respectively. Here a 0 is the LLL coefﬁcient deﬁned in Eq. 共38兲. Notice that primed and unprimed variables are related through
a ⬘ ⫽(2  ) 4 ␦ (4) (p⫺ p ⬘ )a, b ⬘ ⫽(2  ) 4 ␦ (4) ( p⫺ p ⬘ )b.
From Fig. 2 it can be seen that 肀 a (T⫽0)⬇1 when 冑eB⭓m e , 兩 p兩 , while, from Fig. 3, we see that 肀 b (T⫽0)Ⰶ1 in all the
range 10⫺2 m e ⭐ 冑eB⭐102 m e . This result corroborates the initial assumption that the LLL approximation gives the leading
contribution to the vacuum part of the neutrino self-energy at strong ﬁelds (M W Ⰷ 冑BⰇm e , 兩 p 兩 ).
B. Thermal contribution

Let us consider now the ﬁnite temperature contributions. The ﬁnite temperature part of the coefﬁcient a ⬘ can be found in
the following way. We start from Eq. 共83兲, perform the Wick rotation to Euclidean space, replace the integral in the four⬁
momentum by the temperature sum 兰 dk 4 →(2  T) 兺 n⫽⫺⬁
共with k 4 ⫽2  nT), and integrate in k 3 , to obtain
a ⬘ ⫽ ␦ 4 共 p⫺ p ⬘ 兲

g 2 eB  冑
p 2储
⬁

⫻共 2T 兲

兺
n⫽⫺⬁

再

冕 冕 冕 冕
⬁

0

d␣

⬁

0

d␤

共 1⫹r 2 t 兲共 p 20 ⫺p 23 兲 ⫹

2

冊

⬁

⫺⬁

d

⬁

⫺⬁

冉

d  ⬘ S ␣⬘ S ␤

e␣

2 p 2 /( ␣ ⫹ ␤ )
3

冑␣ ⫹ ␤

e ⫺[( p 储 )

2 ⫹m 2 ] ␣ ⫺(M 2 ⫺eB) ␤ ⫺i(  ⫺  ) p / 冑eB
⬘ 1
e
W

e

␣p3
关共 p 3 ⫹ p 0 兲 ⫹ 共 p 3 ⫺p 0 兲 r 2 t 兴 ⫹ik 4 关共 p 3 ⫺p 0 兲 r 2 t⫺ 共 p 3 ⫹p 0 兲兴
␣⫹␤

冎

⫻e ⫺( ␣ ⫹ ␤ )k 4 ⫺2i ␣ p 0 k 4 .
After integrating in  and  ⬘ , and introducing the elliptic theta functions representation 关38兴
⬁

 3 共 u/  兲 ⫽

兺 exp关 i  共  n 2 ⫹2nu 兲兴
n⫽⫺⬁

共91兲

we ﬁnd
a ⬘ ⫽a (1) ⫹a (2)

共92兲

where

a (1) ⫽ ␦ 4 共 p⫺ p ⬘ 兲
⫻

冋

g 2  2 冑 T̂
p̂ 2储

冕 冕
⬁

0

d␣

⬁

0

exp
d ␤ sinh⫺1 共 ␣ ⫹ ␤ 兲

冉 冊

␣2
p̂ 2
␣⫹␤ 3

冑␣ ⫹ ␤

exp⫺ 关 p̂ 2储 ⫹m̂ 2e 兴 ␣ exp⫺M̂ 2W ␤ exp⫺

册

p̂⬜2
coth ␣ ⫹coth ␤

␣ p̂ 3 ⫺1 ⫺1/2
关r t
共 p̂ 0 ⫹p̂ 3 兲 ⫹rt 1/2共 p̂ 3 ⫺p̂ 0 兲兴 ⫹ 共 p̂ 20 ⫺p̂ 23 兲共 r ⫺1 t ⫺1/2⫹rt 1/2兲  3 共 ⫺2p̂ 0 T̂ ␣ /i4  T̂ 2 共 ␣ ⫹ ␤ 兲兲
␣⫹␤

and
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g 
2

a (2) ⫽ ␦ 4 共 p⫺ p ⬘ 兲

2

冑 T̂

p̂ 2储

冕 ␥冕


d

0

0

p̂⬜2

⫻exp⫺

⬁

coth ␥ ⫹coth共 ⫺ ␥ 兲

exp
d sinh⫺1 共  兲

冉 冊

␥2 2
p̂
 3

冑

exp⫺ 关 p̂ 2储 ⫹m̂ 2e 兴 ␥ exp⫺M̂ 2W 共 ⫺ ␥ 兲

关 r̄ t̄ 1/2共 p̂ 3 ⫺p̂ 0 兲 ⫺r̄ ⫺1 t̄ ⫺1/2共 p̂ 0 ⫹p̂ 3 兲兴

 ␥  3 共 ⫺2 p̂ 0 T̂ ␥ /i4  T̂ 2  兲
⫺2p̂ 0

.

共94兲

In Eq. 共94兲 we introduced the notation
r̄⫽exp⫺2 共 ⫺ ␥ 兲 ,

t̄ ⫽exp⫺2 ␥ .

共95兲

Integrating Eq. 共94兲 by parts and adding the result with Eq. 共93兲, we obtain
a ⬘ ⫽ ␦ 4 共 p⫺ p ⬘ 兲
⫺

⫹

⫹

p̂ 0 p̂ 2储

g 2  2 冑 T̂
p̂ 0 p̂ 2储
p̂ 0 p̂ 2储

冉

冕

⬁

d

0

g 2  2 冑 T̂

⫻exp⫺

冕

g 2  2 冑 T̂

d

0

sinh⫺1 共  兲
关 p̂ 3 sinh共  兲 ⫹ p̂ 0 cosh共  兲兴共 exp⫺ 关 ⫺ p̂ 20 ⫹m̂ 2e 兴  兲  3 共 ⫺2 p̂ 0 T̂/i4  T̂ 2  兲


sinh⫺1 共  兲
关 p̂ 3 sinh共 2 兲 ⫹ p̂ 0 cosh共 2 兲兴关 exp⫺M̂ 2W  兴  3 共 0/i4  T̂ 2  兲


冕 ␣冕
⬁

⬁

d

0

⬁

0

d␤

再

sinh⫺1 共 ␣ ⫹ ␤ 兲

exp⫺M̂ 2W ␤ exp⫺ 关 p̂ 2储 ⫹m̂ 2e 兴 ␣ exp

冑␣ ⫹ ␤

冉 冊

␣2
p̂ 2
␣⫹␤ 3

冋

2 ␣ p̂ 23
2 ␣ p̂ 3 p̂ 0
关 p̂ 3 cosh共 ␣ ⫹2 ␤ 兲 ⫹ p̂ 0 sinh共 ␣ ⫹2 ␤ 兲兴 ⫺ p̂ 2储 cosh共 ␣ ⫹2 ␤ 兲 ⫹ 共 p̂ 2储 ⫹m̂ 2e ⫺M̂ 2W 兲 ⫺
coth ␣ ⫹coth ␤ ␣ ⫹ ␤
␣⫹␤

1
sinh2 ␣

p̂⬜2

⫺

1

冊

p̂⬜2

sinh2 ␤ 关 coth ␣ ⫹coth ␤ 兴 2

册

关 p̂ 3 sinh共 ␣ ⫹2 ␤ 兲 ⫹ p̂ 0 cosh共 ␣ ⫹2 ␤ 兲兴 ⫹ 关 p̂ 3 cosh共 ␣ ⫹2 ␤ 兲 ⫹ p̂ 0 sinh共 ␣ ⫹2 ␤ 兲兴

⫻  3 共 ⫺2 p̂ 0 T̂ ␣ /i4  T̂ 2 共 ␣ ⫹ ␤ 兲兲 .

冎

共96兲

To isolate the temperature part of a ⬘ , we have to subtract the zero-temperature 共vacuum兲 contribution from Eq. 共96兲. With
this aim, we use the Jacobi imaginary transformation 关38兴

 3 共 u/  兲 ⫽ 共 冑⫺i  兲 ⫺1 exp关 ⫺i  u 2 /  兴  3

冉 冊

u 1
/⫺ ,



共97兲

to write

 3 共 ⫺2 p̂ 0 T̂ ␣ /i4  T̂ 2 共 ␣ ⫹ ␤ 兲兲 ⫽

exp⫺ 关 p̂ 20 ␣ 2 / 共 ␣ ⫹ ␤ 兲兴
2T̂ 冑 冑共 ␣ ⫹ ␤ 兲

冋

⬁

1⫹

兺 ⬘ exp⫺
n⫽⫺⬁

冉

n2
4T̂ 共 ␣ ⫹ ␤ 兲
2

⫹

p̂ 0 ␣ n
T̂ 共 ␣ ⫹ ␤ 兲

冊册

共98兲

⬁
⬘ means that the term n⫽0 was taken out.
where the symbol 兺 n⫽⫺⬁
Then, to subtract the vacuum term from a ⬘ is equivalent to make in Eq. 共96兲 the following substitution:

 3 共 ⫺2 p̂ 0 T̂ ␣ /i4  T̂ 2 共 ␣ ⫹ ␤ 兲兲 →  3 共 ⫺2 p̂ 0 T̂ ␣ /i4  T̂ 2 共 ␣ ⫹ ␤ 兲兲 ⫺

 3 共 ⫺2 p̂ 0 T̂/i4  T̂ 2  兲 →  3 共 ⫺2p̂ 0 T̂/i4  T̂ 2  兲 ⫺

 3 共 0/i4  T̂ 2  兲 →  3 共 0/i4  T̂ 2  兲 ⫺
which leads to
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exp⫺ 关 p̂ 20 ␣ 2 / 共 ␣ ⫹ ␤ 兲兴
2T̂ 冑 冑共 ␣ ⫹ ␤ 兲

exp⫺ 关 p̂ 20  兴
2T̂ 冑 冑

1
2T̂ 冑 冑

,

,

,
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g 2  2 冑 T̂
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⬁

⬁
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0

0

册
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⫺

冉冕

⬁

d

0

冕

⬁
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0

冋

sinh⫺1 共  兲
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冎冋

冉 冊
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p̂ 23 exp⫺
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⫻

p̂⬜2
关 coth ␣ ⫹coth ␤ 兴 2

册

冋

sinh⫺1 共  兲
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关 p̂ 0 sinh共 ␣ ⫹2 ␤ 兲 ⫹p̂ 3 cosh共 ␣ ⫹2 ␤ 兲兴

2 ␣ p̂ 23

␣⫹␤

⫹

冉

1
sinh2 ␣

 3 共 ⫺2p̂ 0 T̂ ␣ /i4  T̂ 2 共 ␣ ⫹ ␤ 兲兲 ⫺

⫺

再冋

册

2 ␣ p̂ 3 p̂ 0
⫹1
␣⫹␤
1

sinh2 ␤

冊

册

exp⫺ 关 p̂ 20 ␣ 2 / 共 ␣ ⫹ ␤ 兲兴
2T̂ 冑 共 ␣ ⫹ ␤ 兲

册冊

.

共102兲

Equation 共102兲 gives the thermal part of the a ⬘ taking into
account all Landau levels. To compare the thermal and the
LLL contributions we plot log a(T)/a0 vs log T̂⫺1 in Fig. 4.
From Fig. 4 we see that in all the range of temperatures
considered, the thermal contribution is consistently smaller
in several orders than the LLL contribution. This result,
along with those obtained in Figs. 2 and 3, imply that 肀
⬇1, thereby validating the LLL approximation in the strong
and weakly strong ﬁeld cases (M W Ⰷ 冑BⰇm e , 兩 p兩 , eB
ⲏT 2 ). In addition, we would like to underline the consistency of these numerical results with the arguments used in
Sec. IV 关see discussion after Eq. 共45兲兴, in the sense that the
ﬁnite temperature part should be much smaller than the
vacuum contribution.

ated by large primordial magnetic ﬁelds that eventually became the seeds 关8,40兴 of the galactic ﬁelds that are observed
today at scales of 100 Kpc 关6兴 and larger.
The effects of primordial magnetic ﬁelds on neutrino
propagation are of special interest during the neutrino decoupling era, on which a large number of these particles escaped
the electroweak plasma with the possibility to develop signiﬁcant oscillations. The strength of the primordial magnetic
ﬁeld in the neutrino decoupling era can be estimated from
the constraints derived from the successful nucleosynthesis
prediction of primordial 4 He abundance 关41兴, as well as on
the neutrino mass and oscillation limits 关42兴. These constraints, together with the energy equipartition principle, lead
to the relations
m 2e ⭐eB⭐m 2 ,

VII. APPLICATIONS TO COSMOLOGY
AND ASTROPHYSICS

B/T 2 ⬃2,

共103兲

Two natural environments where the results of the present
paper can be of interest are, on one side, stars possessing
large magnetic ﬁelds 共neutron stars, magnetars, etc.兲, and, on
the other, the early universe, which presumably was perme-

with m  being the muon mass. Then, it is reasonable to
assume that between the QCD phase transition epoch and the
end of nucleosynthesis a primordial magnetic ﬁeld in the
above range could have been present 关17兴.

for ﬁeld range 10⫺2 m e
FIG. 2. Plot of 肀 a (T⫽0) vs log m̂⫺1
e
⭐ 冑eB⭐102 m e and parameter values 兩 p̂ 储 兩 ⫽ 兩 p̂⬜ 兩 ⫽10⫺1 冑2m̂ e ,
M̂ W ⫽105 m̂ e .

for ﬁeld range 10⫺2 m e
FIG. 3. Plot of 肀 b (T⫽0) vs log m̂⫺1
e
⭐ 冑eB⭐102 m e and parameter values 兩 p̂ 储 兩 ⫽ 兩 p̂⬜ 兩 ⫽10⫺1 冑2m̂ e ,
M̂ W ⫽105 m̂ e .
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In 关43兴 the strong-ﬁeld effects led to a large anisotropy in the
leptons’ energies. The anisotropy was due to the degeneracy
in the energy, which in the leading order does not depend on
the transverse momentum component. It is in contrast with
the magnetic ﬁeld case, which takes place after the electroweak phase transition, where, although an anisotropy in
the neutrino energy is also present, no degeneracy occurs
关see Eqs. 共61兲,共62兲兴. This different behavior is a direct consequence, on one hand, of the nonzero neutrino hypercharge
and hence of the minimal coupling of these particles to the
hypermagnetic ﬁeld; and on the other, of their electrical neutrality, which implies that they can interact with a magnetic
ﬁeld through radiative corrections only.
We underline that the anisotropy in the energy spectrum
of neutrinos in background ﬁelds could provide an independent way to verify the existence of primordial magnetic
ﬁelds, since a ﬁeld-induced anisotropy would be reﬂected as
an imprint in a yet undetected and elusive cosmic background of neutrinos produced during the decoupling era.
For astrophysical applications we should turn our attention to the star interiors characterized by high densities of
charged particles under strong magnetic ﬁelds. As shown in
Sec. V, in the charged medium case the strong-ﬁeld approximation gives rise to a modiﬁcation of the kinetic part of the
neutrino energy 关ﬁrst term in Eq. 共67兲兴, that is not present in
leading order at weak ﬁeld 关Eq. 共70兲兴 关15兴. Due to this new
term the largest ﬁeld-dependent contribution to the neutrino
kinetic energy comes from neutrinos propagating perpendicularly to the ﬁeld.
It is worth noticing that the anisotropic term associated
with the effective magnetic moment in the dispersion relations 共67兲 and 共70兲 changes sign when neutrinos reverse their
direction of motion. On the other hand, the kinetic energy
term in Eq. 共67兲 remains unchanged when the neutrinos
move in opposite direction, even though it depends on the
direction of propagation of the neutrinos with respect to the
magnetic ﬁeld. As known 关32兴, the anisotropy associated to
the magnetic-moment contribution to the neutrino energy can
be relevant for a possible explanation of the peculiar high
pulsar velocities. It would be interesting to consider the combined effects of the two different anisotropies to understand
whether they could affect the dynamics of proto-neutron
stars.
Another possible ground of applications of our results is
supernova neutrinos. Core collapse supernovae are dominated by neutrinos and their transport properties. In addition,
the observation of neutrinos from supernova, which is essential to conﬁrm the basic picture of supernova explosion, can
be affected by neutrino oscillations. As we have pointed out
in this paper, neutrino transport and oscillations can be both
modiﬁed by the presence of a strong magnetic ﬁeld. Magnetic ﬁelds as strong as 1014 to 1016 G could exist in the ﬁrst
seconds of neutrino emission inside the supernova core 关46兴.
Thus, the electron-neutrino energy spectrum found in this
paper, within the strong-ﬁeld limit for the charged medium,
should be considered for any study of neutrino oscillations
under those conditions.

FIG. 4. Plot of log„a(T)/a 0 … vs log(T̂) for ﬁeld range 10⫺2 T
⭐ 冑eB⭐102 T and parameter values 兩 p̂ 储 兩 ⫽ 兩 p̂⬜ 兩 ⫽10⫺1 冑2m̂ e , M̂ W
⫽105 m̂ e , m̂ e ⫽0.1.

Unlike the stellar material, whose density can be of order
one, we know that the early universe was almost charge symmetric, with a particle-antiparticle asymmetry of only
10⫺9 –10⫺10. Therefore, when considering possible consequences of our results for the early universe, we should restrict the discussion to the neutral case (  ⫽0).
For the neutral case, it is known that at weak ﬁeld all the
corrections in the neutrino energy density, whether they depend on the ﬁeld and/or temperature, are second order in the
Fermi coupling constant 关16,12,14兴, therefore negligible
small. Nevertheless, it can be seen from Eqs. 共61兲,共62兲 that if
sufﬁciently strong magnetic ﬁelds were present in the primeval plasma, they would yield corrections to the energy density that are linear in the Fermi coupling constant. Moreover,
as shown in Sec. VI, the strong-ﬁeld approximation that led
to these corrections is reliable even for magnetic ﬁelds in a
more realistic range 关i.e. as those satisfying condition 共103兲兴.
Notice that a ﬁeld satisfying Eq. 共103兲 would be effectively strong with respect to the electron-neutrino, but weak
for the remaining neutrino ﬂavors. If such a ﬁeld existed
during the decoupling era, it could signiﬁcantly affect the
 e ↔   ,   and  e ↔  s resonant oscillations 关11兴, as the ﬁeld
would differently modify the energy of  e compared to those
of   ,   and  s . The interesting new thing here is that
despite the fact that these oscillations would take place in an
essentially neutral medium, because of the strong ﬁeld they
will be as signiﬁcant as those produced by the MSW mechanism 关26兴 in a dense medium. A peculiarity of the strongﬁeld effects on the neutrino energy density is to give rise to
anisotropic resonant oscillations. That is, the oscillation
probability depends on the direction of the neutrino propagation with respect to the magnetic ﬁeld.
Another interesting question related to primordial magnetic ﬁelds is whether they inﬂuenced neutrino propagation
prior to the electroweak phase transition, since some of the
mechanisms of primordial magnetic ﬁeld generation allow
their existence at very early epochs 关7,8兴. Before the electroweak transition a primordial magnetic ﬁeld could only
exist in the form of a U共1兲 hypermagnetic ﬁeld 关45兴. Any
non-Abelian ‘‘magnetic’’ ﬁeld would decay at high temperatures because it would acquire a nonperturbative infrared
magnetic mass g 2 T. The implications of primordial hypermagnetic ﬁelds in neutrino propagation before the electroweak phase transition have been studied in Refs. 关43,44兴.
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A characteristic of the ﬁeld-dependent corrections to the
neutrino energy is that they produce an anisotropic index of
refraction, since neutrinos moving along different directions
have different ﬁeld-dependent dispersion relations. We
should underline that while the magnetic moment interaction
term produces a maximum ﬁeld effect for neutrinos propagating along the ﬁeld lines, the ﬁeld correction to the kinetic
energy does not contribute to those propagation modes, but
on the contrary, the maximum kinetic-energy effect takes
place for neutrinos propagating perpendicularly to the ﬁeld
direction. We stress that the anisotropy does not differentiate
between neutrinos and antineutrinos.
The charged medium results reported in the current work
can be of interest for the astrophysics of neutrinos in stars
with large magnetic ﬁelds. On the other hand, our ﬁnding for
the neutral medium can have applications in cosmology, if
the existence of high primordial magnetic ﬁelds is ﬁnally
conﬁrmed. Contrary to some authors’ belief 关14,10兴 that, regardless of the ﬁeld intensity, the neutrino dispersion relation
in the early universe is well approximated by the dispersion
relation in the zero ﬁeld medium, our results indicate that
strong, and even weakly strong, magnetic ﬁelds can give rise
to a contribution to the neutrino energy that is several orders
larger than the pure thermal contribution.
The ﬁeld-dependent correction to the neutrino energy in a
neutral medium with strong magnetic ﬁeld can have an impact in neutrino ﬂavor-oscillations in the primeval plasma
关11兴 and therefore affect primordial nucleosynthesis. Hence,
this new effect could be important to establish possible limits
to the strength of the primordial magnetic ﬁeld.

In this paper we carried out a thorough study of the propagation of neutrinos in strongly magnetized neutral and
charged media. We started from the most general structure of
the neutrino self-energy in a magnetic ﬁeld, expressing it as
the sum of four independent covariant terms with coefﬁcients that are functions of the physical variables of the
theory and whose values depend on the approximation considered. General expressions of the four coefﬁcients at oneloop approximation were given in Eqs. 共27兲–共30兲.
The coefﬁcients were then calculated in the strong-ﬁeld
limit using the LLL aproximation for the electrons. The LLL
was assumed to be valid in the parameter range M W Ⰷ 冑B
Ⰷm e , 兩 p兩 , eBⲏT 2 . To justify it one should keep in mind that
under these conditions most electrons would not have
enough energy to overcome the gap between the Landau levels. Hence, they will be mainly conﬁned to their lower levels
and the leading contribution would come from the LLL. This
assumption was also corroborated for the above parameters’
range by numerical calculations summing in all Landau levels.
The dispersion relation of the neutrinos was written as a
function of the four coefﬁcients of the self-energy structures,
allowing in this way to straightforwardly obtain the neutrino’s energy in the strong-ﬁeld limit for each physical case.
In concordance with results previously obtained in
charged media at weak ﬁelds 关15,14兴, in the strong-ﬁeld case
an energy term associated with the interaction between the
magnetic ﬁeld and the effective magnetic moment was also
found at leading order in G F . This interaction energy disappears in the neutral medium, since in a charged-symmetric
plasma the contribution to the effective magnetic moment
coming from electrons and positrons cancels out.
A main outcome of our investigation was to show that in
strongly magnetized systems a term of different nature
emerges in both charged and neutral media. The new term,
which is linear in the magnetic ﬁeld and of ﬁrst order in G F ,
enters as a correction to the neutrino kinetic energy in the
presence of a strong-magnetic ﬁeld. This correction is
present even in a strongly magnetized vacuum, since it is
related to the vacuum part (T⫽0,  ⫽0) of the neutrino selfenergy at B⫽0.
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As far as the laws of mathematics refer to reality, they are not certain; and
as far as they are certain, they do not refer to reality.
A Einstein
Abstract
An interesting example of the deep interrelation between physics and
mathematics is obtained when trying to impose mathematical boundary
conditions on physical quantum ﬁelds. This procedure has recently been reexamined with care. Comments on that and previous analysis are provided here,
together with considerations on the results of the purely mathematical zetafunction method, in an attempt at clarifying the issue. Hadamard regularization
is invoked in order to ﬁll the gap between the inﬁnities appearing in the QFT
renormalized results and the ﬁnite values obtained in the literature with other
procedures.
PACS number: 03.70.+k

1. Introduction
The question, phrased by Eugene Wigner as that of the unreasonable effectiveness of
mathematics in the natural sciences [1] is an old and intriguing one. It goes back to Pythagoras
and his school (all things are numbers), even probably to the Sumerians, and maybe to more
ancient cultures, which left no trace. I Kant and A Einstein also contributed to this idea with
profound reﬂections, and mathematical simplicity, and beauty, have remained for many years
crucial ingredients when having to choose among different plausible possibilities.
An example of unreasonable effectiveness is provided by the regularization procedures
in quantum ﬁeld theory (QFT) based upon analytic continuation in the complex plane
1
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(dimensional, heat-kernel, zeta-function regularization and the like). That one obtains
a physical, experimentally measurable, and extremely precise result after these weird
mathematical manipulations is, if not unreasonable, certainly very mysterious. For many
highly honourable physicists these remained always illegal practices. Such methods are now
fully justiﬁed and blessed with Nobel Prizes, but more because of the many and very precise
experimental checkouts (the effectiveness) than for their intrinsic reasonableness.
A simple example may be clarifying. Consider the calculation of the zero-point energy
(vacuum to vacuum transition, also called Casimir energy
 [2]) corresponding to a quantum
operator, H, with eigenvalues λn : E0 = 0|H |0 = 12 n λn , where the sum over n may
involve several continuum and discrete indices. Only in special cases will this sum be
convergent. Generically one has a divergent series, to be regularized by different means.
The zeta-function method [3]—which stands on solid and ﬂourishing mathematical
grounds

,
at
s
= −1
[4]—will interpret it as the value of the zeta function of H: ζH (s) = n λ−s
n
(we set h̄ = c = 1). Generically ζH (s) is only deﬁned as an absolutely convergent series for
Re s > a0 (a0 an abscissa of convergence), but it can be continued to the whole complex plane,
with the possible appearance of poles as only singularities. If ζH (s) has no pole at s = −1
then we are done; if it hits a pole, further elaboration is necessary. That the mathematical
result one thus gets coincides with the experimental one, constitutes here our speciﬁc example
of unreasonable effectiveness of mathematics.
In fact things do not turn out to be so simple. One cannot assign a meaning to the absolute
value of the zero-point energy, and any physical effect is an energy difference between two
situations, such as a quantum ﬁeld in curved space as compared with the same ﬁeld in ﬂat space,
or one satisfying boundary conditions (BCs) on some surface as compared with the same in its
absence, etc. This difference is the Casimir energy: EC = E0BC − E0 = 21 (Tr H BC − Tr H ).
And here the problem appears. Imposing mathematical boundary conditions on physical
quantum ﬁelds turns out to be a highly non-trivial act. This was discussed in much detail in a
paper by Deutsch and Candelas a quarter of a century ago [5]. These authors quantized em and
scalar ﬁelds in the region near an arbitrary smooth boundary, and calculated the renormalized
vacuum expectation value of the stress–energy tensor, to ﬁnd that the energy density diverges
as the boundary is approached. Therefore, regularization and renormalization did not seem
to cure the problem with inﬁnities in this case and an inﬁnite physical energy was obtained
if the mathematical BCs were to be fulﬁlled. However, the authors argued that surfaces have
non-zero depth, and its value could be taken as a handy (dimensional) cut-off in order to
regularize the inﬁnities. This approach will be recovered later in this paper. Just two years
after Deutsch and Candelas’ work, Kurt Symanzik carried out a rigorous analysis of QFT in
the presence of boundaries [6]. Prescribing the value of the quantum ﬁeld on a boundary
means using the Schrödinger representation, and Symanzik was able to show rigorously that
such representation exists to all orders in the perturbative expansion. He showed also that the
ﬁeld operator being diagonalized in a smooth hypersurface differs from the usual renormalized
one by a factor that diverges logarithmically when the distance to the hypersurface goes to
zero. This requires a precise limiting procedure and point splitting to be applied. In any case,
the issue was proved to be perfectly meaningful within the domains of renormalized QFT. In
this case the BCs and the hypersurfaces themselves were treated at a pure mathematical level
(zero depth) by using delta functions.
Recently, a new approach to the problem has been postulated [7]. BCs on a ﬁeld, φ, are
enforced on a surface, S, by introducing a scalar potential, σ , of Gaussian shape living on and
near the surface. When the Gaussian becomes a delta function, the BCs (Dirichlet here) are
enforced: the delta-shaped potential destroys all the modes of φ at the surface. For the rest, the
quantum system undergoes a full-ﬂedged QFT renormalization, as in the case of Symanzik’s
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approach. The results obtained conﬁrm those of [5] in the several models studied albeit they
do not seem to agree with those of [6]. They are also in clear contradiction to those quoted in
the usual textbooks and review articles dealing with the Casimir effect [8], where no inﬁnite
energy density when approaching the Casimir plates has been reported.

2. A zeta-function approach
Too often has it been argued that sophisticated regularization methods, as the zeta-function
procedure, get rid of inﬁnities in an obscure way (e.g. through analytic continuation), so that,
in contrast to what happens with cut-offs, one cannot keep trace of the inﬁnites, which are
cleared up without control, leading sometimes to erroneous results.
One cannot refute a statement of this kind rigorously, but it should be noted that more than
once (if not always) the discrepancies between the result obtained by using the zeta procedure
and other—say cut-off like—approaches have been proved to emerge from a misuse of zeta
regularization, and not to stem from the method itself. When employed properly, the correct
results have been recovered (for a good number of examples, see [3, 4, 9, 10]).
Take the most simple case of a scalar ﬁeld in one dimension, φ(x), with a BC of Dirichlet
type imposed at a point, e.g. φ(0) = 0. We would like to calculate the Casimir energy for this
conﬁguration, that is, the difference between the zero-point energy corresponding to this ﬁeld
when the BC is enforced, and the zero-point energy in the absence of any BC. Taken at face
value, both energies are inﬁnite. The regularized difference may still be inﬁnite when the BC
point is approached (this is the result in [7]) or might turn out to be ﬁnite (even zero, which is
the result given in some standard books on the subject).
Let us try to understand this discrepancy. We have to add up all energy modes (trace of
H). For the mode with energy ω, the ﬁeld equation reduces to
−φ  (x) + m2 φ(x) = ω2 φ(x).

(1)

√
In the absence of a BC, the solutions to the ﬁeld equation can be labelled by k = + ω2 − m2 >
0, as φk (x) = A eikx + B e−ikx , with A, B being arbitrary complex (for the general complex),
or as φk (x) = a sin(kx) + b cos(kx), with a, b being arbitrary real (for the general real
solution). Now, when the mathematical BC of Dirichlet type, φ(0) = 0, is imposed, this
does not inﬂuence at all the eigenvalues, k, which remain exactly the same (as stressed in the
literature). However, the number of solutions corresponding to each eigenvalue is reduced by
one-half to: φk(D) (x) = A(eikx − e−ikx ), with A being arbitrary complex (complex solution),
and φk(D) (x) = a sin(kx), with a being arbitray real (real solution). In other words, the
energy
√ spectrum (for omega) that we obtain in both cases is the same, a continuous spectrum
ω = m2 + k 2 , but the number of eigenstates corresponding to a given eigenvalue is twice as
large in the absence of the BC.2
Of course these considerations are elementary, but they seem to have been put aside
sometimes. They are crucial when trying to calculate (or just to give sense to) the Casimir
energy density and force. More to this, just in the same way as the traces of the two matrices
M1 = diag (α, β) and M2 = diag (α, α, β, β) are not equal in spite of having ‘the same
2

To understand this point even better (by taking recourse to what is learned in the maths classes at high school),
consider the fact that further, by imposing Cauchy BC: φ(0) = 0, φ  (0) = 0, the eigenvalues still remain the same,
but for any k the family of eigenfunctions shrinks to just the trivial one: φk (x) = 0, ∀k (the Cauchy problem is an
initial value problem, which completely determines the solution).
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spectrum α, β’, in the problem under discussion the traces of the Hamiltonian with and
without the Dirichlet BC imposed yield different results, both of them divergent, namely
 ∞ √
BC
dk m2 + k 2 .
(2)
Tr H = 2 Tr H = 2
0

By using the zeta function, we deﬁne
 ∞
BC
dκ(ν 2 + κ 2 )−s
ζ (s) :=

ν :=

0

m
μ

with μ being a regularization parameter with dimensions of mass3 . We get
√
π (s − 1/2) 2 1/2−s
BC
(ν )
ζ (s) =
2 (s)

(3)

(4)

and consequently,
1
ζBC (s = −1/2)
2



1
m2
m2
.
= √
+ 1 − γ − log 2 − (−1/2) + O(s + 1/2) 
μ
4 π s + 1/2
s=−1/2

Tr H BC =

(5)

As is obvious, this divergence is not cured when taking the difference of the two traces in
order to obtain the Casimir energy:


EC /μ = E0BC μ − E0 /μ = −E0BC μ =

(−1)m2
.
8μ2

(6)

We just hit the pole of the zeta function, in this case.
How is this inﬁnite to be interpreted? What is its origin? Just by taking recourse to the
pure mathematical theory (durch reine Mathematik), we already get a perfect description of
what happens and understand well where does this inﬁnite energy4 come from. It clearly
originates from the fact that imposing the BC has drastically reduced to one-half the family
of eigenfunctions corresponding to any of the eigenvalues which constitute the spectrum of
the operator. And we can also advance that, since this dramatic reduction of the family
of eigenfunctions takes place precisely at the point where the BC is imposed, the physical
divergence (inﬁnite energy) will originate right there, and nowhere else.
While the analysis above cannot be taken as a substitute for the actual modelization of
Jaffe et al [7]—where the BC is explicitly enforced through the introduction of an auxiliary,
localized ﬁeld, which probes what happens at the boundary in a much more precise way—it
certainly shows that pure mathematical considerations, which include the use of analytic
continuation by means of the zeta function, are in no way blind to the inﬁnities of the physical
model and do not produce misleading results, when the mathematics is used properly. And it
is very remarkable to realize how close the mathematical description of the appearance of an
inﬁnite contribution is to that provided by the more physical realization in [7].
3

Always necessary in zeta regularization, since the complex powers of the spectrum of a (pseudo-) differential
operator can only be deﬁned, physically, if the operator is rendered dimensionless, which is done by introducing this
parameter. This is also an important issue, which is sometimes overlooked.
4 In mathematical terms, this is the inﬁnite value for the trace of the Hamiltonian operator.
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3. The case of two-point Dirichlet boundary conditions
A similar analysis can be done for the case of a two-point Dirichlet BC: φ(a) = 0, φ(−a) = 0.
Straightforward algebra shows, in this situation, that the eigenvalues k are quantized, as
k = π̇ /(2a), so that

2 π 2
 = 0, 1, 2, . . .
(7)
ω = m 2 +
4a 2
The family of eigenfunctions corresponding to a given eigenvalue, ω , is of continuous
dimension 1, exactly as in the former case of a one-point Dirichlet BC, namely, φ (x) =
(x − a) , where b is an arbitrary, real parameter5 . To repeat, the act of imposing
b sin π
2a
Dirichlet BC on two points has the effect of discretizing the spectrum but there is no further
shrinking in the number of eigenfunctions corresponding to a given (discrete) eigenvalue.
The calculation of the Casimir energy, by means of the zeta function, proceeds in this
case as follows [3, 4, 9, 10]. To begin with, it may be interesting to recall that the zeta‘measure’ of the continuum equals twice
the zeta-‘measure’
just
∞ −sof the discrete. In fact,
∞
μ
μ
=
μ
n
=
μζ
(0)
=
−
,
and
consider the following regularizations:
R
n=1
n=1
2
s=0


∞
∞
μ1−s 
−s 
= s−1 s=0 = −μ, which prove the statement.
μ dk = 0 dk(k + μ)
s=0
The trace of the Hamiltonian corresponding to the quantum system with the BC imposed,
in the massive case, is obtained by means of the zeta function
−s
∞
π 2 2
m2
BC
+
ζ (s) :=
μ2 4μ2 a 2
=1



∞
 μ 2s
2π s 2am 1/2+s
(s − 1/2) am
1
s−1/2
=
n
Ks−1/2 (4anm)
− +
√ +
m
2
(s)
(s)
π
π
n=1
(8)
Kν being a modiﬁed Bessel function of the third kind (or MacDonald’s function). Thus, for
the zero-point energy of the system with two-point Dirichlet BC, we get
1
(−1)m2
m
−
Tr H /μ = ζBC (s = −1/2) = −
2
2
8μ
2π μ

∞

BC

n=1

1
K1 (2π nm/μ)
n

(9)

where μ is, in this case, μ := π/(2a) (a ﬁxes the mass scale in a natural way here). As in the
previous example, we ﬁnally obtain an inﬁnite value for the Casimir energy, namely
EC /μ =



E0BC

μ − E0 /μ =

(−1)m2
m
−
8μ2
2π μ

∞
n=1

1
K1 (2π nm/μ).
n

(10)

It is, therefore, not true that regularization methods using analytical continuation (in
particular, the zeta approach) are unable to see the inﬁnite energy that is generated on the
boundary-condition surface [5–7] (see equation (19) below). The reason is still the same as
in the previous example: imposing a two-point Dirichlet BC amounts again to halving the
family of eigenfunctions which correspond to any given eigenvalue (all are discrete, in the
present case, but this makes no difference). In physical terms, this means having to apply an
inﬁnite amount of energy on the BC sites, in order to enforce the BC. In absolute analogy,
from the mathematical viewpoint, halving the family of eigenfunctions immediately results in
the appearance of an inﬁnite contribution, under the form of a pole of the zeta function.
The contribution of the zero mode ( = 0) is controverted, but we are not going to discuss this issue here (see e.g.
[11] and references therein).

5
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The reason why these inﬁnities (the one here and that in the previous section) do not
usually show up in the literature on the Casimir effect is probably because textbooks on the
subject focus towards the calculation of the Casimir force, which is obtained by taking minus
the derivative of the energy with respect to the plate (or point) separation (here w.r.t. 2a). Since
the inﬁnite terms do not depend on a, they do not contribute to the force (as is recognized
explicitly in [7]). However, some erroneous statements have indeed appeared in the abovementioned classical references, stemming from the lack of recognition of the catastrophical
implications of the act of halving the number of eigenfunctions, when imposing the BC. The
persistence of the eigenvalues of the spectrum was probably misleading. We hope to have
clariﬁed this issue here.

4. How to deal with the inﬁnities
Here, the inﬁnite contributions have shown up at the regularization level, but a more careful
study [7] is able to prove that they do not disappear even after renormalizing in a proper
way. The important question is now: are these inﬁnities physical? Will they be observed
as a manifestation of a very large energy pressure when approaching the BC surface in a lab
experiment? No doubt such questions will be best answered in that way, e.g. experimentally.
If, in contrast, this sort of large pressures fails to manifest itself, this might be a clear indication
of the need for an additional regularization prescription. In principle, this seems to be forbidden
by standard renormalization theory, since the procedure has been already carried out to the
very end: there remains no additional physical quantity which could possibly absorb the
divergences (see [7]).
In any case, there are circumstances—both in physics and in mathematics—where certain
‘non-orthodox’ regularization methods have been employed with promising success. In
particular, Hadamard regularization in higher-post-Newtonian general relativity [12] and
also in recent variants of axiomatic and constructive QFT [13]. Among mathematicians,
Hadamard regularization is nowadays a rather standard technique in order to deal with singular
differential and integral equations with BCs, both analytically and numerically (for a sample
of references see [14]). Indeed, Hadamard regularization is a well-established procedure in
order to give sense to inﬁnite integrals. It is not to be found in the classical books on inﬁnite
calculus by Hardy or Knopp; it was Schwartz [15] who popularized it, rescuing Hadamard’s
original papers. Nowadays, Hadamard convergence is one of the cornerstones in the rigorous
formulation of QFT through micro-localization, which on its turn is considered by specialists
to be the most important step towards the understanding of linear PDEs since the invention of
distributions (for a beautiful, updated treatment of Hadamard’s regularization see [16]).
Let us brieﬂy recall this formulation. Consider a function, g(x), expandable as
k

g(x) =
j =1

aj
+ h(x)
(x − a)λj

(11)

with λj being complex in general and h(x) a regular function. Then, it is immediate that
b
/ N, then one
a+ dx g(x) = P (1/) + H (), P being a polynomial and H (0) ﬁnite. If the λj ∈
deﬁnes the Hadamard regularized integral as

 b
= dx g(x) :=
a

a

b

k

h(x) dx −
j =1

57

aj
(b − a)1−λj .
λj − 1

(12)
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Alternatively, one may deﬁne, for α ∈
/ N, p < α < p + 1, and f (p+1) ∈ C[−1,1] , K α f :=
1
f (t)
1
= dt (1−t)
α+1 , to obtain, after some steps,
(−α) −1
 1
p
f (j ) (−1)
1
+
(1 − t)p−α f (p+1) (t)
(13)
−
Kαf =
α−j
(j
+
1
−
α)2
(p
+
1
−
α)
−1
j =0
where the last integral is at worst improper (Cauchy’s principal part). If λ1 = 1, the result is
1
f (t)
a1 ln(b − a), instead. If λ1 = p ∈ N, calling Hp (f ; x) := =−1 dt (t−x)
p+1 , |x| < 1, we get
⎡
⎤
 1

p
dt
f (j ) (x)
dt
f (j ) (x) 1
⎣f (t) −
+
(t − x)j ⎦
=
Hp (f ; x) =
p+1
p+1−j
j!
(t − x)
j!
−1
−1 (t − x)
j =0
(14)
where the ﬁrst term is regular and the second one can be easily reduced to
 1
1
dt
dp−j
−
(15)
(p − j )! dx p−j −1 t − x
being the last integral, as before, a Cauchy PP.
An alternative form of Hadamard’s regularization, which is more fashionable for physical
applications (as is apparent from the expression itself) is the following [12]. For the
case of two singularities, at x1 , x2 , after excising from space two little balls around them,
R3 \ Br1 (x1 ) ∪ Br2 (x2 ) , with Br1 (x1 ) ∩ Br2 (x2 ) = ∅, one deﬁnes the regularized integral as
being the ﬁnite part of the limit




r 1 α r2 β
3
3
F (x)
(16)
= d xF (x) := FPα,β→0 d x
s1
s2
where s1 and s2 are two (dimensionful) regularization parameters [12]. This is the version that
will be employed in what follows.
5. Hadamard regularization of the Casimir effect
We now use Hadamard’s regularization as an additional tool in order to make sense of the
inﬁnite expressions encountered in the boundary value problems considered before. As it
turns out from a detailed analysis of the results in [7] (which we shall not repeat here, for
conciseness), the basic integrals which produce inﬁnities, in the one-dimensional and twodimensional cases there considered, are the following.
In one dimension, with Dirichlet BC imposed at one (x = 0) and two (x = ±a) points,
respectively, by means of a delta-background of strength λ (see [7]), one encounters the two
divergent integrals:



 ∞
dt
1
λ
λ
−
(17)
t log 1 +
E1 (λ, m) =
√
2π m
2t
2
t 2 − m2




 ∞
dt
1
λ λ2
(18)
t log 1 + + 2 (1 − e−4at ) − λ .
E2 (a, λ, m) =
√
2π m
t 4t
t 2 − m2
Using Hadamard’s regularization, as described before, we obtain for the ﬁrst one, equation (17),
E1 (m) =

λ
4π

1 − ln



λ 
+
=
m λ→∞
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where the ﬁrst term is the singular part when the limit λ → ∞ is taken, and the second—which
is Hadamard’s ﬁnite part—yields in this case

m
(20)
= =− .
4
Such result is coinciding with the classical one (0, for m = 0). Note in particular, that the
further ln m divergence as m → ∞ is hidden in the λ-divergent part, and this behaviour
does explain why the classical results which are obtained using hard Dirichlet BC—which
corresponds as we just prove here to the Hadamard’s regularized part—cannot see it.
In the case of a two-point boundary at x = ±a (separation 2a), equation (18), we get a
similar equation (19) but now the regularized integral is as follows. For the massless case, we
obtain

π
(21)
= =−
48a
which is the regularized result to be found in the classical books. In the massive case, m = 0,
after some additional work the following fast convergent series turns up (cf equation (10))

∞
m
1
= =−
K1 (4akm).
(22)
2π k=1 k
Thus equation (19) yields strictly the same result (10) that was already obtained by imposing
the Dirichlet BC ab initio. What has now been gained is a more clear identiﬁcation of the
singular part, in terms of the strength of the delta potential at the boundary. This will be the
general conclusion, common to all the other cases considered here.
Correspondingly, for the Casimir force we obtain the ﬁnite values6
π
F2 (a) = −
(23)
96a 2
in the massless case, and in the massive one

∞ 
m2
1
(24)
K1 (4akm) .
F2 (a, m) = −
K0 (4akm) +
π k=1
4akm
These expressions coincide with those derived in the above-mentioned textbooks on the
Casimir effect, and reproduced before by using the zeta-function method (just take minus the
derivative of equation (19) w.r.t. 2a).
The two-dimensional case turns out to be more singular [7]—in part just for dimensional
reasons—and requires additional wishful thinking in order to deal with the circular delta
function sitting on the circumference where the Dirichlet BC is imposed. Here one encounters
the basic singular integral, for the term contributing to the second Born approximation (we
use the same notation as in [7]),


 ∞
(r − a)2
dr rJ0 (pr)σ (r)
σ (r) = bλ exp −
(25)
σ̃ (p) =
2ω2
0
∞

ω→0

with J0 being a Bessel function of the ﬁrst kind, and 0 dr σ (r) = λ, σ (r) −→ λδ(r − a).
Hadamard’s regularization yields now (the τ replacing the σ in the regularized version)


(r − a)2 ω→0
−→ λδ(r − a)
(26)
τ (r, p) = cλ(rp + 1)−ω/2 exp −
2ω2
6

Note that the force F (a) is given here as minus the derivative of the total energy E(a) w.r.t. 2a, since this is the
distance between the two Dirichlet points (not a).
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with p being a (dimensionful) regularization parameter, the constant c being given by

2
∞
, which exists and is perfectly ﬁnite; in particular, c−1 (ω =
c−1 = 0 dr r −ω exp − (r−a)
2ω2
0.1, a = 1) = 0.25. Then,
 ∞
drrJ0 (pr)τ (r, p) = 2π λa(ap + 1)−ω/2 J0 (ap).
(27)
τ̃ (p) = 2π
0

It turns out that, for the Casimir energy, we get in this case (notation as in [7])

λ2 a 2 ∞
Eλ(2)
[τ
]
=
dp (ap + 1)−ω J0 (ap)2 arctan(p/2m)|ω→0
2
8
0



λ2 a 2 1
γ + 3 ln 2
2
2 2
=
+
+ 4m γ − √ [1 − ln(am)] h(4a m )
8
2ω
2a
π

(28)

where h(z) := 2 F3 ((1/2, 1/2); (1, 1, 3/2); z) and γ is the Euler–Mascheroni constant; in
particular, for instance h(1) = 1.186 711, which is quite a nice value. Recall also that ω is the
width of the Gaussian δ, which is the very physical parameter considered in [5]. When this
width tends to zero an inﬁnite energy appears (the width controls the formation of the pole).
The rest of the result is the Hadamard regularization of the integral, e.g.7
 ∞
= dpJ0 (ap)2 arctan(p/2m).
(29)
0

Again, the ﬁnite part reverts to the results obtained in the literature with Dirichlet BC ab initio.
To summarize, it has been proved here—in some particular but rather non-trivial and
representative examples—that the ﬁnite results derived through the use of Hadamard’s
regularization exactly coincide with the values obtained using the more classical, less fullyﬂedged methods to be found in the literature on the Casimir effect. Moreover, Hadamard’s
prescription is able to separate and identify the singularities as physically meaningful cutoffs. Although the validity of this additional regularization is at present questionable, the fact
that it bridges the two approaches is already remarkable, maybe again a manifestation of the
unreasonable effectiveness of mathematics.
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We present a very quick and powerful method for the calculation of heat kernel
coefﬁcients. It makes use of rather common ideas, as integral representations of the
spectral sum, Mellin transforms, non-trivial commutation of series and integrals
and skillful analytic continuation of zeta functions on the complex plane. We apply
our method to the case of the heat kernel expansion of the Laplace operator on a
D-dimensional ball with either Dirichlet, Neumann or, in general, Robin boundary
conditions. The ﬁnal formulas are quite simple. Using this case as an example, we
illustrate in detail our scheme —which serves for the calculation of an 共in principle兲
arbitrary number of heat kernel coefﬁcients in any situation when the basis functions are known. We provide a complete list of new results for the coefﬁcients
B 3 ,..., B 10 , corresponding to the D-dimensional ball with all the mentioned boundary conditions and D⫽3,4,5. © 1996 American Institute of Physics.
关S0022-2488共96兲00102-0兴

I. INTRODUCTION

An important issue for more than twenty years now has been to obtain explicitly the coefﬁcients which appear in the short-time expansion of the heat kernel K(t) corresponding to a
Laplacian-like operator on a D-dimensional manifold M. In mathematics this interest extends to
basically all of Geometric Analysis, including in particular, the well-known connection that exists
between the heat equation and the Atiyah-Singer index theorem,1 but also analytic torsion, sharp
inequalities of borderline Sobolev and Moser–Trudinger type, etc. In physics, the importance of
that expansion is notorious in different domains of quantum ﬁeld theory, where it is commonly
known as the 共integrated兲 Schwinger–De Witt proper-time expansion.2,3 In this context, the heatequation for an elliptic 共in general pseudoelliptic兲 differential operator P and the corresponding
zeta function P (s) has been realized to be a particularly useful tool for the determination of
effective actions4 and for the calculation of vacuum or Casimir energies5 共a fundamental issue for
understanding the vacuum structure of a quantum ﬁeld theory兲. Here usually the derivative
 ⬘P (0) of the zeta function4 and its value at s⫽⫺1/2 共sometimes the principal part兲 are needed.5,6
In this paper we would like to exploit another property of the zeta function P (s) corresponding to an elliptic operator P, namely its well-known close connection with the heat kernel expansion. In spite of the fact that almost everybody is aware of such connection, its actual use in the
a兲
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literature has remained very scarce until now. If the manifold M has a boundary M, the
coefﬁcients B n in the short-time expansion have both a volume and a boundary part.7,8 It is usual
to write this expansion in the form
⬁

K共 t 兲⬃共 4t 兲

兺

⫺ D/2

k⫽0,1/2,1, . . .

B kt k,

共1.1兲

with
B k⫽

冕

M

dVb n ⫹

冕

M

dSc n .

共1.2兲

For the volume part very effective systematic schemes have been developed 共see for example
Refs. 9–11兲. The calculation of c n , however, is in general more difﬁcult. Only quite recently has
the coefﬁcient c 2 for Dirichlet and for Neumann boundary conditions been found.12–17 Very new
results on the coefﬁcient B 5/2 for manifolds with totally geodesic boundaries will be given in Ref.
18.
When using the general formalism of Ref. 12 for higher-spin particles, Moss and Poletti19,20
found a discrepancy with the direct calculations of D’Eath and Esposito21 共see also Refs. 22–25兲.
The latter results have been conﬁrmed in Refs. 26,27, where a new systematic scheme for the
calculation of c 2 has been designed in the context of the Hartle–Hawking wave-function of the
universe and for the case when the whole set of basis functions is known26,27. Finally, very
recently the discrepancy has been resolved completely28 and now the results that are found using
the general algorithm29 are in agreement with those coming from the direct calculations21–27.
The connection between the heat kernel expansion, Eq. 共1.1兲 and the associated zeta function
is established through the formulas30
Res  共 s 兲 ⫽

B m/2 ⫺s
,
共 4  兲 m/2⌫ 共 s 兲

共1.3兲

for s⫽m/2, (m⫺1)/2, ..., 21 ; ⫺共2l⫹1兲/2, for l苸N0 , and

 共 ⫺ p 兲 ⫽ 共 ⫺1 兲 p p!

B m/2 ⫹ p
,
共 4  兲 m/2

共1.4兲

for p苸N0 . The aim of the present article is to show that these equations, 共1.3兲 and 共1.4兲, can
actually serve as a very convenient starting point for the calculation of the coefﬁcients B k , even in
the cases when the eigenvalues of the operator P under consideration are not known. The good
knowledge in explicit zeta-function evaluations that have been accumulated in the past few years
共for a review of many results in this respect, see Ref. 31兲 will allow us to elaborate a very
competitive method of calculation of the heat kernel coefﬁcients which makes use of rather
common ingredients, such as integral representations of the spectral sum, Mellin transforms,
non-trivial commutation of series and integrals and skillful analytic continuation of zeta functions
on the complex plane.
To explain the method in detail we will consider the Laplace operator on the D-dimensional
ball with Dirichlet, Neumann or 共in general兲 Robin boundary conditions. Earlier investigations on
the ﬁrst few coefﬁcients are due, for D⫽1, to Stewartson and Waechter ,32 to Waechter in D⫽2 33
and to Kennedy34,35 in up to D⫽5 dimensions. Concerning the four-dimensional ball, another
rather large work is documented in Refs. 36,37, where the focus is in conformal deformations of
the metrics, the four-ball being treated explicitly in the second of these papers 共for recent results
on the functional determinant of the Laplace operator on the three- and four-dimensional ball see
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also Ref. 38兲. In these references the method was based on the use of Laplace transformations of
the heat kernel K(t) itself. In that method an intermediate cut off has to be introduced at some
point—because one needs to consider the Laplace transform of a function which is singular at
t⫽0. In contrast, in our approach it is the complex argument s of the zeta function of the Laplace
operator which very neatly serves for the regularization of all sums 共in just the usual way31兲.
The layout of the paper is as follows. In section II we brieﬂy describe the eigenvalue problem
of the massive Laplace operator on the ball and derive a representation of the associated zeta
function in terms of a contour integral. We consider the massive Laplace operator because the
analytical continuation procedure is slightly easier for the case of non-vanishing mass. In section
III we describe how an analytical representation of the zeta function —valid in the strip 共1⫺N兲/
2⬍Rs⬍1— can be obtained for any N, restricting our considerations in this section to D⫽3 and
to the case of Dirichlet boundary conditions. This representation will display very clearly the
meromorphic structure of the zeta function. As is then shown in section IV, from this representation it is quite immediate to read off special properties, as the ones reﬂected by 共1.3兲 and 共1.4兲, in
order to ﬁnd the heat kernel coefﬁcients. In section V we explain the small changes in the
procedure that are necessary in order to treat Robin boundary conditions, in general. Finally, in
section VI we study the modiﬁcation to be introduced in the formulas for considering any arbitrary
dimension D. In Appendix A we exhibit some technical details of the calculation and in appendices B, C and D we give explicit tables of the heat kernel coefﬁcients for Dirichlet, Neumann and
general Robin boundary conditions, for the dimensions D⫽3,4,5.
II. HEAT KERNEL COEFFICIENTS ON THE D -DIMENSIONAL BALL

As explained in the introduction, we are interested in the zeta function of the operator
共⫺⌬⫹m 2兲 on the D-dimensional ball B D ⫽兵x苸RD ;兩x兩⭐R其 endowed with Dirichlet, Neumann or
Robin boundary conditions. The zeta function is formally deﬁned as

共 s 兲⫽

兺k  ⫺s
k ,

共2.1兲

with the eigenvalues k being determined through
共 ⫺⌬⫹m 2 兲  k 共 x 兲 ⫽ k  k 共 x 兲

共2.2兲

共k is in general a multiindex here兲, together with one of the three boundary conditions above. It is
convenient to introduce a spherical coordinate basis, with r⫽ 兩 x 兩 and D⫺1 angles
⍀⫽共1 ,...,D⫺2 ,  兲. In these coordinates, a complete set of solutions of Eq. 共2.2兲 together with one
of the mentioned boundary conditions may be given in the form

 l,m,n 共 r,⍀ 兲 ⫽r 1⫺ D/2J l⫹ 共 D⫺2 兲 /2共 w l,n r 兲 Y l⫹ D/2共 ⍀ 兲 ,

共2.3兲

with J l⫹(D⫺2)/2 being Bessel functions and Y l⫹D/2 hyperspherical harmonics.39 The w l,n 共⬎0兲 are
determined through the boundary conditions by
J l⫹ 共 D⫺2 兲 /2共 w l,n R 兲 ⫽0, for Dirichlet boundary conditions,
u
⬘ 共 D⫺2 兲 /2 共 w l,n r 兲 兩 r⫽R ⫽0, for Robin boundary conditions.
J
共 w R 兲 ⫹w l,n J l⫹
R l⫹ 共 D⫺2 兲 /2 l,n

共2.4兲

As is clear, the case u⫽共1⫺D/2兲 of the 共general兲 Robin boundary conditions corresponds to the
Neumann boundary conditions. In this notations, using l,n ⫽w 2l,n ⫹m 2 , the zeta function can be
given in the form
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⬁

共 s 兲⫽

⬁

兺 兺 d l共 D 兲共 w 2l,n ⫹m 2 兲 ⫺s ,

n⫽0 l⫽0

共2.5兲

where w l,n 共⬎0兲 is deﬁned as the n-th root of the l-th equation. Here the sum over n is extended
over all possible roots w l,n on the positive real axis, and d l (D) is the number of independent
harmonic polynomials, which deﬁnes the degeneracy of each value of l and n in D dimensions.
Explicitly,
d l 共 D 兲 ⫽ 共 2l⫹D⫺2 兲

共 l⫹D⫺3 兲 !
.
l! 共 D⫺2 兲 !

共2.6兲

Furthermore, here and in what follows the prime will always mean derivative of the function with
respect to its argument.
To distinguish in the notation among the different cases, we will use the indices D, N and R
to denote Dirichlet, Neumann and Robin boundary conditions, respectively. Thus, we will write
D , N and R for the corresponding zeta functions. Using for the moment the uniﬁed notation
⌽l⫹(D⫺2)/2(w l,n R兲⫽0 for the boundary condition Eq. 共2.4兲, it turns out that Eq. 共2.5兲 may be
written under the form of a contour integral on the complex plane,

兺 d l共 D 兲 冕␥ 2  i 共 k 2 ⫹m 2 兲 ⫺s  k ln⌽ l⫹ 共 D⫺2 兲/2共 kR 兲 ,
l⫽0
⬁

共 s 兲⫽



dk

共2.7兲

where the contour ␥ runs counterclockwise and must enclose all the solutions of 共2.4兲 on the
positive real axis 共for a similar treatment of the zeta function as a contour integral see Refs.
26,27,40兲. This representation of the zeta function in terms of a contour integral around some
circuit ␥ on the complex plane, Eq. 共2.7兲, is the ﬁrst step of our procedure.
Depending on the value of the dimension D and on the boundary conditions chosen, the
analysis of the zeta function, Eq. 共2.7兲 —to be given below— will differ, but just in small details.
For this reason, we will only describe at length the case of the three-dimensional ball with
Dirichlet boundary condition. The derivation of the analogous results for the other boundary
conditions and higher dimensions will then be clear, and shall be indicated only brieﬂy.
III. A QUICK PROCEDURE FOR CALCULATING HEAT KERNEL COEFFICIENTS

As explained above, we will illustrate the procedure in the case of the three-dimensional ball
with Dirichlet boundary conditions. For D⫽3 the degeneracy is d l (3)⫽2l⫹1, so that the starting
point of the calculation reads 共we omit further indication of the dimension in the notation兲

兺 共 2l⫹1 兲 冕␥ 2  i 共 k 2 ⫹m 2 兲 ⫺s  k ln J l⫹ 1/2共 kR 兲 .
l⫽0
⬁

 D共 s 兲 ⫽



dk

共3.1兲

As it stands, the representation 共3.1兲 is valid for Rs⬎3/2. However, we are interested in the
properties of D (s) in the range Rs⬍0 and thus, we need to perform the analytical continuation to
the left domain of the complex plane. Before considering in detail the l-summation, we will ﬁrst
proceed with the k-integral alone.
The ﬁrst speciﬁc idea is to shift the integration contour and place it along the imaginary axis.
In order to avoid contributions coming from the origin k⫽0, we will consider 共with ⫽l⫹1/2兲 the
expression

 D ⫽

冕

dk 2

共 k ⫹m 2 兲 ⫺s ln共 k ⫺  J  共 kR 兲兲 ,
k
␥2i
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where the additional factor k ⫺  in the logarithm does not change the result, for no additional pole
is enclosed. One then easily obtains

 D ⫽

sin共  s 兲


冕

⬁

m


ln共 k ⫺  I  共 kR 兲兲
k

dk 共 k 2 ⫺m 2 兲 ⫺s

共3.3兲

valid in the strip 1/2⬍Rs⬍1. A similar representation valid for m⫽0 has been given in Refs.
41,42.
As the second step of our method, we make use of the uniform expansion of the Bessel
function I  (k) for →⬁ at z⫽k/  ﬁxed.43 One has

冋

册

⬁

e 
u k共 t 兲
,
I 共  z 兲 ⬃
k
2 1/4 1⫹
k⫽1 
冑2  共 1⫹z 兲
1

兺

共3.4兲

with t⫽1/冑1⫹z 2 and ⫽冑1⫹z 2 ⫹ln关z/共1⫹ 冑1⫹z 2 )]. The ﬁrst few coefﬁcients are listed in Ref.
43, higher coefﬁcients are immediate to obtain by using the recursion43
1
1
u k⫹1 共 t 兲 ⫽ t 2 共 1⫺t 2 兲 u k⬘ 共 t 兲 ⫹
2
8

冕

t

0

d  共 1⫺5  2 兲 u k 共  兲 ,

共3.5兲

starting with u 0 (t)⫽1. As is clear, all the u k (t) are polynomials in t. Furthermore, the coefﬁcients
D n (t) deﬁned by

冋

册

⬁

ln 1⫹

⬁

u k共 t 兲
D n共 t 兲
⬃
k
n
n⫽1

兺

k⫽1

兺

共3.6兲

are easily found with the help of a simple computer program.
Now comes what can be considered as the third step of our method. By adding and subtracting
N leading terms of the asymptotic expansion, Eq. 共3.6兲, for →⬁, Eq. 共3.3兲 may be split into the
following pieces
N

 D ⫽Z D 共 s 兲 ⫹

兺

i⫽⫺1

A i ,D 共 s 兲 ,

共3.7兲

with the deﬁnitions

ZD
共 s 兲⫽

sin共  s 兲


再

⫻ ln关 z

冕

⬁

mR/ 

⫺

dz

冋冉 冊 册
冋
册
⫺s

2

z
R

I  共 z  兲兴 ⫺ln

⫺m 2


z

z ⫺

e 

冑2 

1
共 1⫹z 2 兲 4

N

⫺

兺
n⫽1

冎

D n共 t 兲
,
n

共3.8兲

and
 ,D
⫽
A ⫺1

A 0 ,D ⫽

冋冉 冊 册
冕 冋冉 冊 册

sin共  s 兲


sin共  s 兲


冕

⬁

mR/ 

dz

⬁

mR/ 

dz

z
R

z
R

2

⫺m

⫺s

2

⫺s

2

⫺m 2


ln共 z ⫺  e   兲 ,
z

共3.9兲


ln共 1⫹z 2 兲 ⫺ 1/4,
z

共3.10兲
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A i ,D ⫽

sin共  s 兲


冕

⬁

mR/ 

dz

冋冉 冊 册 冉 冊
z
R

⫺s

2

⫺m

2

 D i共 t 兲
.
z i

共3.11兲

The essential idea is conveyed here by the fact that the representation 共3.7兲 has the following
important properties. First, by considering the asymptotics of the integrand in Eq. 共3.8兲 for
z→mR/  and z→⬁, it can be seen that the function
⬁

Z D共 s 兲 ⫽

1/2
共s兲
兺 共 2l⫹1 兲 Z l⫹
D

l⫽0

is analytic on the strip 共1⫺N兲/2⬍Rs⬍1. For this reason, it gives no contribution to the residue of
D (s) in that strip. Furthermore, for s⫽⫺k,k苸N0 , k⬍⫺1⫹N/2, we have Z(s)⫽0 and, thus, it
also yields no contribution to the values of the zeta function at these points. Together with Eqs.
共1.3兲 and 共1.4兲, this result means that the heat kernel coefﬁcients are just determined by the terms
AD
i (s) with
⬁

AD
i 共 s 兲⫽

1/2 ,D
共 s 兲.
兺 共 2l⫹1 兲 A l⫹
i

共3.12兲

l⫽0

As they stand, the A i ,D 共s兲 in Eqs. 共3.9兲, 共3.10兲 and 共3.11兲 are well deﬁned on the strip 1/2⬍Rs⬍1
共at least兲. And we will now show that the analytic continuation in the parameter s to the whole of
the complex plane, in terms of known functions, can be performed. Keeping in mind that D i (t) is
a polynomial in t, all the A i ,D (s) are in fact hypergeometric functions, which is seen by means of
the basic relation 44
2 F 1 共 a,b;c;z 兲 ⫽

⌫共 c 兲
⌫ 共 b 兲 ⌫ 共 c⫺b 兲

冕

1

0

dtt b⫺1 共 1⫺t 兲 c⫺b⫺1 共 1⫺tz 兲 ⫺a .

D
,D
Let us consider ﬁrst in detail A ⫺1
(s), A 0 ,D (s), and the corresponding A D
⫺1 (s), A 0 (s). One ﬁnds
immediately that

 ,D
A ⫺1
共 s 兲⫽

m

2 冑

冉 冊
1
2
⌫共 s 兲

⌫ s⫺

⫺2s

Rm

2F 1

冉

冉
冉 冊冊

冉 冊冊
冋 冉 冊册

1 1
1

⫺ ,s⫺ ; ;⫺
2
2 2
mR

1

A 0 ,D 共 s 兲 ⫽⫺ m ⫺2s 2 F 1 1,s;1,⫺
4
mR

2

2


⫺ m ⫺2s ,
2

1

⫽⫺ m ⫺2s 1⫹
4
mR

共3.13兲

2 ⫺s

,

共3.14兲

where in the last equality we have used that 2F 1 (a,s;a;x)⫽(1⫺x) ⫺s .
 ,D
(s) this is best done using a
The next step is to consider the summation over l. For A ⫺1
Mellin–Barnes type integral representation of the hypergeometric functions
2 F 1 共 a,b;c;z 兲 ⫽

⌫共 c 兲
1
⌫共 a 兲⌫共 b 兲 2i

冕

dt

C

⌫ 共 a⫹t 兲 ⌫ 共 b⫹t 兲 ⌫ 共 ⫺t 兲
共 ⫺z 兲 t ,
⌫ 共 c⫹t 兲

共3.15兲

where the contour is such that the poles of ⌫共a⫹t兲⌫共b⫹t兲/⌫共c⫹t兲 lie to the left of it and the poles
of ⌫共⫺t兲 to the right.44 After interchanging the summation over l and the integration in 共3.15兲, the
result will be a Hurwitz zeta function, which is deﬁned as
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⬁

 H 共 s; v 兲 ⫽

兺 共 l⫹ v 兲 ⫺s ,

l⫽0

Rs⬎1.

共3.16兲

However, as is well known, one has to be very careful with this kind of manipulation with what
has been realized and explained with great detail in Refs. 45– 47. This point is of crucial importance 共it has been the source of many errors in the literature over the past ten years31兲 and can be
considered as the fourth step of our original procedure here. Applying the method, as described in
the mentioned references, to A D
⫺1 (s),
⬁

AD
⫺1 共 s 兲 ⫽

兺

l⫽0

冋

冉

m ⫺2s

冉 冊冊

1 1
⌫ 共 s⫺ 1/2兲
1
l⫹ 1/2
Rm
共 2l⫹1 兲
2 F 1 ⫺ ,s⫺ ; ;⫺
⌫共 s 兲
2
2 2
mR
2 冑

2

⫺

l⫹
2

1
2

册

m ⫺2s ,

it turns out that we may interchange the 兺l and the integral in Eq. 共3.15兲 only if for the real part
RC of the contour the condition RC ⬍⫺1 is satisﬁed. However, the argument ⌫共⫺1/2⫹t兲⌫共s⫺1/
2兲/⌫共1/2⫹t兲 has a pole at t⫽1/2. Thus the contour C coming from ⫺i⬁ must cross the real axis to
the right of t⫽1/2, and then once more between 0 and 1/2 共in order that the pole t⫽0 of ⌫共⫺t兲 lies
to the right of it兲, before going to ⫹i⬁. That is, before interchanging the sum and the integral we
have to shift the contour C over the pole at t⫽1/2 to the left, cancelling the 共potentially divergent兲
second piece in A D
⫺1 (s). Closing then the contour to the left, we end up with the following
expression in terms of Hurwitz zeta functions

AD
⫺1 共 s 兲 ⫽

R 2s

⬁

兺

2 冑 ⌫ 共 s 兲 j⫽0

⌫ 共 j⫹s⫺ 1/2兲
共 ⫺1 兲 j
 H 共 2 j⫹2s⫺2;1/2兲 .
共 mR 兲 2 j
j!
s⫹ j

共3.17兲

For A D
0 one only needs to use the binomial expansion in order to ﬁnd
⬁

AD
0 共 s 兲 ⫽⫺

R 2s
共 ⫺1 兲 j
共 mR 兲 2 j ⌫ 共 s⫹ j 兲  H 共 2 j⫹2s⫺1;1/2兲 .
2⌫ 共 s 兲 j⫽0 j!

兺

共3.18兲

The series are convergent for 兩mR兩⬍1/2. These representations 共3.17兲 and 共3.18兲 show very clearly
D
the analytic structure of A D
⫺1 (s) and A 0 (s). As the ﬁfth 共and ﬁnal兲 step of our procedure, we are
left with the quite simple task of explictly evaluating this analytic structure, namely of ﬁnding its
poles and some point values, and of adding all contributions together.
The point values A D
⫺1,0 共⫺p兲,p苸N0—respectively their residues at s⫽1/2, ⫺共2l⫹1兲/2,
l苸N0— necessary for the calculation of the associated heat kernel coefﬁcients are immediate to
obtain, using
1
 H 共 1⫹ ⑀ ,1/2兲 ⫽ ⫹O 共 ⑀ 0 兲 ,
⑀
⌫ 共 ⑀ ⫺n 兲 ⫽

1 共 ⫺1 兲 n
⫹O 共 ⑀ 0 兲 .
⑀ n!

共3.19兲

However, before we can actually calculate 共an in principle arbitrary number of兲 the heat kernel
coefﬁcients, we need to obtain analytic expressions for the A D
i (s), i苸N. As is easy to see, they are
D
similar to the ones for A D
(s)
and
A
(s)
above.
We
need
to
recall only that D i (t), Eq. 共3.6兲, is a
⫺1
0
polynomial in t,
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i

D i共 t 兲 ⫽

兺

a⫽0

共3.20兲

x i,a t i⫹2a ,

which coefﬁcients x i,a are easily found by using Eqs. 共3.5兲 and 共3.6兲 directly, or either by using the
direct recursion relations presented in appendix A. Thus the calculation of A i ,D (s) is essentially
solved through the identity

冕

⬁

mR/ 

dz

冋冉 冊 册
z
R

2

⫺s

⫺m 2

冋 冉 冊册
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n
⌫ 共 s⫹ n/2兲 ⌫ 共 1⫺s 兲 n

t ⫽⫺m ⫺2s
 1⫹
n
z
2 共 mR 兲
⌫ 共 1⫹ n/2兲
mR

2 ⫺s⫺ n/2

.
共3.21兲

The remaining sum may be done as mentioned for A D
0 , and we end up with
⬁

AD
i 共 s 兲 ⫽⫺

i

R 2s
共 i⫹2a 兲 ⌫ 共 s⫹a⫹ j⫹ i/2兲
共 ⫺1 兲 j
x i,a
.
共 mR 兲 2 j  H 共 ⫺1⫹i⫹2 j⫹2s;1/2兲
⌫ 共 s 兲 j⫽0 j!
⌫ 共 1⫹a⫹ i/2 兲
a⫽0
共3.22兲

兺

兺

In summary we have obtained the analytic expression of all the asymptotic terms coming from
expansion 共3.4兲 in its most elementary form, which involves the very familiar Hurwitz zeta
functions and Gamma functions only. Expressions 共3.17兲, 共3.18兲 and 共3.22兲 constitute the explicit
starting point for the calculation of an —in principle arbitrary— number of heat kernel coefﬁcients
in an extremely quick way.

IV. HEAT KERNEL COEFFICIENTS FOR DIRICHLET BOUNDARY CONDITIONS ON THE
THREE-DIMENSIONAL BALL

Let us now see how the analysis in Sec. II can be used for a very effective calculation of the
heat kernel coefﬁcients. The dependence of the coefﬁcients on the mass is already contained in the
coefﬁcients of the massless case through
K m 共 t 兲 ⫽K m⫽0 共 t 兲 e ⫺m

2t

and for this reason we shall restrict ourselves to m⫽0. For the sums in 共3.17兲, 共3.18兲 and 共3.22兲
this means that only j⫽0 will contribute.
We shall distinguish between the coefﬁcients B k with integer and half-integer index k, because the situation is actually different in both cases. In fact, corresponding to Eq. 共1.3兲 共resp. Eq.
共1.4兲兲, the residue of 共resp. the value of the function兲 D is needed.
Let us start with the case of integer index k苸N , so that Res D 共3/2⫺k兲 is to be calculated. In
order that Z D (s) does not contribute, one has to choose N⫽2k⫺1 and thus only the asymptotic
terms A Dj (s), j⫽⫺1,0,1,...,2k⫺1, will provide some contribution. Furthermore, one may see very
easily which terms in the different A Dj (s) contribute. An important feature is, that for i⫽2n,
n苸N 0 , A D
i (s) does not contribute to B k for k苸N . The relevant residues are found to be

冉 冊
冉 冊

Res A D
⫺1

Res A D
2k⫺1

冉

冊

R 3⫺2k
1
3
共 ⫺1 兲 k⫺1
⫺k ⫽
 H 1⫺2k; ,
2
2
共 k⫺1 兲 ! 2 冑 ⌫ 共 5/2 ⫺k 兲
2k⫺1

R 3⫺2k
3
共 2k⫺1⫹2a 兲 a!
⫺k ⫽⫺
x 2k⫺1,a
,
2
2⌫ 共 3/2 ⫺k 兲 a⫽0
⌫ 共 1/2 ⫹a⫹k 兲

兺

and for n苸N , n⭐k⫺1, k⭐3n,

J. Math. Phys., Vol. 37, No. 2, February 1996

96

A Choice of Papers
Res A 2n⫺1

Emilio Elizalde

冉 冊

冉

冊兺

冉

冊兺

3
1
共 ⫺1 兲 k R 3⫺2k
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2
⌫ 共 3/2 ⫺k 兲
2

k⫺1⫺n
a⫽0

x 2n⫺1,a

共 ⫺1 兲 a⫹n 共 2n⫹2a⫺1 兲
,
共 k⫺1⫺a⫺n 兲 !

whereas for n⭐k⫺1, k⬎3n, we have
Res A 2n⫺1

冉 冊
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共 ⫺1 兲 k R 3⫺2k
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2
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共 ⫺1 兲 a⫹n 共 2n⫹2a⫺1 兲
.
x 2n⫺1,a
共 k⫺1⫺a⫺n 兲 !

From these results we readily obtain the heat kernel coefﬁcients through
Res  D

冉 冊

k

冉 冊

Bk
3
3
⫺k ⫽Res
⫺k ⬅
AD
.
3/2
2l⫺1
2
2
共 4  兲 ⌫ 共 3/2 ⫺k 兲
l⫽0

兺

The coefﬁcients up to B 10 are listed in appendix B.
Let us now consider the calculation of the coefﬁcients corresponding to half-integer index
B k⫹1/2,k苸N . Here the value of D (3/2⫺k兲 is needed and one ﬁnds N⫽2k. It is apparent that the
D
AD
i (s) with odd i, i⫽2 j⫺1, j苸N 0 , do not contribute now. The relevant values of the A i (s) read
AD
0 共 1⫺k 兲 ⫽⫺

冉
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2
2
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k
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AD
2k 共 1⫺k 兲 ⫽ 共 ⫺1 兲 共 k⫺1 兲 !R
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and for n苸N , n⭐k⫺1, k⭐3n⫹1,
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whereas for n⭐k⫺1, k⬎3n⫹1, we have
2⫺2k
AD
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2n

a⫽0
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共 ⫺1 兲 n⫹a
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And from these results, we ﬁnally obtain
k

 D 共 1⫺k 兲 ⫽

兺

n⫽0

A 2n 共 1⫺k 兲 ⬅

共 ⫺1 兲 k⫺1 共 k⫺1 兲 !
B k⫹ 1/2 .
共 4  兲 3/2

The heat kernel coefﬁcients B k⫹1/2 are listed in appendix B too. Using
H (⫺n;q兲⫽⫺B n⫹1 (q)/(n⫹1),n苸N 0 , the results might have been given, equivalently, in terms
of Bernoulli polynomials B n⫹1 (q).
V. ROBIN BOUNDARY CONDITIONS ON THE THREE-DIMENSIONAL BALL

When Robin boundary conditions are imposed, using the same method of the preceding
sections we can write the zeta function as

 R共 s 兲 ⫽

冋

兺 共 2l⫹1 兲 冕␥ 2  i 共 k 2 ⫹m 2 兲 ⫺s  k ln R J l⫹ 1/2共 kR 兲 ⫹kJ ⬘l⫹ 1/2共 kR 兲
l⫽0
⬁



dk

u
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and, in analogy with Eq. 共3.3兲, we then consider

 R ⫽

sin共  s 兲
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⬁

m

冋 冉


u
ln k ⫺  I  共 kR 兲 ⫹kI ⬘ 共 kR 兲
k
R

dk 共 k 2 ⫺m 2 兲 ⫺s

冊册

.

共5.2兲

Employing the same idea as for Dirichlet boundary conditions, this time we have in addition the
following uniform asymptotic expansion 43
I ⬘ 共  z 兲 ⬃
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with the v k (t) determined by
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1
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In analogy with Eq. 共3.6兲, we write
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M n共 t 兲
,
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共5.4兲

where the functions M n (t) are easily obtained. At this point we see already, that for Robin
boundary conditions no additional calculation is necessary. Comparing the expansion 共5.3兲 with
共3.4兲 and introducing A Ri (s) for the contributions coming from the asymptotic terms, one has
A R⫺1 共 s 兲 ⫽A D
⫺1 共 s 兲 ,

A R0 共 s 兲 ⫽⫺A D
0 共 s 兲.

共5.5兲

Furthermore, the functions M i (t) are of the form
2i

M i共 t 兲 ⫽

兺

a⫽0

共5.6兲

z i,a t i⫹a

共notice that here, in contrast with the case of Dirichlet boundary conditions, all powers between i
and 3i are present兲. As a result, we ﬁnd
⬁
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R 2s
共 ⫺1 兲 j
共 i⫹a 兲 ⌫ 共 s⫹ j⫹ 共 i⫹a 兲 /2兲
z i,a
.
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a⫽0
共5.7兲

兺

兺

One can show again that only the even indices i contribute to the residues of R (s), whereas the
odd ones will contribute to the point values.
Restricting ourselves as before 共see the comment in the previous section兲 to the massless case,
the results for the heat kernel coefﬁcients may now be read off from the formulas in the previous
section. One has
Res A R⫺1
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where the expressions for A R2n⫺1 are found from the results in Sec. III, once x 2n⫺1,a has been
replaced with z 2n⫺1,2a . The coefﬁcients for Neumann boundary conditions are given in appendix
C, and for the general case 共u arbitrary兲 in appendix D. For the point values the analogous
formulas read
A R0 共 1⫺k 兲 ⫽⫺A D
0 共 1⫺k 兲 ,
4k

A R2k 共 1⫺k 兲 ⫽ 共 ⫺1 兲 k R 2⫺2k 共 k⫺1 兲 !

兺 z 2k,a
a⫽0

共 2k⫹a 兲 ⌫ 共 1⫹ a/2兲
,
2⌫ 共 1⫹k⫹ a/2兲

and once more the replacement of x 2n,a with z 2n,2a leads to the results for A R2n . The results for the
heat kernel coefﬁcients are summarized in appendices C and D.

VI. GENERALIZATION TO THE D -DIMENSIONAL BALL

As we will now explain, for the generalization of our results to the case of a D-dimensional
ball almost no additional calculations are necessary. Let us discuss ﬁrst the case of Dirichlet
boundary condition. The starting point of the analysis is now

兺 d l共 D 兲 冕␥ 2  i 共 k 2 ⫹m 2 兲 ⫺s  k lnJ l⫹ 共 D⫺2 兲/2共 kR 兲 .
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共6.1兲

It is easy to see that the above treatment for the individual terms of the l-series,
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共6.2兲

remains valid, once we have set ⫽l⫹(D⫺2兲/2. In order to use our procedure for the whole
l-summation, what remains to be done is to substitute for the degeneracy d l (D) its value in
powers of l⫹(D⫺2兲/2, in order to ﬁnd again expressions in terms of the Hurwitz zeta function
H (s;(D⫺2兲/2兲. Writing
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,

D
D
the ﬁnal results for A D
⫺1 (s), A 0 (s) and A i (s), i苸N , may be read off from Eqs. 共3.17兲, 共3.18兲 and
共3.22兲. We ﬁnd
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We shall spare the reader the analogous results for Robin boundary conditions. They need not be
given explicitly, since the procedure is absolutely clear by now. Let us just write down the relevant
residues and point values of D (s) 共the Robin case follows from the replacements explained in
Sect. V兲. They read
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whereas for k⭐3n, it reads
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For higher indices it is advisable to distinguish between D even and D odd. For D odd contributions arise for n⫽k,...,k⫹(D⫺3)/2, and read
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whereas for D even the indices run from n⫽k,...,k⫹(D⫺4兲/2, and the results are
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Let us conclude with the list of point values. The leading asymptotics A D
⫺1 gives only contributions for k⫽0,
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Furthermore, for n⫽1,...,k⫺1, we have
D⫺2

A 2n 共 1⫺k 兲 ⫽⫺R 2⫺2k 共 k⫺1 兲 !
2n

⫻

兺 e ␣共 D 兲  H
␣ ⫽1

冉

⫺ ␣ ⫹2n⫹2⫺2k;

共 ⫺1 兲 a⫹n

兺 x 2n,a 共 a⫹n⫺1 兲 ! 共 k⫺1⫺a⫺n 兲 ! ,
a⫽0
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if k⬎3n⫹1, and if k⭐3n⫹1
D⫺2

A 2n 共 1⫺k 兲 ⫽⫺R 2⫺2k 共 k⫺1 兲 !
k⫺n⫺1

兺

⫻

a⫽0

兺 e ␣共 D 兲  H
␣ ⫽1

冉

⫺ ␣ ⫹2n⫹2⫺2k;

D⫺2
2

冊

共 ⫺1 兲 a⫹n
.
x 2n,a
共 a⫹n⫺1 兲 ! 共 k⫺1⫺a⫺n 兲 !

Finally, for D odd and for n⫽k,...,k⫹(D⫺3兲/2,
2n

1
共 a⫹n⫺k 兲 !
,
A 2n 共 1⫺k 兲 ⫽ 共 ⫺1 兲 k 共 k⫺1 兲 !R 2⫺2k e 1⫹2n⫺2k
x 2n,a
2
共 a⫹n⫺1 兲 !
a⫽0

兺

whereas for D even the indices run from n⫽k⫹1,...,k⫹(D⫺2兲/2, and the result reads
2n⫺1

1
共 2n⫺1⫹2a 兲 ⌫ 共 1/2 ⫺k⫹a⫹n 兲
A 2n⫺1 共 1⫺k 兲 ⫽ 共 ⫺1 兲 k 共 k⫺1 兲 !R 2⫺2k e 2n⫺2k
x 2n⫺1,a
.
4
⌫ 共 1/2 ⫹a⫹n 兲
a⫽0

兺

The formulas above simplify a bit if we write the degeneracy 共2.6兲 under the form
d l共 D 兲 ⫽
d l共 D 兲 ⫽

冋冉
冋冉

2
共 D⫺2 兲 !

2
共 D⫺2 兲 !

l⫹

l⫹

冊 冉 冊册
冊 冉 冊册
2

D⫺2
2

D⫺2
2

2

⫺

2

D
⫺2
2

⫺

D
⫺2
2

冉

⫻ . . . ⫻ l⫹

冉

2

⫻ . . . ⫻ l⫹

冊

D⫺2
, for D odd,
2

D⫺2
2

冊

2

, for D even,

so that e 2k (D)⫽0 for D odd and e 2k⫺1 (D)⫽0 for D even, k苸N .
Furthermore, one might use the following recursion for the coefﬁcients e ␣ (D) appearing in
the expression of the degeneracy d l (D), Eq. 共6.3兲,

冋
冋

冉 冊
冉 冊

1
D
⫺1
e 2 ␣ ⫺2 共 D 兲 ⫺
D 共 D⫺1 兲
2

2

e 2 ␣ 共 D⫹2 兲 ⫽

1
D
⫺1
e 2 ␣ ⫺3 共 D 兲 ⫺
D 共 D⫺1 兲
2

2

e 2 ␣ ⫺1 共 D⫹2 兲 ⫽

册

e 2 ␣ 共 D 兲 , for D even,

册

e 2 ␣ ⫺1 共 D 兲 , for D odd,

where we have used the deﬁnitions e ⫺k (D)⫽0 for k苸N0 and e ␣ (D)⫽0 for ␣⬎D⫺2.
We have performed explicit calculations for D⫽4 and D⫽5. One has in these cases
d l 共 4 兲 ⫽ 共 l⫹1 兲 2 ,
d l 共 5 兲 ⫽ 31 共 l⫹ 23 兲关共 l⫹ 23 兲 2 ⫺ 41 兴 ,

e 1 共 4 兲 ⫽0, e 2 共 4 兲 ⫽1,
e 1 共 5 兲 ⫽⫺

1
12

,

e 2 共 5 兲 ⫽0, e 3 共 5 兲 ⫽ 31 .

The results for the heat kernel coefﬁcients are presented in appendices B, C and D.
VII. CONCLUSIONS

As promised in the introduction, we have developed in this paper a very convenient method in
order to deal with the problem of the calculation of heat kernel coefﬁcients corresponding to an
arbitrary elliptic operator with any of the usual boundary conditions 共Dirichlet, Neumann or
Robin兲, with the only proviso that the behavior of some basis for its spectrum should be known
共even if the eigenvalues themselves are actually unknown兲.

J. Math. Phys., Vol. 37, No. 2, February 1996

101

Cosmology, the Quantum Vacuum, and Zeta Functions
This is indeed a very common case in mathematical physics, what confers to our procedure a
wide generality of application. Another fundamental characteristic of the method is its extreme
simplicity, which comes in part from the quite strong background on zeta function computations
that we have acquired during the last half a dozen years. This knowledge confers to the new
method the same elegance that the procedure of zeta function regularization 共including the analytic
continuation techniques and non-trivial series commutation that it involves兲 has in itself.
Finally, we have tried our method with explicit examples and gave several tables of heat
kernel coefﬁcients that have been calculated here 共with relative ease兲 for the ﬁrst time. For the
near future we envisage to investigate other physical applications where the method can prove
useful.
Note: At the ﬁnal stage of our analysis, P. Gilkey made us aware of related research by M.
Levitin,48 who has further developed the approach of Kennedy,34,35 also with the aim of calculating higher-order heat kernel coefﬁcients. We are indebted to M. Levitin for sending us his results,
which have served as a very good check of our calculations. All results in common with his are in
complete agreement.
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APPENDIX A: RECURSION RELATION FOR THE COEFFICIENTS x i , a

In this appendix we present the recursion relations for the coefﬁcients x i,a , Eq. 共3.20兲. For
convenience let us introduce for i苸N , a⫽0,...,i,
x i,a ⫽

c i⫹1,a
.
2 共 i⫹2a 兲
i⫹1

Then, starting with c 1,0⫽⫺1, we ﬁnd the following recursion relation,
i⫺1

1
c i,0⫽ 共 i⫺2 兲 c i⫺1,0⫺
c
c ,
2 s⫽1 i⫺s,0 s,0

兺

i⫺1

c i,i⫺1 ⫽ 共 4⫺3i 兲 c i⫺1,i⫺2 ⫹

1
c
c
,
2 s⫽1 i⫺s,i⫺s⫺1 s,s⫺1

兺

and for a⫽1,..., i⫺2, we have
c i,a ⫽ 共 i⫺2⫹2a 兲共 c i⫺1,a ⫺c i⫺1,a⫺1 兲
i⫺1

⫺

1
2 s⫽1

兺

冉

Min共 a,s⫺1 兲

兺

j⫽Max共 0,1⫹a⫹s⫺i 兲

Min共 a⫺1,s⫺1 兲

c i⫺s,a⫺ j c s, j ⫺

兺

j⫽Max共 0,a⫹s⫺i 兲

This relation can be used very effectively for the calculation of the coefﬁcients x i,a .
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APPENDIX B: HEAT KERNEL COEFFICIENTS FOR DIRICHLET BOUNDARY
CONDITIONS

In this appendix we list our results for the heat kernel coefﬁcients of the Laplace operator in
three, four and ﬁve dimensions with Dirichlet boundary conditions. Here and in the following
appendices, the ﬁrst coefﬁcients B 0 ,..., B 5/2 are listed for completeness and may also be found in
Refs. 34,35 or derived from Ref. 12.
In three dimensions we have found that
3
B 0⫽  R 3,
4
B 1⫽

8R
,
3

B 4 ⫽⫺

1
B 3/2⫽⫺  3/2,
6

16
,
315R

B 5/2⫽⫺

 3/2
,
120R 2

64
,
9009R 3

B 7/2⫽⫺

47 3/2
,
20160R 4

B 2 ⫽⫺
B 3 ⫽⫺

B 1/2⫽⫺2  3/2R 2 ,

202816
,
72747675R 5

B 9/2⫽⫺

25426048
B 5 ⫽⫺
,
15058768725R 7
B 6 ⫽⫺

9521 3/2
B 11/2⫽⫺
,
11531520R 8

90878576896
,
67689165418875R 9

B 13/2⫽⫺

22835854180352
B 7 ⫽⫺
,
17531493843488625R 11

34344493 3/2
47048601600R 10

36201091 3/2
B 15/2⫽⫺
,
47048601600R 12

1509389910845640704
,
1019964780320324713875R 13

B 17/2⫽⫺

153984929039 3/2
,
164481911193600R 14

1673450232605639069696
,
872477873086005760248675R 15

B 19/2⫽⫺

13334525091737 3/2
,
10362360405196800R 16

B 8 ⫽⫺
B 9 ⫽⫺

521 3/2
,
443520R 6

B 10⫽⫺

643985013732181345325056
.
231206636367791526465898875R 17

In four dimensions the result is
1
B 0⫽  2R 4,
2
B 1 ⫽2  2 R 2 ,
B 2 ⫽⫺

42
,
45

B 1/2⫽⫺  5/2R 3 ,
B 3/2⫽⫺

11 5/2R
,
32

B 5/2⫽⫺

35 5/2
,
4096R
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464 2
B 3 ⫽⫺
,
45045R 2
107456 2
,
14549535R 4

B 9/2⫽⫺

827315 5/2
,
201326592R 5

23288576 2
,
3011753745R 6

B 11/2⫽⫺

158590273 5/2
,
32212254720R 7

20064545792 2
,
1933976154825R 8

B 13/2⫽⫺

630648945109 5/2
,
86586540687360R 9

B 4 ⫽⫺
B 5 ⫽⫺
B 6 ⫽⫺

492912963584 2
,
B 7 ⫽⫺
29464695535275R 10
B 8 ⫽⫺
B 9 ⫽⫺

911 5/2
B 7/2⫽⫺
,
196608R 3

70309732006867 5/2
B 15/2⫽⫺
,
5541538603991040R 11

37648078688043008 2
,
1204208713483264125R 12

887504373820227584 2
,
13409327181833639595R 14
B 10⫽⫺

1578924180477650401 5/2
,
62419890835355074560R 13

B 17/2⫽⫺
B 19/2⫽⫺

1018264365864160946171 5/2
,
17976928560582261473280R 15

252629551155828479492096 2
.
1616829624949591094167125R 16

Finally, in ﬁve dimensions we obtain
B 0⫽

8  2R 5
,
15

B 1/2⫽⫺

32 2 R 3
,
B 1⫽
9
B 2 ⫽⫺

B 3⫽

B 4⫽

B 7⫽

B 3/2⫽⫺  5/2R 2 ,

128 2 R
,
945

1216 2
,
45045R

B 5/2⫽

B 7/2⫽

235264 2
,
43648605R 3

17 5/2
,
360

157 5/2
,
30240R 2

B 9/2⫽

5  5/2
,
2464R 4

779264 2
,
280598175R 5

B 11/2⫽

593 5/2
,
449280R 6

91757946368 2
,
43074923448375R 7

B 13/2⫽

32815499 5/2
,
28229160960R 8

B 5⫽

B 6⫽

4  5/2R 4
,
3

22103738934272 2
,
10518896306093175R 9

B 15/2⫽

119034319 5/2
,
94097203200R 10
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53300366610079744 2
B 8⫽
,
21397862524202616375R 11
B 9⫽

798608979601 5/2
B 17/2⫽
,
493445733580800R 12

381809787573414866944 2
,
111856137575128943621625R 13
B 10⫽

B 19/2⫽

146801666871373 5/2
,
62174162431180800R 14

31815282789579439112192 2
.
6031477470464126777371275R 15

APPENDIX C: HEAT KERNEL COEFFICIENTS FOR NEUMANN BOUNDARY
CONDITIONS

Here is a list of the results we have obtained for the heat kernel coefﬁcients of the Laplace
operator in three, four and ﬁve dimensions with Neumann boundary conditions. In three dimensions we have found
4
B 0⫽  R 3,
3
B 1⫽

B 1/2⫽2  3/2R 2 ,

8R
,
3

7
B 3/2⫽  3/2,
6

16
,
B 2⫽
9R
B 3⫽
B 4⫽

47 3/2
B 5/2⫽
,
60R 2

6464
,
6435R 3

B 7/2⫽

14766656
,
31177575R 5

2314167424
,
B 5⫽
10756263375R 7

B 8⫽
B 9⫽

B 9/2⫽

B 13/2⫽

369968178163712
,
5843831281162875R 11

B 15/2⫽

48366532825354366976
,
1019964780320324713875R 13

781980237125923045376
,
17805670879306240005075R 15
B 10⫽

5057 3/2
,
28160R 6

2320069 3/2
B 11/2⫽
,
27675648R 8

1439468204288
,
13537833083775R 9

B 6⫽
B 7⫽

3973 3/2
,
10080R 4

11298472831 3/2
,
250925875200R 10
1718717967893 3/2
,
57211099545600R 12

B 17/2⫽
B 19/2⫽

113384991528329 3/2
,
4511503849881600R 14

33839928581307889 3/2
,
1326382131865190400R 16

14392436216775440050663424
.
297265675330017676884727125R 17

In four dimensions
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1
B 0⫽  2R 4,
2

B 5⫽

B 3/2⫽

116 2
,
B 2⫽
45

5861 5/2
B 5/2⫽
,
4096R

99472 2
,
45045R 2

B 7/2⫽

18334144 2
,
14549535R 4

B 9/2⫽

6269294336 2
,
15058768725R 6

91095533 5/2
,
201326592R 5
2096614963 5/2
,
32212254720R 7

13041149176631 5/2
B 13/2⫽⫺
,
86586540687360R 9

38509398708224 2
,
100179964819935R 10

B 15/2⫽⫺

7562397933317668864 2
,
13246295848315905375R 12

B 17/2⫽⫺

B 7 ⫽⫺

B 9 ⫽⫺

388657 5/2
,
393216R 3

B 11/2⫽

1448614636544 2
,
B 6 ⫽⫺
13537833083775R 8

B 8 ⫽⫺

41 5/2R
,
32

B 1 ⫽2  2 R 2 ,

B 3⫽
B 4⫽

B 1/2⫽  5/2R 3 ,

30045051913611575296 2
,
36622112051226326625R 14

B 19/2⫽⫺

1498787760061463 5/2
,
5541538603991040R 11
23865356170241004641 5/2
,
62419890835355074560R 13

135252966433194092697787 5/2
,
233700071287569399152640R 15

307843753219621367054336 2
.
B 10⫽⫺
230975660707084442023875R 16
And, ﬁnally, in ﬁve dimensions
8  2R 5
B 0⫽
,
15

4  5/2R 4
B 1/2⫽
,
3

32 2 R 3
,
9

B 3/2⫽3  5/2R 2 ,

B 1⫽

B 2⫽

B 5/2⫽

1873 5/2
,
360

63296 2
,
6435R

B 7/2⫽

10121 5/2
,
1890R 2

504064 2
,
61047R 3

B 9/2⫽

198463 5/2
,
55440R 4

B 3⫽

B 4⫽

1024 2 R
,
135
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125689856 2
B 5⫽
,
30879225R 5

34154807 5/2
B 11/2⫽
,
34594560R 6

56447170574848 2
B 6 ⫽⫺
,
157941385977375R 7
945576485184512 2
B 7 ⫽⫺
,
281253911927625R 9

16602940093 5/2
B 13/2⫽⫺
,
14114580480R 8
13550828636809 5/2
B 15/2⫽⫺
,
5721109954560R 10

259104011527854628864 2
B 8 ⫽⫺
,
55634442562926802575R 11
B 9 ⫽⫺

5379580705269259 5/2
B 17/2⫽⫺
,
1973782934323200R 12

46180677500935662030848 2
,
9587668935011052310425R 13
B 10⫽⫺

B 19/2⫽⫺

2640354677256557617 5/2
,
994786598898892800R 14

1401638457879249954799616 2
.
306775722734796364174125R 15

APPENDIX D: HEAT KERNEL COEFFICIENTS FOR ROBIN BOUNDARY CONDITIONS

We conclude our list of results with the leading coefﬁcients for general Robin boundary
conditions for D⫽3,4 and 5.
In three dimensions, we have found
B 0⫽

B 1 ⫽⫺

B 2⫽

B 7/2⫽

B 1/2⫽2  3/2R 2 ,

4R
共 1⫹6u 兲 ,
3

2
共 1⫺18u⫹60u 2 ⫺120u 3 兲 ,
45R

B 3⫽

B 4⫽

4R3
,
3

B 3/2⫽

B 5/2⫽

 3/2
共 1⫹24u 2 兲 ,
6

 3/2
共 2⫺15u⫹60u 2 ⫺120u 3 ⫹120u 4 兲 ,
60R 2


共 1633⫺12870u⫹46904u 2 ⫺107536u 3 ⫹144144u 4 ⫺96096u 5 兲 ,
45045R 3

 3/2
共 151⫺1008u⫹3612u 2 ⫺8400u 3 ⫹13440u 4 ⫺13440u 5 ⫹6720u 6 兲 ,
10080R 4


共 8243319⫺51363270u⫹169826940u 2 ⫺395830040u 3 ⫹676878800u 4
436486050R 5
⫺835097120u 5 ⫹665121600u 6 ⫺266048640u 7 兲 ,

B 9/2⫽

 3/2
共 14639⫺80784u⫹249304u 2 ⫺556600u 3 ⫹976800u 4 ⫺1330560u 5
1774080R 6
⫹1340416u 6 ⫺887040u 7 ⫹295680u 8 兲 ,
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B 5⫽


共 3517532467⫺17760354570u⫹49945523040u 2 ⫺105573378240u 3
301175374500R 7
⫹182023225440u 4 ⫺259648898880u 5 ⫹295543449600u 6 ⫺252181862400u 7
⫹142779436800u 8 ⫺40794124800u 9 兲 .

In four dimensions, the results read
B 0⫽

 2R 4
,
2

B 1 ⫽⫺2  2 R 2 共 1⫹2u 兲 ,

B 1/2⫽  5/2R 3 ,
B 3/2⫽

 5/2R
共 9⫹32u⫹64u 2 兲 ,
32

42
B 2 ⫽⫺
共 1⫹30u 3 兲 ,
45
B 5/2⫽⫺
B 3 ⫽⫺
B 7/2⫽⫺
B 4 ⫽⫺

 5/2
共 59⫺224u⫹2048u 3 ⫺4096u 4 兲 ,
4096R

16 2
共 75⫺286u⫹286u 2 ⫹858u 3 ⫺3003u 4 ⫹3003u 5 兲 ,
45045R 2

 5/2
共 5807⫺21024u⫹29952u 2 ⫹7168u 3 ⫺110592u 4 ⫹196608u 5 ⫺131072u 6 兲 ,
393216R 3

32 2
共 11726⫺39368u⫹62016u 2 ⫺36176u 3 ⫺75582u 4 ⫹230945u 5 ⫺277134u 6
14549535R 4

⫹138567u 7 兲 ,
B 9/2⫽⫺

 5/2
共 2961171⫺9105152u⫹14440448u 2 ⫺13142016u 3 ⫺458752u 4
201326592R 5

⫹25427968u 5 ⫺46137344u 6 ⫹41943040u 7 ⫺16777216u 8 兲 ,
B 5 ⫽⫺

64 2
共 6419236⫺17976600u⫹27448200u 2 ⫺28336920u 3 ⫹14866740u 4
15058768725R 6

⫹14709420u 5 ⫺49365705u 6 ⫹65189475u 7 ⫺47805615u 8 ⫹15935205u 9 兲 .
Finally, in ﬁve dimensions we have found
8  2R 5
,
B 0⫽
15
B 1 ⫽⫺
B 2⫽

8  2R 3
共 5⫹6u 兲 ,
9

4  5/2R 4
B 1/2⫽
,
3
B 3/2⫽

4  2R
共 ⫺5⫹6u⫺60u 2 ⫺120u 3 兲 ,
135

 5/2R 2
共 3⫹8u⫹8u 2 兲 ,
3

B 5/2⫽

 5/2
共 ⫺17⫺240u 2 ⫹480u 4 兲 ,
360
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22
B 3⫽
共 87⫹13442u⫺35464u 2 ⫹61776u 3 ⫹48048u 4 ⫺96096u 5 兲 ,
135135R
B 7/2⫽
B 4⫽

 5/2
共 ⫺88⫹483u⫺1806u 2 ⫹2940u 3 ⫺1680u 4 ⫺3360u 5 ⫹3360u 6 兲 ,
7560R 2

2
共 ⫺539501⫹4050078u⫺12086660u 2 ⫹23878744u 3 ⫺23715952u 4
43648605R 3
⫹1478048u 5 ⫹26604864u 6 ⫺17736576u 7 兲 ,

B 9/2⫽

 5/2
共 ⫺18927⫹99616u⫺302720u 2 ⫹576048u 3 ⫺748704u 4 ⫹473088u 5 ⫹177408u 6
2661120R 4
⫺591360u 7 ⫹295680u 8 兲 ,

B 5⫽

2
共 ⫺935536567⫹4964319990u⫺13111462800u 2 ⫹25019918880u 3
90352612350R 5
⫺34365190560u 4 ⫹32451298368u 5 ⫺12409401600u 6 ⫺12609093120u 7 ⫹20397062400u 8
⫺8158824960u 9 兲 .

This concludes our lists of explicit tables for the heat kernel coefﬁcients. In the same way, results
for any desired dimension D are very easy to obtain from the formulas in the text.
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Abstract: The multiplicative anomaly associated with the zeta-function regularized
determinant is computed for the Laplace-type operators L1 = −+V1 and L2 = −+V2 ,
with V1 , V2 constant, in a D-dimensional compact smooth manifold MD , making use
of several results due to Wodzicki and by direct calculations in some explicit examples.
It is found that the multiplicative anomaly is vanishing for D odd and for D = 2. An
application to the one-loop effective potential of the O(2) self-interacting scalar model
is outlined.

1. Introduction
Within the one-loop or external ﬁeld approximation, the importance of zeta-function
regularization for functional determinants, as introduced in [1], is well known, as a
powerful tool to do with the ambiguities (ultraviolet divergences) present in relativistic
quantum ﬁeld theory (see for example [2]-[4]). It permits to give a meaning, in the
sense of analytic continuation, to the determinant of a differential operator which, as the
product of its eigenvalues, is formally divergent. For the sake of simplicity we shall here
restrict ourselves to scalar ﬁelds. The one-loop Euclidean partition function, regularised
by zeta-function techniques, reads [5]
1
LD 1
1
ln Z = − ln det 2 = ζ  (0|LD ) + ζ(0|LD ) ln μ2 ,
2
μ
2
2
where ζ(s|LD ) is the zeta function related to LD – typically an elliptic differential operator of second order – ζ  (0|LD ) its derivative with respect to s, and μ2 a renormalization
scale. The fact is used that the analytically continued zeta-function is generally regular
at s = 0, and thus its derivative is well deﬁned.
When the manifold is smooth and compact, the spectrum is discrete and one has
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ζ(s|LD ) =



λ−2s
,
i

i

λ2i being the eigenvalues of LD . As a result, one can make use of the relationship between
the zeta-function and the heat-kernel trace via the Mellin transform and its inverse. For
Re s > D/2, one can write
 ∞
1
=
ts−1 K(t|LD ) dt ,
(1.1)
ζ(s|LD ) = Tr L−s
D
(s) 0
1
K(t|LD ) =
2πi


Re s>D/2

t−s (s)ζ(s|LD ) ds ,

(1.2)

where K(t|LD ) = Tr exp(−tLD ) is the heat operator. The previous relations are valid
also in the presence of zero modes, with the replacement K(t|LD ) −→ K(t|LD ) − P0 ,
P0 being the projector onto the zero modes.
A heat-kernel expansion argument leads to the meromorphic structure of ζ(s|LD )
and, as we have anticipated, it is found that the analytically continued zeta-function is
regular at s = 0 and thus its derivative is well deﬁned. Furthermore, in practice all the
operators may be considered to be trace-class. In fact, if the manifold is compact this is
true and, if the manifold is not compact, the volume divergences can be easily factorized.
Thus

(1.3)
Kt (LD ) = dVD Kt (LD )(x)
and


ζ(LD , z) =

dVD ζ(LD |z)(x),

(1.4)

where Kt (LD )(x) and ζ(LD |z)(x) are the heat-kernel and the local zeta-function, respectively.
However, if an internal symmetry is present, the scalar ﬁeld is vector valued, i.e. φi
and the simplest model is the O(2) symmetry associated with self-interacting charged
ﬁelds in R4 . The Euclidean action is





λ 22
4
2
S = dx φi − + m φi + (φ ) ,
(1.5)
4!
where φ2 = φk φk is the O(2) invariant. The Euclidean small disturbances operator reads
Aij = Lij +

λ 2
λ
 δik + i k ,
6
3



Lij = − + m2 δik ,

(1.6)

in which  is the Laplace operator and  the background ﬁeld, assumed to be constant.
Thus, one is actually dealing with a matrix-valued elliptic differential operator. In this
case, the partition function is [6]


 Aik 
(L + λ2 2 ) (L + λ6 2 )

=
−
ln
det
.
ln Z = − ln det  2 
μ 
μ2
μ2
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As a consequence, one has to deal with the product of two elliptic differential operators.
In the case of a two-matrix, one has
ln det(AB) = ln det A + ln det B .

(1.8)

Usually the way one proceeds is by formally assuming the validity of the above relation for differential operators. This may be quite ambiguous, since one has to employ necessarily a regularization procedure. In fact, it turns out that the zeta-function
regularized determinants do not satisfy the above relation and, in general, there appears the so-called multiplicativity (or just multiplicative) anomaly [7, 8]. In terms of
F (A, B) ≡ det(AB)/(det A det B) [8], it is deﬁned as:
aD (A, B) = ln F (A, B) = ln det(AB) − ln det(A) − ln det(B) ,

(1.9)

in which the determinants of the two elliptic operators, A and B, are assumed to be
deﬁned (e.g., regularized) by means of the zeta-function [1]. It should be noted that the
non vanishing of the multiplicative anomaly implies that the relation
ln det A = Tr ln A

(1.10)

does not hold, in general, for elliptic operators like A = BC.
It turns out that this multiplicative anomaly can be expressed by means of the noncommutative residue associated with a classical pseudo-differential operator, known as
the Wodzicki residue [9]. Its important role in physics has been recognized only recently.
In fact, within the non-commutative geometrical approach to the standard model of the
electroweak interactions [10, 11], the Wodzicki residue is the unique extension of the
Dixmier trace (necessary to write down the Yang-Mills action functional) to the larger
class of pseudo-differential operators (DO) [12]. Other recent contributions along
these lines are [13–15]. Furthermore, a proposal to make use of the Wodzicki formulae
as a practical tool in order to determine the singularity structure of zeta-functions has
appeared in [16] and the connection with the commutator anomalies of current algebras
and the Wodzicki residue has been found in [17]
The purpose of the present paper is to obtain explicitly the multiplicative anomaly for
the product of two Laplace-like operators – by direct computations and by making use
of several results due to Wodzicki – and to investigate the relevance of these concepts in
physical situations. As a result, the multiplicative anomaly will be found to be vanishing
for D odd and also for D = 2, being actually present for D > 2, with D even.
The contents of the paper are the following. In Sect. 2 we present some elementary
computations in order to show the highly non-trivial character of a brute force approach
to the evaluation of the multiplicative anomaly associated with two differential operators
(even with very simple ones). In Sect. 3 we brieﬂy recall several results due to Wodzicki, concerning the noncommutative residue and a fundamental formula expressing
the multiplicative anomaly in terms of the corresponding residue of a suitable pseudodifferential operator. In Sect. 4, the Wodzicki formula is used in the computation of the
multiplicative anomaly in RD and, as an example, the O(2) model in R4 is investigated.
In Sect. 5, a standard diagrammatic analysis of the O(2) model is discussed and evidence
for the presence of the multiplicative anomaly at this diagrammatic level is given. In
Sect. 6 we treat the case of an arbitrary compact smooth manifold without boundary.
Some ﬁnal remarks are presented in the Conclusions. In the Appendix a proof of the
multiplicative anomaly formula is outlined.
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2. Direct Calculations
Motivated by the example discussed in the introduction, one might try to perform a direct
computation of the multiplicative anomaly in the case of the two self-adjoint elliptic
commuting operators Lp = − + Vp , p = 1, 2, in MD , with Vp constant. Actually, we
could deal with the shifts of two elliptic ODs. For the sake of simplicity, we may put
μ2 = 1 and consider all the quantities to be dimensionless. At the end, one can easily
restore μ2 by simple dimensional considerations.
In order to compute the multiplicative anomaly, one needs to obtain the zeta-functions
of the operators. Let us begin with MD smooth and compact without boundary (the
boundary case can be treated along the same lines) and let us try to express ζ(s|L1 L2 )
as a function of ζ(s|Lp ). If we denote L0 = − and by λi its non-negative, discrete
eigenvalues, the spectral theorem yields

(2.1)
ζ(s|L1 L2 ) =
[(λi + V1 )(λi + V2 )]−s .
i

Making use of the identity
(λi + V1 )(λi + V2 ) = (λi + V+ )2 − V−2 ,

(2.2)

with V+ = (V1 + V2 )/2 and V− = (V1 − V2 )/2, and noting that
V−2
<1 ,
(λi + V+ )2

(2.3)

for every individual λi , the binomial theorem gives
[(λi + V1 )(λi + V2 )]−s =

∞

(s + k)
k=0

k! (s)

V−2k (λi + V+ )−2s−2k ,

(2.4)

an absolutely convergent series expansion, valid without further restriction. Let us assume that Re s is large enough in order to safely commute the sum over i with the sum
over k. From the equations above, we get
ζ(s|L1 L2 ) = ζ(2s|L0 + V+ ) +

∞

(s + k)
k=1

k! (s)

V−2k ζ(2s + 2k|L0 + V+ ) .

(2.5)

This series is convergent for large Re s and provides the sought for analytical continuation
to the whole complex plane.
To go further, we note that, when |c| < λ1 (smallest non-vanishing eigenvalue of
L), one has
ζ(s|L + c) = ζ(s|L) +

∞

(s + k)
k=1

k! (s)

(−c)k ζ(s + k|L) ,

(2.6)

Let us use this expression for L1 and L2 . Since
V1 = V+ + V− , V2 = V+ − V− ,
one has
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ζ(s|L1 ) = ζ(s|L0 + V+ + V− )
∞

(s + k)
(−V− )k ζ(s + k|L0 + V+ ) ,
= ζ(s|L0 + V+ ) +
k! (s)

(2.8)

k=1

and
ζ(s|L2 ) = ζ(s|L0 + V+ − V− )
∞

(s + k)
(V− )k ζ(s + k|L0 + V+ ) .
= ζ(s|L0 + V+ ) +
k! (s)

(2.9)

k=1

For s = 0, there are poles, but adding the two zeta-functions for suitable Re s and making
the separation between k odd and k even, all the terms associated with k odd cancel. As
a result
ζ(s|L1 ) + ζ(s|L2 ) = 2ζ(s|L0 + V+ )
∞

(s + 2m)
(V− )2m ζ(s + 2m|L0 + V+ ) .
+
(2m)! (s)

(2.10)

m=1

For suitable Re s, from Eqs. (2.5) and Eq. (2.10) we may write
ζ(s|L1 L2 ) − ζ(s|L1 ) − ζ(s|L2 ) = ζ(2s|L0 + V+ ) − 2ζ(s|L0 + V+ )

∞

(V− )2m (s + m)
ζ(2s + 2m|L0 + V+ )
+
(s)
m!
m=1

(s + 2m)
ζ(s + 2m|L0 + V+ ) ,
(2.11)
− 2
(2m)!
The multiplicative anomaly is minus the derivative with respect to s in the limit
s → 0. Thus, it is present only when there are poles of the zeta functions evaluated
at positive integer numbers bigger than 2. From the Seeley theorem, the meromorphic
structure of the zeta function related to an elliptic operator is known, also in manifolds
with boundary, the residues at the poles being simply related to the Seeley-De Witt heatkernel coefﬁcients Ar . For example, For a D-dimensional manifold without boundary
one has [18]
∞

ζ(z|L) =

Ar
1 
(z)
z+r−
r=0

D
2

+

J(z)
,
(z)

(2.12)

J(z) being the analytical part. Since there are no poles at s = 0 for D odd and for D = 2
in the zeta functions appearing on the r.h.s. of Eq. (2.11), we can take the derivative at
s = 0, i.e.


∞

(2m)
(m)
2m
−2
. (2.13)
(V− ) ζ(2m|L0 + V+ )
aD (L1 , L2 ) =
(m + 1)
(2m + 1)
m=1

As a consequence, for D odd and for D = 2 the multiplicative anomaly is vanishing.
For D > 2 and even, there are a ﬁnite number of simple poles other than at s = 0 in
Eq. (2.11). As an example, in the important case D = 4, in a compact manifold without
boundary, the zeta function has simple poles at s = 2, s = 1, s = 0, etc. Only the ﬁrst
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one is relevant, the other being harmless. Separating the term corresponding to l = 1,
only this gives a non vanishing contribution when one takes the derivatives with respect
to s at zero. Thus, a direct computation yields
A0 V−2
2
VD
(V1 − V2 )2 .
=
(π)∈

a4 (L1 , L2 ) =

(2.14)

It follows that it exists potentially, an alternative direct method for computing the multiplicative anomaly for the shifts of two elliptic DOs and its structure will be a function
of V−2 and of the heat-kernel coefﬁcients Ar , which, in principle, are computable (the
ﬁrst ones are known). We will come back on this point in Sect. 6, using the Wodzicki
formula.
However, we observe that, here, the multiplicative anomaly is a function of the series
of zeta-functions related to operators of Laplace type. One soon becomes convinced that
it is not easy to go further along this way for an arbitrary D-dimensional manifold.
We conclude this section with explicit examples.
Example 1. MD = RD . Let us start with a particularly simple example, i.e. MD = RD .
The two zeta-functions ζ(s|Li ) are easy to evaluate and read
ζ(s|Li ) =

VD

D

D

(4π) 2

Vi 2

−s (s

− D2 )
,
(s)

i = 1, 2 ,

(2.15)

where VD is the (inﬁnite) volume of RD . We need to compute ζ(s|L1 L2 ). For Re s >
D/2, starting from the spectral deﬁnition, one gets
 ∞
2VD
−s
ζ(s|L1 L2 ) =
dkk D−1 k 4 + (V1 + V2 )k 2 + V1 V2
. (2.16)
D
D
4π) 2 ( 2 ) 0
For Re s > (D − 1)/4, the above integral can be evaluated [19], to yield
√
1
D
 1−2s
2πVD (2s − D2 )  2
−s
4 (V V ) 4 −s P 2
α
−
1
ζ(s|L1 L2 ) =
1
2
D+1 (α) , (2.17)
D
s− 2
2s (4π) 2 (s)
Pνμ (z) being the associate Legendre function of the ﬁrst kind (see for example [19]), and
V1 + V2
.
α= √
2 V1 V 2

(2.18)

This provides the analytical continuation to the whole complex plane. For D = 2Q + 1,
one easily gets
ζ(0|L1 L2 ) = 0,
√
ζ  (0|L1 L2 ) =

2πVD (−Q − 21 ) 
D

(4π) 2
=

VD (−Q − 21 )
D

α2 − 1

1
4

D

1

(V1 V2 ) 4 P 2 D+1 (α)
− 2

1/2

D
2
,
2(V1 V2 ) (1 + cosh(Dγ))

(4π) 2
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in which cosh γ = α. The ﬁrst equation says that the conformal anomaly vanishes. On
the other hand, one has for D odd,




ζ (0|L1 ) + ζ (0|L2 ) =

VD (−Q − 21 )
D

D
V1 2

+

D
V2 2

,

(2.20)

(4π) 2

As a consequence, making use of elementary properties of the hyperbolic cosine, one
gets a(L1 , L2 ) = 0. Namely, for D odd the multiplicative anomaly is vanishing (see [8]).
For D = 2Q, the situation is much more complex. First the conformal anomaly is
non-zero, i.e.
ζ(0|L1 L2 ) =


VD (−1)Q 
Q/2
(V
V
)
cosh(Qγ)
,
1
2
(4π)Q Q!

(2.21)

and, in general, the multiplicative anomaly is present. As a check, for D = 2, we get

V2 
V2
(V1 V2 )1/2 cosh γ = − (V1 + V2 )
4π
4π
1
a1 (A) = ζ(0|A) ,
=
4π

ζ(0|L1 L2 ) = −

(2.22)

where A = −I + V is a 2 × 2 matrix-valued differential operator, I the identity matrix,
V = diag (V1 , V2 ), and a1 (A) is the ﬁrst related Seeley-De Witt coefﬁcient, given by the
well known expression dx2 (− tr V ).
Unfortunately, it is not simple to write down – within this naive approach – a reasonably simple expression for it, because the associate Legendre function depends on s
through the two indices μ and ν. However, it is easy to show that the anomaly is absent
when V1 = V2 , therefore it will depend only on the difference V1 − V2 . Thus, one may
consider the case V2 = 0. As a result, Eq. (2.16) yields the simpler expression
√
ζ(s|L1 L2 ) =

2πVD

D
(4π) 2 ( D2 )

( D2 − s)(2s −
(s)

D
2 )

D

V1 2

−2s

.

(2.23)

In this case the multiplicative anomaly is given by
a(L1 , L2 ) = ln det(L1 L2 ) − ln det(L1 ) ,

(2.24)

since the regularized quantity ln det(L2 ) = 0. It is easy to show that, when D is odd,
again aD (L1 , L2 ) = 0. When D = 2Q, one obtains
a2Q (L1 , L2 ) =

VD (−1)Q Q
V [(1) − (Q)] .
(4π)Q 2Q! 1

(2.25)

We conclude this ﬁrst example by observing that the multiplicative anomaly is absent
when Q = 1, D = 2, and that it is present for Q > 1, D > 2 even. The result obtained
is partial and more powerful techniques are necessary in order to deal with the general
case. Such techniques will be introduced in the next section.
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Example 2. MD = S 1 × RD−1 , D = 1, 2, 3, . . .. In this case the zeta functions corresponding to Li , i = 1, 2, are given by
∞
π (D−1)/2−2s (s + (1 − D)/2) 
n2 +
ζ(s|Li ) =
22s+1 LD−2s (s)
n=−∞

L
2π

2

(D−1)/2−s

Vi

(2.26)

(i = 1, 2, here L is the length of S 1 ). In terms of the basic zeta function (see [20]):
ζ(s; q) ≡

∞


(n2 + q)−s

(2.27)

n=−∞
∞
√ (s − 1/2) 1/2−s 4π s 1/4−s/2 
√
q
q
+
ns−1/2 Ks−1/2 (2πn q),
= π
(s)
(s)
n=1

where Kν is the modiﬁed Bessel function of the second kind, we obtain
π −D/2  −D
D/2−s
2 L(s − D/2)Vi
ζ(s|Li ) =
(s)
∞


D/4−s/2
+22−s−D/2 Ls+1−D/2 Vi
ns−D/2 Ks−D/2 (nL V1 ) (2.28)
n=1

≡ ζ (s|Li ) + ζ (s|Li ).
(1)

(2)

For the determinant we get, for D odd,


D/2
det Li = exp −π −D/2 2−D L(−D/2)Vi
∞

D/4

+(2L)1−D/2 Vi


n−D/2 KD/2 (nL Vi )


,

(2.29)

n=1

for D even (D = 2Q),

⎡

det Li = exp ⎣−

L
Q!
√

+ 4L

Vi
2πL

−

1
4π

Q

Q 
∞

⎛
⎞
Q

1
− ln Vi ⎠
ViQ ⎝
j
j=1

n−Q KQ (nL


Vi ) .

(2.30)

n=1

As for the product L1 L2 , using the same strategy as before, after some calculations we
obtain (here we use the short-hand notation L± ≡ L0 + V± , cf. equations above):
⎧
⎨ [Q/2]

V−2p (−V+ )Q−2p
2L
det(L1 L2 ) = (det L+ )2 exp −
⎩
(2p)!(Q − 2p)!(4π)Q
p=1
⎡
⎤
p−1

1
1
1
+
− ψ(2p) − ln V+ ⎦
× ⎣1 − C +
2 (Q − 2p)! 2
j
j=1
⎫
∞
∞
⎬


V−2p (1)
V−2p (2)
−
ζ (2p|L+ ) −
ζ (2p|L+ ) ,
(2.31)
⎭
p
p
p=1

p=[Q/2]+1
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where [x] means ‘integer part of x’ and C is the Euler–Mascheroni constant. We can
check from these formulas that the anomaly (1.9) is zero in the case of odd dimension
D. Actually, this is most easily seen, as before, by using the expression corresponding
to (2.16) for the present case. It also vanishes for D = 2. The formula above is useful in
order to obtain numerical values for the case D even, corresponding to different values
of D and L (the series converge very quickly). The results are given in Table 1. We have
looked at the variation of the anomaly in terms of the different parameters: L, D, V1 and
V2 while keeping the rest of them ﬁxed. Within numerical errors, we have checked the
complete coincidence with formula (4.5) in Sect. 4.
Table 1. Values of the multiplicative anomaly a(L1 , L2 ) in terms of the parameters: L, D, V1 and V2 . Observe
its evolution when some of the parameters are kept ﬁxed while the others are varied. In all cases, a perfect
coincidence with Wodzicki’s expression for the anomaly is obtained (within numerical errors)
L
1
0.1
1
5
10
1
1
1
1
1
1
1
1
1
1
1
1
1
1
0.1
0.5
1
2
5
10
20
0.1
0.5
1
2
5
10
20

D
2
2
2
2
2
2
4
6
8
10
12
14
16
4
4
4
6
6
6
4
4
4
4
4
4
4
6
6
6
6
6
6
6

V1
2
8
8
8
8
10
10
10
10
10
10
10
10
2
5
1
2
5
1
7
7
7
7
7
7
7
7
7
7
7
7
7
7

V2
2
3
3
3
3
1
1
1
1
1
1
1
1
1
2
6
1
2
6
2
2
2
2
2
2
2
2
2
2
2
2
2
2

a(L1 , L2 )
0.
–1.8686 × 10−14
–2.0817 × 10−17
–1.4572 × 10−16
–1.4572 × 10−16
2.87 × 10−12
0.064117
–0.028063
0.0151245
–0.003636
0.0006124
–0.00008166
9.09 × 10−6
0.0007916
0.007124
0.019789
–0.0000945
–0.001984
–0.005512
0.001979
0.009895
0.019789
0.0395786
0.098947
0.197893
0.395786
–0.00070865
–0.00354326
–0.0070865
–0.014173
–0.0354326
–0.07008652
–0.141730

Example 3. MD = RD with Dirichlet b.c. on p pairs of perpendicular hyperplanes. The
zeta function is, in this case,
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ζ(s|Li ) =

π (D−p)/2−2s (s + (p − D)/2)
#p
2D−p+1 j=1 aj (s)
⎡
⎤(D−p)/2−s
2
p
∞


nj
⎣
+ Vi ⎦
,
aj

n1 ,...,np =1

(2.32)

j=1

where the aj , j = 1, 2, . . . , p, are the pairwise separations between the perpendicular
hyperplanes. For the determinant, we get, for D − p = 2h + 1 odd,
det Li =
⎧
⎡
⎪
p
∞
⎨


π h+1/2
⎣
exp − 2h+2 #p
(−h − 1/2)
⎪
⎩ 2
j=1 aj
n1 ,...,np =1 j=1

nj
aj

2

⎤h−1/2 ⎫
⎪
⎬
⎦
+ Vi
, (2.33)
⎪
⎭

and, for D − p = 2h even,
⎧
⎡⎛
⎞
⎡
⎤h
⎪
2
p
h−1
∞
⎨
h



(−π)
1⎠
nj
⎢⎝
⎣
#p
+ Vi ⎦
det Li = exp
⎣ 2+h
2h+1 h!
⎪
j
aj
2
a
⎩
j=1 j
j=1
n1 ,...,np =1 j=1
⎡
⎤h ⎡
⎤⎤⎫
⎪


p
p
∞
2
2
⎬

 nj
 nj
⎥
⎣
+
+ Vi ⎦ ln ⎣
+ Vi ⎦⎦ .
(2.34)
⎪
aj
aj
⎭
n1 ,...,np =1 j=1
j=1
For the calculation of the anomaly one follows the same steps of the two preceding
examples and we are not going to repeat this again. In order to obtain the ﬁnal numbers
one must make use of the inversion formula for the Epstein zeta functions of these
expressions [20, 2].

3. The Wodzicki Residue and the Multiplicative Anomaly
For the reader’s convenience, we will review in this section the necessary information
concerning the Wodzicki residue [9] (see, also [7] and the references to Wodzicki quoted
therein) that will be used in the rest of the paper. Let us consider a D-dimensional smooth
compact manifold without boundary MD and a (classical) DO, A, of order m, acting
on sections of vector bundles on MD . To any DO, A, it corresponds to a complete
symbol a(x, k), such that, modulo inﬁnitely smoothing operators, one has


dk
dyei(x−y)k a(x, k)f (y) .
(3.1)
(Af )(x) ∼
D
RD (2π)
RD
The complete symbol admits an asymptotic expansion for |k| → ∞, given by

a(x, k) ∼
am−j (x, k) ,

(3.2)

j

and fulﬁlls the homogeneity property am−j (x, tk) = tm−j am−j (x, k), for t > 0. The
number m is called the order of A.
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If P is an elliptic operator of order p > m, according to Wodzicki one has the following property of the non-commutative residue, which we may take as its characterization.

Proposition. The trace of the operator AP −s exists and admits a meromorphic continuation to the whole complex plane, with a simple pole at s = 0. Its Cauchy residue at
s = 0 is proportional to the so-called non-commutative (or Wodzicki) residue of A:
res(A) = p Ress=0 Tr(AP −s ) .

(3.3)

The r.h.s. of the above equation does not depend on P and is taken as the deﬁnition of
the Wodzicki residue of the DO, A.
Properties.
(i)

Strictly related to the latter result is the one which follows, involving the short-t
asymptotic expansion
Tr(Ae−tP ) 



αj t

D−j
p −1

j

−

res(A)
ln t + O(t ln t) .
p

(3.4)

Thus, the Wodzicki residue of A, a DO, can be read off from the above asymptotic
expansion selecting the coefﬁcient proportional to ln t.
(ii) Furthermore, it is possible to show that res(A) is linear with respect to A and
possesses the important property of being the unique trace on the algebra of the
DOs, namely, one has res(AB) = res(BA). This last property has deep implications when including gravity within the non-commutative geometrical approach to
the Connes-Lott model of the electro-weak interaction theory [12, 10, 11].
(iii) Wodzicki has also obtained a local form of the non-commutative residue, which
has the fundamental consequence of characterizing it through a scalar density. This
density can be integrated to yield the Wodzicki residue, namely


dx
a−D (x, k)dk .
(3.5)
res(A) =
D
MD (2π)
|k|=1
Here the component of order −D of the complete symbol appears. Form the above
result it immediately follows that res(A) = 0 when A is an elliptic differential
operator.
(iv) We conclude this summary with the multiplicative anomaly formula, again due to
Wodzicki. A more general formula has been derived in [8]. Let us consider two
invertible elliptic self-adjont operators, A and B, on MD . If we assume that they
commute, then the following formula applies:
a(A, B) =

res (ln(Ab B −a ))2
= a(B, A) ,
2ab(a + b)

(3.6)

where a > 0 and b > 0 are the orders of A and B, respectively. A sketch of the
proof is presented in the Appendix. It should be noted that a(A, B) depends on a
DO of zero order. As a consequence, it is independent on the renormalization
scale μ appearing in the path integral.
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(v) Furthermore, it can be iterated consistently. For example
ζ  (A, B) = ζ  (A) + ζ  (B) + a(A, B),
ζ  (A, B, C) = ζ  (AB) + ζ  (C) + a(AB, C)
= ζ  (A) + ζ  (B) + ζ  (C) + a(A, B) + a(AB, C) .

(3.7)

As a consequence,
a(A, B, C) = a(AB, C) + a(A, B) .

(3.8)

Since a(A, B, C) = a(C, B, A), we easily obtain the cocycle condition (see [8]):
a(AB, C) + a(A, B) = a(CB, A) + a(C, B) .

(3.9)

4. The O(2) Bosonic Model
In this section we come back to the problem of the exact computation of the multiplicative
anomaly in the model considered in Sect. 2. Strictly speaking, the result of the last section
is valid for a compact manifold, but in the case of RD the divergence is trivial, being
contained in the volume factor. The Wodzicki formula gives
a(L1 , L2 ) =

1
2
res (ln(L1 L−1
.
2 ))
8

(4.1)

2
We have to construct the complete symbol of the DO of zero order [ln(L1 L−1
2 )] . It is
given by

a(x, k) = ln(k 2 + V1 ) − ln(k 2 + V2 )

2

.

(4.2)

For large k 2 , we have the following expansion, from which one can easily read off the
homogeneuos components:
a(x, k) =

∞


cj k −2j =

j=2

∞


a2j (x, k) ,

(4.3)

j=2

where
cj =

j
(

'
(−1)j  n
V1 − V2n V1j−n − V2j−n .
n(j − n)

(4.4)

n=1

As a consequence, due to the local formula one immediately gets the following result:
for D odd, the multiplicative anomaly vanishes, in perfect agreement with the direct
calculation of Sect. 2. This result is consistent with a general theorem contained in [8].
For D even, if D = 2 one has no multiplicative anomaly, while for D = 2Q, Q > 1,
one gets
Q−1
'
('
(
VD (−1)Q 
1
j
j
Q−j
Q−j
V
V
.
−
V
−
V
a(L1 , L2 ) =
1
2
1
2
4(4π)Q (Q)
j(Q − j)
j=1
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It is easy to show that for V2 = 0 this expression reduces to the one obtained directly in
Sect. 2.
In the O(2) model, for D = 4, we have
a(L1 , L2 ) =

V4
V4
(V1 − V2 )2 =
λ2 4 ,
4(4π)2
36(4π)2

(4.6)

which, for dimensional reasons, is independent of the renormalization parameter μ.
Then, the one-loop effective potential reads
ln Z
V4

M12
M14
3
M24
+
ln
=
−
+
64π 2
2
μ2
64π 2

Vef f = −

M2
3
− + ln 22
2
μ


+

1
λ2 4 , (4.7)
72(4π)2

λ 2
 .
6

(4.8)

with
M12 = m2 +

λ 2
 ,
2

M22 = m2 +

Thus, the additional multiplicative anomaly contribution seems to modify the usual
Coleman-Weinberg potential. A more careful analysis is required in order to investigate
the consequences of this remarkable fact.
5. Feynman Diagrams
The necessity of the presence of the multiplicative anomaly in quantum ﬁeld theory
can also be understood perturbatively, using the background ﬁeld method. The effective
action of the O(2) model in a background ﬁeld  will be denoted by (, φ), where φ
is the mean ﬁeld. Then, if 0 (φ) denotes the effective action with vanishing , it turns
out that
(, φ) = 0 ( + φ).

(5.1)

Therefore, the nth order derivatives of  with respect to φ at φ = 0 determine the
vertex functions of the O(2) model in the background external ﬁeld. The one-loop
approximation to  is again given by log det(L1 L2 ), and the determinant of either of
the operators, L1 and L2 , corresponds to the sum of all vacuum-vacuum 1PI diagrams
where only particles of masses squared M12 = m2 + λ2 /2 or M22 = m2 + λ2 /6 ﬂow
along the internal lines. In Fig. 1 we have depicted this, by using a solid line for type-1
particles and a dashed line for type-2 particles.
Thus, for example, the inverse propagator at zero momentum for type-1 particle,
as computed from the above effective potential, is obtained from the second derivative
with respect to φ1 . The only 1PI graphs which contribute are shown in Fig. 2. This is
clearly not the case, as the full theory exhibits a trilinear coupling φ2 (φ1 )2 which gives
the additional Feynman graph depicted in Fig. 3. Without investigating this question
any further, we can safely afﬁrm already that a perturbative formula for the Wodzicki
anomaly given in terms of Feynman diagrams should exist. It surely owes its simple form
to very subtle cancellations among an inﬁnite class of Feynman diagrams. We conclude
this section with some remarks. In the present model, the existence of a multiplicative
anomaly of the type considered could be a trivial problem, in fact it has the same
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+

LogDet(L 1 )

+

LogDet(L 2 )

Fig. 1. The Feynman graph giving the one-loop effective potential without taking into account the anomaly

+
Fig. 2. Contributions coming from 1PI graphs

form as the classical potential energy. This suggests that it can be absorbed in a ﬁnite
renormalization of the coupling constant of the theory. Secondly, this anomaly gives no
contribution to the one-loop beta function of the model, since it is independent of the
arbitrary renormalization scale, but it certainly contributes to the two-loop beta function.
And, ﬁnally, we have seen that the anomaly can be interpreted as an external ﬁeld effect
which, in the present model, could be relevant only when the theory is coupled to an
external source. Therefore, it should be very interesting to study its relevance in at least
two other situations, namely the cases of a spontaneously broken symmetry and of QED
in external background ﬁelds.

Fig. 3. Additional Feynman graph of the full theory

6. The Case of a General, Smooth and Compact Manifold MD Without Boundary
Since the multiplicative anomaly is a local functional, it is possible to express it in
terms of the Seeley-De Witt spectral coefﬁcients. Let us consider again the operator
Lp = L0 + Vp , with L0 = − acting on scalars, in a smooth and compact manifold MD
without boundary. We have to compute the Wodzicki residue of the DO,
ln(L1 L−1
2 )
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With this aim, if V1 < V2 , we can consider the DO
2

−tL1
,
ln(L1 L−1
2 ) e

(6.2)

and compute the ln t term in the short-t asymptotic expansion of its trace. We are dealing
here with self-adjoint operators and thus, by using the spectral theorem, we get
 


−1 2 −tL1
Tr ln(L1 L2 ) e
=

∞

V1

dλρ(λ|L1 ) [ln λ − ln(λ + V2 − V1 )]2 e−tλ , (6.3)

where ρ(λ|L1 ) is the spectral density of the self-adjoint operator L1 .
Now, it is well known that the short-t expansion of the above trace receives contributions from the asymptotics, for large λ, of the integrand in the spectral integral. The
asymptotics of the spectral function associated with L1 are known to be given by (see,
for example [21, 22], and the references therein)


r<D/2

ρ(λ|L1 ) 

r=0

Ar (L1 ) D −r−1
λ2
,
( D2 − r)

(6.4)

here the quantities Ar (L1 ) are the Seeley-De Witt heat-kernel coefﬁcients while, for
large λ, we have in addition
[ln λ − ln(λ + V2 − V1 )]2 

∞


bj λ−j ,

(6.5)

j=2

being the bj computable, for instance b2 = (V2 − V1 )2 , b3 = −2(V2 − V1 )3 , etc. As a
result, we get the short-t asymptotics in the form

Tr

r<D/2
∞

 Ar (L1 ) 
D
2 −tL1 
ln L1 L−1
e
bj tr+j− 2 ( D2 − r − j, tV1 ) , (6.6)

2
D
( 2 − r) j=2
r=0

where (z, x) is the incomplete gamma function. From this expression one obtains the
following results:
(i) If D is odd, say D = 2Q + 1, the ﬁrst argument of the incomplete gamma function
is never zero or a negative integer. Thus, the ln t is absent and, from the Wodzicki
theorem, the multiplicative anomaly is absent too, again in agreement with the
Kontsevich-Vishik theorem [8] and the explicit calculations in the previous sections.
(ii) If D is even, we have to search for the log terms only, that is −Q + r + j = 0, for
r ≥ 0 and j ≥ 2. As a result, for D = 2 the log term is absent once more, again in
agreement with the explicit calculations of the previous sections. The multiplicative
anomaly is present starting from D ≥ 4. In the important case when D = 4, it turns
out that the multiplicative anomaly is identical to the one, related with R4 , that has
been evaluated previoisly. Terms depending on the curvature become operative only
for D ≥ 6.
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7. Conclusions
In this paper, the multiplicative anomaly associated with the zeta-function regularised
determinant of two DOs of Laplace type on a D-dimensional smooth manifold without
boundary has been studied. From a physical point of view, this condition does not seem
to be too restrictive, because the one-loop effective potential may be expressed as a
logarithm of the determinant of such kind of elliptic differential operators.
We have shown how a direct calculation leads to analytical difﬁculties, even in the
most simple examples. Fortunately, a very elegant formula for the multiplicative anomaly
has been found by Wodzicki and we have used it here in order to compute the anomaly
explicitly. It is worth mentioning that, from a computational point of view, this constitutes
a big improvement, since one can make use of the results concerning the computation of
the one-loop effective potential, related to second order elliptic differential operators of
Laplace type. Furthermore, within the background ﬁeld method, we have identiﬁed the
presence of the multiplicative anomaly in the diagrammatic perturbative approach too.
With regard to our example, namely the product L1 L2 , we have shown that the
multiplicative anomaly is vanishing for D odd and also for D = 2. This seems to be
related with the fact that we have only considered differential operators of second order
(Laplace type). For ﬁrst-order differential operators (Dirac like), things could be quite
different, in principle, and we will consider this important case elsewhere.
Another interesting issue is the generalization of all these procedures to smooth
manifolds with a boundary. Again one should expect to obtain different results in those
situations.
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Appendix A: The Wodzicki formula for the multiplicative anomaly
In this Appendix, for the reader’s convenience we present a proof of the multiplicative
anomaly formula along the lines of Ref. [8].
Recall that if P is an elliptic operator of order p > a, according to Wodzicki. One
has the following property of the non-commutative residue related to the DO A: in a
neighborhood of z = 0, it holds
z Tr(AP −z ) =

1
res(A)
+ zRA (P ) + O(z 2 ) .
(1 + z) p

(A.1)

The quantity RA (P ) will play no role in the ﬁnal formula.
Now we resort to the following
Lemma. If η is a DO of zero order, a, and B a DO of positive order, b, and γ and
x positive real numbers then, in a neighborhood of s = 0, one has
s Tr(ln ηη −xs B −γs ) =

res((ln η)2 )
res(ln η)
− sx
+ sRln η (B) + O(s2 ) . (A.2)
(1 + γs)γb
(1 + γs)γb
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The lemma is a direct consequence of the formal expansion
η −xs = e−xs ln η = I − xs ln η + O(s2 )

(A.3)

and of Eq. (A.1). From the above lemma, it follows that
res[(ln η)2 ]
res(ln η)
−x
+ Rln η (B) , (A.4)
s→0
b
γb
in which C is the Euler–Mascheroni constant.
Now consider two invertible, commuting, elliptic, self-adjont operators A and B on
MD , with a and b being the orders of A and B, respectively. Within the zeta-function
deﬁnition of the determinants, consider the quantity
det(AB)
= ea(A,B) .
(A.5)
F (A, B) =
(det A)(det B)
Introduce then the family of DOs,
lim ∂s s Tr(ln ηη −xs B −γs ) = C

a

η = Ab B −a ,

(A.6)

det(A(x)B)
.
(det A(x))(det B)

(A.7)

A(x) = η x B b ,
and deﬁne the function
F (A(x), B) =
One gets
F (A(0), B) =

det B
a

a+b
b

=1

(det B b )(det B)
(A.8)

det(AB)
= F (A, B) .
(det A)(det B)
As a consequence, one is led to deal with the following expression for the anomaly
F (A( b1 ), B) =

a(A(x), B) = ln F (A(x), B)
= − lim ∂s Tr(A(x)B)−s − Tr A(x)−s − Tr B −s .
s→0

(A.9)

This quantity has the properties: a(A(0), B) = 0 and a(A( b1 ), B) = a(A, B).
The next step is to compute the ﬁrst derivative of a(A(x), B) with respect to x, the
result being



'
a+b
a(
−xs −s b
−xs −s b
B
B
−Tr ln ηη
. (A.10)
∂x a(A(x), B) = lim ∂s Tr ln ηη
s→0

Making now use of Eq. (A.3), one obtains
res[(ln η)2 ]
res(ln η)
res[(ln η)2 ]
res(ln η)
−x
−C
+x
b
a+b
b
a
b
=x
res[(ln η)2 ] .
(A.11)
a(a + b)
And, ﬁnally, performing the integration with respect to x, from 0 to 1/b, one gets
Wodzicki’s formula for the multiplicative anomaly, used in Sect. 3, namely
∂x a(A(x), B) = C

a(A, B) = a(B, A) =

res (ln(Ab B −a ))2
.
2ab(a + b)
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Abstract: After recalling the precise existence conditions of the zeta function of a
pseudodifferential operator, and the concept of reﬂection formula, an exponentially convergent expression for the analytic continuation of a multidimensional inhomogeneous
Epstein-type zeta function of the general form

(nT An + bT n + q)−s ,
ζA,b,q (s) =
p

n∈ Z
with A the p × p matrix of a quadratic form, b a p vector and q a constant, is obtained.
It is valid on the whole complex s-plane, is exponentially convergent and provides the
residua at the poles explicitly. It reduces to the famous formula of Chowla and Selberg
in the particular case p = 2, b = 0, q = 0. Some variations of the formula and physical
applications are considered.

1. Introduction: Existence of the Zeta Function of a Pseudodifferential
Operator (DO)
A pseudodifferential operator A of order m on a manifold Mn is deﬁned through its
symbol a(x, ξ), which is a function belonging to the space S m (Rn ×Rn ) of C∞ functions
such that for any pair of multi-indexs α, β there exists a constant Cα,β so that
)
) α β
)∂ξ ∂x a(x, ξ)) ≤ Cα,β (1 + |ξ|)m−|α| .
(1)
The deﬁnition of A is given, in the distribution sense, by

−n
ei<x,ξ> a(x, ξ)fˆ(ξ) dξ,
Af (x) = (2π)
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where f is a smooth function, f* ∈ S [remember that S = {f ∈ C ∞ (Rn );
supx |xβ ∂ α f (x)| < ∞, ∀α, β ∈ Rn ], S  being the space of tempered distributions and
fˆ the Fourier transform of f . When a(x, ξ) is a polynomial in ξ one gets a differential
operator. In general, the order m can be complex. The symbol of a DO has the form
a(x, ξ) = am (x, ξ) + am−1 (x, ξ) + · · · + am−j (x, ξ) + · · · ,

(3)

being ak (x, ξ) = bk (x) ξ k .
Pseudodifferential operators are useful tools, both in mathematics and in physics.
They were crucial for the proof of the uniqueness of the Cauchy problem [1] and also for
the proof of the Atiyah-Singer index formula [2]. In quantum ﬁeld theory they appear
in any analytical continuation process (as complex powers of differential operators,
like the Laplacian) [3]. And they constitute nowadays the basic starting point of any
rigorous formulation of quantum ﬁeld theory through microlocalization, a concept that
is considered to be the most important step towards the understanding of linear partial
differential equations since the invention of distributions [4].
For A a positive-deﬁnite elliptic DO of positive order m ∈ R, acting on the space
of smooth sections of an n-dimensional vector bundle E over a closed, n-dimensional
manifold M , the zeta function is deﬁned as

n
≡ s0 .
λ−s
Re s >
(4)
ζA (s) = tr A−s =
j ,
m
j
The quotient s0 = dim M/ord A is called the abscissa of convergence of ζA (s), which
is proven to have a meromorphic continuation to the whole complex plane C (regular
at s0 ), provided that the principal symbol of A (that is am (x, ξ)) admits a spectral
cut: Lθ = {λ ∈ C; Arg λ = θ, θ1 < θ < θ2 }, Spec A ∩ Lθ = ∅ (the Agmon–Nirenberg
condition). Strictly speaking, the deﬁnition of ζA (s) depends on the position of the cut

(0)], which only depends on
Lθ , not so that of the determinant [5] det ζ A = exp[−ζA
the homotopy class of the cut. The precise structure of the analytical continuation of the
zeta function is known in general [6]. The only singularities it can have are simple poles
at
sk = (n − k)/m,

k = 0, 1, 2, . . . , n − 1, n + 1, . . . .

(5)

The applications of the zeta-function deﬁnition of a determinant in physics are very
important [7, 8]. A zeta function with the same meromorphic structure in the complex
s-plane and extending the ordinary deﬁnition to operators of complex order m ∈ C\Z
(it is clear that operators of complex order do not admit spectral cuts), has been obtained
in Ref. [9]. The construction starts there from the deﬁnition of a trace, obtained as the
integral over the manifold of the trace density of the difference between the Schwartz
kernel of A and the Fourier transformed of a number of ﬁrst homogeneous terms (in ξ)
of the usual decomposition of the symbol (3) of A.
2. Exponentially Convergent Analytic Continuation (with Explicit Poles and
Residua) of our Zeta Function
A fundamental property shared by zeta functions of any nature is the existence of a
reﬂection formula. For a generic zeta function, Z(s), it has the form:
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Z(ω − s) = F (ω, s)Z(s),

(6)

and allows for its analytical continuation in a very easy way – what is the whole story
of the zeta function regularization procedure (or at least the main part of it). But the
analytically continued expression thus obtained is just another series, which has again
a slow convergence behavior, of power series type (actually the same that the original
series had, in its own domain of validity). Some years ago, the notorious mathematicians
S. Chowla and A. Selberg found a formula, for the case p = 2, b = 0 and q = 0 above
[10], that yields exponentially quick convergence, and not only in the reﬂected domain.
They were extremely proud of that formula – as one can appreciate by reading the
original paper, where actually no hint about its derivation was given. In Ref. [11] we
generalized this expression to inhomogeneous zeta functions, but staying always in two
dimensions (p = 2), for this was commonly believed to be an unsurmountable restriction
of the original formula (see, for instance, Ref. [12]). The generalization we carried out
in [11] was already non-trivial and a very detailed account of this step is given in [13]
(where a misprint of the original derivation is corrected). Finally, we have realized that
an extension to an arbitrary number of dimensions is actually possible. In fact, here we
shall obtain formulas for arbitrary p and arbitrary values of b and q.
The starting point will be Poisson’s resummation formula in p dimensions, which
arises from the distribution identity


 x
δ(x − n) =
ei2πm·
.
(7)
p
p

n∈ Z
m∈
 Z
(We shall indistinctly write m
 · x ≡ m
 T x in what follows.) Applying this identity to the
function

1 T
T

f (x) = exp − x Ax + b x ,
(8)
2
with A an invertible p × p matrix, and integrating then over x ∈ Rp , one obtains


1
exp − nT An + bT n
2
p

n∈ Z
 '
'
(
(T
(2π)p/2 
1 
−1 
=√
exp
A
b + 2πim

.
b + 2πim

2
det A
p
m∈
 Z
We are going to consider the following zeta function
−s



1
(n + c)T A (n + c) + q
ζA,c,q (s) =
2
p

n∈ Z


p
−s
≡
, Re (s) > .
Q (n + c) + q
2
p

n∈Z

(9)

(10)

The aim is to obtain a formula that gives (the analytical continuation of) this multidimensional zeta function in terms of an exponentially convergent multiseries and which
is valid in the whole complex plane, exhibiting the singularities (simple poles) of the
meromorphic continuation – with the corresponding residua – explicitly. The prime in
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the summatories of Eq. (10) means that the point n = 0 is to be excluded from the sum.
Such restriction is irrelevant as long as q = 0 (the contribution of this single point being
immediately obtainable), but to deﬁne the zeta function in this way is essential in order
to be able to reach the limit q → 0 (as we shall do later). The only condition on the
matrix A is that it corresponds to a (non-negative) quadratic form, that we call Q. The
vector c is arbitrary, while q will (for the moment) be a positive constant.
2.1. The main expression (inhomogeneous case). Use of the Poisson resummation formula (9) yields, after some work, the following expression:
(2π)p/2 q p/2−s (s − p/2) 2s/2+p/4+2 π s q −s/2+p/4
√
√
+
(s)
det A
det A (s)

(
' 

 T −1 s/2−p/4
×
cos(2π m
 · c) m
 A m

Kp/2−s 2π 2q m
 T A−1 m
 , (11)
p
m∈
 Z1/2
ζA,c,q (s) =

where Kν is the modiﬁed Bessel function of the second kind and the subindex 1/2 in
 ∈ Zp intervene in the sum. That is, if we take
Zp1/2 means that only half of the vectors m
p
 (as a simple criterion one can, for instance, select
an m
 ∈ Z we must then exclude −m
p 
those vectors in Z \{0} whose ﬁrst non-zero component is positive). Equation (11)
fulﬁlls all the requirements demanded before. It is notorious to observe how the only
pole of this inhomogeneous Epstein zeta function appears explicitly at s = p/2, where
it belongs. Its residue is given by the formula:
Ress=p/2 ζA,c,q (s) = √

(2π)p/2
.
det A (p/2)

(12)

With a bit of care, it is relatively simple to obtain the limit of expression (11) as q → 0.
However, instead of proceeding in this way (what we shall do later), it is advisable to
construct ﬁrst a direct recurrent formula for the case q = 0. This is certainly the natural
option in such a case, where no cut-off q exists to safeguard the t-integration (there is no
way to use the Poisson formula on all p indices of n at once). However, we can still deal
with this case by using the Poisson resummation formula on some of the p indices n only,
say on just one of them, n1 . Poisson’s formula on one index reduces to the celebrated
Jacobi identity for the θ3 function
∞



2
θ3 z |τ = 1 + 2
q n cos(2nz),

q = eπiτ , |q| < 1, τ ∈ C,

(13)

n=1

the identity being:


2
1
ez /(πiτ ) θ3
θ3 z |τ = √
−iτ

)

z )) −1
,
τ ) τ

(14)

or, in other words
∞

n=−∞

n2 πiτ +2niz

e

∞

2
1
=√
e(z−nπ) /(πiτ )
−iτ n=−∞
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(for a classical reference see, e.g. Ref. [14]). Here z and τ are arbitrary complex, z, τ ∈
C, with the only restriction that Im τ > 0 (in order that |q| < 1). For the applications,
it turns out to be better to recast the Jacobi identity as follows (with πiτ → −t and
z → πz):
+
∞
∞

π  −π2 (n−z)2 /t
−n2 t+2πinz
e
=
e
,
(16)
t n=−∞
n=−∞
equivalently
+

∞


e−(n+z) t =
2

n=−∞

∞


2 2
π
1+
e−π n /t cos(2πnz) ,
t

(17)

n=1

with z, t ∈ C, Re t > 0.
2.2. Recurrent expression (and the homogeneous case). Using this last formula on the
ﬁrst component, n1 , of the summation vector n, we obtain (for the sake of simplicity
of the ﬁnal expressions, we shall just consider now the case c = 0, but the result can be
generalized to c = 0 quite easily):
ζA,0,q (s) = 2

∞

 2
−s
an1 + q
n1 =1

1
+
(s)
+

4π

p−1


n2 ∈Z
∞
s


as/2+1/4

× Ks−1/2
which can be written as

+




cos

n1 =1

2πn1
√
a


1/2−s
π
(s − 1/2) nT2 p−1n2 + q
a

' πn
a

(
1/4−s/2
s−1/2  T
b n2 n1
n2 p−1n2 + q

1 T


,
T
n2 p−1n2 + q ,

(18)

+

π (s − 1/2)
ζp−1 ,0,q (s − 1/2)
a
(s)

∞
(
' πn


4π s
1 T
b n2
cos
+ s/2+1/4
a
a
(s)
p−1 n1 =1

n2 ∈Z

,
1/4−s/2
2πn1
s−1/2  T
T
n2 p−1n2 + q
Ks−1/2 √
n2 p−1n2 + q . (19)
×n1
a

ζA,0,q (s) = ζa,0,q (s) +

This is clearly a recurrent formula in p, the number of dimensions, the ﬁrst term of the
recurrence being
+
∞

 2
−s
π (s − 1/2) 1/2−s
−s
q
an + q
=q +
ζa,0,q (s) = 2
a
(s)
n=1
+ 
∞
4π s −1/4−s/2 1/4−s/2  s−1/2
q
a
.
(20)
+
q
n
Ks−1/2 2πn
(s)
a
n=1
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To take in these expressions the limit q → 0 is immediate. One obtains:
+
π (s − 1/2)
−s
ζp−1 ,0,0 (s − 1/2)
ζA,0,0 (s) = 2a ζ(2s) +
a
(s)

∞
' πn
(


4π s
1 T
b n2
cos
+ s/2+1/4
a
a
(s)
p−1 n1 =1

n2 ∈Z

,
1/4−s/2
2πn1
s−1/2  T
n2 p−1n2
Ks−1/2 √
nT2 p−1n2 . (21)
×n1
a
 
In the above formulas, A is a p × p symmetric matrix A = aij i,j=1,2,... ,p = AT ,
 
Ap−1 the (p − 1) × (p − 1) reduced matrix Ap−1 = aij i,j=2,... ,p , a the component
a = a11 , b the p − 1 vector b = (a21 , . . . , ap1 )T = (a12 , . . . , a1p )T , and ﬁnally, p−1 is
1
the following (p − 1) × (p − 1) matrix p−1 = Ap−1 − 4a
b ⊗ b.
Let us now get back to the case q = 0 starting from the beginning (e.g., the zeta
function given by Eq. (10), with q = 0). From that expression, the recurrence (21) can
be obtained directly in the same way – this is rather obvious, since q plays no role in
the derivation. What is not so obvious is to realize that the limit as q → 0 of Eq. (11)
is exactly the recurrent formula (21). More precisely, what is obtained in the limit is
the reﬂected formula which one gets after using the well known Epstein zeta function
reﬂection
π 2s−p/2
(p/2 − s)Z(p/2 − s; A−1 ),
(s)Z(s; A) = √
det A

(22)

being Z(s; A) the Epstein zeta function [15]. After some thinking, such a result is easy
to understand. Summing up, we have thus checked that our formula (11) is valid for any
q ≥ 0, since it contains in a hidden way, for q = 0, the recurrent expression (21).
As announced at the beginning, the formulas derived here can be considered as
generalizations (in more than one sense) of the Chowla-Selberg (CS) formula. All share
the same properties that are so much appreciated by number-theoretists as pertaining
to the CS formula. In a way, these expressions can be viewed as improved reﬂection
formulas for zeta functions; they are in fact much better than those in several aspects.
Namely, while a reﬂection formula connects one region of the complex plane with
a complementary region (with some intersection) by analytical continuation, the CS
formula and our formulas are valid on the whole complex plane, exhibiting the poles of
the zeta function and the corresponding residua explicitly. Even more important, while
a reﬂection formula is intended to replace the initial expression of the zeta function – a
power series whose convergence can be extremely slow – by another power series with
the same type of convergence, it turns out that the expressions here considered give the
meromorphic extension of the zeta function, on the whole complex s-plane, in terms of
an exponentially decreasing power series (as was the case with the CS formula, that one
being its most precious property).
Actually, exponential convergence strictly holds under the condition that q ≥ 0.
However, the formulas themselves are valid for q < 0 or even complex. What is not
guaranteed for general q ∈C is the exponential convergence of the series, nor its powerlike convergence, for that matter. Those analytical continuations in q must be dealt
with speciﬁcally, case by case. The physical example of a ﬁeld theory with a chemical
potential falls clearly into this class.
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2.3. Particular case p = 2. The above statements apply both for the cases q > 0 and
q = 0. The last situation is more involved, however. One is led to employ the recurrence
relation (21) several times (p − 1, in general), what gives rise each time to an additional
series of Bessel functions Kν (exponential convergence). For completeness, let us write
down the corresponding series when p = 2 explicitly. They are, with q > 0 [13],
ζE (s; a, b, c; q) =

+ 
s 
∞
' q (1/4
4
2πq 1−s
q
π
s−1/2
√ +
n
Ks−1/2 2πn
−q +
√
a
qa
a
(s − 1)  (s)
n=1
+
+
s 

+
∞
q
a
aq
2π
+
ns−1 Ks−1 4πn
(23)
a
q

n=1
+
1/4−s/2
∞


4aq
2
s
s−1/2
1−2s
(2π)
n
cos(πnb/a)
d
+ 2
+
a
d
n=1
d|n
- +
.
4aq
πn
Ks−1/2
+ 2
,
a
d
−s

where  = 4ac − b2 > 0, and, with q = 0, the CS formula [10]
−s

√
22s π as−1

(s − 1/2)ζ(2s − 1)
(s)s−1/2
∞
' πn √ (

2s+5/2 π s
s−1/2
n
σ
(n)
cos(πnb/a)
K
 ,
+
√
1−2s
s−1/2
a
(s) s/2−1/4 a

ζE (s; a, b, c; 0) = 2ζ(2s) a

+

n=1

(24)
/
where σs (n) ≡ d|n ds , sum over the s-powers of the divisors of n. (There is a misprint
in the transcription of formula (24) in Ref. [12]). We observe that the rhs’s of (23) and
(24) exhibit a simple pole at s = 1, with common residue:
2π
Ress=1 ζE (s; a, b, c; q) = √ = Ress=1 ζE (s; a, b, c; 0).


(25)

3. The Case of a Truncated Range
The most involved case in the family of Epstein-like zeta functions corresponds to having
to deal with a truncated range. This comes about when one imposes boundary conditions
of the usual Dirichlet or Neumann type [13]. Jacobi’s theta function identity and Poisson’s summation formula are then useless and no expression in terms of a convergent
series for the analytical continuation to values of Re s below the abscissa of convergence
can be obtained. The best one gets is an asymptotic series expression. However, the issue
of extending the CS formula or, better still, the most general expression we have obtained
before for inhomogeneous Epstein zeta functions, is not an easy one. This problem has
seldom (if ever) been properly addressed in the literature.
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3.1. Example 1. To illustrate the issue, let us consider the following simple example in
one dimension:
∞


ζG (s; a, c; q) ≡

a(n + c)2 + q

−s

,

Re s > 1/2.

(26)

n=−∞

Associated with this zeta functions, but considerably more difﬁcult to treat, is the truncated series, with indices running from 0 to ∞,
ζGt (s; a, c; q) ≡

∞


a(n + c)2 + q

−s

,

Re s > 1/2.

(27)

n=0

In this case the Jacobi identity is of no use. How to proceed then? The only way is to
employ speciﬁc techniques of analytic continuation of zeta functions [13]. The usual
method involves three steps [16]. The ﬁrst step is elementary: to write the initial series
as a Mellin transformed one,
∞
∞ 

0
*
1  ∞
−s
2
=
a(n + c) + q
dt ts−1 exp −[a(n + c)2 + q]t . (28)
(s)
0
n=0

n=0

The second is to expand in power series part of the exponential, while leaving always a
converging exponential factor,
∞
∞ 
∞

1  ∞  (−a)m
−s
2
(n + c)2m ts+m−1 e−qt . (29)
a(n + c) + q
=
dt
(s)
m!
0
n=0

n=0

m=0

The third and most difﬁcult step is to interchange the order of the two summations –
which the aim to obtain a series of zeta functions – which means transforming the second
series into an integral along a path on the complex plane, that has to be closed into a
circuit (the sum over poles inside reproduces the original series), with a part of it being
sent to inﬁnity. Usually, after interchanging the ﬁrst series and the integral, there is a
contribution of this part of the circuit at inﬁnity, which provides in the end an additional
contribution to the trivial commutation. More important, what one obtains in general
through this process is not a convergent series of zeta functions, but an asymptotic series
[13]. That is, in our example,
∞

n=0

2

a(n + c) + q

−s

∼

∞

(−a)m (m + s)
m=0

m! (s) q m+s

ζH (−2m, c) + additional terms. (30)

Being more precise, as an outcome of the whole process we obtain the following result
for the analytic continuation of the zeta function [17]:

∞
q −s  (−1)m (m + s) ' q (−m
1
−s
−c q +
ζH (−2m, c)
ζGt (s; a, c; q) ∼
2
(s)
m!
a
m=1
+
π (s − 1/2) 1/2−s
q
+
a
2(s)
∞

2π s −1/4−s/2 1/4−s/2  s−1/2
a
+
q
n
cos(2πnc)Ks−1/2 (2πn q/a).
(31)
(s)
n=1
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(Note that this expression reduces to Eq. (20) in the limit c → 0.) The ﬁrst series on the
rhs is asymptotic [16, 18]. Observe, on the other hand, the singularity structure of this
zeta function. Apart from the pole at s = 1/2, there is a whole sequence of poles at the
negative real axis, for s = −1/2, −3/2, −5/2, . . . , with residua:
Ress=1/2−j ζGt (s; a, c; q) =

(2j − 1)!! q j
√
, j = 0, 1, 2, . . . .
j! 2j a

(32)

3.2. Example 2. As a second example, in order to obtain the analytic continuation to Re
s ≤ 1 of the truncated inhomogeneous Epstein zeta function in two dimensions,
ζEt (s; a, b, c; q) ≡

∞


(am2 + bmn + cn2 + q)−s ,

(33)

m,n=0

we can proceed in two ways: either by direct calculation following the three steps as
explained above or else by using the ﬁnal formula for the Epstein zeta function in one
dimension (example 1) recurrently. In both cases the end result is the same:
ζEt (s; a, b, c; q) ≡

∞


(am2 + bmn + cn2 + q)−s

m,n=0


∞
(4a)  (−1)m (m + s)
bn
2m
2
−m−s
(2a) (n + 4aq)
∼
ζH −2m;
(s)
m!
2a
m,n=1
−n
∞

b q 1−s
πq 1−s
q −s
(−1)n (n + s − 1)Bn 4aq
√
−
+
+
(s − 1)(s − 1)
n!

4
2(s − 1) 
n=0
+ 
+
1
π
π (s − 1/2) 1/2−s
+
q
+
4
a
c
(s)
+ 
s 
∞
' q (1/4
1
q
π
s−1/2
+
n
K
2
2πn
√
s−1/2
(s)
a
qa
a
n=1
+ 
s 
+
∞
' aq (1/4
a
aq
s−1/2
+
n
Ks−1/2 2πn
π

q

n=1
+
+
s 

+
∞
q
a
aq
2π
+
ns−1 Ks−1 4πn
a
q

n=1
+
∞

2
(2π)s
ns−1/2 cos(πnb/a)
+
a
n=1
- +
.⎤
1/4−s/2

4aq
4aq
πn
d1−2s  + 2
Ks−1/2
 + 2 ⎦.
(34)
×
d
a
d
s

d|n

The ﬁrst series on the rhs is in general asymptotic, although it converges for a wide
range of values of the parameters. The second series is always asymptotic and its ﬁrst
term contributes to the pole at s = 1. As in the case of Eq. (23), the pole structure is here
explicit, although much more elaborate. Apart from the pole at s = 1, whose residue is
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b
π
Ress=1 ζEt (s; a, b, c; q) = √ − ,
2  

(35)

there is here also a sequence of poles at s = ±1/2, −3/2, −5/2, . . . , with residua:

(2j − 1)!! q j
1
1
√ + √ , j = 0, 1, 2, . . . . (36)
Ress=1/2−j ζEt (s; a, b, c; q) =
j! 2j+2
a
c
The formula above, Eq. (34), is really imposing and hints already towards the conclusion that the derivation of a general expression in p dimensions for the zeta function
considered in Sect. 2 but with a truncated range is not an easy task.

4. Some Uses of the Formulas
These formulas are very powerful expressions in order to determine the analytic structure
of generalized inhomogeneous Epstein type zeta functions, to obtain speciﬁc values of
these zeta functions at different points, and from there, in particular, the Casimir effect
and heat kernel coefﬁcients, and also in order to calculate derivatives of the zeta function,
and from them, in particular, the associated determinant. Notice that obtaining derivatives
of the formulas in Sect. 2 presents no problem. Only for truncated zeta functions (Sect.
3) the usual care must be taken when dealing with asymptotical expansions. We shall
illustrate these uses with three speciﬁc applications.
4.1. Application 1. In a recent paper by R. Bousso and S. Hawking [19], where the trace
anomaly of a dilaton coupled scalar in two dimensions is calculated, the zeta function
method is employed for obtaining the one-loop effective action, W , which is given by
the well known expression
W =

1
ζA (0) ln μ2 + ζA  (0) ,
2

(37)

with ζA (s) = tr A−s . In conformal ﬁeld theory and in a Euclidean background manifold
of toroidal topology, the eigenvalues of A are found perturbatively (see [19]), which
leads one to consider the following zeta function:
∞


ζA (s) =

(kl )−s ,

(38)

k,l=−∞

with the eigenvalues kl being given by
kl = k 2 + l2 +

2
2
+
,
2 2(4l2 − 1)

(39)

where  is a perturbation parameter. It can be shown that the integral of the trace anomaly
is given by the value of the zeta function at s = 0. One barely needs to follow the
several pages long discussion in [19], leading to the calculation of this value, in order to
appreciate the power of the formulae of the preceding section. In fact, to begin with, no
mass term needs to be introduced to arrive at the result and no limit mass → 0 needs to
be taken later. Using the binomial expansion (the same as in Ref. [19]), one gets
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ζ(s) =

∞

k,l=−∞

2
k +l +
2
2

2

−s

∞
2 s 
−
2

k,l=−∞
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2
k +l +
2
2

−1−s

2

(4l2 − 1)−1 .
(40)

From Eq. (23) above, the ﬁrst zeta function gives, at s = 0, exactly: −π2 /2. And this is
the whole result (which does coincide with the one obtained in [19]), since the second
term has no pole at s = 0 and provides no contribution.
4.2. Application 2. Another direct application is the calculation of the Casimir energy
density corresponding to a massive scalar ﬁeld on a general, p dimensional toroidal
manifold (see [20]). In the spacetime M = R ×, with  = [0, 1]p /∼, which is
topologically equivalent to the p torus, the Casimir energy density for a massive scalar
ﬁeld is given directly by Eq. (11) at s = −1/2, with q = m2 (mass of the ﬁeld), b = 0,
and A being the matrix of the metric g on , the general p-torus:
C
= ζg,0,m2 (s = −1/2).
EM,m

(41)

The components of g are, in fact, the coefﬁcients of the different terms of the Laplacian,
which is the relevant operator in the Klein-Gordon ﬁeld equation. The massless case is
also obtained, with the same speciﬁcations, from the corresponding formula Eq. (21). In
both cases no extra calculation needs to be done, and the physical results follows from a
mere identiﬁcation of the components of the matrix A with those of the metric tensor of
the manifold in question [20]. Very much related with this application but more involved
and ambitious is the calculation of vacuum energy densities corresponding to spherical
conﬁgurations and the bag model (see [21, 22], and the many references therein).
4.3. Application 3. A third application consists in calculating the determinant of a differential operator, say the Laplacian on a general p-dimensional torus. A very important
problem related with this issue is that of the associated anomaly (called the multiplicative or non-commutative anomaly) [23]. To this end the derivative of the zeta function
at s = 0 has to be obtained. From Eq. (11), we get

(
' 
4(2q)p/4 
cos(2π m
 · c)
 T A−1 m

ζ  A,c,q (0) = √
p/4 Kp/2 2π 2q m

det A
p

m
 T A−1 m
m∈
 Z1/2
⎧
(2π)p/2 (−p/2)q p/2
⎪
⎪
√
,
p odd,
⎨
det A
+
(−1)k (2π)k q k
⎪
⎪
⎩
√
[(k + 1) + γ − ln q] , p = 2k even,
k! det A

(42)


and, from here, det A = exp −ζA
(0). For p = 2, we have explicitly:

det A(a, b, c; q) =
1
+ 
+
∞
√ (
√ '

1
a
aq
2π(q−ln q)/ 
−2π q/a
K1 4πn
1−e
e
exp −4
n
q

n=1
⎫
⎤
.
+

πn
4aq ⎦⎬
d exp −
+ 2
.
+ cos(πnb/a)
⎭
a
d
d|n
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In the homogeneous case (CS formula) we obtain for the determinant:
√
∞
√

π 
σ1 (n)
1

−4
cos(πnb/a)e−πn /a ,
det A(a, b, c) = exp −4ζ (0) −
a
6a
n
(44)
n=1
or, in terms of the Teichmüller coefﬁcients, τ1 and τ2 , of the metric tensor (for the metric,
A, corresponding to the general torus in two dimensions):
det A(τ1 , τ2 ) =
∞

 σ1 (n)
πτ2
τ2

cos
exp
−4ζ
(0)
−
−
4
4π 2 |τ |2
3|τ |2
n
n=1

2πnτ1
|τ |2



e−πnτ2 /|τ |

2

.

(45)

Needless to mention, all the good properties of the expression for the zeta function are
just transferred to the associated determinants, which are thus given, on its turn, in terms
of very quickly convergent series.
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Abstract: The concept of determinant for a linear operator in an inﬁnite-dimensional space is addressed, by using the derivative of the operator’s
zeta-function (following Ray and Singer) and, eventually, through its zeta-function
trace. A little play with operators as simple as ±I (I being the identity operator)
and variations thereof, shows that the presence of a non-commutative anomaly (i.e.,
the fact that det(AB) = det A det B), is unavoidable, even for commuting and, remarkably, also for almost constant operators. In the case of Dirac-type operators,
similarly basic arguments lead to the conclusion — contradicting common lore —
that in spite of being det(/
D + im) = det(/
D − im) (as follows from the symmetry
condition
of
the
D-spectrum),
/
it
turns
out
that
these determinants may not be equal

2
2
D + m ), simply because det[(/
D + im)(/
D − im)] = det(/
D + im) det(/
D − im).
to det(/
A proof of this fact is given, by way of a very simple example, using operators with
a harmonic-oscillator spectrum and fulﬁlling the symmetry condition. This anomaly
can be physically relevant if, in addition to a mass term (or instead of it), a chemical
potential contribution is added to the Dirac operator.
Keywords: Renormalization Regularization and Renormalons, Nonperturbative
Eﬀects, Integrable Equations in Physics.
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1. Introduction
Many fundamental calculations of Quantum Field Theory reduce, in essence, to
the computation of the determinant of some operators. One could even venture to
say that, at one-loop order, any such theory reduces to a theory of determinants.
The operators involved are ‘diﬀerential’ ones, as the normal physicist would say.
In fact, properly speaking, they are pseudodiﬀerential operators (ΨDO), that is, in
√
loose terms ‘some analytic functions of diﬀerential operators’ (such as 1 + D or
log(1 + D), but not! log D). This is explained in detail in refs. [1, 2, 3].
Important as the concept of determinant of a diﬀerential or ΨDO may be for
theoretical physicists (in view of what has just been said), it is surprising that this
seems not to be a subject of study among function analysts or mathematicians in
general. This statement must be qualiﬁed: I am speciﬁcally refering to determinants
that involve in its deﬁnition some kind of regularization, very much related to operators that are not traceclass. This piece of calculus — always involving regularization
— falls outside the scope of the standard disciplines and even many physically oriented mathematicians know little or nothing about it. In a sense, the subject has
many things in common with that of divergent series but has not been so groundly
investigated and lacks any reference comparable to the very beautiful book of Hardy
[4]. Actually, from this general viewpoint, the question of regularizing inﬁnite determinants was already addressed by Weierstrass in a way that, although it has been
pursued by some theoretical physicists with success, is not without problems — as
a general method — since it ordinarily leads to non-local contributions that cannot
be given a physical meaning in QFT. We should mention, for completion, that there
are, since long ago, well-stablished theories of determinants for degenerate operators,
for traceclass operators in the Hilbert space, Fredholm operators, etc. [5] but, again,
these deﬁnitions of determinant do not fulﬁll all the needs mentioned above which
arise in QFT.

1
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Any high school student knows what a determinant is, in simple words, or at least
how to calculate the determinant of a 3 × 3 matrix (and some of them, even that of a
4 × 4 one). But many prominent mathematicians will answer the question: What is
your favourite deﬁnition of determinant of a diﬀerential operator? with: I don’t have
any, or: These operators don’t have determinants! An even more ‘simple’ question
I dare to ask the reader (which she/he may choose to ask some other colleagues on
its turn) is the following: What is the value of the determinant of minus the identity
operator in an inﬁnite dimensional space? Followed by: and that of the determinant

n
n∈N (−1) ? Is it actually equal to the product of the separate determinants of the
plus 1s and of the minus 1s?
In this contribution I will point out to speciﬁc situations, some of them having
become common lore already and other that have appeared recently in the literature,
concerning the concept of determinant in QFT, and I will try to give ‘reasonable’
answers to questions such as the last ones.

2. Inﬁnite series and (almost) trivial determinants
The mathematical theory of divergent series has been very fruitful in taming the
inﬁnites that have appeared in QFT, from the very begining of its conception. Its
role is very essential, at least in the ﬁrst stage of the regularization/renormalization
procedure. Euler and Borel summation methods, and analytic continuation techniques are there commonly used. But some diﬃculties exist that are inherent to the
theory of divergent series (see, for instance, [4]). One of them is the well-known fact
that, sometimes, by using diﬀerent schemes, diﬀerent results are obtained. In a well
posed physical situation, the ‘right’ one can then only be choosen after experimental
validation. Another problem is to understand, in physical terms, what you are doing,
while performing say an analytic continuation from one region of the complex plane
to another [6]. This has prevented, e.g., the zeta function regularization procedure
from getting general aceptance among common physicists.
The situation concerning inﬁnite determinants is even worse, in a sense. There
is no book on the subject to be compared, for instance, with the above mentioned
one by Hardy and we see every day that dubious manipulations are being performed
at the level of the eigenvalues, that are then translated to the determinant itself
and elevated sometimes to the cathegory of standard results — when not of lore
theorems. The ﬁrst problem is the deﬁnition of the determinant itself. Let me quote
in this respect from a recent paper by E. Witten [7]: The determinant of the Dirac
operator is deﬁned roughly as
det D =


i

2
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where the inﬁnite product is regularized with (for example) zeta function or PauliVillars regularization. The zeta function deﬁnition of the determinant


(2.2)
detζ D = exp −ζD  (0) ,
is maybe the one that has more ﬁrm mathematical grounds [8]. In spite of starting
from the identity: log det = tr log, it is known to develop the so-called multiplicative
anomaly: the determinant of the product of two operators is not equal, in general,
to the product of the determinants (even if the operators commute!). This happens
already with very simple operators (as two one-dimensional harmonic oscillators only
diﬀering in a constant term, Laplacians plus diﬀerent mass terms, etc.). It may look
incredible, at ﬁrst sight, from the tr log property and the additivity of the trace, but
we must just take into account that the zeta trace is no ordinary trace (for it involves
regularization), namely,
trζ D = ζD (−1) ,

(2.3)

so that trζ (A + B) = trζ A + trζ B, in general. Not to understand this has originated
a considerable amount of errors in the specialized literature — falsely attributed to
missfunctions of the rigorous and elegant zeta function method!
As an example, consider the following commuting linear operators in an inﬁnitedimensional space, given in diagonal form by:
O1 = diag (1, 2, 3, 4, . . . ) ,

O2 = diag (1, 1, 1, 1, . . . ) ≡ I ,

(2.4)

and their sum
O1 + O2 = diag (2, 3, 4, 5, . . . ) .

(2.5)

The corresponding ζ-traces are easily obtained
1
trζ O2 = ζR (0) = − ,
2
13
trζ (O1 + O2 ) = ζR (−1) − 1 = − ,
12
trζ O1 = ζR (−1) = −

1
,
12

(2.6)

the last trace having been calculated according to the rules of inﬁnite series summation (see, e.g., Hardy [4]). We observe that
1
 0.
trζ (O1 + O2 ) − trζ O1 − trζ O2 = − =
2

(2.7)

If this happens in such simple situation, involving the identity operator, one can
easily imagine that any precaution one can take in manipulating inﬁnite sums might
turn out to be insuﬃcient. Moreover, since the multiplicative anomaly — as has been
pointed out before — originates precisely in the failure of this addition property for
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the regularized trace, we can already guess that it also can show up in very simple
situations, as will now be proven, in fact. The appearance of the multiplicative
anomaly prevents, in particular, naive manipulations with the eigenvalues in the
determinant, as reorderings and splittings, what a number of physicists seem not to
be aware of.
For warming up, let us calculate some simple determinants with the zeta function
method. To start with, take
Δ1 =

∞


n.

(2.8)

1
ζR  (0) = − log(2π) ,
2

(2.9)

n=1

We have
ζ1 (s) =

∞


n−s = ζR (s) ,

n=1

so that


Δ1 = exp

√
1
log(2π) = 2π ,
2

(2.10)

a nice result. In the same way, we obtain
Δ2 =

∞


1
n−1 = √
2π
n=1

(2.11)

— from ζ2 (s) = ζR (−s) — as should be expected.
Let us now consider the apparently more simple case
Δ3 =

∞


λ.

(2.12)

n=1

This poses a problem to the zeta function method, which must be modiﬁed somehow
to cope with such situation. In fact, the corresponding zeta function,
ζ3 (s) =

∞


λ−s ,

(2.13)

n=1

has no abscissa of convergence in the complex plane (since the sequence of eigenvalues is neither increasing nor decreasing. This can be, however, naturally solved
as follows: by taking logarithms (what is inherent with the deﬁnition of the zeta
function method) and using again the rules for inﬁnite series, it is plain that the
result is
log Δ3 = log λ

∞

n=1

4
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1
log λ ,
2
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where the factor in front of log λ may be interpreted as the ‘zeta measure’ of the set
of positive natural numbers, thus
∞


Δ3 =

λ = λ−(1/2) .

(2.15)

n=1

This leads, in particular, to the following results:
∞


Δ4 =

1 = 1−(1/2) = ±1 ,

(2.16)

n=1

for the determinant of the identity operator, I, and
∞


Δ5 =

(−1) = (−1)−(1/2) = ∓i ,

(2.17)

n=1

for the determinant of the operator −I. As it seems clear that the determinant of
the identity operator should be 1, this tells us (by choice everywhere of the same
determination of the logarithm in the complex plane) that the determinant of −I
is −i and, that of λI, the inverse of the corresponding square root of λ in (2.15).
Notice that, in this way, we are starting to build up a set of consistency rules that
are reminiscent, in some manner, of the corresponding rules for inﬁnite series [4].
More than this, by use of the logarithm, all the ordinary rules for inﬁnite series
are appliable to the series of logs of eigenvalues, in particular, the ones concerning
multiplication by a common factor (used before already), or of splitting out a ﬁnite
number of ﬁrst terms from the series (that is to say, a ﬁnite number of ﬁrst factors
from the determinant). However, the splitting of an inﬁnite number of terms — or
of the whole series into two — is not allowed in general. That is, again, the lesson
we have learned from the existence of the multiplicative anomaly of the determinant
when evaluated by the zeta function procedure. An additional comment is in order:
in dealing with inﬁnite series we always take logarithms, and this introduces an
ambiguity in the zeta function deﬁnition of the determinant. This fact is well known
[9, 10] and is common to other regularization methods (as Pauli-Villars’), under
diﬀerent disguises. It can duely be taken care of by sticking to one and the same
determination of the logarithm during the whole calculation.
An apparent problem — or virtue perhaps? — of the zeta function deﬁnition of inﬁnite determinants is posed by the following example. It turns out that
the determinants
Δ6 =

∞


2n+1

(−1)

,

Δ7 =

n=1

∞


(−1)4n+1 ,

n=1

5
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and Δ5 are all diﬀerent. This originates in
1
2
1
−1,
4

ζ6 (−1) = 2ζH −1,
ζ7 (−1) = 4ζH

11
1
−1=− ,
2
12
23
1
− 1 = −2B2
−1 =− ,
4
24
− 1 = −B2

...

(2.19)

and can be interpreted as due to the change of the ‘zeta measure’ of the number
of factors in the product leading to the determinant. We could try to avoid this
problem by sticking always to the most simple characterization of the eigenvalues
series (in this case −1, −1, −1, . . . , any reference to n being superﬂuous). Things
are, regretfully, not that simple. Consider the determinants Δ4 , Δ5 , and
∞


Δ8 =

(−1)n ,

(2.20)

n=1

and try to make compatible the apparently obvious fact that
Δ8 =



Δ4 Δ5 .

(2.21)

The determinant Δ8 can be obtained in three diﬀerent ways, that yield the same
result.
(i) We have, through the corresponding zeta function,
ζ8 (s) =

∞


(−1)−ns =

n=1

1
,
(−1)s − 1


1
1
ζ8  (s) = log(−1) 2 2 +
+ O(s) ,
π s
12


Δ8 = exp −ζ8  (0)|reg = (−1)−1/12 .

(2.22)

(ii) On the other hand, taking logs as before, from the zeta function measure of
the set of exponents, we get
log Δ8 = log(−1)

∞


n = log(−1)ζR (−1) ,

n=1

Δ8 = (−1)ζR (−1) = (−1)−1/12 .

(2.23)

(iii) Also, we may instead choose to take derivatives, term by term, in the ﬁrst
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expression for the zeta function
ζ8 (s) =

∞


(−1)−ns ,

n=1
∞


ζ8  (s) = −

n(−1)−ns log(−1) ,

n=1

ζ8  (0) = − log(−1)

∞


n=

n=1

log(−1)
,
12



Δ8 = exp[−ζ8 (0)] = (−1)−1/12 .

(2.24)

Remarkably enough, in all three cases we obtain the same result for this determinant.
Let us now try to fulﬁll the factorization condition (2.21). We have
Δ4 =
Δ5 =
Δ8 =

∞


1 = 1−1/2 = ±1 ,

n=1
∞


(−1) = (−1)−1/2 = ∓i ,

n=1
∞


(−1)n = (−1)−1/12 =



Δ4 Δ5 = 1−1/4 (−1)−1/4 .

(2.25)

n=1

The only way to fulﬁll this property (2.21) is to accept that
∞


1 = −1!!

(2.26)

n=1

On the contrary, if we insists (as almost everybody would agree on) that the determinant of the identity is 1, then we must give up the property that the determinant of
the alternating series of eigenvalues 1, −1, 1, −1, . . . is equal to the subdeterminant
product of the 1s, times the subdeterminant product of the −1s. This is the most
simple reﬂection one could ever have expected to obtain of the multiplicative anomaly
of the determinant!
If we choose to preserve, at any price, the multiplication property of the determinant and give sense to the strange fact that det I = −1, then we do attain
compatibility in eqs. (2.25) by setting
∞


∞


1 = eiπ ,

n=1

∞


(−1) = eiπ/2 ,

n=1

(−1)n = e3iπ/4 ,

n=1

∞


(−1)4n = e3iπ ,

n=1

...

(2.27)
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All these are compatible zeta function deﬁnitions of the determinant (they can be
ﬁxed from acceptable roots of 1 or −1 as given by the zeta function exponents)
satisfying the multiplication rule. However, it is easy to see that this process cannot
go for ever (and thus eliminate the anomaly): the following dets cannot possibly
fulﬁll the multiplicative property
∞


(−1)2n+1 = (−1)−11/12 =

n=1

∞


∞


(−1)2n

n=1

(−1) .

(2.28)

n=1

But maybe this is asking too much, as has been observed before, in which case we
are still left with the compatible (albeit really weird) choice (2.27).
Anyhow, it is easy to check that we do not ﬁnd problems in factorizations like
∞


∞


(−n) =

n=1

(−1)

n=1

∞


n,

(2.29)

n=1

since
ζ(s) = (−1)−s ζR (s) ,
1
1
ζ  (0) = − log(−1) − log(2π) ,
2
2
∞
∞
∞



√
−ζ  (0)
−1/2
(−n) = e
= (−1)
2π =
(−1)
n,
n=1

n=1

(2.30)

n=1

or in the more involved one
∞


(−1)n n =

n=1

∞


(−1)n

n=1

∞


n,

(2.31)

n=1

because
∞

ζ(s) =
(−1)−ns n−s = Φ((−1)−s , s) ,
n=1

iπ
iπ 1
+ Φ (0, 1) =
− log(2π) ,
12
12 2
∞
∞
∞



√
n
−ζ  (0)
−1/12
n
(−1) n = e
= (−1)
2π =
(−1)
n,


ζ (0) =

n=1

n=1

(2.32)

n=1

being Φ the polylogarithm function. The factorization of the determinants holds
here again, in the zeta function prescription, and this fact does not seem to be that
immediate, in view of the last calculation as compared with what we had before.
All the above considerations may sound rather trivial, but actually they are
not, and should be carefully taken into account before proceeding with the sort of
manipulations of the eigenvalues and splittings of determinants that pervade the
specialized literature.
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3. The multiplicative anomaly for Dirac type operators
Consider the ordinary Dirac equation for a massive spinor
(/
D + im)ψ = 0 .

(3.1)

Usually, the determinant of the Dirac operator acting in this equation is obtained by
using the following argument (see, e.g., [11])
1/2

.
det(/
D + im) = det(/
D − im) = det(/
D 2 + m2 )

(3.2)

This comes about from the fact that the spectrum of the Dirac massless operator D
/
has the following property: if λ belongs to the spectrum, then so does −λ, that is
immediately obtained by use of the γ5 operator. Then, it turns out that the ﬁrst det
in eq. (3.2) is a product of pairs of the form
(λ + im)(−λ + im) = (−λ − im)(λ − im) = (λ − im)(−λ − im) ,

(3.3)

the last being the pairs appearing in the second det of eq. (3.2). This is an algebraic
argument, but there is also the corresponding geometric one, trivial after representing
the spectral points in the complex plane. Thus, the ﬁrst equality in (3.2) is proven,
and the second seems obvious.
However, due to the existence of the multiplicative anomaly for inﬁnite determinants [namely, the fact that, in general, det(AB) = (det A) (det B)], all these
formulas, obtained by ’simple’ manipulation of the eigenvalues, must be set under
suspicion and are in need of a rigorous check. Concerning eq. (3.2), the second
equality cannot be taken for granted, since it may turn out that
det[(/
D + im)(/
D − im)] = det(/
D + im) det(/
D − im) .

(3.4)

We will show below that this is indeed the case, in a very simple, parallel example
— completely under control — that uses as operator some square root of the harmonic oscillator.
Indeed, consider the square root of the harmonic oscillator obtained by Delbourgo
in ref. [12]. This example has potentially some interesting physical applications, for
it is well known that a fermion in an external constant electromagnetic ﬁeld has a
similar spectrum (Landau spectrum). Exactly in the same way as when going from
the Klein-Gordon to the Dirac equation and paying the same price of doubling the
number of components (e.g., introducing spin), Delbourgo has constructed a model
for which there exists a square root of its Hamiltonian, which is very close to the one
for the harmonic oscillator. It is in fact diﬀerent from the Dirac oscillator introduced
by several other authors, corresponding to the minimal substitution p → p − iαr.
The main diﬀerence lies in the introduction now of the parity operator, Q. Whereas
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creation and destruction operators for the harmonic oscillator, a± = P ± iX, are
non-hermitean, the combinations D ± = P ± iQX are hermitean and
H ± ≡ (D ± )2 = P 2 + X 2 ∓ Q = 2Hosc ∓ Q .

(3.5)

Notice that the parity term commutes with Hosc . Doubling the components (σi are
the Pauli matrices)
P −→ −iσ1

∂
,
∂x

X −→ σ1 x ,

Q −→ σ2 ,

(3.6)

the operators D ± are represented by
D ± −→ −iσ1

∂
± σ3 x .
∂x

(3.7)

In the sequel, we will only consider the operator D ≡ D + . It has for eigenfunctions and eigenvalues, respectively,
√ 

2
√
−i Hn−1 (x)±Hn (x)/ 2n
−ie−x /2
±
√ 
ψn (x) = 
, λn = ± 2n, n ≥ 1,

√
Hn−1 (x)∓Hn (x)/ 2n
2n+1 (n − 1)! π
2

e−x /2 1
ψ0 (x) =  √
,
2 π i

λ0 = 0 ,

(3.8)

where the Hn (x) are hermitean polinomials.
The two operators we shall consider for the calculation of the anomaly are A =
√
D + V and B = D − V , V being a real, constant potential with |V | < 2, that goes
multiplied with the identity matrix in the two (spinorial) dimensions (omitted here).
Obviously, this V is to be identiﬁed with the mass m, to make contact with the case
of the Dirac equation that we had at the beginning.
Notice that D + V and D − V are hermitean, commuting operators. The multiplicative anomaly is deﬁned as
a(A, B) = log det(AB) − log det A − log det B = ζA  (0) + ζB  (0) − ζAB  (0) .

(3.9)

The zeta function for the operator D reads
ζD (s) =


i

λ−s
i =

∞


√ −s
[1 + (−1)−s ] 2n
= [1 + (−1)−s ]2−s/2 ζR (s/2) ,

(3.10)

n=1

ζR (s) being the usual Riemann zeta function, which has a simple pole at s = 1. The
zeta function for the operators D ± V is (see, for instance, [13])
ζD±V (s) =


i

(λi ± V )

−s

= ζD (s) +

∞

(∓V )n Γ(n + s)
n=1
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Finally, the zeta function for the operator (D + V )(D − V ) = D 2 − V 2 is given by
ζ

D 2 −V 2

(s) = ζD (2s) +

∞

V 2n Γ(n + s)
n=1

n! Γ(s)

ζD (2n + 2s) .

(3.12)

We see that the anomaly in this simple case can be obtained in terms of the derivatives
of the Riemann zeta function. The important fact is that it turns out to be nonzero
a(D + V, D − V ) = 2V 2 .

(3.13)

We should point out that this result can be obtained from the Wodzicki formula for
the anomaly, even if we are working in a non-compact manifold [13]. We thus have a
very simple example of the presence of a non-trivial anomaly for operators of degree
one in a space of dimension one (spinorial, however).
One can argue that a mass term will be absorbed by renormalization and will ﬁnally yield no physical contribution. Notice, however, that the situation is much more
general than the speciﬁc case considered here, which, however, even in its simplicity
already accounts for any kind of terms not depending on the space-time coordinates.
Thus V can represent — aside from a mass term im — a constant magnetic ﬁeld,
a ﬁnite temperature term, or a chemical potential. Anomalous contributions of this
kind cannot be absorbed by renormalization (see, e.g., [14]) and can acquire a direct
physical meaning [13, 15].
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Abstract
Explicit formulae for the zeta functions ζα (s) corresponding to bosonic (α = 2)
and to fermionic (α = 3) quantum ﬁelds living on a non-commutative, partially
toroidal spacetime are derived. Formulae for the most general case of the
zeta function associated with a quadratic + linear + constant form (in Z ) are
obtained. They provide the analytical continuation of the zeta functions in
relation to the whole complex s plane, in terms of series of Bessel functions (of
fast, exponential convergence), thus being extended Chowla–Selberg formulae.
As is well known, this is the most convenient expression that can be found for
the analytical continuation of a zeta function; in particular, the residua of the
poles and their ﬁnite parts are explicitly given. An important novelty is the
fact that simple poles show up at s = 0, as well as in other places (simple
or double, depending on the number of compactiﬁed, non-compactiﬁed and
non-commutative dimensions of the spacetime) where they had never appeared
before. This poses a challenge to the zeta-function regularization procedure.
PACS numbers: 0230G, 0230M, 1110K

1. Introduction
For its application in practice, the zeta-function regularization method relies on the existence of
quite simple formulae that give the analytical continuation of the zeta function, ζ (s), from the
region of the complex plane extending to the right of the abscissa of convergence, Re s > s0 ,
to the rest of the complex plane [1–3]. These are not only the reﬂection formula of the
corresponding zeta function in each case, but also some other, very fundamental expressions,
such as the Jacobi theta-function identity, Poisson’s and Plana’s resummation formulae and
the Chowla–Selberg (CS) formula. However, some of these powerful expressions are often
† This paper is dedicated to Aleix E T, on the unique and promising occasion of his 18th birthday.
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restricted to speciﬁc zeta functions, and their explicit derivation is usually quite involved. For
instance, until very recently, the CS formula was only known to exist for the homogeneous,
two-dimensional Epstein zeta function. Ultimate extensions of it to more general zeta functions
in any number of dimensions will be given in section 2 of this paper.
A fundamental property shared by all zeta functions is the existence of a reﬂection
formula. For the Riemann zeta function it is (s/2)ζ (s) = π s−1/2 (1 − s/2)ζ (1 − s).
For a generic zeta function, Z(s), we may write it as Z(ω − s) = F (ω, s)Z(s). This allows
for its analytic continuation in a very easy way—which is, in simple cases, the whole story
of the zeta-function regularization procedure. However, the analytically continued expression
thus obtained is just another series, which again has a slow convergence behaviour, of power
series type [4] (actually the same that the original series had, on its convergence domain).
Some years ago, Chowla and Selberg [5] found a formula, for the Epstein zeta function in the
two-dimensional case, that yields exponentially quick convergence everywhere, not just in the
reﬂected domain. They were very proud of it. In [6], a ﬁrst attempt was made to try to extend
this expression to inhomogeneous zeta functions (very important for physical applications,
see [7]), but remaining always in two dimensions, for this was commonly believed to be an
insurmountable restriction of the original formula (see, for instance, [8]). More recently,
extensions to an arbitrary number of dimensions [9, 10], for both homogeneous (quadratic
form) and non-homogeneous (quadratic plus afﬁne form) cases were constructed. However,
some of the new formulae (remarkably the ones corresponding to the zero-mass case, e.g.
the original CS framework!) are not explicit, since they involve solving a rather non-trivial
recurrence. (Incidentally, this explains why the CS formula had not been extended to higherdimensional Epstein zeta functions before.)
In section 2 we shall ﬁnish this programme, by providing for the ﬁrst time explicit, CS-like
extended formulae for all possible cases involving forms of the very general type: quadratic
+ linear + constant. This will complete the construction initiated in [9, 10].
In section 3 we will move to speciﬁc applications of these formulae in non-commutative
ﬁeld theory. In particular, we will obtain the explicit analytic continuation of the zeta functions
corresponding to scalar and vector ﬁelds deﬁned on a quite general, partially non-commutative
toroidal manifold. Their pole structure will be discussed in detail. The existence of simple
poles at s = 0 comes as a novelty in the zeta-function regularization method in this case,
conﬁrming a result obtained in [11]. In other places, up to double poles will be shown to
appear. The corresponding residua and ﬁnite parts at the poles are immediately obtained from
these expressions.
2. Extended Chowla–Selberg formulae, associated with arbitrary forms of quadratic +
linear + constant type
Let A be a positive-deﬁnite elliptic DO of positive order m ∈ R, acting on the space of smooth
sections of E, an n-dimensional vector bundle over M, a closed n-dimensional manifold. The
zeta function ζA is deﬁned as
n
≡ s0
λ−s
Re s >
(1)
ζA (s) = tr A−s =
j
m
j
where s0 = dim M/ord A is called the abscissa of convergence of ζA (s). Under these
conditions, it can be proven that ζA (s) has a meromorphic continuation to the whole complex
plane C (regular at s = 0), provided that the principal symbol of A (that is am (x, ξ )) admits a
spectral cut: Lθ = {λ ∈ C ; Arg λ = θ, θ1 < θ < θ2 }, Spec A ∩ Lθ = ∅ (Agmon–Nirenberg
condition). The deﬁnition of ζA (s) depends on the position of the cut Lθ . The only possible
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singularities of ζA (s) are simple poles at sk = (n − k)/m, k = 0, 1, 2, . . . , n − 1, n + 1, . . . .
Kontsevich and Vishik have managed to extend this deﬁnition to the case when m ∈ C (no
spectral cut exists) [12].
Consider now the following zeta function (Re s > p/2):
−s

−s
 1

T
n
+
c)
ζA,c,q (s) =
Q (n + c) + q
A
n
+
c)
+
q
≡
. (2)
(
(
2
n∈Z p

n∈Z p

The prime on a summation sign means that the point n = 0 is to be excluded from the sum. As
we shall see, this is irrelevant when q or some component of c is non-zero but, on the contrary,
it becomes an inescapable condition in the case when c1 = · · · = cp = q = 0. Note that,
alternatively, we can view the expression inside the square brackets of the zeta function as a
sum of a quadratic, a linear and a constant form, namely, Q (n + c) + q = Q(n) + L(n) + q̄.
Our aim is to obtain a formula that gives (the analytic continuation of) this multidimensional zeta function in terms of an exponentially convergent series, and which is
valid in the whole complex plane, exhibiting the singularities (poles) of the meromorphic
continuation—with the corresponding residua—explicitly. The only condition on the matrix
A is that it correspond to a (non-negative) quadratic form, which we call Q. The vector c is
arbitrary, while q will be (for the moment) a positive constant. As we shall see, the solution
to this problem will depend very much (its explicit form) on whether q and/or c are zero or
not. According to this, we will have to distinguish different cases, leading to unrelated ﬁnal
formulae, all to be viewed as different non-trivial extensions of the CS formula (they will be
named ECS formulae, and will carry additional tags, for the different cases).
Use of the Poisson resummation formula in equation (2) yields [9, 10]
(2π )p/2 q p/2−s (s − p/2) 2s/2+p/4+2 π s q −s/2+p/4
+
ζA,c,q (s) =
√
√
(s)
det A
det A (s)



s/2−p/4
cos(2π m · c) mT A−1 m
Kp/2−s 2π 2q mT A−1 m
×
(3)
p

m∈Z1/2
p

where Kν is the modiﬁed Bessel function of the second kind and the subindex 1/2 in Z1/2 means
that, in this sum, only half of the vectors m ∈ Z p enter. That is, if we take an m ∈ Z p we must
then exclude −m (as a simple criterion one can, for instance, select those vectors in Z p \{0}
whose ﬁrst non-zero component is positive). Equation (3) fulﬁlls all the requirements of a CS
formula, but it is very different from the original one, constituting a non-trivial extension to the
case of a quadratic + linear + constant form, in any number of dimensions, with the constant
term being non-zero. We shall denote this formula, equation (3), by the acronym ECS1.
It is well known that the only pole of this inhomogeneous Epstein zeta function appears,
explicitly, at s = p/2, where it belongs. Its residue is given by
(2π )p/2
(4)
(det A)−1/2 .
Ress=p/2 ζA,c,q (s) =
(p/2)
2.1. Limit q → 0
After some work, one can obtain the limit of expression (3) as q → 0 (for simplicity we also
set c = 0)

π (s − 1/2)
4π s
1+s −s
ζp−1 ,0,0 (s − 1/2) + s/2+1/4
ζA,0,0 (s) = 2 a ζ (2s) +
a
(s)
a
(s)
∞


π n1 T

1/4−s/2
s−1/2
cos
b n2 n1
nT2 p−1 n2
×
a
n ∈Z p−1 n1 =1
2
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×Ks−1/2





2π n1
nT2 p−1 n2 .
√
a

(5)

In equations (3) and (5), A is a p × p symmetric matrix A = aij
(p−1)×(p−1) reduced submatrix Ap−1 = aij

i,j =1,2,...,p

= AT , Ap−1 the

, a the ﬁrst component, a = a11 , b the

i,j =2,...,p
(a12 , . . . , a1p )T and p−1

p−1 vector b = (a21 , . . . , ap1 )T =
is the following (p−1)×(p−1)
1
matrix: p−1 = Ap−1 − 4a
b ⊗ b. More precisely, what one actually obtains by taking the
limit is the reﬂected formula, as one would have after using the Epstein zeta-function reﬂection
(s)Z(s; A) = π 2s−p/2 (det A)−1/2 (p/2 − s)Z(p/2 − s; A−1 ), Z(s; A) being the Epstein
zeta function [13]. Finally. it can be written as (5). (It is a rather non-trivial exercise to
perform this calculation.) Note that equation (5) has all the properties demanded from a CS
formula, but it is actually not explicit. It is in fact a recurrence, rather lengthy to solve as it
stands. In fact, it can be viewed as the straightforward extension of the original CS formula
to higher dimensions. It was the main result of previous work on this subject, for the case
q = c1 = · · · = cp = 0 [9, 10].
Using a different strategy, this recurrence will be now solved explicitly, in a much simpler
way. Indeed, let us proceed in a complementary way, namely, by performing the inversion
provided by the Poisson resummation formula (or the Jacobi identity), with respect to p − 1
of the indices (say, j = 2, 3, . . . , p). This leaves us with three sums, corresponding to
positive, zero and negative values of the remaining index (n1 , in this case). The zero value
of n1 (in correspondence with the rest of the ni not being all zero) classiﬁes the number of
different situations (according to the values of the ci and q being all zero or not) into just
two cases. (As is immediate, from the start all ci can be taken to be between zero and unity:
0  ci < 1, i = 1, 2, . . . , p.) (i) The ﬁrst case is, thus, when at least one of the ci or q  0 is
not zero. Since the case q = 0 has been solved already, we will mean by this case now that,
say, c1 = 0. (ii) The second case is when all q = c1 = · · · = cp = 0.
2.2. Case with q = 0 but c1 = 0
2.2.1. General (non-diagonal) subcase. By performing inversion provided by the Poisson
resummation formula (or the Jacobi identity), with respect to p − 1 of the indices (here,
j = 2, 3, . . . , p), we readily obtain

2s
−1/2
(p−1)/2−s
T
π (p−1)/2 a11 − ap−1
A−1
det Ap−1
ζAp ,c,0 (s) =
p−1 ap−1
(s)


× s − (p − 1)/2 ζH (2s − p + 1, c1 ) + ζH (2s − p + 1, 1 − c1 )
T
A−1
+4π s a11 − ap−1
p−1 ap−1



×
cos 2π mT cp−1 + A−1
p−1 ap−1 (n1 + c1 )
(p−1)/4−s/2

n1 ∈Z m∈Z p−1
1/2

×|n1 + c1 |(p−1)/2−s mT A−1
p−1 m


T
T A−1 m
m
×K(p−1)/2−s 2π|n1 + c1 | a11 − ap−1
A−1
a
p−1 p−1
p−1
s/2−(p−1)/4

− 21 cT Ac

−s

(6)

.

Here, and in what follows, Ap−1 is (as before) the submatrix of Ap composed of the last
p − 1 rows and columns. Moreover, a11 is the ﬁrst diagonal component of Ap , while
ap−1 = (a12 , . . . , a1p )T = (a21 , . . . , ap1 )T and m = (n2 , . . . , np )T . Note that this is an
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explicit formula, that the only pole at s = p/2 also appears explicitly and that the second term
of the rhs is a series of exponentially fast convergence. It has, therefore (as equation (3)), all
the properties required to qualify as a CS formula. We shall name this expression ECS2.
2.2.2. Diagonal subcase. In this very common, particular case the preceding expression
reduces to the simpler form:

2s
−1/2
(p−1)/2−s
π (p−1)/2 a1
s − (p − 1)/2
det Ap−1
ζAp ,c,0 (s) =
(s)


(p−1)/4−s/2
× ζH (2s − p + 1, c1 ) + ζH (2s − p + 1, 1 − c1 ) + 4π s a1


×
n1 ∈Z m∈Z p−1
1/2

× K(p−1)/2−s

cos 2π mT cp−1 |n1 + c1 |(p−1)/2−s mT A−1
p−1 m


−1
T
2π|n1 + c1 | a1 m Ap−1 m
−

s/2−(p−1)/4

−s
1 T
c Ac .
2

(7)

We shall call this formula ECS2d.
2.3. Case with c1 = · · · = cp = q = 0
2.3.1. General (non-diagonal) subcase. As remarked in [9, 10], we had not yet been able
to obtain a closed formula, but just a (rather non-trivial) recurrence, equation (5), relating the
p-dimensional case to the (p −1)-dimensional one. After a second look, we have now realized
that we can actually still proceed as if we had in fact c1 = 1 = 0, both for positive and for
negative values of n1 . A sum, though, remains with n1 = 0—and the rest of the ni not all being
zero—which yields, once more, the same zeta function as at the beginning, but corresponding
to p − 1 indices. All in all,

21+s
−1/2
(p−1)/2−s
T
ζAp ,0,0 (s) = ζAp−1 ,0,0 (s) +
A−1
π (p−1)/2 a11 − ap−1
det Ap−1
p−1 ap−1
(s)
T
s − (p − 1)/2 ζR (2s − p + 1) + 4π s a11 − ap−1
A−1
p−1 ap−1

×
×

∞



n=1 m∈Z p−1
1/2

×K(p−1)/2−s

(p−1)/2−s
cos 2π mT A−1
mT A−1
p−1 ap−1 n n
p−1 m

(p−1)/4−s/2

s/2−(p−1)/4



−1
−1
T
T
2π n a11 − ap−1 Ap−1 ap−1 m Ap−1 m .

(8)

This is also a recurrent expression, an alternative to (5), obtained with the help of a different
strategy.
Remarkably enough, it is easy to resolve this recurrence explicitly, and indeed to obtain
a closed formula for this case (we shall write the dimensions of the submatrices of A as
subindices), the result being

p
21+s
−1/2
(p−j )/2−s
T
π (p−j )/2 ajj − ap−j
A−1
det Ap−j
ζAp (s) ≡ ζAp ,0,0 (s) =
p−j ap−j
(s) j =1
T
s − (p − j )/2 ζR (2s − p + j ) + 4π s ajj − ap−j
A−1
p−j ap−j

×
×

∞



(p−j )/2−s
cos 2π mTp−j A−1
p−j ap−j n n

n=1 mp−j ∈Z p−j
1/2
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× mTp−j A−1
p−j mp−j


−1
−1
T
T
×K(p−j )/2−s 2π n ajj − ap−j Ap−j ap−j mp−j Ap−j mp−j .
s/2−(p−j )/4

(9)

With a similar notation as above, here Ap−j is the submatrix of Ap composed of the
last p–j rows and columns. Moreover, ajj is the j th diagonal component of Ap , while
ap−j = (ajj +1 , . . . , ajp )T = (aj +1j , . . . , apj )T and mp−j = (nj +1 , . . . , np )T . Again, this is an
extension of the CS formula to the case in question. It exhibits all the same good properties.
Physically, it corresponds to the homogeneous, massless case. It is to be viewed, in fact, as
the genuine multi-dimensional extension of the CS formula. We shall call it ECS3.
2.3.2. Diagonal subcase. Let us particularize once more to the diagonal case, with c = 0,
which is quite important in practice and gives rise to simpler expressions. For the recurrence,
we have
21+s
−1/2
ζAp (s) = ζAp−1 (s) +
det Ap−1
(s)

(p−1)/2−s
(p−1)/4−s/2
× π (p−1)/2 a1
(s − (p − 1)/2) ζR (2s − p + 1) + 4π s a1
×

∞

 (p−1)/2−s

n

s/2−(p−1)/4
(mT A−1
p−1 m)

n=1 m∈Z p−1



×K(p−1)/2−s 2π n a1 mT A−1
m
.
p−1

(10)

As above, we can solve this ﬁnite recurrence and obtain the following simple and explicit
formula for this case:

p−1
21+s
−1/2
j/2−s
j/4−s/2
det Aj
ζAp (s) =
π j/2 ap−j (s − j/2) ζR (2s − j ) + 4π s ap−j
(s) j =0


∞
 j/2−s
t −1
s/2−j/4
t −1
×
n
(mj Aj mj )
Kj/2−s 2π n ap−j mj Aj mj
n=1 mj ∈Z j

(11)
with Ap = diag(a1 , . . . , ap ), Aj = diag(ap−j +1 , . . . , ap ), mj = (np−j +1 , . . . , np )T and ζR the
Riemann zeta function. Note again the fact that this and equation (9) are explicit expressions
for the multi-dimensional, generalized CS formula and, in this way, they go beyond any result
obtained previously. We name this formula ECS3d.
It is immediate to see that the term for j = 0 in the sum yields the last term, ζA1 (s), of the
recurrence, that is
+∞



ζA1 (s) =
np =−∞

a

p

2

n2p

−s

= 21+s ap−s ζR (2s).

(12)

It exhibits a pole, at s = 1/2, which is spurious—it is actually not a pole of the whole
function (since it cancels, in fact, with another one originating from the next term, with further
cancellations of this kind going on, each term with the next). Concerning the pole structure of
the resulting zeta function, as given by equation (11), it is not difﬁcult to see that only the pole
at s = p/2 is actually there (as it should be). It is in the last term, j = p − 1, of the sum, and
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it has the correct residue, namely


Res ζAp (s)

s=p/2

=

(2π )p/2
det Ap
(p/2)

−1/2

.

(13)

The rest of the apparent poles at s = (p − j )/2 are not such: they compensate among
themselves, one term of the sum with the next, adding pairwise to zero.
Summing up, this formula, equation (11), provides a convenient analytic continuation of
the zeta function to the whole complex plane, with its only simple pole showing up explicitly.
Aside from this, the ﬁnite part of the ﬁrst sum in the expression is quite easy to obtain, and
the remainder—an awful looking multiple series—is in fact an extremely fast-convergent sum,
yielding a small contribution, as happens in the CS formula. In fact, since it corresponds to the
case q = 0, this expression should be viewed as the extension of the original CS formula—for
the zeta function associated with an homogeneous quadratic form in two dimensions—to an
arbitrary number, p, of dimensions. The rest of the formulae above provide also extensions of
the original CS expression.
The general case of a quadratic + linear + constant form has been here thus completed.
As we clearly see, the main formulae corresponding to the three different subcases, namely
ECS1 equation (3), ECS2 equation (6) and ECS3 equation (9), are in fact quite distinct and
one cannot directly go from one to another by adjusting some parameters.
For the sake of completeness, we must mention the following. Notice that all cases
considered here correspond to having a non-identically-zero quadratic form Q. For Q
identically zero, that is, the linear + constant (or afﬁne) case, the formulae for the analytic
continuation are again quite different from the ones above. The corresponding zeta function
is called Barnes’ zeta function. This case has been throughly studied in [10].

3. Spectral zeta function for both scalar and vector ﬁelds on a spacetime with a
non-commutative toroidal part
We shall now consider the physical example of a quantum system consisting of scalars and
p
vector ﬁelds on a D-dimensional non-commutative manifold, M, of the form R1,d ⊗ Tθ (thus
p
D = d + p + 1). Tθ is a p-dimensional non-commutative torus, its coordinates satisfying the
usual relation: [xj , xk ] = iθ σj k . Here σj k is a real non-singular, antisymmetric matrix of ±1
entries, and θ is the non-commutative parameter.
This physical system has attracted much interest recently, in connection with M-theory
and with string theory [14–20], and also because of the fact that those are perfectly consistent
theories by themselves, which could lead to brand new physical situations. It has been shown,
in particular, that non-commutative gauge theories describe the low-energy excitations of open
strings on D-branes in a background Neveu–Schwarz two-form ﬁeld [14–16].
This interesting system provides us with a quite non-trivial case where the formulae
derived above are indeed useful. For one, the zeta functions corresponding to bosonic and
fermionic operators in this system are of a different kind, never considered before. Moreover,
they can be most conveniently written in terms of the zeta functions in the previous section.
What is also nice is the fact that a uniﬁed treatment (with just one zeta function) can be given
for both cases, the nature of the ﬁeld appearing there as a simple parameter, together with
those corresponding to the numbers of compactiﬁed, non-compactiﬁed and non-commutative
dimensions of the spacetime.
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3.1. Poles of the zeta function
The spectral zeta function for the corresponding (pseudo-) differential operator can be written
in the form [11]

(d+1)/2−s
(s − (d + 1)/2)
V

Q(n)(d+1)/2−s 1 + θ 2−2α Q(n)−α
(14)
ζα (s) =
(d+1)/2
(4π )
(s)
n∈Z p
p
2
where V = Vol (Rd+1 ), the volume of the non-compact part, and Q(n) =
j =1 aj nj , a
−1/2

diagonal quadratic form, being the compactiﬁcation radii Rj = aj . Moreover, the value
of the parameter α = 2 for scalar ﬁelds and α = 3 for vectors distinguishes between the two
different ﬁelds. In the particular case when we set all the compactiﬁcation radii equal to R,
we obtain

(d+1)/2−s
(s − (d + 1)/2)
V

ζα (s) =
I (n)(d+1)/2−s 1 + θ 2−2α R 2α I (n)−α
(d+1)/2
d+1−2s
(4π )
(s)R
n∈Z p
(15)

p

the quadratic form now being I (n) =
After some calculations, this zeta function can be written in terms of the Epstein zeta
function of the previous section, with the result
2
j =1 nj .

ζα (s) =

V
(4π )(d+1)/2

∞
l=0

(s + l − (d + 1)/2)
(−θ 2−2α )l ζQ,0,0 (s + αl − (d + 1)/2)
l! (s)

(16)

which reduces, in the particular case of equal radii, to
ζα (s) =

V
(4π )(d+1)/2 R d+1−2s

∞
l=0

(s + l − (d + 1)/2)
(−θ 2−2α )l ζE (s + αl − (d + 1)/2)
l! (s)
(17)

where we use here the notation ζE (s) ≡ ζI,0,0 (s); that is, the Epstein zeta function for the
standard quadratic form.
The pole structure of the resulting zeta function deserves a careful analysis. It differs,
in fact, very much from all cases that were known in the literature until now. This is
not difﬁcult to understand, from the fact that the pole of the Epstein zeta function at
s = p/2 − αk + (d + 1)/2 = D/2 − αk, when combined with the poles of the gamma
functions, yields a very rich pattern of singularities for ζα (s), on taking into account the
different possible values of the parameters involved. The pole structure is straightforwardly
found from the explicit expressions for the zeta functions in section 2.
Having already given the formula (16) above—that contains everything needed to perform
such a calculation of pole position, residua and ﬁnite part—for its importance for the calculation
of the determinant and the one-loop effective action from the zeta function, we will here start
by specifying what happens at s = 0. Remarkably enough, a pole appears in many cases
(depending on the values of the different parameters). This will also serve as an illustration
of what one has to expect for other values of s. The general case will be left for the following
section.
It is convenient to classify the different possible subcases according to the values of d and
D = d + p + 1. We obtain, at s = 0, the pole structure given in table 1.
In table 1, l is the summation index in equation (16). The appearance of a pole of the zeta
function ζα (s), for both values of α, at s = 0 is, let us repeat, an absolute novelty, bound to
have important physical consequences for the regularization process. It is necessary to observe
that this fact is not in contradiction with the well known theorems on the pole structure of an
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Table 1. Pole structure of the zeta function ζα (s), at s = 0, according to the different
˙ means multiple of 2α).
possible values of d and D (2α

For d = 2k

For d = 2k − 1

˙
if D = 2α
˙
if D = 2α

⎧
˙
⎪
⎪
if D = 2α
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎩ if D = 2αl

⇒

ζα (0) = 0

⇒


ζα (0) = ﬁnite.



ﬁnite
0

for l  k
for l > k

pole
ﬁnite

for l  k
for l > k


⇒ ζα (0) = ﬁnite

⇒ ζα (0) = pole.

(elliptic) differential operator [21]. The situation that appears in the non-commutative case is
completely different. (i) To begin with, we no longer have a standard differential operator, but
a strictly pseudodifferential one, from the beginning. (ii) Moreover, the new spectrum is not
perturbatively connected (for θ → 0) with the corresponding one for the commutative case.
3.2. Explicit analytic continuation of ζα (s), α = 2, 3, in the complex s plane
Substituting the corresponding formula, from the preceding section, for the Epstein zeta
functions in equation (16), we obtain the following explicit analytic continuation of ζα (s)
(α = 2, 3), for bosonic and fermionic ﬁelds, to the whole complex s plane:
∞
(s + l − (d + 1)/2)
2s−d V
−1/2
det Aj
(−2α θ 2−2α )l
(2π )(d+1)/2 (s) l=0 l! (s + αl − (d + 1)/2)
j =0

−s−αl+(d+j +1)/2
× π j/2 ap−j
(s + αl − (d + j + 1)/2)ζR (2s + 2αl − d − j − 1)
p−1

ζα (s) =

∞

−(s+αl)/2−(d+j +1)/4

+4π s+αl−(d+1)/2 ap−j

 (d+j +1)/2−s−αl

n

n=1 mj ∈Z j




(s+αl)/2−(d+j +1)/4
t −1
2π
n
.
× mtj A−1
m
K
a
m
A
m
j
(d+j +1)/2−s−αl
p−j j j
j
j
(18)
As discussed in the previous section in detail, the non-spurious poles of this zeta function
are to be found in the terms corresponding to j = p − 1. With the knowledge we have gained
from the analytical continuation of the Epstein zeta functions in section 2, the ﬁnal analysis can
be here completed at once. Note that the situation here corresponds to the case of section 2.3.2,
namely, the diagonal case with c1 = · · · = cp = q = 0.
To be remarked again is that what we have in the end, by using our method, is an
exponentially fast-convergent series of Bessel functions together with a ﬁrst, ﬁnite part, where
a pole (simple or double, as we shall see) may show up, for speciﬁc values of the dimensions
of the different parts of the manifold, depending also on the nature (scalar versus vectorial) of
the ﬁelds (the value of α, see table 1 and equation (18)).
To summarize the discussion at the end of section 2, the pole structure of equation (18) is
in fact best seen from equation (16) (for s = 0 it has been analysed in table 1 already). For
a ﬁxed value of the summation index l, the contribution to the only pole of the zeta function
ζE (s + αl − (d + 1)/2), at s = D/2 − αl, comes from the last term of the j sum only, namely
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Table 2. General pole structure of the zeta function ζα (s), according to the different possible values
of D and p being odd or even. In italics, the type of behaviour corresponding to lower values of l
is quoted, while the behaviour shown in roman characters corresponds to larger values of l.

p odd
p even

D even

D odd

(1a) pole/ﬁnite (l  l1 )
(1b) double pole/pole (l  l1 , l2 )

(2a) pole/pole
(2b) pole/double pole (l  l2 )

from j = p − 1. It is easy to check that it yields the corresponding residuum (13). This
corresponds to the second sum in equation (18). Combined now with the poles of the gamma
functions, and taking into account the ﬁrst series in l, this yields the following expression for
the residua of the zeta function ζα (s) at the poles s = D/2 − αl, l = 0, 1, 2, . . .

2−2α l

) (p/2 + (1 − α)l)
2p/2−d π (p−d−1)/2 V
−1/2 (−θ
det Ap
=
Res ζα (s)
(p/2)
l!
(D/2 − αl)
s=D/2−αl
l = 0, 1, 2, . . . .
(19)
Actually, depending on D and p being even or odd, completely different situations arise, for
different values of l: from the disappearance of the pole, giving rise to a ﬁnite contribution,
to the appearance of a simple or a double pole. We shall distinguish four different situations
and, to simplify the notation, we will denote by U the whole factor in the expression (19)
for the residuum, that multiplies the last fraction of two gamma functions (in short, Res ζα =
U 1 / 2 ).
(1) For D − 2αl = −2h, h = 0, −1, −2, . . .
(a) for p/2 + (1 − α)l = 0, −1, −2, . . . ⇒ ﬁnite,
Res ζα = −h! U (p/2 + (1 − α)l);
(b) for p = 2(α − 1)l − 2k, k = 0, −1, −2, . . . ⇒ pole,
Res ζα = (h!/k!) U .
(2) For D − 2αl = −2h, h = 0, −1, −2, . . .
(a) for p/2 + (1 − α)l = 0, −1, −2, . . . ⇒ pole,
Res ζα = U (p/2 + (1 − α)l)/ (D/2 + αl);
(b) for p = 2(α − 1)l − 2k, k = 0, −1, −2, . . . ⇒ double pole,
Res ζα = (−1/k!) U / (D/2 + αl).
Note that we here just quote the generic situation that occurs for l large enough in each case.
For instance, if p = 2 a double pole appears for l = 1, 2, . . . . For p = 4, a double pole
appears for l = 1, 2, . . . if α = 3, but only for l = 2, 3, . . . if α = 2. For p = 6, a double
pole appears for l = 2, 3, . . . if α = 3, but only for l = 3, 4, . . . if α = 2, and so on. The
case with both D and p even (which implies d odd) is the most involved one. For p = 2
and D = 4, for instance, there is a transition from a pole for l = 0 corresponding to the
zeta-function factor, to a pole for l = 1 and higher, corresponding to the gamma function in
the numerator (the compensation of the pole of the zeta-function factor with the one from the
gamma function in the denominator prevents the formation of a double pole). In any case, the
explicit analytic continuation of ζα (s) given by equation (18) contains all the information one
needs for calculating the poles and corresponding residua in a straightforward way.
The pole structure can be summarized as in table 2.
An application of these formulae to the calculation of the one-loop partition function
corresponding to quantum ﬁelds at ﬁnite temperature, on a non-commutative ﬂat spacetime,
will be given elsewhere [22].
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The Casimir energy corresponding to a massive scalar ﬁeld with Dirichlet boundary conditions on a spherical surface is obtained. The ﬁeld is considered, separately, inside and outside the surface. The renormalization
procedure that is necessary to apply in each situation is studied in detail, in particular, the differences occurring
with respect to the case when the ﬁeld occupies the whole space. The ﬁnal result contains several constants that
experience renormalization and can be determined only experimentally. The nontrivial ﬁnite parts that appear
in the massive case are found exactly, providing a precise determination of the complete, renormalized zeropoint energy for the ﬁrst time. 关S0556-2821共97兲04220-3兴
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1
This could be expected because the Casimir force between plates
was shown to be the same as the force resulting from the retarded
共always attractive兲 van der Waals forces between the atoms of the
plates.

massless ﬁelds 共e.g., in 关19,20兴兲. In the case of massive ﬁelds
a number of new features as additional divergences 关21兴 occurs which call for a systematic renormalization procedure
关22兴.
For massless fermions the zero-point energy was considered in 关19,20兴. The massless fermionic ﬁeld inside and outside the spherical surface was analyzed in 关20兴. In the last
case, a cancellation of divergences between the inner and
outer spaces occurs and ﬁnite zero-point energies are found.
Considering only the inner space, divergences appear and it
is necessary to introduce contact terms and perform a renormalization of their coupling. The case of a D-dimensional
sphere has been investigated in 关23兴. Results for the massive
fermionic ﬁelds contain new ultraviolet-divergent terms in
addition to those occurring in the massless case, as has been
discussed in 关21兴. Further considerations, especially on the
renormalization procedure necessary in order to carry out
these calculations, and on its precise interpretation, can be
found in 关22兴.
In nearly all of the mentioned works the authors have
used a Green’s function approach in order to calculate the
zero-point energy. An exception is Ref. 关22兴, where, in the
general setting of an ultrastatic spacetime with or without
boundaries, a systematic procedure which makes use of zeta
function regularization was developed 共see also 关24兴兲. In this
approach, a knowledge of the zeta function of the operator
associated with the ﬁeld equation together with 共eventually兲
some appropriate boundary conditions is needed. Recently, a
detailed description of how to obtain the zeta function for a
massive scalar ﬁeld inside a ball satisfying Dirichlet or
Robin boundary conditions has been given by some of the
authors 关25,26兴 of the present work. An analytical continuation to the whole complex plane has been obtained and then
applied to ﬁnd an arbitrary number of heat-kernel coefﬁcients. In the ensuing Refs. 关27,28兴 the functional determinant has been considered too and, furthermore, the method
has been also applied to spinors 关29,30兴 and p-forms 关31,32兴.
For an alternative approach involving scalars and spinors see
also the developments in 关33兴. All the above considerations
yield purely analytical and quite explicit formulas. In order
to actually obtain values for the Casimir energy, however, a

0556-2821/97/56共8兲/4896共9兲/$10.00
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I. INTRODUCTION

Calculations of Casimir energy in spherically symmetric
situations have attracted the interest of physicists for well
over forty years now. This is not strange, since in many
contexts the inclusion of quantum ﬂuctuations about semiclassical conﬁgurations turns out to be essential. Historically
a ﬁrst far reaching idea involving vacuum energies originated with Casimir himself. He proposed that the force stabilizing a classical electron model arises from the zero-point
energy of the electromagnetic ﬁeld within and without a perfectly conducting spherical shell 关1兴. Having found an attractive force between parallel plates due to the vacuum energy
关2兴, the hope was that the same would occur for the spherically symmetric situation.1 Unfortunately, as Boyer 关3兴 ﬁrst
showed, for this geometry the stress is repulsive 关4,5兴. Nowadays it is known that the Casimir energy depends strongly on
the geometry of the space-time and on the boundary conditions imposed. This is still a very active ﬁeld of research
because a satisfactory understanding of the behavior has not
yet been found. For a number of results obtained in the last
ten years see for instance 关6–8兴.
Actual interest in the Casimir effect results from a considerable improvement of the experimental veriﬁcation 关9兴 as
well as from its possible relevance to sonoluminescence 共see,
however, 关10兴.兲 A different source of interest results from the
MIT bag model in QCD 关11–14兴. In this connection there
had been a number of calculations for the spherical geometry
共see 关15–18兴兲, but they are still not completed, for instance
for massive quark ﬁelds.
The Casimir effect was considered up to now mostly for

*Electronic address: bordag@qft.physik.uni-leipzig.d400.de
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‡
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numerical integration had to be performed. This has been
done in different cases, in particular for the massless scalar
and electromagnetic ﬁelds 关34兴, partly reobtaining previous
results.
Here we will consider the massive scalar ﬁeld inside and
outside the spherical surface, separately. We will discuss in
detail the renormalization procedure which is necessary to
apply in this situation and, speciﬁcally, the differences occurring with respect to the case when one assumes that the
ﬁeld occupies the whole space. The ﬁnal result for the zeropoint energy contains several constants which experience
renormalization and whose physical values can be determined only experimentally. However, for the massive
ﬁeld—as is clear from dimensional grounds—nontrivial ﬁnite parts which depend on a dimensionless variable involving the mass are present, and we will, in this case, be able to
ﬁnd here for the ﬁrst time the complete, renormalized zeropoint energy.
The aim of this paper is to perform the ﬁrst complete
共including numbers, respectively, plots兲 calculation of the
Casimir energy for a massive ﬁeld 共whereby we restrict ourselves to a scalar ﬁeld obeying Dirichlet boundary conditions兲 in the spherical geometry. As it turns out this allows
for a number of conclusions concerning the normalization
conditions and the interpretation of the effect itself 关especially backwards for the massless case in model 共i兲 below兴 as
well as it adds a new piece to the puzzle on the sign. In
addition the present calculation should serve as a guideline
for work on more realistic models.
The organization of the paper is as follows. In Sec. II we
describe in detail the models considered and the regularization and renormalization procedure employed. In Sec. III we
summarize brieﬂy the formulas that are needed in the subsequent study of the zeta function of the problem at hand. We
shall start with the scalar ﬁeld inside the ball. Some additional considerations are necessary because the representation given in the previous articles 关25,26兴 was only applicable when the mass of the ﬁeld is m⭐1. Here we will
derive formulas which are valid for arbitrary mass and very
useful for numerical evaluations. All divergences and ﬁnite
parts of the zero-point energy are calculated and its renormalization is performed with some care. The explicit dependence of the ﬁnite part in the mass is determined numerically. Afterwards, the exterior space is considered and a
corresponding analysis is performed for this situation. Adding up both contributions, we see clearly how the divergences cancel among themselves as well as the inﬂuence of
this cancellation on the compulsory renormalization process.
Section IV is devoted to conclusions. The appendix contains
some hints and technical details that are used in the derivation of the zeta function for the nonzero mass case.

共 䊐⫹m 2 兲  共 x 兲 ⫽0,

共2兲

as well as suitable boundary conditions on the surface ensuring self-adjointness of the corresponding elliptic operator on
perturbations. We choose Dirichlet boundary conditions as
the easiest to handle. The quantum ﬁeld has a ground state
energy
E 0 ⫽ 12

冑 共 k 兲 ,
兺
共k兲

共3兲

where the 冑 (k) ’s are the one-particle energies with the
quantum number k.
For this system we shall consider three models, which
will behave in a different way. These models consist of the
classical part given by the surface and 共i兲 the quantized ﬁeld
in the interior of the surface, 共ii兲 the quantized ﬁeld in the
exterior of the surface, and 共iii兲 the quantized ﬁeld in both
regions together, respectively.
The ground state energy is divergent and we shall regularize it by
E 0⫽

1
共  共 k 兲 兲 1/2⫺s  2s ,
2 共k兲

兺

Rs⬎2,

共4兲

where  is the known arbitrary parameter with the dimension of mass prescribed by the regularization and introduced
in order to get the correct dimension for the energy. The one
particle energies 冑 (k) are determined by the eigenvalue
equation
共 ⫺⌬⫹m 2 兲  共 k 兲 共 x 兲 ⫽ 共 k 兲  共 k 兲 共 x 兲 ,

共5兲

together with Dirichlet boundary conditions on the surface

 共 k 兲 共 x 兲 兩 兩 x 兩 ⫽R ⫽0.

共6兲

For the ﬁeld in the interior, the meaning of  (k) is obvious:
(k)⫽(l,m,n),  (l,m,n) ⫽ 冑 j 2l⫹1/2,n /R 2 ⫹m 2 , J l⫹1/2 ( j l⫹1/2,n )
⫽0.
For the calculations we use the corresponding zeta function:

共 s 兲⫽

⬁

The physical system that we will consider consists of two
parts.
共1兲 A classical system consisting of a spherical surface
共‘‘bag’’兲 of radius R. Its energy reads
h
,
R

where V⫽ 43  R 3 and S⫽4  R 2 are the volume and surface,
respectively. This energy is determined by the parameters
p⫽pressure,  ⫽surface tension, and F, k, and h which do
not have special names.
共2兲 A quantized ﬁeld ˆ (x) whose classical counterpart
obeys the Klein-Gordon equation

 共⫺s
兺
k兲 .
共k兲

共7兲

In the interior region, we have

II. DESCRIPTION OF THE MODEL
AND ITS RENORMALIZATION

E class⫽ pV⫹  S⫹FR⫹k⫹

4897

共1兲

 共 int兲 共 s 兲 ⫽

⬁

兺兺

l⫽0 n⫽0

共 2l⫹1 兲  共⫺s
l,m,n 兲 .

共8兲

For the exterior zeta function  (ext) (s) we must take into
account that the radial quantum number is continuous. We
have to subtract the Minkowski space contribution. This procedure is well known 共see, for example, 关35兴兲 and need not
be repeated here. In the case of the third model we take the
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B 共0int兲 ⫽ 34  R 3 ,

spectrum as the union of the spectra of the ﬁrst two models
and we simply add the interior and the exterior zeta functions: namely,

 共 total兲 共 s 兲 ⫽  共 int兲 共 s 兲 ⫹  共 ext兲 共 s 兲 .

E 共0mod兲 ⫽ 12  共 mod兲 共 s⫺ 21 兲  2s ,

共10兲

where ‘‘mod’’ means the model: ‘‘int,’’ ‘‘ext’’, or ‘‘total.’’
Let us note that the regularized energy of the third model is
just the sum of the regularized energy of the ﬁrst two models.
The divergent contributions of the ground state energy
can be found most easily using standard heat kernel expansion
K共 t 兲⫽

e
兺
共k兲

⫺ 共 k 兲 t

冉 冊

1
⬃
4t

e

⫺tm 2

兺

B jt ,

t→0 ⫹ ,

共11兲

冕

共12兲

1
⌫共 s 兲

⬁

0

dtt s⫺1 K 共 t 兲 ,

where we have to take into account that, in the presence of a
boundary, coefﬁcients with half integer numbers are nonzero. As is well known and can be easily found from the
above formulas, in order to obtain the contribution of the ﬁrst
ﬁve coefﬁcients B i (i⫽0, 21 ,1, 32 ,2), one cannot simply put s
⫽⫺ 21 under the sign of the integral in  (s), respectively, s
⫽0 in the energy, because this leads to a divergent integral
coming from the lower integration bound. An appropriate
analytical continuation is required. We will call the corresponding contribution to the energy E 0(div) . It reads

冋
冋

冉 冊册
冉 冊册
冋 冉 冊册

1 1
42
⫺ ⫹ln
E 0 共 div兲 ⫽⫺
B
2 0 s
2
64
m2
m4

1
42
⫺1⫹ln
⫹
B
1
s
32 2
m2
m2

⫺

1
32

B
2 2

1
42
⫺2⫹ln
s
m2

⫺

⫹

m3
24 3/2

B 共i ext兲 ⫽⫺B 共i int兲 ,

16 3/2
.

i⫽ 21 , 23 , . . . ,

共14兲

i⫽0,1,2, . . . .

共15兲

In order to perform the renormalization we choose as general scheme the following: all contributions of the heat kernel coefﬁcients which can lead to divergences in some regularization have to be subtracted by means of a
renormalization of the corresponding parameters in the classical part of the system. Thus, we have in each of the ﬁrst
two models ﬁve divergent contributions. In the third model
we note that, in accordance with Eq. 共9兲,

and owing to the known cancellation of divergent contributions, which is in fact due to Eq. 共15兲, only two of them
remain.
As physical system we will consider the classical part and
also the ground state energy of the quantum ﬁeld together,
and write, for the complete energy,
E⫽E 共 class兲 ⫹E 0 .

p→ p⫿

冋

冉 冊册
冋 冉 冊册
冋 冉 冊册

1 1
42
⫺
⫹ln
64 2 s 2
m2
m4

F→F⫾

B 1/2

B 3/2

共13兲

A remark is here in order. The zeta functional regularization
used leaves the contributions of the coefﬁcients with half
integer index ﬁnite in the limit s→0. This is a speciﬁc feature of the regularization, often much appreciated. However,
in other regularizations, as for example the proper time cutoff 关22兴, these contributions are divergent. Equation 共13兲
then contains all contributions of the regularized zero point
energy which will experience renormalization.
The heat kernel coefﬁcients needed in Eq. 共13兲 are well
known 共see for instance 关36兴兲. For the interior region,

共16兲

In this context the renormalization can be achieved by shifting the parameters in E (class) by an amount which cancels the
divergent contributions and removes completely the contribution of the corresponding heat kernel coefﬁcients. In the
ﬁrst two models, we have

m2 1
42
⫺1⫹ln
12 s
m2

h→h⫾
m

16 
.
315 R

兲
共 int兲
共 ext兲
E 共0div
共 total兲 ⫽E 共 div兲 ⫹E 共 div兲 ,

by means of

共 s 兲⫽

B 共i ext兲 ⫽B 共i int兲 ,

j

j⫽0,1/2,1, . . .

B 共2int兲 ⫽

B 共1int兲 ⫽ 38  R,

In the exterior region,

⬁

3/2

int兲
B 共1/2
⫽⫺2  3/2R 2 ,

int兲
B 共3/2
⫽⫺ 61  3/2,

共9兲

This means that the interior and exterior region are independent one from the other.
In any case the regularized ground state energy is given
by

56

,

,

→⫹

m3
,
48

k→k⫺

m
,
96

1 1
42
⫺2⫹ln
630 s
m2

共17兲

,

where the upper sign corresponds to the ﬁrst model and the
lower sign to the second. In the third model there are only
two contributions, which are divergent in some regularizations. The renormalization reads

→⫹

m3
,
24

k→k⫺

m
.
48

共18兲

Within the method of zeta function regularization this is a
ﬁnite renormalization.
After the subtraction of these contributions from E 0 we
denote it by E (ren)
⫽E 0 ⫺E (div)
and the complete energy be0
0
comes
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In our renormalization scheme, we have deﬁned a unique
renormalized ground state energy E (ren)
. Often, the renor0
malization arbitrariness is removed by imposing some normalization conditions. In this case a natural candidate would
vanishes for R→⬁. This is
be the requirement, that E (ren)
0
certainly fulﬁlled in our case. However, such a requirement
does not ﬁx completely the renormalization in the ﬁrst two
models, since a ﬁnite renormalization of h is still possible.
With respect to this renormalization there is a qualitative
difference between the ﬁrst two and the third model. In the
latter one some divergences have been canceled when adding
up the contributions from the interior and exterior regions.
The corresponding terms in the classical energy do not need
to be renormalized. In general, as mentioned in 关22兴 and
much earlier in connection with the renormalization of QED,
those contributions which need renormalization are not of
quantum nature, but have to be present in the classical part of
the system and are to be determined from outside 共like the
electron mass and charge in QED兲 or by the dynamics of the
classical part. For example, in the bag model one has to look
for a minimum of the complete energy while varying these
parameters. The contributions which do not need
renormalization—like the one resulting from B 0 , B 1 , or B 2 in
the third model—may be absent in the classical part and can
be considered as pure quantum contributions. In this sense
the third model contains only two classical parameters ( 
and k).
Having in mind that only the complete energy has physical meaning, a change of the normalization conditions—
respectively, a ﬁnite renormalization—would be equivalent
to a change of the classical parameters and should not inﬂuence issues like that of ﬁnding a minimum of the complete
energy by varying the parameters of the classical part.
Special remarks are in order for the case of a massless
quantum ﬁeld. There, only contributions from B 2 remain
共one performs the limit m→0 in the regularized expressions,
the B i ’s are proportional to m 4⫺2i ). In the third model these
contributions are ﬁnite and can be considered as pure quantum corrections. They yield, together with the ﬁnite contributions 共cf. the quantity N in the next section兲, the known
1/R contributions to the Casimir energy for a sphere and a
massless ﬁeld with various boundary conditions. However,
in the models 共i兲 and 共ii兲 the B 2 contribution is divergent and
the corresponding 1/R term in the energy must be considered
as a classical contribution. Thus, in these cases the ground
state energy for a massless ﬁeld can be removed by a ﬁnite
renormalization and the energy of the system remains formally the classical one. In this sense there is no Casimir
effect. The same is true in the presence of a thick spherical
shell 共interior and exterior regions are separated by a ﬁnite
distance, with no quantum ﬁeld兲, because here no cancellation between interior and exterior modes occurs.
Similar remarks hold not only for a spherical surface, but
also for an arbitrarily shaped one. For the inﬁnitely thin surface a cancellation between interior and exterior modes does
occur, while if it has a ﬁnite thickness this is not true anymore.

4899

zero-point energy is to perform a convenient analytical treatment of the zeta function 共8兲. A precise way to obtain an
analytical continuation of  (s) to s⫽⫺1/2 has been described in 关25,26兴 in detail, what allows us to be brief here.
We may write the zeta function for the interior space in the
form
3

 共 int兲 共 s 兲 ⫽N 共 int兲 共 s 兲 ⫹

兺

i⫽⫺1

共20兲

A i共 s 兲 ,

where the A i ’s are the contributions of the ﬁrst ﬁve terms of
the uniform asymptotic expansion of the modiﬁed Bessel
functions as  →⬁ and k→⬁, with  /k ﬁxed. It is sufﬁcient
to subtract these ﬁve contributions in order to absorb all
possible divergent contributions. A higher number of subtractions is possible in order to speed up the convergence of
the remaining numerical expressions. We have called N the
zeta function where all these asymptotic terms have been
subtracted:
⬁

N 共 int兲 共 s 兲 ⫽

sin共  s 兲
共 2l⫹1 兲
 l⫽0
⫻

冋

兺


lnI  共  x 兲 ⫺ln
x

冕

冉

⬁

mR/ 

dx

冋冉 冊 册
x
R

2

⫺s

⫺m 2

e 

冑2  共 1⫹x 2 兲 1/4

册

冊

1
1
1
⫺ D 1共 t 兲 ⫺ 2 D 2共 t 兲 ⫺ 3 D 3共 t 兲 ,




共21兲

being t⫽1/冑1⫹x 2 and  ⫽ 冑1⫹x 2 ⫹ln关x/(1⫹冑1⫹x 2 ) 兴 . In
this formula the parameter s can be put equal to ⫺1/2 under
the integration and summation signs. The evaluation of
N(1/2) is the remaining numerical task. The polynomials D i
are
1

D 1共 t 兲 ⫽

兺

a⫽0

5
1
x 1,a t 1⫹2a ⬅ t⫺ t 3 ,
8
24

2

D 2共 t 兲 ⫽

1

3

D 3共 t 兲 ⫽

3

5

兺 x 2,a t 2⫹2a ⬅ 16 t 2 ⫺ 8 t 4 ⫹ 16 t 6 ,
a⫽0
25

531

221

共22兲

1105

兺 x 3,a t 3⫹2a ⬅ 384 t 3 ⫺ 640 t 5 ⫹ 128 t 7 ⫺ 1152 t 9 ,
a⫽0

and, in terms of their coefﬁcients, x i,a , the functions A i (s)
are given by
A ⫺1 共 s 兲 ⫽

R 2s

⬁

兺
2 冑 ⌫ 共 s 兲 j⫽0

⌫ 关 j⫹s⫺ 共 1/2兲兴
共 ⫺1 兲 j
共 mR 兲 2 j
j!
s⫹ j

⫻  H 共 2 j⫹2s⫺2;1/2兲 ,
⬁

A 0 共 s 兲 ⫽⫺

III. CALCULATION OF THE GROUND STATE ENERGY

First we consider the interior case. As it is easily seen
from Eq. 共4兲, the task that remains for the evaluation of the
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R 2s
共 ⫺1 兲 j
共 mR 兲 2 j ⌫ 共 s⫹ j 兲
2⌫ 共 s 兲 j⫽0 j!

兺

⫻  H 共 2 j⫹2s⫺1;1/2兲 ,

共23兲
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FIG. 1. Plot of the renormalized vacuum energy E ren
0 measured
in units of the inverse of the radius.

56

FIG. 2. Plot of the renormalized vacuum energy E ren
0 measured
in units of the mass. The plot has been restricted to a domain around
the maximum value.

⬁
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2R 2s
共 ⫺1 兲 j
共 mR 兲 2 j  H 共 ⫺1⫹i⫹2 j
⌫ 共 s 兲 j⫽0 j!

兺
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.
⌫ 关 a⫹ 共 i/2兲兴

3

with

兺 共 ⫺1 兲 i A i共 s 兲 ,
i⫽⫺1

兺

⫻

It is easy to see that the above series are convergent for
兩 mR 兩 ⭐1. Alternative representations valid for arbitrary values of mR are derived in the Appendix. Using the above
formulas, or alternatively, the ones given in the Appendix,
we can perform the renormalization and calculate the renormalized ground state energy numerically. The result for the
ground state energy is shown in Fig. 1 for R⫽1 as a function
of m. For very small values of the argument, mR, the function goes to a ﬁnite, negative value 共remember that we are
plotting RE (ren)
, not E (ren)
), whereas for large values of the
0
0
argument the function goes to zero.
The dependence of E ren
0 on the radius for ﬁxed mass is
depicted in Fig. 2. This plot also exhibits a maximum for
mR⯝0.023, and here we have restricted the domain to a
region around it.
The zero-point energy in the exterior of the spherical surface can be calculated in a much similar manner. Indeed,
only a few changes are necessary. Subtracting the
Minkowski space zeta function from the zeta function associated with the ﬁeld outside the surface, the starting point
here reads

 ext共 s 兲 ⫽N ext共 s 兲 ⫹

sin共  s 兲
共 2l⫹1 兲
 l⫽0

共24兲

冋


lnK  共  x 兲 ⫺ln
x

冕

冉

⬁

mR/ 

dx

冋冉 冊 册
x
R

2

冑 e ⫺  
冑2  共 1⫹x 2 兲 1/4

册

1
1
1
⫹ D 1共 t 兲 ⫺ 2 D 2共 t 兲 ⫹ 3 D 3共 t 兲 .




⫺s

⫺m 2

冊

共25兲

As is clear, one just needs to substitute the Bessel function
K  for I  . The asymptotic contributions, as compared with
those for the interior space, get an alternating sign coming
from the asymptotics of the Bessel function K  —which exhibit this sign when compared with those of the function I 
共see Ref. 关37兴兲. By construction, N ext(s) is ﬁnite at s⫽
⫺1/2. The results for A i (s⫽⫺1/2) are given in the Appendix. They are the same as in the previous case. Again, the
renormalized ground state energy can be calculated. The result is shown in Fig. 3. It is apparent that the slope is always
negative and that the plot always gives positive values. It is
clear that, had we plotted the same quantity in units of the
mass, a curve with both these properties would have been
obtained too. In particular, it would not develop a maximum
as the one observed for the interior case.
In the case of the third model, i.e., for the quantum ﬁeld
extending to both regions altogether, we just have to add the
two results above. As shown in Fig. 4, there is an interval
where the slope is positive. This would seem to leave open
the possibility, that a plot in units of the mass could exhibit a
maximum. We have carefully investigated this possibility,
but the answer is negative. In other words, such alternative
plot is always monotonically decreasing.
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FIG. 3. Plot of the renormalized vacuum energy in units of the
inverse of the radius.
IV. CONCLUSIONS

In this paper we have developed a systematic approach to
the calculation of the Casimir energy of a massive ﬁeld
obeying Dirichlet boundary conditions on a spherical surface. The models corresponding to the quantum ﬁeld conﬁned to the interior and to the exterior regions of the surface,
respectively, have been discussed separately, and the differences in the renormalization of these models with respect to
the case where the ﬁeld is present in the whole space have
been investigated in detail.
Figures 1–4 show the quantum contribution to the renormalized ground state energy. This quantum ground state energy of the interior region exhibits a maximum for variable
radius and ﬁxed mass, as is clear from Fig. 2. Thus, we may
say that if the surface is small enough, the quantum part of
the vacuum energy induces an attractive force. We would

FIG. 4. The renormalized vacuum energy represented in units of
the inverse of the radius.
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like to remark that the appearance of this attractive force is
sensitive to the normalization conditions chosen. For instance, it can be removed by performing a suitable ﬁnite
renormalization of h 关cf. formula 共17兲兴. Here the consideration of a massive ﬁeld allows for a physical justiﬁcation of
the normalization prescription chosen. The point is that the
complete subtraction of the contributions resulting from the
corresponding heat kernel coefﬁcients 关as it is done by
means of 共17兲兴 automatically removes all contributions
which do not vanish in the inﬁnite mass limit. But the latter
is a physically reasonable requirement—a ﬁeld with inﬁnite
mass should not produce quantum effects.
The appearance of attractive forces in this kind of situation is not new, however, and has been found also when
dealing with spinors 关19兴 and with the electromagnetic ﬁeld
on a dielectric cylinder 关38兴.
Our analysis presents the ﬁrst complete treatment of the
massive Casimir effect in the presence of nonplanar boundaries and it shows speciﬁc properties not encountered before.
If one considers planar boundaries, the only case completely
solved up to now 共see, i.e., 关8兴兲, for the range mRⰇ1 the
Casimir energy is exponentially small and thus of very short
range. This is due to the vanishing extrinsic curvature of
planar boundaries.
In our case the above remarks do not hold anymore. Using Eq. 共11兲 in Eq. 共12兲 one easily obtains the asymptotic
series for m→⬁ of  (s) in the form

共 s 兲⫽

1

⬁

兺

共 4  兲 3/2⌫ 共 s 兲 j⫽0,1/2,1, . . .

⌫ 共 s⫹ j⫺3/2兲 B j m 3⫺2 j⫺2s .
共26兲

The contributions coming from j⫽0,1/2,1,3/2,2 were involved in the renormalization procedure 共see Sec. II兲, the
remaining ﬁnite pieces behave like 1/m. These pieces are
present due to the nonvanishing of the higher coefﬁcients
B j , j⫽5/2,3, . . . , which is a result of the nonvanishing extrinsic curvature in our example. For that reason, in general
one cannot say that the Casimir force for the massive case is
of very short range or that the contributions due to the mass
are negligibly small compared to the massless case. These
comments may all be realized in Figs. 1 to 4 of our paper.
A remark must be added. Having in mind a Greens function treatment of the considered problem and methods like
the multireﬂection expansion of the Greens function, one
would expect that the Casimir energy is exponentially small
for large masses. How this is related to the global calculation
presented here should be clariﬁed by an investigation of the
local energy density.
Robin boundary conditions can be treated in complete
analogy, as has been described in detail in Refs. 关26–28兴.
Also the interior and exterior regions can be considered separately, and adding up the contributions coming from each
region the same cancellation of divergences appear. The
ground state energy of the electromagnetic ﬁeld subject to
superconductor boundary conditions 共i.e., vanishing normal
component of the magnetic ﬁeld and vanishing tangential
component of the electric ﬁeld兲 is the sum of the ground state
energy of two scalar ﬁelds satisfying, respectively, Dirichlet
boundary conditions and Robin boundary conditions 共TE and
TM modes兲. The B 1/2 heat kernel coefﬁcient has opposite
sign for Dirichlet and Robin boundary conditions, what leads
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to a partial cancellation of divergences between the TE and
TM modes 共in the massive case兲. Doing the same kind of
calculation as the one presented here and taking the massless
limit, previous results are reobtained 关4,5兴, what provides a
further check of the procedure.
Along the same lines, it would be interesting to perform
the calculations for higher spin ﬁelds and to apply the results
to realistic physical models, as the MIT bag model for instance. Furthermore, in complete analogy, the case of two
concentric spherical shells can be treated with our method
too.

A 1⫺1 共 s, ␦ 兲 ⫽⫺
⫻
⫻
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And adding up Eqs. 共A4兲 and 共A5兲 yields
A ⫺1 共 s 兲 ⫽

R
2 冑 ⌫ 共 s 兲
⫻

共A2兲

where the Mellin integral representation for the single factors
has been used. As we see, the ␤ integral is well deﬁned.
Introducing a regularization parameter ␦ , A ⫺1 (s) can then be
written as
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of which we need the analytical continuation to s⫽⫺1/2.
With the substitution t⫽(x  /R) 2 ⫺m 2 , this expression results in the following one:
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Let us proceed with the remaining pieces. In A 1⫺1 (s, ␦ ) one
of the integrations can be done, yielding

APPENDIX: REPRESENTATIONS
FOR THE ASYMPTOTIC CONTRIBUTIONS
INSIDE THE SURFACE
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In this appendix we derive explicit representations of the
A i (s), i⫽⫺1, . . . ,3 关see Eq. 共23兲兴, which are valid for arbitrary mR. Let us start with A ⫺1 (s), which is actually the
most difﬁcult piece to treat. Instead of Eq. 共23兲, one may use
the representation 关25,26兴
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2 1/2⫺s

, 共A6兲

a form suited for the treatment of the angular momentum
sum.
To perform the summation over l, we will use
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1⫹e 2 

,

共A7兲

where ⑀ →0 is understood and appropriate analytic properties of the function f (  ) are assumed. When expanding the
function f (  ) in a Taylor series, one arrives at the well
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known Euler-Maclaurin summation formula 共a thorough
treatment of the Euler-Maclaurin summation formula can be
found in Ref. 关39兴兲.
In order to get the Casimir energy we will need only the
expansion of A ⫺1 (s) around s⫽⫺1/2. Using Eq. 共A7兲 one
ﬁnds, after a lengthy calculation,
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This provides the immediate continuation of the sums to s
⫽⫺1/2. In fact, the inﬁnite sum is convergent and in the
Hurwitz zeta function the analytical continuation to s⫽
⫺1/2 is easily performed. All pieces in A i , i⫽1,2,3 have a
similar aspect and may be treated in the same way. Thus 共we
just write down the results兲
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For the remaining A i ’s we proceed in a different way. Let us
explain the method using one of the contributions of A 1 (s),
say
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All other A i (s) can be treated in a much easier way. As a
starting point for A 0 (s) we choose 关25,26兴
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2 ⫺4

⫺1 .

This completes the list of expressions necessary for the
analysis of the massive scalar ﬁeld inside the surface with
Dirichlet boundary conditions.
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Abstract. The vacuum energies corresponding to massive Dirac ﬁelds with the boundary
conditions of the MIT bag model are obtained. The calculations are carried out with the ﬁelds
occupying the regions inside and outside the bag, separately. The renormalization procedure for
each of the situations is studied in detail, in particular the differences occurring with respect to
the case when the ﬁeld extends over the whole space. The ﬁnal result contains several constants
that undergo renormalization and can be determined experimentally only. The non-trivial ﬁnite
parts which appear in the massive case are found exactly, providing a precise determination of
the complete, renormalized zero-point energy in the fermionic case. The vacuum energy behaves
as an inverse power of the mass, for large mass of the ﬁeld.

1. Introduction
The ﬁrst modern calculation of the vacuum energy density of a quantum ﬁeld in the
presence of boundaries is almost 50 years old. As is well known, it is due to Casimir
[1]. Its ﬁrst measurable consequence was the attraction in an electromagnetic vacuum of
two neutral, inﬁnitely conducting plates (thereafter called the Casimir effect, see for instance
[2]). Previously, Casimir and Polder [3] had explained the attraction of two neutral bodies
in terms of a retarded van der Waals effect. Later, dielectric properties of the materials
considered were taken into account in the more ambitious Lifshitz theory [4]. However,
Casimir [1] was the ﬁrst to perform a genuine quantum ﬁeld theoretical calculation using
the concept of zero-point energy (whose physical relevance was somewhat unclear at that
time). The treatment of the divergences resulting from the inﬁnitely many degrees of
freedom was (and still is) the most difﬁcult aspect. Calculations of the vacuum energy have
attracted the interest of many scientists, because it turns out that, in different contexts, the
inclusion of quantum ﬂuctuations about semiclassical conﬁgurations is essential. On the
other hand, spherically symmetrical situations are very important for practical applications.
The calculations involved are certainly much more complicated than in the case of systems
with plane boundaries.
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Having found an attractive force between parallel plates due to the vacuum energy [1],
the hope was that the same would be true for a spherically symmetric situation. This led
Casimir to the idea that the force stabilizing a classical electron arises from the zero-point
energy of the electromagnetic ﬁeld within and without a perfectly conducting spherical
shell [5]. Unfortunately, as Boyer [6] ﬁrst showed, for this geometry the stress is repulsive
[7, 8]. It is known nowadays that the Casimir energy depends strongly on the geometry and
dimension of the spacetime and also on the boundary conditions imposed. This is a very
active ﬁeld of research (see, for instance, [9, 10]). Let us mention, in the context of the
spherical Casimir effect, the analysis of its dimensional dependence presented in [11, 12].
More recently, the zero-point energy has received considerable attention in the context
of the bag model [13–22] and chiral bag model [23–29]. In these systems, quarks and gluons
are free inside the bag, but are absolutely conﬁned to it, being unable to cross the boundary
surface. This is imposed, mathematically, by appropriate boundary conditions. The sum of
the mesonic, valence-quark and vacuum-quark contributions to the baryonic number have
been found to be independent of the bag radius and of the pion ﬁeld strength, being the
vacuum-quark contributions—which are analogues of the Casimir effect in QED—essential
for the calculation of baryonic observables. The issue of regularization in this model is
quite non-trivial. It happens that, under speciﬁc circumstances, different regularization
procedures can yield different results and real physical problems arise in the calculation of
quark-vacuum contributions to some barionic observables, such as the energy itself.
The calculation of the Casimir energy for massless fermions in the interior of a spherical
bag was already considered 20 years ago [15]. However, in this ﬁrst attempt only the
divergent terms were isolated. In a reconsideration of the issue, Milton also retained the ﬁnite
terms, and introducing suitable phenomenological terms (contact terms) and renormalizing
the respective constants, he was able to obtain a ﬁnite Casimir energy [19]. Later, the point
of view was taken that including the exterior modes makes physical sense for the vacuum
[30]. The pertinent calculation was carried out in [21]. In this case, a mutual cancellation
(which can be termed as ‘natural’) of the divergences of the inner and outer spaces occurs.
As a result, ﬁnite zero-point energies are obtained. Recently this idea has been revived in
[23]. It has been argued that at high enough energies one expects QCD to show a phase
transition to an unconﬁned plasma of quarks and gluons and, for that reason, one has to
allow for high-energy quarks living in the exterior region. Finally, still for the massless
ﬁeld, ﬁnite-temperature effects were taken into account in [17, 28].
An obvious generalization of the above considerations is to try to extend them to ﬁelds
of non-vanishing mass. As a ﬁrst step, in the spirit of Bender and Hays [15], the divergences
were determined in [22] and have been discussed in the framework of the ﬁeld-theoretical
bag model of Creutz and of Friedberg and Lee [31]. Alternatively, as already mentioned
there, one can choose to introduce all the surface and curvature tensions which appear—
with divergent factors—in the Casimir energy, from the outset, with ﬁnite coefﬁcients, and
consider the divergent contributions as being absorbed into their renormalization. This rather
pragmatic viewpoint has the one taken in [32] where, using the proper time formalism, it
has been demonstrated that, for a spherical bag, one needs at most the following contact
terms
h
Eclass = pV + σ S + F R + k + .
R
As already emphasized there, the parameters of the ‘classical’ phenomenological energy
Eclass are to be determined from the experiments; they cannot be calculated within the
conﬁnes of the bag model. The situation is very reminiscent of what happens in quantum
ﬁeld theory in curved spacetime. In fact, in that context the classical system is the
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gravitational ﬁeld and, in order to renormalize the energy–momentum tensor of quantum
matter, one needs to use a suitable general Lagrangian for the gravitational ﬁeld [33]. All
constants appearing in this generalized Lagrangian are to be determined experimentally and
not within the quantum ﬁeld theory model in the curved background. In our context of
the bag, the classical part is represented by a model for the surface and the interpretation
of the contact terms above is much the same as the one described in the context of the
gravitational Lagrangian. From now on this will be our standpoint in the considerations
that follow.
As is clear from the above argument, for the massive fermionic quantum ﬁeld in the
bag there is no analysis extending beyond the isolation of the divergent terms. In contrast,
it is the main aim of the present analysis to also retain the ﬁnite part of the energy. As
opposed to the massless case, this energy depends in a nontrivial way on the dimensionless
parameter mR, m being the mass of the ﬁeld and R the radius of the bag. This explicit
dependence will be determined here for the ﬁrst time.
In most of the papers mentioned above a Green function approach has been used in
order to calculate the zero-point energy. An exception is [32], where, in the general setting
of an ultrastatic spacetime with or without boundaries, a systematic procedure which makes
use of zeta-function regularization was developed. In this approach, a knowledge of the
zeta function of the operator associated with the ﬁeld equation together with (eventually)
some appropriate boundary conditions is needed. Recently, a detailed description of how
to obtain the zeta function for a massive scalar ﬁeld inside a ball satisfying Dirichlet or
Robin boundary conditions has been given elsewhere by the authors of this work [34, 35].
An analytical continuation to the whole complex plane was obtained there and subsequently
applied to the computation of an arbitrary number of heat-kernel coefﬁcients. In ensuing
papers [36, 37] the functional determinant was considered too and, furthermore, the method
has also been applied to spinors [38, 39] and p-forms [40–42] (for a different approach see
[43]). All the above considerations are purely analytical and quite precise. In order to obtain
explicit values for the Casimir energy, however, a numerical evaluation of an integral and a
sum was necessary. This has been achieved in different cases, in particular for the massless
scalar ﬁeld and the electromagnetic ﬁeld [44], partly re-obtaining previous results.
To ﬁnish this description of recent previous work, let us mention that in [45] we have
investigated the case of a massive scalar ﬁeld in the bag. We have discussed there how,
for the case of a massive ﬁeld—already for a scalar one—non-trivial ﬁnite parts which
depend on an adimensional variable involving the mass are present, that need to be properly
renormalized, in order to obtain the corresponding zero-point energy. In this paper we shall
extend our analysis to the case of Dirac ﬁelds, thus generalizing our considerations to a
situation which approaches very much the conditions of a realistic MIT bag model.
The organization of the paper is as follows. We shall rely on our previous work (dealing
with the bosonic case) for a precise description of the method employed—which was given
there in full detail [45]—as well as for the particular formulae that are needed in the
subsequent study of the zeta function of the problem we consider here. We felt that to repeat
all this here would not be justiﬁed. Consequently, in section 2 we proceed immediately
with the speciﬁc description of the model for the case of Dirac ﬁelds inside the bag with
boundary conditions corresponding to the MIT bag. Starting from the Dirac equation and
imposing the boundary conditions we will derive an eigenvalue equation in terms of Bessel
functions. This will be the basic equation to solve, which we shall do in the same section
for the interior of the bag. In section 3 we will describe the renormalization scheme used
in the model. Section 4 contains the analogous treatment for the region exterior to the
bag and for the whole space. Adding up the interior and the exterior contributions, we
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will see how the divergences cancel exactly among themselves, as well as the inﬂuence
of this cancellation on the compulsory renormalization process. It turns out that important
differences with respect to the non-fermionic case appear concerning this issue, although
we shall argue that, in the end, they will not substantially effect the interpretation of the
physical results. Section 5 is devoted to conclusions. The appendices contain some hints
and technical details that have been used for the derivation of the zeta function (appendix A)
and a full list of the constituents that build up the subtraction terms in the decomposition of
the zeta function, an essential (although rather technical) step in our method (appendix B).
2. Fermions inside the bag
The ﬁrst task is to derive the energy eigenvalue equations for a Dirac spinor subject to
the MIT bag boundary conditions. The setting we consider ﬁrst is the Dirac spinor inside
a spherically symmetric bag conﬁned to it by the appropriate boundary conditions. The
coordinates we use are just the spherical ones, r, θ, ϕ, which best adapt to the form of the
bag. Thus, we must solve the equation:
H φn (r) = En φn (r)

(2.1)

H being the Hamiltonian,
H = −iγ 0 γ α ∂α + γ 0 m

(2.2)

with the boundary conditions

 r 
γ φn |r=R = 0.
(2.3)
1+i
r
These boundary conditions guarantee that no quark current is lost through the boundary.
The separation to be carried out in the eigenvalue equation (2.1) is rather standard
and will not be given in detail here. Let J be the total angular momentum operator and
K the spin projection operator. Then there exists a simultaneous set of eigenvectors of
H, J 2 , J3 , K and the parity P . The eigenfunctions for positive eigenvalues κ = j + 12 of
K read
$
%
iJj +1 (ωr)j lm ( rr )
A

(2.4)
φj m = √
r − E−m
J (ωr)j l  m ( rr )
E+m j
whereas, for κ = −(j + 1/2), one ﬁnds
$
%
r
A  iJj (ωr)j lm ( r )
.
(2.5)
φj m = √
E−m
r
J (ωr)j l  m ( rr )
E+m j +1
√
Here ω = E 2 − m2 , A is a normalization constant and j lm (r/r) are the well known
spinor harmonics. In order to obtain eigenfunctions of the parity operator we must set
l  = l − 1 in (2.4) and l  = l + 1 in (2.5). In both cases, j = 12 , 23 , . . . , ∞, and the
eigenvalues are degenerate in m = −j, . . . , +j .
Imposing the boundary conditions (2.3) on the solutions (2.4) and (2.5), respectively,
one easily ﬁnds the corresponding implicit eigenvalue equation. For κ > 0, it reads

E+m
(2.6)
Jj +1 (ωR) + Jj (ωR) = 0
E−m
and for κ < 0, in turn,

E−m
Jj +1 (ωR) = 0.
Jj (ωR) −
(2.7)
E+m
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Regretfully, it is not possible to ﬁnd an explicit solution of equations (2.6) and (2.7), but
as we have shown in our previous paper for the case of the scalar ﬁeld—and will describe
below for the spinor ﬁeld—the information displayed in (2.6) and (2.7) is already enough
for the calculation of the ground-state energy for massive spinors in the bag.
The regularization of this ground-state energy will be performed by using the zetafunction method. In short, we consider
E0 (s) = − 12
=

(Ek2 )1/2−s μ2s

k
− 12 ζ (int) (s

Re s > s0 = 2

− 12 )μ2s

(2.8)

and later analytically continue to the value s = 0 in the complex plane. Here s0 is the
abscissa of convergence of the series, μ the usual mass parameter and
(Ek2 )−s .

ζ (int) (s) =

(2.9)

k

The power of this method lies in the well deﬁned prescriptions and procedures that we have
at hand to analytically continue the series to the rest of the complex s-plane, even when the
spectrum Ek is not known explicitly (as will in fact be the case). These procedures have
been developed and described in great detail in [34, 35, 45] so that we can be brief.
The zeta function in the interior space is given by

∞
dk 2
(int)
(2j + 1)
(k + m2 )−s
ζ (s) = 2
2πi
γ
1 3
j = 2 , 2 ,...


∂
2m
2
2
Jj (kR)Jj +1 (kR) .
× ln Jj (kR) − Jj +1 (kR) +
(2.10)
∂k
k
Here the factor of 2 results from taking into account particles and antiparticles. Using the
method—ordinarily employed in this situation—of deforming the contour which originally
encloses the singular points on the real axis, until it covers the imaginary axis, after simple
manipulations we obtain the following equivalent expression for ζ (int) :

−s
2
 ∞
∞
2
sin
π
s
zj
ζ (int) (s) =
(2j + 1)
dz
− m2
π
R
mR/j
1 3
j = 2 , 2 ,...



∂
1
2mR
2
−2j
2
× ln z
+ Ij (zj )
Ij (zj ) 1 + 2 − 2
∂z
z
z j


j
2R

m−
Ij (zj )Ij (zj ) .
+
(2.11)
zj
R
As is usual, we now split the zeta function into two parts:
N

ζ (int) (s) = ZN(int) (s) +

A(int)
(s)
i

(2.12)

i=−1

namely a regular one, ZN(int) , and a remainder that contains the contributions of the N ﬁrst
terms of the Bessel functions Iν (k) as ν, k → ∞ with ν/k ﬁxed [46]. The number N of
terms that have to be subtracted is in general the minimal one necessary in order to absorb
all possible divergent contributions into the ground-state energy, equation (2.8). In our case,
N = 3. This is a general procedure, commonly applied in order to deal with such kinds of
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divergence. We obtain
Z3(int) (s)

∞

sin πs
=2
π


(2j + 1)

j = 12



∞

dz
mR
j

zj
R

−s

2
−m

2

 



j
1
2mR
2R
∂
2
2

ln Ij (zj ) 1 + 2 − 2
+ Ij (zj ) +
m−
Ij (zj )Ij (zj )
×
∂z
z
z j
zj
R



1
3
Dk (mR, t)
e2j η (1 + z2 ) 2 (1 − t)
−
(2.13)
− ln
πj z2
jk
k=1
√
√
√
where η = 1 + z2 + ln[z/(1 + 1 + z2 )] and t = 1/ 1 + z2 . After renaming mR = x,
the relevant polynomials are given by

1
t3
+ x−
t
D1 (t) =
12
4


t5
x
1 4
1 3 t 2x2
t6
x
D2 (t) = − − + − +
t + − +
t −
8
8
2 8
2 8
2
(2.14)



9
8
3t
23 7x 7
x
x2 5
179t
1 6
9
D3 (t) =
+
+ − +
t + x−
t +
− +
t
576
8
64
8
2
320 4
2


x
1 x 4
5
x3 3
x2
+
+ −
t + − +
+
t .
2
8 2
8 192
3
The asymptotic contributions A(int)
(s), i = −1, . . . , 3, are deﬁned as
i
%−s √
 ∞ $

8 sin(π s) ∞
1
1 + x2 − 1
xj 2
(int)
2
A−1 (s) =
j j+
−m
π
2 mR/j
R
x
j = 21
%−s
√
 ∞ $

∂
1 + x 2 (1 − t)
1
4 sin(π s) ∞
xj 2
(int)
2
A0 (s) =
ln
j+
−m
π
2 mR/j
R
∂x
x2
j = 21
%−s
 ∞ $

4 sin(π s) ∞
∂ Di (t)
1
xj 2
(int)
2
Ai (s) =
−m
.
j+
π
2 mR/j
R
∂x j i
1

(2.15)

j= 2

Their small mass expansions can be conveniently represented as
A(int)
−1 (s) = √

R 2s
π (s)

∞
k=0

(k + s − 12 )
(−1)k
(mR)2k
k!
k+s

×[2ζ (2k + 2s − 2, 12 ) + ζ (2k + 2s − 1, 12 )]
R 2s
A(int)
0 (s) = − √
π (s)

∞
k=0

(k + s + 12 )
(−1)k
(mR)2k
k!
k+s

×(2ζ (2k + 2s − 1, 12 ) + ζ (2k + 2s, 12 ))
A(int)
(s) = −
i

2R 2s
(s)

∞
k=0

(−1)k
(mR)2k [2ζ (2k + 2s + i − 1, 12 ) + ζ (2k + 2s + i, 12 )]
k!

2i

×

xi,a
a=0

(k + s +
( a+i
)
2

a+i
)
2

.
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In this expression, the xi,a are the coefﬁcients of the expansion of the functions Di (t), i.e.
2i

Di (t) =

xi,a t a+i .

(2.17)

a=0

Note that here we encounter the same problem that occurred already in the scalar case.
One needs a representation that is useful and valid for an (in principle) arbitrary value of
m. To this end one can actually proceed in different ways, casting the ﬁnal result in terms
of convergent series or integrals. Our leitmotiv will be the following: we will always try
to express the ﬁnal result in terms of the formula which is more appropriate for practical
evaluation (e.g. numerical, in general). This means that, sometimes, instead of having the
closed convergent sums that were universally used in the scalar case, rapidly converging
integrals—better suited for numerical analysis—will be preferred here.
(s), for i  1,
With this aim, we note that after performing the z-integration the A(int)
i
can be written in the following form,
Ai (s) = −

4m−2s
(s)

2i
a=0

(s + (i + a)/2)
((i + a)/2)

xi,a
(mR)i+a

×[f (s; 1 + a; (i + a)/2) + 12 f (s; a; (i + a)/2)]
with the deﬁnition
f (s; a; b) =

∞

νa 1 +

ν= 12 , 32 ,...

 ν 2 −s−b
.
mR

(2.18)

(2.19)

The remaining task in this case is to calculate the f (s; a; b) for the relevant values at
s = − 21 . This is a systematic calculation that will be sketched in appendix A. Let us
mention here just that an essential step is to use the simple recurrence:
f (s; a; b) = (mR)2 [f (s; a − 2; b − 1) − f (s; a − 2; b)].

(2.20)

In appendix B we give the whole list of starting terms that, in addition to the recurrence
(s) needed in our
formula (2.20), are strictly necessary for obtaining explicitly all the A(int)
i
calculation.
3. Discussion of the renormalization
For the discussion of the renormalization let us isolate the divergent terms in the ground-state
energy. By construction they are all contained in the contributions A(int)
(s). Having their
i
explicit form at hand (see appendices A and B) they can be given quickly. In particular,
we have, for the interior part
m4 R 3
m2 R
7
+
+
6π
12π
480πR
2
m
1
R
1
−
res A(int)
0 (− 2 ) = −
2π
24πR
3 2
R
m
m2 R
m
1
1
(−
)
=
−
res A(int)
+
+
−
1
2
π
12π
12π
48πR

2
m
R
1
1
1
1
(int)
−m
+
+
+
res A2 (− 12 ) = −
4
8 2π
128R
24πR


1
2
1
7
1
97
2m3 R 2
(int)
2
1
+m R
+
+m
+
−
−
res A3 (− 2 ) =
3π
4 3π
8 20π
128R
10 080πR

1
res A(int)
−1 (− 2 ) = −

211

Cosmology, the Quantum Vacuum, and Zeta Functions
1750

E Elizalde et al

and, as a result,
1
m
m2 R
m3 R 2
m4 R 3
−
+
−
−
.
(3.1)
63πR
15π
3π
3π
6π
Here res denotes the residue. These terms constitute the minimal set of counterterms
necessary in order to renormalize our theory.
In the scalar case one had the peculiar situation that there were no divergent contributions
of the form ∼ m3 , m in the zeta-function description [45]—although in other regularizations
they indeed appear [32]. So, in principle, one had the choice of renormalizing the associated
couplings. In contrast, as seen in (3.1), for spinors the coupling constants of all terms
appearing have to be renormalized. The minimal set of counterterms, equation (3.1), in the
zeta-function scheme applied here is the same set that is found using a proper time cut-off
[32].
We are led into a physical system consisting of two parts.
(1) A classical system consisting of a spherical surface (‘bag’) with radius R. Its energy
reads
h
(3.2)
Eclass = pV + σ S + F R + k +
R
where V = 43 πR 3 and S = 4πR 2 are the volume and the surface of the bag, respectively.
This energy is determined by the parameters: p pressure, σ surface tension, and F , k, and
h which do not have special names.
(2) A spinor quantum ﬁeld ϕ(x) obeying the Dirac equation and the MIT boundary
conditions (2.3) on the surface. The quantum ﬁeld has a ground-state energy given by E0 ,
equation (2.8).
It is seen that, in the limit m → 0, only one divergent contribution proportional to 1/R
survives. As a result, equation (3.2) simpliﬁes to Eclass = h/R. For dimensional reasons it
is clear that this is also the form of the ﬁnite part of the ground-state energy given by E0 .
One thus obtains

1
1
1
2
+ ln(μR) + 0.01 × .
(3.3)
E0 =
126πR s
R
res ζ (int) (− 12 ) = −

The philosophy is now, that the complete energy of the physical system can be written as
E = Eclass + E0

(3.4)

and that the term proportional to 1/R can be absorbed into the deﬁnition of the
phenomenological parameter of the bag model. In the example considered, the energy
then reads

1
1
(3.5)
hren +
ln(μR)2
E=
R
126π
with the deﬁnition
1
1 1
+ 0.01 × .
(3.6)
126πR s
R
This is all one can say within the conﬁnes of the bag model [32, equation (6.12)]. In
particular, hren is not calculable within the model and has to be determined experimentally.
The dependence on μ has to be viewed as a remainder of the remormalization process.
Milton [19] has used instead a cut-off δ arising from the non-coincidence in time of ﬁeld
points. Owing to the different schemes employed, there is actually no reason why the ﬁnite
part in (3.3) should be equal to that obtained by Milton [19], since it varies by simply
changing the value of the parameter μ.
hren = h +
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However, once the energy E0 is ﬁnite and once there is no remormalization ambiguity,
our ﬁnite result agrees with the result of Milton. This is the case when the whole space is
considered as described in section 4.
For the massive ﬁeld the philosophy is the same, but one needs the full classical energy
equation (3.2). First we perform a kind of minimal subtraction, where only the divergent
contribution is eliminated,
m4 1
16π 2 s
m2 1
F →F +
6π s
1 1
h→h−
.
126π s

p→p−

m3 1
24π 2 s
m 1
k→k−
30π s
σ →σ−

(3.7)

As emphasized before, the quantities α = {p, σ, F, k, h} constitute a set of free parameters
of the theory to be determined experimentally. In principle we are free to perform ﬁnite
renormalizations of our choice in all of the parameters. In order to give the numerical
analysis of the energy as a function of mR we are going to perform the speciﬁc ﬁnite
renormalization to be described now.
First, it is possible to determine the asymptotic behaviour of the Ai for m → ∞ using
the results of appendices A and B. The ﬁnite pieces, not vanishing in the limit m → ∞,
are all of the same type as appearing in the classical energy. Our ﬁrst ﬁnite renormalization
is such that those pieces are cancelled. As a result, only the ‘quantum contributions’ are
ﬁnally included, because, physically, a quantum ﬁeld of inﬁnite mass is not expected to
.
ﬂuctuate. The resulting Ai will be called A(ren)
i
Concerning Z3 we have not been able to determine analytically its complete nonvanishing behaviour for m → ∞. Instead, for the numerical analysis performed, as shown
in ﬁgure 1, we have constructed a numerical ﬁt of Z3 using a polynomial of the form
4

P (m) =

ci mi
i=0

and then we have subtracted this polynomial from Z3 . As explained above, this method is
nothing else than an ulterior ﬁnite renormalization. The result will be denoted by Z3(ren) .
Summing up, we can write the complete energy as
E = Eclass + E0(ren)

(3.8)

where Eclass is deﬁned as in (3.2) with the renormalized parameters α and E0(ren) =

.
Z3(ren) + 3i=−1 A(ren)
i
Figure 1 shows the numerical analysis of the energy E0(ren) of the system for this
speciﬁc choice of renormalization. The energy exhibits a clear minimum corresponding
to a stabilizing bag radius.
4. Exterior of the bag and a model for the whole space
The analysis of the region exterior to the bag is quite similar to the one carried out for
the interior region. Only some speciﬁc differences appear both in the formulae and in the
results. The expression for the zeta function in the exterior region is essentially the same
as that corresponding to the interior, but for the replacement of the Bessel Ij functions with
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Figure 1. The energy E0(ren) as a function of the radius for a speciﬁc choice of parameters.

Bessel Kj functions, namely
ζ (ext) (s) =

2 sin πs
π

∞



(2j + 1)

∞

dz ((zj/R)2 − m2 )−s

mR/j

j = 12 , 32 ,...



∂
2mR
2j
2
2
× ln z
Kj (zj )Kj +1 (zj ) .
(4.1)
Kj (zj ) + Kj +1 (zj ) +
∂z
zj
In order to avoid volume divergences, in this expression the ‘vacuum’ or volume energy
has already been subtracted. The splitting of the zeta function also has the same aspect as
for the interior region. We have, in particular
(int)
A(ext)
−1 (s) = −A−1 (s)

A(ext)
(s)
0

4 sin(π s)
=
π

∞
j = 12

1
j+
2



∞

2 −s

dz ((zj/R) − m )
2

mR/j



∂
1+t
ln
∂z
t

and the polynomials that replace the Di (t) above are here (x = mR)
t3
t
+ xt −
4
12
−x 2 t 2
t3
xt 3
t4
xt 4
t5
t6
− −
+ +
+ −
D 2 (t) =
2
8
2
8
2
8
8
−5t 3
xt 3
x3t 3
t4
xt 4
x2t 4
9t 5
−
+
+ +
+
−
D 3 (t) =
192
8
3
8
2
2
320
7
7
x2t 5
t6
7xt
3t 8
179t 9
23t
xt 5
−
− − xt 6 +
+
+
−
.
−
4
2
2
64
8
8
576
D 1 (t) =

As for the functions A(ext)
(s), one obtains the same expressions as before, but for the
i
replacement of the polynomials Di (t) with the corresponding polynomials D i (t).
In principle, the same procedure as above can be applied now in order to obtain an
analytical expression for the whole energy of the exterior space. Instead, we wish to restrict
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ourselves here to the speciﬁc changes that show up when discussing the renormalization.
. In particular, for the
For that, we only have to consider the pole of the different A(ext)
i
residues we have
m2 R
7
m4 R 3
1
1
−
−
= − res A(int)
res A(ext)
−1 (− 2 ) =
−1 (− 2 )
6π
12π
480πR
m2 R
1
1
1
res A(ext)
(−
)
=
+
= − res A(int)
0
0 (− 2 )
2
2π
24πR
m2 R
m
1
m3 R 2
1
−
+
+
)
=
−
res A(ext)
(−
1
2
π
12π
12π
48πR

2
1
m
1
1
1
R
1
(− ) = −
+m
−
+
−
res A(ext)
2
2
4
8 2π
128R
24πR


3 2
1
2m
R
2
1
7
97
1
2
1
−
m
−
(−
)
=
R
+
m
−
−
+
.
res A(ext)
3
2
3π
4 3π
8 20π
128R
10 080πR
This yields for the residue of the whole zeta function at the exterior region
1
m
m2 R
m3 R 2
m4 R 3
−
−
−
+
.
(4.2)
63πR
15π
3π
3π
6π
Thus the minimal set of counterterms necessary in order to renormalize the theory in the
exterior of the bag is identical to the one needed in the interior of the bag. The classical
system is again described by equation (3.2).
The opposite sign of the coefﬁcients in the divergences (3.1) and (4.2) corresponding to
the odd powers of R can be easily explained by means of differential geometrical arguments,
just observing that the curvature of the surface of the bag has opposite sign when looked
at from the exterior or from the interior of the bag.
However, the divergences with even powers of R do not annihilate when adding up the
two contributions from the two sides. In fact, for the zeta function corresponding to the
whole space (internal and external to the bag) we obtain:
res ζ (ext) (− 12 ) =

2m3 R 2
2m
−
(4.3)
15π
3π
therefore, the two free parameters σ and k remain even if the whole space is considered.
The only exception is the case of the massless ﬁeld, where the two (potentially)
divergent contributions vanish. As a result a ﬁnite ground-state energy E0 remains and
no renormalization process is necessary. In that case our result for the energy E0 fully
agrees with the result of Milton [21],
res ζ (− 21 ) = res ζ (int) (− 12 ) + res ζ (ext) (− 12 ) = −

1
× 0.0204.
(4.4)
R
In detail, for R = 1, the contributions of the single constituents are summarized in tables 1
and 2; on the left for Z3(whole) = Z3(int) + Z3(ext) , on the right for A(whole)
= A(int)
+ Ai(ext) .
i
i
In addition for Z3(whole)
the numerical value is subdivided into the single angular momenta.
The contribution of j∞= 7 has been obtained using the asymptotics of the integrands in
2
equations (2.13) and (4.1), which is justiﬁed numerically.
E0 =

5. Conclusions
In this paper we have studied in considerable detail a quantum ﬁeld theoretical system
consisting of a Dirac ﬁeld with boundary conditions corresponding to those of the MIT bag
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Table 1.
j=
j=

−0.028 66

1
2
3
2
5
2

−0.002 67

j=

j = j∞= 7
2

−0.000 88
−0.001 59

Table 2.
0

A(whole)
−1

0

A(whole)
0

0

A(whole)
1

−0.015 06

A2(whole)

0.069 23

A3(whole)

model. This is the most natural continuation—in the direction towards approaching truly
realistic physical systems—of previous work where only scalar ﬁelds were treated [45].
The application of our techniques can be carried out essentially in the same way as for
the scalar case. Starting from the Dirac equation and imposing the boundary conditions we
have derived an eigenvalue equation in terms of Bessel functions. This basic expression has
then been solved, implicitly, in the regions interior and exterior to the bag surface, by using
contour integration. This has yielded the corresponding zeta function in each of the two
domains. Extraction of the singular part of the zeta function has also been done exactly.
Adding up the contributions of the two parts, not all divergences cancel among themselves,
what theoretically inﬂuences the playground of the ulterior renormalization process.
When considering a massive fermionic quantum ﬁeld only in the interior or exterior of
the bag, we have seen that in order to renormalize the ground-state energy E0 we need a
classical energy containing ﬁve free parameters. Adding up interior and exterior regions two
of the parameters remain (for the case of non-vanishing mass). As repeatedly emphasized,
these parameters cannot be ﬁxed theoretically, but have to be numerically adjusted by means
of direct comparison with the physical system described by the model [32, 45]. In this,
we must confess, we are still a bit far from our ﬁnal aim, in the sense that, as it stands,
our model cannot be considered yet to describe a realistic physical situation. This must be
left to future work, given the complexity of the proposal. In any case, we should like to
point out the rigour and strict systematicity of the approach we have used here, and also its
relative simplicity, if we compare it with other methods of similar strength and ambition.
Specializing our considerations to the massless ﬁeld, we can compare our results with
the analysis of Milton [19, 21]. Considering only the interior of the bag, we have seen that
we cannot calculate the phenomenological parameter h. This issue depends very much on
the regularization scheme chosen. As mentioned already, in Milton’s approach divergences
are of a different type. Speciﬁcally, no contact term h/R was necessary there; instead, the
parameter h was calculated. However, the value of h obtained (adding up the contributions
of free gluon and fermionic ﬁelds) is not in agreement with h determined from mass ﬁts
[47]. In our opinion this is no severe problem because as explained, h is not calculable
within the bag model but rather ﬁxed by the mass ﬁts. In addition, it should be noted that
perfectly acceptable ﬁts can be made to the hadron spectrum in the bag model with the
calculated Casimir energy if an additional constant force parameter, as in (3.2), is included.
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When considering the massless ﬁeld in the whole space no divergences at all appear
and no renormalization is necessary. The ﬁnite value of E0 obtained agrees with the value
of Milton and may be contemplated as the Casimir energy of the ﬁeld for this conﬁguration.
Going beyond m = 0 we have determined the dependence of E0 as a function of the
dimensionless parameter mR. In doing this we have continued the analysis in [22], where
only the divergent part had been determined. A notable result of our analysis, that we would
like to mention, is that the Casimir energy may exhibit a clear minimum associated with a
stable bag radius (see ﬁgure 1). Comparing such behaviour with the one corresponding to
the scalar ﬁeld, where a maximum occurred, the difference can clearly be traced back to
the anticommuting nature of the spinor ﬁelds, which shows up as a sign in the deﬁnition of
the ground-state energy.
Another interesting observation is that, in contrast to the case of parallel plates, the
behaviour of the Casimir energy for large values of mR is not exponentially damped.
Instead, as neatly observed from the representations of the Ai (s) given in appendices A and
B, we ﬁnd a behaviour in inverse powers of the mass. This is directly connected with the
non-vanishing of the extrinsic curvature at the bag.
Possible continuations of our approach go in the direction of ﬁnite temperature and ﬁnite
densities, as considered already for massless fermions in [17, 28, 29]. A natural question to
ask concerns the possible appearance of a ﬁrst-order phase transition from a hadronic bag
to a deconﬁned quark–gluon plasma within our framework. This is left for future work.
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Appendix A. Explicit representations for the asymptotic contributions inside the bag
The essential formulae for the basic series f (s; a; b), equation (2.19), in the calculation are
the following:
∞
ν= 21 , 32 ,...

∞

ν 2n
ν= 12 , 32 ,...

 ν 2 −s

1 n! (s − n − 1) 2n+2
x
2
(s)
 x
 ν 2 −s
ν 2n+1
n
+(−1) 2
dν
1−
1 + e2π ν
x
0
−s
 ∞
 ν 2
2n+1
ν
+(−1)n 2 cos(π s)
dν
−
1
1 + e2π ν
x
x

1
1
 ν 2 −s
1 (n + 2 ) (s − n − 2 ) 2n+1
1+
=
x
x
2
(s)
−s
 ∞
 ν 2
ν 2n
n
−(−1) 2 sin(πs)
dν
−1
.
1 + e2πν
x
x

ν 2n+1 1 +

x

=
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Using partial integrations one can obtain representations valid for values of s needed for
the Ai (s). One obtains, for example, the following expansions around s = − 12 :
∞
ν= 12 , 32 ,...

∞

ν2
ν=1 12 , 32 ,...

 ν 2 −s− 32

1 (s − 12 ) 4
x
x
2 (s + 32 )


 ∞
d
ν2
ln |ν 2 − x 2 | + O(s + 12 )
−x 2
dν
2π ν
dν
1
+
e
0
 ν 2 −s− 32
π
x3
= − x3 + π
+ O(s + 12 )
1+
x
2
1 + e2πx

ν3 1 +

=

showing clearly that one can obtain quickly convergent integrals, respectively expressions
for the effective numerical evaluation of the involved sums. All the particular values that
are necessary to give the Ai (s), i = 1, 2, 3, explicitly (in addition to the recurrence (2.20))
are listed in appendix B.
The ﬁrst two leading asymptotic contributions, A−1 and A0 have to be treated in a
slightly different way, as has been explained in detail in [45]. For completeness we give
the ﬁnal results
$
%

1
m2 R
7
R 3 m4
R 3 m4
2
A−1 (s) =
+
+
+
(1 − 4 ln 2)
−
ln
m
−
1
12π
24π
960πR
24π
s+2
m3 R 2
m2 R
7
+
[2 ln(2mR) − 1] +
[1 + 2 ln(2mR)]
6
24π
960πR
∞
dν ν
2
(ν 2 − m2 R 2 ) ln |ν 2 − m2 R 2 |
−
πR 0 1 + e2π ν



 mR + ν 
ν
4m2 R ∞ dν ν
2
2 2


ln
ln
|ν
−
m
R
|
+
−
π
1 + e2πν
mR  mR − ν 
0


1 ∞ dν ν 2
m2 R 1
m2 R
−2πmR
ln(1 + e
)−
−
dy ln(1 + e−2πmRy )
+
2π
R mR 1 + e2πν
π
0
(A.3)

−

and
$

%



m3 R 2
m2 R 5 1
+
−
ln
2
−
ln(mR)
1
6
π
4 2
2
 ∞

1
2
dν ν 2
dx
ln 2
3 2
√
−
−
m
R
−
2πmR x
24πR
R mR 1 + e2π ν
0 1+e


 ∞

2 

dν ν
1
1 − ν

ln
+
πR 0 1 + e2π ν 
mR 
 1

dx
1
d
m2 R ∞
dν
(A.4)
−
√ ln |m2 R 2 x − ν 2 |.
2π
ν
2π 0
dν 1 + e
x
0

1
A0 (s) = −
s+

− ln m

2

m2 R
1
+
48πR
4π



+

This completes the description of our procedure to obtain well-suited representations (for
numerical evaluation) of all the Ai that are needed for the calculation of the Casimir energy
of the spinor inside the bag.
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Appendix B. Full list of constituent terms f (a; b) to be used in addition to the
recurrence formula
To simplify the expressions, we shall here use x for mR. In addition to the above recurrence,
in order to determine all the Ai (s) explicitly one needs the following f (a; b)’s (we shall
use the notation f (a; b) = f (− 12 ; a; b)):
1
f (1; 12 ) = − 12 x 2 + 24
f (0; 21 ) = 0

 ∞
d 
1
1
f
(s;
0;
)
=
−πx
−
2π
dν

2
ds s=− 1
1 + e2π ν
x
2


 ∞
 ν 2 

1 2
ν
d 
1


f (s; 1; 2 ) = − x − 2
dν
ln 1 −
ds s=− 1
2
1 + e2πν 
x 
0
2
  
1/2
 ∞
x
d
1
ν 2
2
f (0; 1) =
dν
−
1
+
x
ln
2
+
2x
dν ν(1 + e2πν )
x
2(s + 12 )
x
πx
πx
f (0; 23 ) =
−
2
1 + e2πx

 ∞
x2
d
1
2
2
+
x
f (1; 32 ) =
ln
x
+
x
dν
ln |ν 2 − x 2 |
2π ν
dν
1
+
e
2(s + 12 )
0

 x
 ν 2 1/2
d
1
1
−
dν
f (1; 1) = 2x 2
dν 1 + e2πν
x
0

 x

2 −1/2

d
ν
1
2
1 −

dν
f (1; 2) = −2x
dν 1 + e2πν 
x 
0
1/2

  
 ∞
x3
d 1 d
ν
ν 2
3
4
f (2; 2) =
dν
+ (ln 2 − 1)x + 2x
−1
dν ν dν 1 + e2πν
x
2(s + 12 )
x


ν
π 3 π 4 1 d
5

f (2; 2 ) = x − x
4
2
ν dν 1 + e2π ν ν=x



x4
x4 ∞
ν2
d 1 d
4
1
+
(ln
x
−
ln |ν 2 − x 2 |
)x
+
dν
f (3; 25 ) =
2
2 0
dν ν dν 1 + e2πν
2(s + 12 )

 
 x
 ν 2 −1/2
d 1 d
ν2
2
dν
1
−
(B.1)
f (3; 3) = − x 4
3
dν ν dν 1 + e2πν
x
0



x5
d 1 d 1 d
2x 6 ∞
ν3
x5
+ (3 ln 2 − 4) +
f (4; 3) =
dν
3
3 x
dν ν dν ν dν 1 + e2π ν
2(s + 12 )
1/2
 
ν 2
−1
×
x


ν3
3π 5 π 6 1 d 1 d

x − x
f (4; 72 ) =

2π
ν
16
8
ν dν ν dν 1 + e
ν=x



∞
6
6
x
x
d 1 d 1 d
ν4
6
3
7
+ (ln x − 4 )x +
f (5; 2 ) =
dν
ln |ν 2 − x 2 |
8 0
dν ν dν ν dν 1 + e2πν
2(s + 12 )

 

 ν 2 −1/2
d 1 d 1 d
ν4
2x 6 x
dν
1−
f (5; 4) = −
15 0
dν ν dν ν dν 1 + e2π ν
x
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2x 8 ∞
ν5
d 1 d 1 d 1 d
x7
7
23
+ (ln 2 − 15 )x +
dν
f (6; 4) =
15 x
dν ν dν ν dν ν dν 1 + e2πν
2(s + 12 )
1/2
 
ν 2
−1
×
x


5π 7
π 8 1 d 1 d 1 d
ν5
9

x − x
f (6; 2 ) =
32
48
ν dν ν dν ν dν 1 + e2π ν ν=x



x8
x8 ∞
d 1 d 1 d 1 d
ν6
8
11
f (7; 29 ) =
+
(ln
x
−
)x
+
dν
12
48 0
dν ν dν ν dν ν dν 1 + e2πν
2(s + 12 )
× ln |ν 2 − x 2 |.
Using these formulae all the Ai (s) are obtained immediately and, what is important, always
in the most suitable fashion for practical evaluation (as explained before).
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Abstract
A general calculation of Casimir energies—in an arbitrary number of
dimensions—for massless quantized ﬁelds in spherically symmetric cavities
is carried out. All the most common situations, including scalar and spinor
ﬁelds, the electromagnetic ﬁeld and various boundary conditions are treated
with the uppermost accuracy. The ﬁnal results are given as analytical, closed
expressions in terms of Barnes zeta functions. A direct numerical evaluation
of the formulae is then performed, which yields highly accurate numbers of, in
principle, arbitrarily good precision.
PACS numbers: 12.38.−t, 02.10.De, 12.20.−m

1. Introduction
Calculations of Casimir energies in spherically symmetric situations have attracted the interest
of physicists for well over 30 years now. Since the calculation of Boyer [1], who computed
the Casimir energy for a conducting spherical shell and found, to his surprise, a repulsive
force, many different situations in the spherically symmetric context have been considered.
For example, dielectrics were included [2] (for the case of plane, parallel surfaces see [3]) and
used later for possible explanations of sonoluminescence [4–8]. Moreover, enormous interest
has been attracted by the MIT bag model in QCD [9–20] and, also, the inﬂuence of different
boundary conditions has been considered in detail [21–23].
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Different methods have been used for dealing with the Casimir effect. Whereas in earlier
times the Green function formalism was preferred, in recent years different approaches—which
make use of contour integral representations of the involved spectral sums—are commonplace.
Although the idea for this method, in the speciﬁc context of Casimir energies, goes back to the
early days of the subject [24], a systematical, effective and simple application of this approach
in various contexts has only recently been achieved [21–28].
The spectral sum which actually appears in the calculation depends on the regularization
used and may include a cutoff function, to dampen high-frequency contributions [28] or, as in
the zeta regularization technique [29], complex powers of the eigenvalues [21,22,26,30]. As a
result, the details of the computation may differ slightly, for example in the speciﬁc integration
contour chosen, but all of them share the elegance of this method.
In recent contributions we have further developed the zeta function technique, in
combination with several contour integral representations. Given the deep connections among
zeta functions, heat kernels and functional determinants [31–34], one advantage of the method
is that it can be applied, alternatively, to the calculation of heat kernel coefﬁcients [26] and
functional determinants [27, 30] (see also [35, 36]), as well as Casimir energies [20–22]. This
clearly shows that zeta functions serve as a uniﬁed framework in different areas of interest.
Here we want to pursue this idea, by using the zeta function framework in a precise analysis
of the Casimir energy as a function of the dimension of space. Previously it had been shown
that arbitrary space dimension can be treated elegantly by making use of Barnes zeta functions,
where the dimension can be considered as a parameter [27, 37]. This has been applied to the
calculation of heat-kernel coefﬁcients and determinants and it will be here used to study the
Casimir energy. Apart from dealing with arbitrary dimensions, we will introduce scalars,
spinor ﬁelds and the electromagnetic ﬁeld in a uniﬁed way, including the effects different sets
of boundary conditions have on them. In spirit, our analysis is to be compared with that of
Ambjørn and Wolfram in [38], with the difference that the role of the Epstein zeta function
there is here played by the Barnes zeta function. For a recent analysis on the dimensional
dependence of the Casimir energy for scalar ﬁelds with Dirichlet boundary conditions and
the electromagnetic ﬁeld in the presence of a spherical shell see [39, 40], where the space
dimension D has been dealt with as a parameter, and results for (in principle) all values of real
D have been obtained.
The paper is organized as follows. In the next section we brieﬂy recall the deﬁnition of
Casimir energies in terms of zeta functions. In section 3, we shortly describe the method
and derive the formulae that are subsequently needed in the context of Casimir energy
calculations [26, 27]. In section 4 we consider the case of a scalar ﬁeld. For Dirichlet
boundary conditions, the energy in dimensions D = 2 up to 9 is given there. The interior and
the exterior regions are treated separately. Afterwards, the changes in the procedure needed
for Robin boundary conditions are explained, and the corresponding formulae are derived.
Given that the Casimir energy of the electromagnetic ﬁeld is determined by using the Casimir
energy of a scalar ﬁeld satisfying Dirichlet boundary conditions (TE modes) and a scalar ﬁeld
satisfying Robin boundary conditions (TM modes), these forms constitute the basis for the
electromagnetic case, and nothing else needs to be calculated, as will be later described in
detail (section 6). Before that, section 5 is devoted to the spinor ﬁeld. Local bag boundary
conditions, as well as global spectral boundary conditions, are considered. In the concluding
section 7, a summary of our main results, as well as details on how our method is indeed able
to yield arbitrary accurate results, are given.
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2. The Casimir energy
The Casimir energy of a quantum ﬁeld (t, x) inside a spherical shell is formally given by
ECas =

1
2

(2.1)

ωk
k

(we set h̄ = c = 1) with the one-particle energies ωk =

√
λk being obtained from

−φk (x) = λk φk (x)

(2.2)

also fulﬁlling suitable boundary conditions. The ﬁeld operator is, in our case, A =
− ,
and we have (t, x) = e−iωt φ(x). The Laplacian  is that deﬁned inside or outside the
D = (d + 1)-dimensional ball B D = {x ∈ RD x  R} and the ﬁelds φ(x) must satisfy
appropriate boundary conditions at x = R.
The Casimir energy as given by the formal expression (2.1) is ill deﬁned and has to be
regularized. In the ζ -function regularization procedure, one writes
∂t2

ECas = 21 μ2s ζ (s − 1/2)|s=0

(2.3)

λ−s
k .

(2.4)

ζ (s) =
λk =0

Here, μ is an arbitrary parameter with dimensions of mass to yield the correct dimension for
all values of s, and ζ (s) is the ζ -function corresponding to the operator A. In some cases, ECas
will be divergent and, as is known and will be seen later on, renormalization ambiguities may
remain.
In order to calculate ECas according to the previous deﬁnition, we need information on
the zeta function ζ (s) in a neighbourhood of s = −1/2. As we are dealing with operators
in ﬂat space, but satisfying boundary conditions on a d-dimensional sphere (d = D − 1, the
boundary of the D-dimensional ball), the eigenvalues will be implicitly given as the zeros of
a polynomial P̃ (Z̃ν , Z̃ν ) involving Bessel or Hankel functions, according to whether one is
considering the internal or the external domain, respectively. We will denote the associated
zeta functions by ζ int (s) and ζ ext (s). The total Casimir energy will be the sum of the two terms,
that is


ECas = 1 μ2s ζ int (s − 1/2) + ζ ext (s − 1/2)  .
(2.5)
2

s=0

With just a few modiﬁcations, which involve the phase of the zeta function (see [41] for precise
details), all the considerations above can be extended to the Dirac operator. The basic construct
turns out to be the zeta function of the square of the Dirac operator and one encounters a minus
sign in equation (2.3).
3. The method
The method to be used here has been developed in the seminal papers [21, 26, 27] and permits
us to compute the ζ -function starting from the (indirect) knowledge of the eigenvalues through
an implicit relation of the kind
P̃ (Z̃νl (ωnl R), Z̃ν l (ωnl R)) = 0

2
λnl = ωnl

(3.1)

where n, l  0 are the principal and azimuthal quantum numbers respectively. The degeneracy
d(l) of the eigenvalues and the index νl of the Bessel functions depend on l and on the dimension.
Their explicit forms are strictly related to the ﬁelds and the boundary conditions.
The ζ -function can be expressed as an integral in the complex plane, that is

d(l)
∂
D
ζ (s) =
k −2s
Re s >
ln k −bνl P̃ (Z̃νl (k), Z̃ν l (k)) dk
(3.2)
2π i γ
∂k
2
l

224

A Choice of Papers

Emilio Elizalde

7314

G Cognola et al

where the open contour γ has to be chosen to run counterclockwise and to enclose all strictly
positive solutions of equation (3.1). The additional factor k −bνl has been inserted in order to
cancel the pole at the origin, which is important when deforming the contour in the next step.
In this way γ can also include the origin. Here b is a number which depends on the asymptotic
behaviour of P̃ at the origin: in our cases it will be ±1 for scalars, but for spin- 21 with mixed
boundary conditions it turns out to be ±2.
For explicit calculation, it is convenient to write equation (3.2) as an integral on the real
axis. This can be done by deforming the contour γ to the imaginary axis and by making the
substitution k → iy. In general one has to be careful when deforming the contour that no
poles in the plane Re k  0 are hit. In fact, for Robin boundary conditions one has
P̃ (Z̃ν , Z̃ν ) = α Z̃ν (k) + k Z̃ν (k) = (α − ν)Z̃ν (k) + k Z̃ν−1 (k) = 0

(3.3)

which may have solutions for k ∈
/ R too, if α > ν. To avoid these cases, in the following we
will consider α  ν0 only, ν0 corresponding to the smallest eigenvalue.
With this assumption we can write the ζ -function in the simpler form
 ∞
∂
sin π s ∞
d(l)
y −2s
(3.4)
ln[y −bνl P (νl , y)] dy
ζ (s) =
π l=0
∂y
0
which is valid for 1/2 < Re s < 1 (for details see [26]). Here, P (ν, y) = P (Zν (y), Zν (y))
is a polynomial like P̃ (aside, possibly, from an irrelevant sign) and the Zν (y) = Z̃ν (iy) are
the modiﬁed Bessel functions corresponding to Z̃. In order to compute the Casimir energy
we need the ζ -function at s = −1/2 and so we have to make an analytic continuation of
equation (3.4).
With this aim, let us now employ the asymptotic expansion of the modiﬁed Bessel
functions. For large values of ν, we have [42]
Iν (νz) ∼ √

1

eνη

2πν (1 +

z2 )

1
4

1 =

1

∞
k=0
∞

1

uk
νk

(3.5)

eνη (1 + z2 ) 4
vk
2 =
(3.6)
2
k
z
ν
2πν
k=0

∞
π e−νη
uk
Kν (νz) ∼


=
(−1)k k
(3.7)
3
3
1
2ν (1 + z2 ) 4
ν
k=0

1
∞
π e−νη (1 + z2 ) 4
vk

Kν (νz) ∼ −
4
4 =
(−1)k k
(3.8)
2ν
z
ν
k=0
√
√
where η = 1 + z2 + ln[z/(1 + 1 + z2 )]. The ﬁrst few coefﬁcients uk and vk are listed in [42],
while higher-order coefﬁcients are immediate to obtain by using the recursion relations
 t
2 
1 2
1
uk+1 (t) = 2 t (1 − t )uk (t) + 8
(1 − 5τ 2 )uk (τ ) dτ
(3.9)
Iν (νz) ∼ √

1

0

vk+1 (t) = uk+1 (t) − 21 t (1 − t 2 )uk (t) − t 2 (1 − t 2 )uk (t)
(3.10)
√
1 − t2
1
.
(3.11)
z=
t=√
t
1 + z2
As we shall see explicitly in the following, the above behaviour of Bessel functions permits
us to write
N

ln P (ν, zν) ∼ ln F (ν, z) +
n=1

Dn (t)
νn

225

(3.12)

Cosmology, the Quantum Vacuum, and Zeta Functions
Casimir energies for spherically symmetric cavities

7315

an expression which is valid for large values of ν. The function F is related to the exponential
factors in equations (3.5)–(3.8), while the coefﬁcients Dn (t) are related to k and are
polynomials in t. More precisely
2n

Dn (t) =

xnk t n+k .

(3.13)

k=0

Note that when b = ±1, all xnk with odd k vanish. Of course, F , Dn and xnk depend on the
speciﬁc problem under consideration. We will specialize them for every case.
The trick consists now in subtracting the asymptotic behaviour from the integrand function
and in integrating the asymptotic part, with arbitrary s, exactly. We thus obtain
N

ζ (s) = Z0 (s) + Z(s) +

(3.14)

An (s).
n=−1

Here,
Z0 (s) = δ(D − 2)d[0]

sin(π s)
π



∞

dz z−2s

0

∂
ln P (0, z)
∂z

(3.15)

is the contribution due to νl = 0, which is present only in two dimensions and has to be treated
speciﬁcally for any case. Z(s) represents all the other terms with the asymptotic contributions
subtracted, that is
&

 ∞
N
sin(π s)
∂
D
(t)
n
Z(s) =
ln P (νl , zνl ) − ln F (νl , z) −
d(l)
dz (zν)−2s
π
∂z
νln
0
νl >0
n=1
(3.16)
and An are the integrals of the asymptotic part. They read [27]
2n
(s + n+k
)
1
2
xnk
n1
ζN (s + n/2)
n+k
(s)
( 2 )
k=0
 ∞
∂
sin(π s)
d(l)
dz (zνl )−2s ln[(zνl )−bνl F (νl , z)]
A−1 + A0 =
π
∂z
0
νl >0

An (s) = −

ζN (s) =

= c−1 (s)ζN (s − 1/2) + c0 (s)ζN (s)
d(l)νl−2s .

(3.17)

(3.18)
(3.19)

νl >0

Equation (3.16) is convergent for (D −2−N)/2 < Re s < 1, thus for our aim it is sufﬁcient to
subtract N = D asymptotic terms. This means that with N = D we can directly put s = −1/2
in equation (3.16) and perform the integral numerically.
As we shall see in the explicit examples, the base ζ -function, ζN , can be conveniently
expressed in terms of the Barnes zeta function [44], deﬁned as [45]
ζB (s, a; d) =

∞

1
=
(a + m1 + · · · + md )s
m=0

∞
n=0

(d + n − 1)!
en (d) =
n!(d − 1)!
for Re s > d. Obviously, there is an expansion of the kind
d−1

en (d) =

gα (d)(a + n)α
α=0
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and this yields the expansion of the Barnes zeta function in terms of Hurwitz zeta
functions [45, 46]
d−1

ζB (s, a; d) =

gα (d)ζH (s − α, a).

(3.20)

α=0

For example, for d = 2, we trivially obtain
ζB (s, a; 2) = ζH (s − 1, a) + (1 − a)ζH (s, a).
One can show that the gα (d) are connected with the generalized Bernoulli polynomials [47].
This allows us to determine, in a direct way, the residues and ﬁnite parts of the Barnes zeta
function of the problem at hand. As a result, the asymptotic contributions in (3.14) are readily
computed.
4. The scalar ﬁeld
The ﬁeld equation for this case reads
−φk (x) = λk φk (x)

(4.1)

and has to be supplemented with Dirichlet or Robin boundary conditions. Here,  is the
Laplace operator inside or outside the D = (d + 1)-dimensional ball and we impose Dirichlet
(φ(x)||x|=R = 0) or Robin ([αφ(x)| + φ  (x)]||x|=R = 0) boundary conditions.
In polar coordinates the solutions are
φl,m,n (r, ) = r 1−D/2 fν1 (ωl,n r)Yl+D/2 ( )
with νl = l + (D − 2)/2, the fν (r) being Bessel functions and the Yl+D/2 ( ) hyperspherical
harmonics [43].
4.1. Scalar ﬁeld with Dirichlet boundary conditions inside a spherical shell
2
In this case, the fν are Bessel functions of the ﬁrst kind and thus the eigenvalues λl,n = ωl,n
are deﬁned through

Jνl (ωl,n R) = 0
and have degeneracies given by d(l) = (2l + d − 1) (l+d−2)!
. From the last equation, it easily
l!(d−1)!
follows that [27, 44]


d +1
d −1
; d + ζB 2s,
;d .
(4.2)
ζN = ζB 2s,
2
2
In this case,
P̃ (Z̃ν (k), Z̃ν (k)) = Jν (k)

P (ν, z) = Iν (z)

(4.3)

and, as a consequence,
F (ν, z) = √
ln 1 ∼

∞
n=1

1

eνη

(4.4)

1

2π ν (1 + z2 ) 4
Dn (t)
.
νn

(4.5)

The asymptotic contributions have been calculated to be [27]
s − 21
1
ζN (s − 1/2)
A−1 (s) = √
4 π (s + 1)
A0 (s) = − 41 ζN (s).
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The ζ -function for the present situation is obtained by means of equations (3.13)–(3.17) with
the deﬁnitions above.
As already anticipated in the previous section, in two dimensions we have an aditional
contribution that has to be computed explicitly. With this aim, we recall that, for large z,


1
ez
1+
+ O z−2
I0 (z) = √
8z
2π z
and thus we can write


 1
 ∞
1
∂
∂
sin(π s)
1
dz z−2s
dz z−2s ln I0 (z) +
ln I0 (z) − 1 +
+ 2
Z0 (s) =
π
∂z
∂z
2z 8z
0
1

1
1
1
− +
−
(4.7)
4s 2(s − 1/2) 16(s + 1/2)
where the poles at s = ±1/2 are shown explicitly. The integrals are now convergent for
s = −1/2 and can be computed numerically.
4.2. Scalar ﬁeld with Dirichlet boundary conditions outside a spherical shell
Now the radial parts of the solutions are Bessel functions of the third kind (Hankel functions),
while νl and d(l) remain the same. Thus, we have
D−2
(4.8)
νl = l +
2
(l + d − 2)!
(4.9)
d(l) = (2l + d − 1)
l!(d − 1)!


d +1
d −1
ζN = ζB 2s,
; d + ζB 2s,
;d
(4.10)
2
2
(4.11)
P (ν, z) = Kν (z)

−νη
π e
F (ν, z) =
(4.12)
2ν (1 + z2 ) 41
ln 3 ∼

∞
n=1

Dn (t)
νn

1
A−1 (s) = − √
4 π

(4.13)
s − 21
ζN (s − 1/2)
(s + 1)

(4.14)

A0 (s) = − 41 ζN (s).
(4.15)
Owing to the particular relation between 1 and 3 , the coefﬁcients Dn (t) differ from the
corresponding coefﬁcients one has in the internal case just in the trivial factor (−1)n . The
same holds also for the quantities An (s).
In two dimensions we have to also consider the contribution due to ν = 0, which can be
obtained with the same arguments as in the previous case, equation (4.7). The result is


 1
 ∞
sin(π s)
∂
1
∂
1
dz z−2s
Z0 (s) =
ln K0 (z) + 1 +
− 2
dz z−2s ln K0 (z) +
π
∂z
∂z
2z 8z
0
1

1
1
1
− −
+
.
(4.16)
4s
2(s − 1/2) 16(s + 1/2)
The numerical results corresponding to the ζ -functions inside and outside the shell and the
total Casimir energy are reported in table 1 for the choices D = 2, . . . , 9. For the interior
space for D = 2 and 3 as well as for D = 3 and the exterior space, our results agree with [22].
For the whole space in D = 3 the result is given in [23, 39].
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Table 1. Scalar ﬁeld with Dirichlet boundary conditions. Values of the zeta function at s = −1/2,
for the inside and the outside regions of a spherical shell, and values of the Casimir energy. The
presence of the cutoff  for all even dimensions is to be noted. In such cases, the Casimir energy
is divergent and needs to be renormalized.

D

ζ (−1/2) inside

ζ (−1/2) outside

Casimir energy

2
3
4
5
6
7
8
9

+0.009 8540 − 0.003 9062/
+0.008 8920 + 0.001 0105/
−0.001 7939 + 0.000 2670/
−0.000 9450 − 0.000 1343/
+0.000 2699 − 0.000 0335/
+0.000 1371 + 0.000 0214/
−0.000 0457 + 5.228 × 10−6 /
−0.000 0230 − 3.769 × 10−6 /

−0.008 4955 − 0.003 9062/
−0.003 2585 − 0.001 0105/
+0.000 4544 + 0.000 2670/
+0.000 3739 + 0.000 1343/
−0.000 0611 − 0.000 0335/
−0.000 0555 − 0.000 0214/
+0.000 0101 + 5.228 × 10−6 /
+0.000 0094 + 3.769 × 10−6 /

+0.000 6793 − 0.003 9062/
+0.002 8168
−0.000 6698 + 0.000 2670/
−0.000 2856
+0.000 1044 − 0.000 0335/
+0.000 040 8
−0.000 0178 + 5.228 × 10−6 /
−0.000 0068

4.3. Scalar ﬁeld with Robin boundary conditions inside a spherical shell
In the case of Robin boundary conditions the radial part of the solution is a combination of
Bessel functions with derivatives. For the interior case we have Bessel functions of the ﬁrst
kind and their eigenvalues are determined through

D
1−
− β Jνl (ωl,n ) + ωl,n Jνl (ωl,n ) = 0.
(4.17)
2
Here we have put α = 1 − D/2 − β and, in the spirit of section 3, we have to restrict ourselves
to the case β  1 − D/2 − ν0 . The choice β = 0 represents Neumann boundary conditions.
Also for this case νl , d(l) and ζN are given by equations (4.8)–(4.10), now with

D
− β Iν (z) + zIν (z)
P (ν, z) = 1 −
2

ν νη
1
e (1 + z2 ) 4
F (ν, z) =
2π

∞
Dn (t)
1 − D/2 − β
t1 + 2 ∼
ln
ν
νn
n=1
1
A−1 (s) = √
4 π
A0 (s) =

1
4

s − 21
ζN (s − 1/2)
(s + 1)

ζN (s).

In two dimensions we have to consider also the contribution
 1
∂
sin(π s)
dz z−2s ln(αI0 (z) + zI0 (z))
Z0 (s) =
π
∂z
0

 ∞
∂
1
ln(αI0 (z) + zI0 (z)) − 1 −
−
+
dz z−2s
∂z
2z
1


1
3
1
1
+ +
+
−α
.
4s 2(s − 1/2)
8
2(s + 1/2)

 
3
1
−α 2
8
z

4.4. Scalar ﬁeld with Robin boundary conditions outside the spherical shell
As for Dirichlet, the only difference between the interior and the exterior case consists in the
replacement of Bessel functions with Hankel functions. Equations (4.8)–(4.10) are valid again,
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Table 2. Scalar ﬁeld with Neumann boundary conditions (or Robin with the choice β = 0). Values
of the zeta function at s = −1/2, for the inside and the outside regions of a spherical shell, and
corresponding values of the Casimir energy.
D

ζ (−1/2) inside

ζ (−1/2) outside

Casimir energy

2
3
4
5
6

−0.344 6767 − 0.019 5312/
−0.459 7174 − 0.035 3678/
−0.515 3790 − 0.044 7159/
−0.555 2071 − 0.048 9213/
−0.594 9395 − 0.051 3727/

−0.021 5672 − 0.019 5312/
+0.012 0743 + 0.035 3678/
−0.006 0394 − 0.044 7159/
+0.003 0479 + 0.048 9213/
−0.012 8321 − 0.051 3727/

−0.183 1220 − 0.019 5312/
−0.223 8215
−0.260 7092 − 0.044 7159/
−0.276 0796
−0.303 8858 − 0.051 3727/

while


D
− β Kν (z) + zKν (z)
P (ν, z) = 1 −
2

π ν −νη
1
e (1 + z2 ) 4
F (ν, z) =
2

∞
Dn (t)
1 − D/2 − β
ln
t3 − 4 ∼
ν
νn
n=1
1
A−1 (s) = − √
4 π
A0 (s) =

1
4

s − 21
ζN (s − 1/2)
(s + 1)

ζN (s).

For the ν = 0 contribution, we have in this case
 1
∂
sin(π s)
dz z−2s ln(αK0 (z) + zK0 (z))
Z0 (s) =
π
∂z
0

 ∞
∂
1
+
dz z−2s
ln(αK0 (z) + zK0 (z)) + 1 −
+
∂z
2z
1


1
3
1
1
−
−α
.
+ −
4s
2(s − 1/2)
8
2(s + 1/2)

 
3
1
−α 2
8
z

All numerical results corresponding to Neumann boundary conditions (or Robin ones with
β = 0) are exhibited in table 2. For D = 2 the result is given in [22], for D = 3 in [23].
5. Spinor ﬁeld on the D -dimensional ball: bag boundary conditions
We now consider spinor ﬁelds, see [37, 48]. The eigenvalue Dirac equation on the Euclidean
D-ball is
−i

μ

∇μ ψ± = ±kψ±

(μ

ν)

= g μν

and the nonzero modes are separated in polar coordinates, ds 2 = dr 2 + r 2 d
fashion to be regular at the origin (C and A are radial normalization factors),

A
iJn+D/2 (kr) Z+(n) ( )
(+)
ψ± = (D−2)/2
±Jn+D/2−1 (kr) Z+(n) ( )
r

(n)
C
±Jn+D/2−1 (kr) Z−
( )
ψ±(−) = (D−2)/2
.
(n)
iJn+D/2 (kr) Z−
( )
r
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(n)
Here the Z±
( ) are well known spinor modes on the unit (D − 1)-sphere (some modern
references are [49–51]) satisfying the intrinsic equation
(n)
(n)
= ±λn Z±
−iγ j ∇˜ j Z±

(5.3)

where
λn = n +

D−1
2

n = 0, 1, . . . .

For D  2, each eigenvalue is greater than or equal to one-half and has degeneracy

D+n−2
1
.
d
2 s
n
The dimension, ds , of ψ-spinor space is 2D/2 if D is even. For odd D it is 2(D+1)/2 and has
been doubled in order to implement the boundary conditions. The projected γ -matrices are
given by



0 1
0
iγ j
1 0
r
j
5
.
(5.4)
=
=
=
1 0
0 −1
−iγ j
0
5.1. Spinor ﬁeld inside a spherical shell: bag boundary conditions
For bag—also called mixed—boundary conditions, we apply P+ ψ = 0 at r = 1, where the
projection is given by
P+ =

1
2

1−i

5

μ

(5.5)

nμ

in terms of the inward normal nμ . For the geometry of the ball

1
i1
1
P+ = 2
−i1 1
and so for ψ±(+) ,
Jn+D/2 (k) = ∓Jn+D/2−1 (k)
and for ψ±(−) ,
Jn+D/2−1 (k) = ∓Jn+D/2 (k)

n = 0, 1, 2, . . . .

Thus, taking νn = n + (D − 2)/2, the implicit eigenvalue equation is as in [52]
2
(k) = 0
Jν2 (k) − Jν+1

(5.6)

while the degeneracies are
d(n) = ds

D+n−2
D−2


(5.7)

.

In two dimensions the degeneracy is just two.
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In summary, all the relevant functions for this case are
D−2
νn = n +
2
(n + D − 2)!
d(n) = ds
d(n) = 2
for D = 2
n!(D − 2)!
ζN (s) = 2ζR (2s)
for
ζN (s) = ds ζB (2s, D/2 − 1; d)
2
2
P (ν, z) = Iν (z) + Iν+1 (z)
1
(1 − t)e2νη (1 + z2 ) 2
F (ν, z) =
π νz2

∞
 2

Dn (t)
1
2
ln
1 + 2 − 2t1 2 ∼
2(1 − t)
νn
n=1
s − 21
1
A−1 (s) = √
ζN (s − 1/2)
2 π (s + 1)
s + 21
1
A0 (s) = − √
ζN (s)
2 π (s + 1)
with ζR the Riemann ζ -function.
The contribution of ν = 0, which we have in two dimensions, reads here
 1
sin(π s)d[0]
∂
dz z−2s ln(I02 (z) + I12 (z))
Z0 (s) =
π
∂z
0


 ∞
∂
1
1
−2s
2
2
+
ln(I0 (z) + I1 (z)) − 2 + − 2
dz z
∂z
z 4z
1

1
1
1
− +
+
.
2s (s − 1/2) 8(s + 1/2)

D=2

(5.8)

5.2. Spinor ﬁeld outside a spherical shell: bag boundary conditions
As in the scalar cases, we must simply replace Bessel with Hankel functions. Equations (5.8)
and (5.9) provide some quantities needed in the computation, while for the rest we obtain
2
(z)
P (ν, z) = Kν2 (z) + Kν+1
4ν(1 + t)e−2νη (1 + z2 ) 2
F (ν, z) =
π z2

 2

1
2
ln
 + 4 + 2t3 4 ∼
2(1 + t) 3
1

1
A−1 (s) = − √
2 π

∞
n=1

Dn (t)
νn

s−
ζN (s − 1/2)
(s + 1)
1
2

s + 21
1
A0 (s) = √
ζN (s).
2 π (s + 1)
In the same way, for ν = 0 we obtain
 1
sin(π s)d[0]
∂
dz z−2s ln K02 (z) + K12 (z)
Z0 (s) =
π
∂z
0


 ∞
1
1
−2s ∂
2
2
dz z
ln K0 (z) + K1 (z) + 2 + + 2
+
∂z
z 4z
1

1
1
1
− −
−
.
2s
(s − 1/2) 8(s + 1/2)
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Table 3. Massless spinor ﬁeld with mixed boundary conditions. Values of the zeta function at
s = −1/2, for the inside and the outside regions of a spherical shell, and values of the Casimir
energy.

D

ζ (−1/2) inside

ζ (−1/2) outside

Casimir energy

2
3
4
5
6
7

−0.005 8312 + 0.007 8125/
−0.060 5944 − 0.005 0525/
+0.005 9074 − 0.002 8381/
+0.025 0447 + 0.002 5110/
−0.003 0244 + 0.001 1715/
−0.010 8618 − 0.001 1745/

+0.021 3677 + 0.007 8125/
+0.019 8217 + 0.005 0525/
−0.010 1965 − 0.002 8381/
−0.008 9912 − 0.002 5110/
+0.004 6183 + 0.001 1715/
+0.004 0247 + 0.001 1745/

−0.007 7683 − 0.007 8125/
+0.020 3863
+0.002 1445 + 0.002 8381/
−0.008 0268
−0.000 7969 − 0.001 1715/
+0.003 4186

The numerical results for spin 1/2 with bag boundary conditions are given in table 3. The
D = 3 result is that found already by Milton [15] (albeit with far less precision).
5.3. Spinor ﬁeld with global spectral boundary conditions
We shall now obtain the results for spectral boundary conditions [37, 48]. Such boundary
conditions are imposed by setting equal to zero, at r = 1, the negative (positive) Z-modes of
the positive (negative) chirality parts of ψ, the rest of the modes remaining free.
Roughly speaking, spectral conditions amount to requiring that zero modes of (5.1) should
be square integrable on the elongated manifold obtained from the ball by extending the narrow
collar (of the approximate product metric dr 2 + d 2 ) just inside the surface, to values of r
ranging from 1 to ∞. This will be so if the modes of A = r a ∇a with negative eigenvalues
are suppressed at the boundary (e.g. [53–61]).

From (5.4) and (5.3), the boundary operator is A0 = r a ∇a r=1 and has for eigenstates


(n) 
(n) 
Z−
Z−
Z+(n)
Z+(n)
A0
=
λ
A
=
−λ
.
(5.9)
(n)
(n)
n
0
n
Z−
Z−
Z+(n)
Z+(n)
Thus, from (5.2) we see that the negative modes of A0 are associated with the radial factor
Jn+D/2−1 (kr). Taking ν as before, ν = n + (D − 2)/2, the implicit eigenvalue equation reads
Jν (k) = 0.
The degeneracy for each eigenvalue is
d(n) = 2ds

n+D−2
D−2


d(n) = 4

for D = 2.

(5.10)

D = 2.

(5.11)

The relevant boundary zeta function now reads
ζN (s) = 2ds ζB (2s, D/2 − 1; d)

ζN (s) = 4ζR (2s)

for

As we see, apart from the degeneracy of the eigenvalues and the relation between ζN and
the Barnes ζ -function, the rest of the argumentation is identical to that for the scalar case
with Dirichlet boundary conditions. Thus, equations (4.3)–(4.7) remain valid once the above
deﬁnitions are used.
For the exterior space we have to employ equations (5.10) and (5.11) in equations (4.11)–
(4.16), but it has to be noted that here, in contrast with the interior case, νl = l + D/2, as a
result of the normal vector changing its sign. This means that there is no νl = 0 contribution.
The numerical results for this case are listed in table 4, for D = 2, . . . , 9.

233

Cosmology, the Quantum Vacuum, and Zeta Functions
Casimir energies for spherically symmetric cavities

7323

Table 4. Massless spinor ﬁeld with global spectral boundary conditions. Values of the zeta function
at s = −1/2, for the inside and the outside regions of a spherical shell, and corresponding values
of the Casimir energy.
D

ζ (−1/2) inside

ζ (−1/2) outside

Casimir energy

2
3
4
5
6
7
8
9

−0.009 3152 + 0.031 9762/
−0.171 0212 − 0.003 7705/
+0.008 2635 − 0.011 8316/
+0.068 0217 + 0.001 9471/
−0.004 2224 + 0.004 9069/
−0.029 0717 − 0.000 9256/
+0.002 0298 − 0.002 1417/
+0.012 8994 + 0.000 4353/

+0.010 0172 + 0.031 9762/
+0.001 9763 + 0.003 7705/
−0.004 0473 − 0.011 8316/
−0.000 9007 − 0.001 9471/
+0.001 7603 + 0.004 9069/
+0.000 3983 + 0.000 9256/
−0.000 7907 − 0.002 1417/
−0.000 1787 − 0.000 4353/

−0.000 3510 − 0.031 9762/
+0.084 5225
−0.002 1081 + 0.0118 316/
+0.033 5605
+0.001 2311 − 0.004 9069/
+0.014 3367
−0.000 6196 + 0.002 1417/
−0.006 3604

Table 5. Electromagnetic ﬁeld in a perfectly conducting spherical shell. Values of the zeta function
at s = −1/2, for the inside and the outside regions of a spherical shell, and corresponding values of
the Casimir energy. Note that in even dimensions, in contrast with the scalar ﬁeld, the divergences
arising from the inside and the outside energies are different. This is due to the fact that (only
in even dimensions) the l = 0 mode explicitly contributes to the poles of the ζ -function, such
contribution being absent from the scalar case.
D

ζ (−1/2) inside

ζ (−1/2) outside

Casimir energy

2
3
4
5

−0.344 6767 − 0.019 5312/
+0.167 8471 + 0.008 0841/
+0.500 8593 + 0.023 1719/
+1.046 3255 + 0.183 8665/

−0.021 5672 − 0.019 5312/
−0.075 4938 − 0.008 0841/
−0.194 2082 − 0.056 4056/
−0.298 1425 − 0.183 8665/

−0.183 1220 − 0.019 5312/
+0.046 1767
+0.153 3255 − 0.033 2337/
+0.374 0915

6. Electromagnetic ﬁeld in a perfectly conducting spherical shell
The Casimir energy of the electromagnetic ﬁeld is, essentially, the sum of a Dirichlet and of a
Robin scalar ﬁeld (with a speciﬁc value for β, see equation (4.17)), the only difference being
that the angular momentum l = 0 is to be omitted. An exception is D = 2, where the vector
Casimir effect consists of only the transverse magnetic mode contributions. Being precise, in
the interior of the shell one has for the transverse electric (TE)—respectively for the transverse
magnetic (TM) modes—the following boundary conditions [1, 62]:
r 1−D/2 Jνl (ωl,n r)|r=R = 0
for TE modes


(D/2 − 1)Jνl (ωl,n r) + ωl,n Jνl (ωl,n r) |r=R = 0

for

TM modes.

(6.1)

The condition for the TM modes is of Robin type with β = 2 − D. Since the l = 0 mode has
to be omitted, the minimum eigenvalue in this case is μ1 = D/2 and therefore we can apply
the method for any β = 2 − D > 1 − D. Thus, in order to obtain the Casimir energy of the
electromagnetic ﬁeld, we must simply repeat the computation of section 4 for Dirichlet and
Robin boundary conditions with β = 2 − D and add them up. We have to exclude everywhere
the l = 0 mode and this means that also the base ζ -function is slightly modiﬁed, in the way



d +1
d −1
d − 1 −2s
.
(6.2)
; d + ζB 2s,
;d −
ζN (s) = ζB 2s,
2
2
2
The results for the electromagnetic ﬁeld are summarized in table 5. D = 2 is the Neumann
result, D = 3 is the well known ﬁgure ﬁrst obtained by Boyer [1] and later recalculated
in [63, 64].
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7. Discussion and conclusions
In [26], two of the present authors developed a new, seminal approach for ﬁnding
representations of the zeta function associated with the Laplace operator on the D-dimensional
ball. At that stage, dimension by dimension was considered, but soon a reﬁned and generalized
technique was provided in subsequent works [27, 37]. Making use of the Barnes zeta
function [45], dimension can easily be dealt with as a parameter and several different ﬁelds
can also be treated on the same footing. The representations derived are valid for all values
of the complex parameter s and it depends on the practitioner’s needs or wishes at which
values of s the zeta function is to be evaluated. In previous work our concern was of a more
mathematical nature and we considered function values and residues appropriate to ﬁnd heatkernel coefﬁcients [26, 27, 37], as well as the derivative at s = 0 [30]. Since then, a number of
proclaimed ‘new’ methods have been developed in the literature.
Our aim in this paper has been to show explicitly that Casimir energies for the large family
of the more usual conﬁgurations can be obtained in fact from general formulae, also in quite
non-trivial situations, where the boundaries are not ﬂat plates, the ﬁelds are spinorial (rather
than scalar) and also when the boundary conditions are very general and rather involved. We
have gone far beyond previous work in that here we are no longer restricted to a very speciﬁc
ﬁeld in a speciﬁc dimension with a speciﬁc boundary condition, but give general formulae
for basically any possible situation that can arise in practice, involving spherically symmetric
boundaries.
Some comments on the precision and accuracy of the numerical procedure employed are in
order. It is clear from the analysis developed in the previous sections that a numerical evaluation
of the asymptotic terms Ai (s) to any desired accuracy is immediate, using the formulae given
there. These contributions are always represented by known special functions and using
available programs, such as Mathematica, the accuracy with which these are calculated is
readily obtained. Imposing accuracies of, for example, 10−20 or more, we obtain results in
negligible cpu time.
The only problem (if any) with the numerical analysis is the computation of Z(s),
equation (3.14). It is twofold. On one hand, the integration, up to inﬁnity, of the combination
of Bessel functions is not strictly possible, using the exact form of the Bessel functions. On
the other hand, the angular summation, up to inﬁnity, cannot be performed exactly. For large
angular momenta, the Bessel functions take a rather complicated form, which renders exact
summation not possible. For that reason, the following procedure has been applied throughout
(the error bounds given below are for Dirichlet boundary conditions, but very similar relations
hold for the other conditions considered).
We have dealt with the inﬁnite integration as follows. The main contributions always
originate from small values of z, and thus we split the integral into
 B
 ∞
dz +
dz.
0

B

Whereas in the ﬁrst integral the Bessel functions themselves are used for the integration, in the
second integral their asymptotic expansion for large arguments is employed. The value of B is
computed with the help of an adaptative procedure, such that the integrand and its asymptotic
expansion differ, at B, by less than, say 10−12 . Typically B = 10 is already sufﬁcient. Given
that the asymptotic of the Bessel functions is a simple polynomial in powers of (1/z), the
integration up to inﬁnity is very easily done.
Let us now assume that the contribution of the ﬁrst L angular momenta has been calculated
as described. In order to obtain a numerical approximation for the angular momentum sum,
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from L + 1 to inﬁnity, we proceed as follows. The idea is that, for sufﬁciently large values of
L, the integrand can be replaced by its uniform asymptotic expression. For Dirichlet boundary
conditions this amounts to going through the following steps:


 ∞
N
Dn (t)
eνη
1 ∞
int
ZL+1
dz ln Iν (νz) − ln √
−
≡−
d(l)ν
π l=L+1
2π ν(1 + z2 )1/4 n=1 ν n
0
 ∞
  ∞
1
∼ −
dz DN+1 (t)
d(l)ν −N
π
0
l=L+1
 ∞

 ∞
+
dz DN+2 (t)
d(l)ν −N−1 + · · ·
0

= −

1
π


 

+

l=L+1

∞


dz DN+1 (t) ζN (N/2) −

0

∞


dz DN+2 (t) ζN ((N + 1)/2) −

0

L

d(l)ν −N



l=0
L

d(l)ν

−N−1




+ ··· .

(7.1)

l=0

Again, the integrals over the uniform asymptotics are simple and can be performed analytically.
In this way, a closed expression for the approximation is found, the value of L being again
int
determined by an adaptative procedure. By deﬁnition, the difference ZLint − ZL+1
is equal to
the contribution originating from l = L. The value of L is determined such that the difference
int
ZLint − ZL+1
, obtained from (7.1), agrees up to say 10−10 with the contribution from l = L
calculated previously. Depending on the dimension, the values of L range from 6 (for D = 9)
to 49 (for D = 3).
In summary, as explained, this procedure takes fully into account the integrals of inﬁnite
range as well as the summation up to inﬁnity. The error bounds can thus be imposed at will in
the single steps and this guarantees that the results given are always numerically precise, up to
any pre-established digit. To our knowledge, this does not apply to any other method.
In the cases when partial results were known, we have compared our numbers with
these while improving always, by several digits, such known values and deriving, for the
ﬁrst time, many new ones, for different ﬁelds (e.g. results for the exterior space in the case
of the electromagnetic ﬁeld) and different boundary conditions (e.g. for spectral boundary
conditions, and for bag boundary conditions in any dimension). For the scalar ﬁeld with
Dirichlet boundary conditions we have re-obtained, in particular, the known result that for
even D the energy is divergent [39]. Here it still remains unclear whether there may be a
natural way to obtain, unambiguously, a ﬁnite answer with physical sense for this case. In odd
dimension, D = 2n − 1, the sign of the Casimir energy seems to be determined by the sign
of (−1)n . For even dimension, D = 2n, one also ﬁnds the alternating structure (−1)n+1 for
the ﬁnite part of the Casimir energy; however, its interpretation is unclear due to the presence
of the pole. Similar comments hold for the interior and exterior contributions separately, with
the same problems of interpretation. For Neumann boundary conditions, in all the dimensions
calculated, the Casimir energy is negative. Similarly, one can describe the results summarized
in tables 3–5. In all cases we have been able to obtain general, highly accurate expressions,
which, by ﬁxing some parameters, provide us with the desired speciﬁc example and yield a
numerical answer of arbitrary precision (just by adding the convenient number of terms of the
corresponding series).
Disappointing as the mentioned—quite well known—ambiguities may be (specialists in
the ﬁeld are quite used to them by now), even more so is the fact that no general pattern seems
to arise from our general formulae which might hint towards the physical understanding of the
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ﬁnal sign of the energy. Here we have been able to demonstrate, without reasonable doubt, the
existence of the two classes of Casimir force, attractive and repulsive, but are unable to give
the rule for which one will show up at a particular instance. Further insight will be needed to
clarify this point.
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Abstract
Zeta regularization has proven to be a powerful and reliable tool for the
regularization of the vacuum energy density in ideal situations. With the
Hadamard complement, it has been shown to provide ﬁnite (and meaningful)
answers too in more involved cases, as when imposing physical boundary
conditions (BCs) in two- and higher-dimensional surfaces (being able to mimic,
in a very convenient way, other ad hoc cut-offs, as non-zero depths). Recently,
these techniques have been used in calculations of the contribution of the
vacuum energy of the quantum ﬁelds pervading the universe to the cosmological
constant (cc). Naive counting of the absolute contributions of the known ﬁelds
lead to a value which is off by as much as 120 orders of magnitude, as compared
with observational tests, what is known as the cosmological constant problem.
This is very difﬁcult to solve and we do not address that question directly. What
we have considered—with relative success in several approaches of different
nature—is the additional contribution to the cc coming from the non-trivial
topology of space or from speciﬁc boundary conditions imposed on braneworld
models (kind of cosmological Casimir effects). Assuming someone will be
able to prove (some day) that the ground value of the cc is zero, as many
had suspected until very recently, we will then be left with this incremental
value coming from the topology or BCs. We show that this value can have
the correct order of magnitude—corresponding to the one coming from the
observed acceleration in the expansion of our universe—in a number of quite
reasonable models involving small and large compactiﬁed scales and/or brane
BCs, and supergravitons.
PACS numbers: 11.15.−q, 02.40.Vh, 03.70.+k
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1. Introduction
As crudely stated by Jaffe [1], experimental conﬁrmation of the Casimir effect does not
establish by itself the reality of zero-point ﬂuctuations. He explains this via the example of
the electromagnetic ﬁeld, where the energy of a smooth charge distribution, ρ(x), can be
precisely calculated from the energy stored in the electric ﬁeld, a formula which arguably
cannot be taken as evidence for the electric ﬁeld itself being real. Fortunately, propagating
electromagnetic waves are detected all the time. The moral: in the case of the Casimir forces
one should look for direct evidence of vacuum ﬂuctuations. Have they been found yet? As of
today, the answer is very controversial2 . Since GR has much wider consensus, I here propose
a search at the cosmological level. In fact, almost everybody admits that any sort of energy
will always gravitate. Thus, the energy density of the vacuum, more precisely, the vacuum
expectation value of the stress–energy tensor,
(1)
Tμν  ≡ −E gμν ,
appears on the rhs of Einstein’s equations
Rμν − 21 gμν R = −8π G(T˜ μν − E gμν ).
(2)
It therefore affects cosmology: there is a contribution T˜ μν of excitations above the vacuum,
equivalent to a cosmological constant λ = 8π GE . Recent data yield [2]
λ = (2.14 ± 0.13 × 10−3 eV)4 ∼ 4.32 × 10−9 erg cm−3 .
(3)
At issue is then the belief that zero-point ﬂuctuations will contribute in an essential way to the
cosmological constant (cc), e.g. they will be of the same order of magnitude.
Different rigorous techniques have been used recently in order to perform this calculation,
the result being that the absolute contributions of the known quantum ﬁelds (all of which couple
to gravity) lead to a value which is off by roughly 120 orders of magnitude—kind of a modern
(and indeed very thick) ether. Extremely severe cancellations should occur. Observational
tests, as advanced, see nothing (or very little) of it, what leads to the so-called cosmological
constant problem [3]. This problem is at present very difﬁcult to solve and we will here not
address such hard question directly. Some almost successful attempts at solving the problem
deserve to be mentioned, as the clever approaches by Baum and Hawking, and Polchinski’s
phase ambiguity found in Coleman’s solution [4].
What we do consider here—with relative success in quite different approaches—is the
additional contribution to the cc coming from the non-trivial topology of space or from speciﬁc
boundary conditions imposed on braneworld and other models. This can be viewed as kind
of a Casimir effect at cosmological scale: a cosmo-topological Casimir effect. Assuming
someone will be able to prove (some day) that the ground value of the cc is zero (as many
had suspected until very recently)3 , we will be left with this incremental value coming from
the topology or BCs. We show here that this value has the correct order of magnitude, e.g.
the one coming from the observed acceleration in the expansion of our universe, in three
different types of models, involving: (a) small and large compactiﬁed scales, (b) dS and AdS
worldbranes and (c) supergravitons.
2. Simple model with large and small dimensions
Consider a universe with a space-time such as: Rd+1 × Tp × Tq , Rd+1 × Tp × Sq , . . . ,
which are very simple models for the space-time topology. A free scalar ﬁeld pervading the
2
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universe will satisfy (− + M 2 )φ = 0, restricted by the appropriate boundary conditions
(e.g., periodic, in the ﬁrst case). Here, d  0 stands for a possible number of noncompactiﬁed dimensions. Recall that the physical contribution to the vacuum or zeropoint energy 0|H |0 (H is the Hamiltonian and |0 is the vacuum state) is obtained after
subtracting EC = 0|H |0|R − 0|H |0|R→∞ (R being a compactiﬁcation length), what
gives rise to the ﬁnite value of the Casimir energy EC , which will depend on R, after a
regularization/renormalization procedure is carried out. We discuss the Casimir energy density
volume of the spatial section of the universe4 .
ρC = EC /V , for either a ﬁnite or an inﬁnite
1 
In terms of the spectrum: 0|H |0 = 2 n λn , the sum over n involving, in general, several
continuum and several discrete indices.
The physical vacuum energy density corresponding to the contribution of a scalar ﬁeld,
φ in a (partly) compactiﬁed spatial section of the universe is5
ρφ =

1
2

k

1 2
(k + M 2 )1/2 ,
μ

(4)

where μ is the usual mass-dimensional parameter to render the eigenvalues dimensionless (we
take h̄ = c = 1 but will insert the dimensionfull units at the end). The mass M of the ﬁeld
will be kept different from zero (a tiny mass can never be excluded) and its allowed value
will be constrained later. A lack of this simpliﬁed model: the coupling of the scalar ﬁeld
to gravity should be considered (see, e.g. [5] and the references therein). However, taking it
into account does not change the order of magnitude of the results. The renormalization of
the model is rendered much more involved, and one must enter a discussion on the orders of
magnitude of the different contributions, which yields, in the end, an ordinary perturbative
expansion, the coupling constant being ﬁnally re-absorbed into the mass of the scalar ﬁeld.
Owing, essentially, to the smallness of the resulting mass for the scalar ﬁeld, one can prove that,
quantitatively, the difference in the ﬁnal result is of some per cent only. Another consideration:
our model is stationary, while the universe is expanding. Again, this effect can be dismissed
at the level of our order-of-magnitude calculation, since this contribution is clearly less than
the one we will get—taken the present value of the expansion rate R/R ∼ 10−10 per year,
or from direct consideration of the Hubble coefﬁcient. In any case, these reﬁnements are left
for future work. Here, to focus just on the essential issue, we perform a static calculation and
the value of the Casimir energy density and cc to be obtained will correspond to the present
epoch. They are bound to change with time.
2.1. Regularization of the vacuum energy density
For a (p, q)-toroidal universe, with p the number of large and q of small dimensions:
⎛
⎞(d+1)/2+1
p
q
∞
1
1
⎝1
n2 +
m2 + M 2 ⎠
,
ρφ = p q
a b n ,m =−∞ a 2 j =1 j b2 h=1 h
p

(5)

q

which corresponds to all large (resp. all small) compactiﬁcation scales being the same. The
squared mass of the ﬁeld should be divided by 4π 2 μ2 , but we have renamed it again M 2 to
simplify. We also dismiss the mass-dim factor μ, easy to recover later.
4

From now on we assume that all diagonalizations already correspond to energy densities, and the volume factors
will be replaced at the end.
5 Note that this is just the contribution to ρ coming from this ﬁeld; there might be other, in general.
V
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For a ( p-toroidal, q-spherical)-universe,
1
ρφ = p q
a b

∞

∞

np =−∞ l=1

⎛
4π 2
Pq−1 (l) ⎝ 2
a

⎞(d+1)/2+1
l(l
+
q)
n2j +
+ M 2⎠
,
2
b
j =1
p

(6)

Pq−1 (l) being a polynomial in l of degree (q − 1). We assume that d = (3 − p) is the
number of non-compactiﬁed, large spatial dimensions, and ρφ needs to be regularized.
We use the zeta function [6], taking advantage of our expressions in [7, 8]. No further
subtraction or renormalization is needed (the subtraction at inﬁnity is zero, and not even a
ﬁnite renormalization shows up). Using the mentioned formulae, that generalize the Chowla–
Selberg expression to encompass equations (5) and (6), we can provide arbitrarily accurate
results (even for different values of the compactiﬁcation radii [9]).
For the ﬁrst case, equation (5), we obtain
+
, q

p
∞
∞
, k=1 m2k + M 2
1
p h
- 
2
ρφ = − p q+1
h
2
h
a b
j =1 nj
h=0
nh =1 mq =−∞
+
⎡
$q
%⎤
, h
,
2π
a
n2j
m2k + M 2 ⎦ .
× K1 ⎣
(7)
b
j =1
k=1
Now, from the behaviour of the function Kν (z) for small values of its argument, Kν (z) ∼
1
(ν)(z/2)−ν , z → 0, we get, in the case when M is small,
2
+
⎧
⎛
⎞
, h

 p
∞
⎨
,
M
1
2π a
2π a p h

K1 ⎝
n2j ⎠
2
M +
M
ρφ = − p q+1 MK1
h
⎩
h
a b
b
b
2
h=0
nh =1
j =1
j =1 nj
⎫
 √
 ⎬
2π a √
2
2
1+M
.
(8)
+ O q 1 + M K1
⎭
b
The only presence of the mass-dim parameter μ is as M/μ everywhere, and this does not
affect the small M limit, M/μ  b/a. Inserting back the h̄ and c factors, we get





p
h̄c
2π a
p h
,
(9)
1+
2 α + O qK1
ρφ = −
h
2π a p+1 bq
b
h=0
where α is a computable ﬁnite constant, obtained as an explicit geometrical sum in the limit
M → 0. It is remarkable that we do get a well-deﬁned limit, independent of M 2 , provided
M 2 is small enough6 .
2.2. Numerical results
For the most common cases, the constant α in (9) has been calculated to be of order 102 ,
and the whole factor, in brackets, of order 107 . This clearly shows the value of a precise
calculation, as the one undertaken here, together with the fact that just a naive consideration
of the dependences of ρφ on the powers of the compactiﬁcation radii, a and b, is actually not
enough in order to get the correct result. Note, moreover, the non-trivial change in the power
dependences on going from equation (8) to (9).
6

Indeed, a physically nice situation turns out to correspond to the mathematically rigorous case.
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Table 1. Vacuum energy density contribution (orders of magnitude, omitting the minus sign
everywhere), in units of erg cm−3 , equation (3). In brackets, the values that more exactly match
the one for the cosmological constant coming from observations, and in parentheses the otherwise
closest approximations.
ρφ

p=0

p=1

p=2

p=3

b = lP
b = 10lP
b = 102 lP
b = 103 lP
b = 104 lP
b = 105 lP

10−13
10−14
10−15
10−16
10−17
10−18

10−6
[10−8 ]
(10−10 )
10−12
10−14
10−16

1
10−3
10−6
[10−9 ]
10−12
10−15

105
10
10−3
(10−7 )
10−11
10−15

Naturally enough, for the compactiﬁcation radii at small scales, b, we take the Planck
length, b ∼ lP(lanck) , and for the large scales, a, the present size of the universe, a ∼ RU . With
these choices, the order of a/b in the argument of K1 is as big as: a/b ∼ 1060 .7 The ﬁnal
expression for the vacuum energy density is independent of the mass M of the ﬁeld, provided
this is small enough (eventually zero). In fact, the last term in equation (9) is exponentially
vanishing (zero, for app). In ordinary units, the bound on the mass of the scalar ﬁeld is
M  1.2 × 10−32 eV (e.g., physically zero, since it is less by several orders of magnitude than
any bound coming from SUSY theories)8 .
By replacing such values we obtain table 1. The total number of large space dimensions
is three (our universe). Good coincidence in absolute value with the observational value is
obtained for p large and q = (p + 1) small compactiﬁed dimensions, p = 0, . . . , 3, and this
for the small compactiﬁcation length, b, of the order of 10 to 1000 times the Planck length lP
(a most reasonable range, according to string theory). The p large and q small dimensions are
not all that are supposed to exist: p and q refer to the compactiﬁed ones only. There may be
non-compactifed dimensions, what translates into a modiﬁcation of the formulae above, but
does not change the order of magnitude of the ﬁnal numbers (see, e.g. [6] for an elaboration
on this technical point). Finally, simple power counting is unable to provide the correct order
of magnitude of the results here obtained. One should observe, however, that the sign of the
cc is a problem with these oversimpliﬁed models (generically they get it wrong). This is no
longer so with the more elaborate theories involving bosons and fermions to be considered
below where, using quite natural boundary conditions, an expanding universe can be obtained.
3. Braneworld models
Braneworld theories may help to solve both the hierarchy problem and the cc problem. The
bulk Casimir effect can play an important role in the construction (radion stabilization) of
braneworlds. We have calculated the bulk Casimir effect (effective potential) for conformal
and for massive scalar ﬁelds [11]. The bulk is a ﬁve-dimensional AdS or dS space, with two
(or one) four-dimensional dS branes (our universe). The results obtained are consistent with
observational data. We present a summary of those results here.
For the case of two dS4 branes (at L separation) in a dS5 background (it becomes a
one-brane conﬁguration as L → ∞), the Casimir energy density and effective potential,
7

Note that the square of this value yields the 120 orders of magnitude of the QFT cc.
Where in fact scalar ﬁelds with low masses of the order of that of the lightest neutrino do show up [10], which may
have observable implications.
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√
for a conformally invariant scalar-gravitational theory S = 12 d5 x g[−g μν ∂μ φ∂ν φ +
α2
dz2 + d 24
ξ5 R (5) φ 2 ], ξ5 = −3/16, with R (5) the curvature and ds 2 = gμν dx μ dx ν = sinh
2
z
the Euclidean metric of the ﬁve-dimensional AdS bulk, d 24 = dξ 2 + sin2 ξ d 23 —for the
four-dimensional manifold, M4 , with α the AdS radius, related to the cc of the AdS bulk,
and d 3 the metric on the 3-sphere, of radius R—are obtained as follows. For the one-brane
Casimir energy density (pressure), we get




1
1
L 2
h̄cπ 3 π 2
L 4
h̄c
ECas =
+O
ζ − |L5 = −
−
.
(10)
2L Vol(M4 )
2
36L6 315 240 R
R
For the one-loop effective potential, we have
1
log det(L5 /μ2 ),
V =
2L Vol(M4 )

(11)


where L5 = −∂z2 −(4) −ξ5 R (4) = L1 +L4 , and log det L5 = n,α log λ2n +λ2α = −ζ  (0|L5 ).


In the one-brane limit L → ∞, ζ  (0|L5 ) = 31R ζH −4, 32 − 14 ζH −2, 32 = 0. And the
small distance expansion for the effective potential yields (up to an overall factor)


ζ  (−4) π 4 R4 ζ  (−2) π 2 R2
1
1 
π 2 R2


+
+
(−4,
3/2)
−
(−2,
3/2)
ln
ζ
ζ
ζ (0|L5 ) =
H
H
6
L4
12
L2
24
2
L2



ζ (0) 
1
1
+
ζH (−4, 3/2) − ζH (−2, 3/2) + ζH (−4, 3/2)
6
2
24
 2


1 1 
1 
L
L4
+
+O
ζ (−4, 3/2) − ζH (−6, 3/2)
36 8 H
3
R2
π 4 R4
4
2
2
R
R
R
 0.129 652 4 − 0.025 039 2 − 0.002 951 ln 2
L
L
L
L2
− 0.017 956 − 0.000 315 2 + · · · .
(12)
R
On the other hand, the effective potential for the massive scalar ﬁeld model is obtained to
be
1
log det(L5 /μ2 ),
V =
2L Vol(M4 )
L5 ≡ −∂z2 + m2 l 2 sinh−2 z − (4) − ξ5 R (4) = L1 + L4 (AdS),
(13)
L5 ≡ −∂z2 + m2 cosh−2 z − (4) − ξ5 R (4) = L1 + L4

(dS).

For the small mass limit (with L not large), it yields


aρ + a 2 ρ 2
π 2 aρ 2



ζ (0|L5 ) 
−
+ [2ζ (−4, 3/2) − ζ (−2, 3/2)]ρ
48
144
2
π4
−
[2ζ  (−4, 3/2) − ζ  (−2, 3/2)]ρ 2 + O(m6 ),
4370
m2 l 2 tanh(L/2l)
π 2 R2
,
ρ
≡
,
a≡
L2
π2
L/2l
while for the large mass limit (with L not small), it is

(14)

4m2 l 3 arctan(sinh L/2l)
+ ···,
(15)
3R
sinh(L/2l)
which is now non-zero (unlike in previous calculations, which turned a vanishing value) and
can ﬁt the observed order of magnitude under appropriate conditions.
ζ  (0|L5 ) = −
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4. Supergraviton theories
Finally, we have also computed the effective potential for some multi-graviton models with
supersymmetry [12]. In one case, the bulk is a ﬂat manifold with the torus topology R × T3 ,
and it can be shown that the induced cosmological constant can be rendered positive due
to topological contributions [13]. Previously, the case of R4 had been considered. In the
multi-graviton model the induced cosmological constant can indeed be positive, but only if
the number of massive gravitons is sufﬁciently large, what is not easy to ﬁt in a natural way.
In the supersymmetric case, however, the cosmological constant turns out to be positive just
by imposing anti-periodic BC in the fermionic sector. An essential issue in our model is to
allow for non-nearest-neighbour couplings.
The multi-graviton model is deﬁned by taking N copies of the ﬁelds with graviton hnμν and
Stückelberg ﬁelds Anμ and ϕn . Our theory is deﬁned by a Lagrangian which is a generalization
of the one in [14]. It reads
N−1 
1
1
λ
μν
μν
λ
L=
− ∂λ hnμν ∂ λ hμν
n + ∂λ hnμ ∂ν hn − ∂μ hn ∂ν hn + ∂λ hn ∂ hn
2
2
n=0
1 2
2
† μ
μ
ν
m hnμν hμν
n − (hn ) − 2 m An + ∂ ϕn (∂ hnμν − ∂μ hn )
2

1
μ ν
ν μ
− (∂μ Anν − ∂ν Anμ ) ∂ An − ∂ An .
2

−

(16)

 and † are difference
which operate on the indices n as φn ≡
N−1operators,N−1

N−1
†
a
φ
,

φ
≡
a
φ
,
k
n+k
n
k
n−k
k=0
k=0
k=0 ak = 0, where ak are N constants and the N
variables φn can be identiﬁed with periodic ﬁelds on a lattice with N sites if the periodic
boundary conditions, φn+N = φn , are imposed. The latter condition assures that  becomes
the usual differentiation operator in a properly deﬁned continuum limit.
In the case when anti-periodic boundary conditions are imposed in the fermionic sector,
the situation changes completely with respect to the bosonic one, since the fermionic mass
spectrum becomes quite different. The one-loop effective potential in the anti-periodic case
is calculated to be


M14
3
4M14 ∞
M12
du G(M1 ru)(u2 − 1)3/2
−
ln 2 −
Veff =
4π 2
2
3π 2 1
μR


M̃ 40
M̃ 20
4M̃ 40 ∞
3
−
du G(M̃ 0 ru)(u2 − 1)3/2
+
ln 2 −
4π 2
2
3π 2 1
μR


3
2M̃ 41 ∞
M̃ 41
M̃ 21
−
du G(M̃ 1 ru)(u2 − 1)3/2
+
ln 2 −
8π 2
2
3π 2 1
μR
m4
216
log
+ VT ,
(17)
36π 2
39
where VT is the sum of all the topological contributions. Note that the ﬁrst term on the rhs is
always negative, but the whole effective potential can be positive, due to the presence of the
topological term. Thus, in the regime mr  1 one has
−1/4
1
2
216
⇒
V
>
0
for
mr
<
∼ 1.4, (18)
log
VT ∼
eff
8π 2 r 4
9
39
=−

while in the opposite regime, mr  1, we can see that the topological contribution (although
still positive) is negligible, and the effective potential remains negative. In ﬁgure 1, the
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V eff (y)

y
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0.4 0.6

0.8

1

1.2
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-0.05
-0.1
-0.15
-0.2
Figure 1. Plot of Ṽ eff (y) ≡ r 4 Veff (r), equation (17), as a function of y ≡ mr.

corresponding plot of the full effective potential, equation (17), is depicted as a function of
y ≡ mr. The change of sign in the correct region is clearly observed.
To summarize, in the case of the torus topology we have obtained that the topological
contributions to the effective potential have always a ﬁxed sign, which depends on the BC
one imposes. They are negative for periodic ﬁelds and positive for anti-periodic ﬁelds. But
topology provides then a mechanism which, in a most natural way, permits to have a positive
cc in the multi-supergravity model with anti-periodic fermions. Moreover, the value of the cc
is regulated by the corresponding size of the torus. We can most naturally use the minimum
number, N = 3, of copies of bosons and fermions, and show that—as in the ﬁrst, much more
simple example, but now with the right sign—within our model the observational values for the
cosmological constant, equation (3), can be matched, by making very reasonable adjustments
of the parameters involved. As a byproduct, the results that we have obtained [13] may also
be relevant in the study of electroweak symmetry breaking in models with similar type of
couplings, for the deconstruction issue.
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Universitat Autònoma de Barcelona, Torre C5-Parell-2a Planta, 08193 Bellaterra (Barcelona), Spain
(Received 24 July 2006; published 25 September 2006)
A Hamiltonian approach is introduced in order to address some severe problems associated with the
physical description of the dynamical Casimir effect at all times. For simplicity, the case of a neutral scalar
ﬁeld in a one-dimensional cavity with partially transmitting mirrors (an essential proviso) is considered,
but the method can be extended to ﬁelds of any kind and higher dimensions. The motional force calculated
in our approach contains a reactive term —proportional to the mirrors’ acceleration —which is fundamental in order to obtain (quasi)particles with a positive energy all the time during the movement of the
mirrors—while always satisfying the energy conservation law. Comparisons with other approaches and a
careful analysis of the interrelations among the different results previously obtained in the literature are
carried out.
DOI: 10.1103/PhysRevLett.97.130401
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Introduction.—Moving mirrors modify the structure of
the quantum vacuum, what manifests in the creation and
annihilation of particles. Once the mirrors return to rest, a
number of the produced particles may still remain, which
can be interpreted as radiated particles. This ﬂux has been
calculated in several situations by using different methods,
as averaging over fast oscillations [1,2], by multiple scale
analysis [3], with the rotating wave approximation [4],
with numerical techniques [5], and others [6]. Here we
will be interested in the production of the particles and
their possible energy all the time while the mirrors are
moving. In the case of a single, perfectly reﬂecting mirror,
the number of produced particles as well as their energy
diverge while the mirror moves. Several renormalization
prescriptions have been used in order to obtain a welldeﬁned energy; however, for some trajectories this ﬁnite
energy is not a positive quantity and cannot be identiﬁed
with the energy of the produced particles (see, e.g., [7]).
Our approach relies on two basic ingredients: proper
use of a Hamiltonian method and the consideration of
partially transmitting mirrors, which become transparent to very high frequencies. We shall prove, in this
way, both that the number of created particles is ﬁnite
and also that their energy is always positive for the
whole trajectory corresponding to the mirrors’ displacement. We will also calculate the radiation-reaction force
that acts on the mirrors owing to the emission and absorption of particles, which is related with the ﬁeld’s
energy through the energy conservation law, so that the
energy of the ﬁeld at any time t is equal, with opposite
sign, to the work performed by the reaction force up to
time t [8,9]. Such force is usually split into two parts
[10,11]: a dissipative force whose work equals minus
the energy of the particles that remain [8], and a reactive
force vanishing when the mirrors return to rest. We will
show that the radiation-reaction force calculated from
the Hamiltonian approach for partially transmitting
0031-9007=06=97(13)=130401(4)

mirrors satisﬁes, at all time, the energy conservation law
and can naturally account for the creation of positive
energy particles. Also, the dissipative part we will obtain
agrees with the one calculated by other methods, as using
the Heisenberg picture or other effective Hamiltonians.
Note that those methods have problems with the reactive
part, which in general yields a nonpositive energy that
cannot be considered as that of the particles created at
any t.
In what follows, we ﬁrst introduce the Hamiltonian
method for a neutral Klein-Gordon ﬁeld in a cavity with
boundaries moving at a certain speed v  c. Then, a
single partially transmitting mirror in 1  1 spacetime
will be studied in order to illustrate the procedure and
prove the above statements. Our results will be compared
with the ones in the literature. Finally, the case of two
mirrors will be investigated to see that also here we obtain
physically meaningful quantities while the mirrors move,
in an unambiguous way, and that the dissipative force does
agree with previous results by other authors.
The Hamiltonian formulation.—Consider a neutral
massless scalar ﬁeld in a cavity t , and assume that the
boundary is at rest for time t  0 and returns to its initial
position at time T. Suppose also its velocity to be of order
  v=c (dimensionless, it is of order 108 in [12]; see
later). The Lagrangian density of the ﬁeld is Lt; x  12
@t 2  jrx j2 , x 2 t R3 , t 2 R. In terms of the
canonical conjugated momentum t; x @@@Lt  
@t t; x, the energy density of the ﬁeld is Et; x
1
2
2
@t   Lt;
R x3 2   jrx j , while its energy is
Et; 
d
xEt;
x.
As
is
well
known, this energy
t
density does not coincide with the Hamiltonian one [13–
15]. The Hamiltonian density can be conveniently obtained
using the method in [16].
First, a (nonconformal) coordinate change is used to
~
convert the moving boundary t into a ﬁxed one :
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tt; y; xt; y  Rt; y  t; Rt; yR (tRthe new time).
~ t; y,
The action of the system is S  R ~ d3 ydt L
~


with Lt; y JLRt; y, with J being the Jacobian of
~ t; y
the change, d3 x Jd3 y. For the function 
p
~ t; y
JRt; y, the conjugated momentum is 
p
~
@L

~  J @t Rt; y, and the Hamiltonian density
@@t
p
~ t; y  1~2  Jjr j2   @
~  J@t : (1)
~ t
H
x
2
In the coordinates (t, x) after some calculations,
H t; x  Et; x  t; xh@s RR1 t; x; rx t; xi 
1
1
2 t; xt; x@s lnJjR t;x . For a single mirror which
follows a prescribed trajectory [gt; t] in 1  1 spacetime, we can set Rt; y  y  gt, and obtain H t; x 
_
Et; x  gtt;
x@x t; x.
Case of a single, partially transmitting mirror.—We here
consider a single mirror in 1  1 spacetime, following a
prescribed trajectory [t; gt]. When the mirror is at rest,
scattering is described by the matrix


s!
r!e2i!L
S! 
;
(2)
r!e2i!L
s!
where x  L is the position of the mirror. The S matrix is
taken to be real in the temporal domain, causal, unitary,
and the identity at high frequencies [17]. Speciﬁcally,
(i) S!  S !, (ii) S! is analytic for Im! > 0,
with s! and r! being meromorphic (cutoff) functions (the material’s permitivity and resistivity),
(iii) S!Sy !  Id, and (iv) S! ! Id, when j!j ! 1.
To reach the quantum theory from the Hamiltonian
approach, we set the mirror at y  0 in the above coordinates; the right and left incident modes are g~!;R y 
1 
p
fs!ei!y y  ei!y  r!ei!y yg
and
4!
1 
i!y
i!y
i!y
f
e

r!e
y

s!e
yg.
g~!;L y  p
4!
In the coordinates (t, x) the instantaneous set of the right
and left incident eigenfunctions which generalize the set
for a perfectly reﬂecting mirror is g!;j t; x;  g~!;j x 
gt, j  R; L. In general, we do not know which is the
part of the Hamiltonian that describes the interaction between the ﬁeld and the mirror. To
R get the quantized theory,
the energy of the ﬁeld Et  R dxEt; x, which in the
presence of a single mirror does not depend on , must be
considered as part of the free Hamiltonian of the system. In
the interactionR picture, the Schrödinger equation is
^
^
_
_
i@t ji  gt
R dxI t; x; @x I t; x; ji  gt
R
2
^
^

dx

t;
x;
0@
t;
x;
0ji

O
.
The
average
I
x
I
R
number of (quasi)particles [18] and the dynamical energy
(e.g., the energy of the created particles) at time t are,
respectively,
hF^ Ha ti  
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N t

X Z1
jR;L

^
hEti

X Z1
jR;L

0

0

d!h0jT t y a^ y!;j a^ !;j T t j0i;

d!!h0jT t y a^ y!;j a^ !;j T t j0i;

(3)

(4)

with T t being the quantum evolution operator. A simple
but cumbersome calculation yields the following results:
N t 

2 Z 1 Z 1 d!d!0 !!0 c
_ t !  !0 j2 jr!
jg
22 0 0 !  !0 2

 r !0 j2  js!  s !0 j2  O4 ;
^
hEti


(5)

2 Z 1 Z 1 d!d!0 !!0 c
_ t !  !0 j2 jr!
jg
42 0 0 !  !0 
 r !0 j2  js!  s !0 j2  O4 ;

(6)

where t is the Heavyside step function, t   t  ,
and f^ the Fourier transform of f.
These two quantities are in general convergent.
However, for the seminal Davis-Fulling model [7] of a
single, perfectly reﬂecting mirror, both quantities diverge
when the mirror moves or when its movement has discontinuities of some kind [15,19]. To obtain a ﬁnite energy,
different regularization techniques have been used. For
instance, with a frequency cutoff e! , with 0 <   1,
^ i  2 g_ 2 t  gt
 gt
_ 
the regularized energy is hEt;
6 
Rt 2

g
d
,
and
imposing
that
the
kinetic
energy
of
the
0
moving boundary be 12 Mexp  312 2 g_ 2 t, with Mexp the
experimental mass of the mirror, some authors conclude
that the renormalized dynamical energy, namely, E^ R t, is
[7–10]


Zt
2
 gt
_ 
g 2 d :
hE^ R ti
(7)
gt
6
0
However, when t  , with 0 <  1, this renormalized
energy is negative, which shows that, while the mirror
moves, the renormalized energy cannot be considered as
the energy of the produced particles at time t [cf. the
paragraph after Eq. (4.5) in [7] ]. We interpreted such
results as implying that a perfectly reﬂecting mirror is
nonphysical and decided to approach the problem by considering instead a partially transmitting mirror, transparent
to high frequencies. Results are rewarding: in our Hamiltonian approach Eqs. (4) and (6), for the radiation-reaction
force, e.g., the difference between the energy density of the
evolved vacuum state on the left and right sides of the
mirror, we do get the right sign

 Z 1 Z 1 d!d!0 !!0
0
c
_ t !  !0  jr!  r !0 j2  js!  s !0 j2  O2 : (8)
Re ei!! t g
!  !0
22 0 0

Note this integral diverges for a perfect mirror (r

1, s
130401-2
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transmitting (physical) one where r! ! 0, s! ! 1, as
! ! 1 [see (2)]. Energy conservation is fulﬁlled: the
dynamical energy at any time t equals, with the opposite
sign, the work performed by the reaction force up to that
time t [8,9]; in fact, from (6) and (8),
Zt
^
_
hEti
  hF^ Ha igd:
(9)
0

Comparison with other results.—First, we have repeated
the calculations using the Heisenberg picture approach of
[20]. We have obtained the ‘‘in’’ modes when the mirror
describes the prescribed trajectory [t, gt]. Then, we
have obtained the average number of produced particles
after the mirror returns to rest [21]:
X Z 1Z 1
in 2
N t  T 
d!d!0 jout
!;i ;!0 ;j j ; (10)
i;jR;L

0

0

in
by calculating the Bogoliubov coefﬁcients (out
!;i , !0 ;j ) in

the null future inﬁnity I (outgoing modes acquire a very
simple expression in I  ). The ﬁnal result turns out to be
exactly the same expression (5).
The radiation-reaction force in the Heisenberg picture, hF^ H ti, is the difference between the energy density of the in vacuum state on the left and right sides of the
mirror. A simple calculation shows that the energy
density
^ xi  R1 d!! 
on both sides of the mirror is hEt;
0
R
i
0
0^
 !0  ! 1  r!r!0  
R2 d!d! !! g!
82
0 v
0
i!!
gt  x  O2 , !
s!s!  e
!  ! being the sign function. Note that the term
^  !0 
of order  is ill-deﬁned, since the function !!0 g!
1  r!r!0   s!s!0  is not Lebesgue integrable.
Some regularization is needed to obtain a well-deﬁned
^ x; i
quantity. Deﬁning the regularized energy by hEt;
R1
P
!
in
in
d!e
@

u;
v;

@

u !;j
u !;j u; v;  
jR;L 0
in u; v;  , with the in modes
u;
v;
@

@v in
v !;j
!;j
regularized to obtain a cutoff independent quantity [22],
i
in the Heisenberg picture reads hF^ H t;i  8
2
R
0
0^
 !0  !  !0  1  r!r!0  
R2 d!d! !! g!
0
0
s!s!0  ej!jj! j ei!! t  O2 . This converges
and is cutoff independent, and a possible deﬁnition of the
renormalized radiation-reaction force is
i Z
^  !0 
hF^ H;ren ti  2
d!d!0 !!0 g!
8 R2
!  !0  1  r!r!0 
0

 s!s!0  ei!! t  O2 :

(11)

In general, this formula disagrees with the radiationreaction force (8) which was obtained using the
Hamiltonian approach. Moreover, we have been able to
prove (details will be provided elsewhere [22]) that the
force (11) coincides with the radiation-reaction force calculated by Jaekel and Reynaud [23] after renormalization: hF^ J;R;ren ti hF^ H;ren ti. We thus conclude that the
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method of Jaekel and Reynaud is equivalent to the quantum theory
in the Heisenberg
R
R picture. Furthermore, note
_   R dthF^ J;R;ren tigt,
_
that  R dthF^ Ha tigt
and this
identity proves that the dissipative parts of hF^ Ha ti and
hF^ J;R;ren ti always agree.
However, in several situations the reactive parts do not
i
!
match. For instance, if rw   !i
and sw  !i
with > 0, there is the relation

  hF^ J;R;ren ti;
gt
(12)
2
Rt
R
2  z3 
where
hF^ J;R;ren ti   1
1 dz 1 dz
 zt :::
e
g. The two forces differ in a reactive term.
Now the crucial point is that, during the movement of the
mirror, the work done by the motion force hF^ J;R;ren ti is
not a negative quantity. Consequently, the dynamical energy is not positive and a meaningless result is obtained
because the dynamical energy is the energy of the produced particle. To avoid this difﬁculty, the reactive term

 2 gt,
which most naturally appears in the Hamiltonian
formulation for a partially transmitting mirror, comes to
rescue and renders a physically meaningful result.
Barton and Calogeracos [11] (see also [24]) studied the
i
!
case rw   !i
, sw  !i
, with > 0. The interaction between ﬁeld and mirror can be described there by
the Lagrangian density 12 @t 2  @x 2  2 x 
gt. With the Hamiltonian method we have
the
R obtained
^ x 
corresponding quantized Hamiltonian, and R dxEt;
R
P
^ y!;j a^ !;j  1=2. This
^ 2 t; gt  jL;R 1
0 d!!a
leads, for these reﬂection and transmission coefﬁcients,
back to our formulas (5), (6), and (8). However, two
important differences exist. First, to obtain the
Schrödinger equation, these authors make a unitary transformation which does not seem easily generalizable to the
case of two moving mirrors. And second, in [11], following
[9,10], a mass renormalization is performed—in order to
eliminate the reactive part of the motion force —where the
energy of the ﬁeld is not a positive quantity at any time t.
Again, the concept of particle is ill-deﬁned during the
mirror’s displacement.
Two partially transmitting mirrors.—We have ﬁnally
extended our method to the case of two moving mirrors
that follow prescribed trajectories [t, Lj t; ], where
Lj t;  Lj  gj t, with j  1; 2 assuming that
L1 t;  < L2 t; , for all t 2 R. In this case it is impossible, in practice, to work in the Heisenberg picture, because it is extremely difﬁcult to obtain the in and
out mode functions in the presence of the two moving
mirrors. Instead, in order to get the dissipative part of
the motion force, the number of radiated particles, and
their energy, the approach of Jaekel and Reynaud can be
used, which starts from the effective Hamiltonian H^ J;R
P
^
 j1;2 gj tF^ j t, where F^ j t lim !0 Et;L
j  j j 
^Et;Lj  j j is the force operator at the point x  Lj [25].
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However, this method does not seem useful to obtain the
reactive part of the motion force and the dynamical energy
while the mirrors move. As before, in order to get those
quantities we are led to use our Hamiltonian approach.
This demands now considerable effort [22], e.g., generalizing the model [11], P
described by the Lagrangian density
1
2
2
2
x  Lj t; , the Ham2 @t   @x   j1;2 j 
iltonian in the interaction picture has the form H^ I t 
R
P
^~
^~
2
2
1 t
  g2Ltg
j1;2 j I Lj  
R dy@y I y 
2 L1
R
P
1j g_ j t^~I y
^~ yy  L   1 
^~ y 
dy
@

j1;2

R

L2 L1

y

I

j

2

I

O2  in terms of free quantum ﬁelds deﬁned from an
expansion in terms of left and right incident eigenfunctions. Our dissipative part of the motion force [22] coincides with the one obtained in [25]. For times  larger than
the stopping time, our quantum evolution operator is T  
R
Id  i R dtH^ I t. Using results from [11], we obtain explicitly that, for times
R  larger than the stopping time,
P
T   Id  i j1;2 R dtgj tF^ j t, as it should be. We
see no basic obstruction to extend our procedure to higher
dimensions and ﬁelds of any kind.
We should mention, to ﬁnish, that there are proposals to
detect the radiated photons, although the reactive part and
the possible deviations from conservative motion seem out
of experimental reach yet [12].
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[15] R. Schützhold, G. Plunien, and G. Soff, Phys. Rev. A 57,
2311 (1998).
[16] H. Johnston and S. Sarkar, J. Phys. A 29, 1741 (1996).
[17] M.-T. Jaekel and S. Reynaud, J. Phys. I 1, 1395 (1991).
[18] A. A. Grib, S. G. Mamayev, and V. M. Mostepanenko,
Vacuum Quantum Effects in Strong Fields (Friedman
Laboratory Publishing, Sankt Petersburg, 1994).
[19] G. T. Moore, J. Math. Phys. (N.Y.) 11, 2679 (1970).
[20] N. Obadia and R. Parentani, Phys. Rev. D 64, 044019
(2001).
[21] N. D. Birrell and C. P. W. Davies, Quantum Fields in
Curved Space (Cambridge University Press, Cambridge,
England, 1982).
[22] J. Haro and E. Elizalde (to be published).
[23] M.-T. Jaekel and S. Reynaud, Quantum Opt. 4, 39 (1992).
[24] D. A. R. Dalvit and P. A. Maia Neto, Phys. Rev. Lett.
84, 798 (2000); P. A. Maia Neto and D. A. R. Dalvit,
Phys. Rev. A 62, 042103 (2000).
[25] M.-T. Jaekel and S. Reynaud, J. Phys. I 2, 149 (1992); 3,
1093 (1993); A. Lambrecht, M.-T. Jaekel, and S. Reynaud,
Phys. Rev. Lett. 77, 615 (1996).

130401-4

251

week ending
29 SEPTEMBER 2006

Cosmology, the Quantum Vacuum, and Zeta Functions

GRAVITATION AND BLACK HOLES

252

A Choice of Papers

Emilio Elizalde

253

Cosmology, the Quantum Vacuum, and Zeta Functions

254

A Choice of Papers

Emilio Elizalde

255

Cosmology, the Quantum Vacuum, and Zeta Functions

256

A Choice of Papers

Emilio Elizalde

257

Cosmology, the Quantum Vacuum, and Zeta Functions
PHYSICAL REVIEW D, VOLUME 65, 124024

Family of regular interiors for nonrotating black holes with T 00 ÄT 11
Emilio Elizalde* and Sergi R. Hildebrandt†
Instituto de Ciencias del Espacio (CSIC) and Institut d’Estudis Espacials de Catalunya (IEEC/CSIC), Ediﬁci Nexus, Gran Capità 2-4,
08034 Barcelona, Spain
共Received 1 March 2002; published 18 June 2002兲
We ﬁnd the general solution for the spacetimes describing the interior of static black holes with an equation
of state of the type T 00 ⫽T 11 (T being the stress-energy tensor兲. This form is the one expected from taking into
account different quantum effects associated with strong gravitational ﬁelds. We recover all the particular
examples found in the literature. We remark that all the solutions found follow the natural scheme of an interior
core linked smoothly with the exterior solution by a transient region. We also discuss their local energy
properties and give the main ideas involved in a possible generalization of the scheme in order to include other
realistic types of sources.
DOI: 10.1103/PhysRevD.65.124024

PACS number共s兲: 04.70.⫺s, 04.20.Dw, 04.20.Jb, 97.60.Lf

I. INTRODUCTION

Any static black hole 共BH兲 arises from the gravitational
collapse of some object. Under the premises in this work, the
object has not 共yet兲 shrunken indeﬁnitely and has not given
rise to a spacetime singularity. It is then natural to consider
two regions: one exterior to the object, and the object itself.
The exterior region, as is well known, can be described by a
spacetime belonging to the Reissner-Nordström 关1,2兴 solution. In the absence of electric, or magnetic, charge it is
simply Schwarzschild’s spacetime. Furthermore, one can add
a cosmological constant following recent observational results 关3,4兴. Then, the spacetime belongs to the Kottler-Trefftz
solution family 关5,6兴. In this case, the global properties of the
spacetime clearly change, e.g., the spacetime is no longer
asymptotically ﬂat 共see, e.g., 关1,7兴兲.
Going a step further, we consider the body itself as composed of two main regions. One is its surface and the other
the rest of the body, i.e., the interior region. One may expect
that some mechanism—having to do, e.g., with quantum
gravity—will be able to stop the collapse of the body. Therefore we will think of the interior of the body as being described by some spacetime product of the present knowledge
available on the merge of quantum ﬁeld theory and gravitation. A widely studied issue in this direction is that of quantum vacuum effects 关8 –14兴 and the resulting spacetime turns
out to be a de Sitter 共dS兲 or anti–de Sitter 共AdS兲 one 关15–
24兴. There are other alternatives, as, e.g., those of 关25,26兴.
In all these cases considered so far, either no distinction
has been made between the interior and the exterior of the
body 共see e.g., 关20–26兴兲 or there appears a singular distribution of matter at the surface of the body 共see, e.g., 关18,19兴兲.
This distribution is singular in the sense that it is a matter
surface density—called a singular shell. However, contrary
to the case of electromagnetic charge densities, a matter surface density has neither been observed nor has it been predicted by any theory. It is thus more natural to assume that
the matter on the surface of the body is distributed across the

*Email address: elizalde@ieec.fcr.es, elizalde@math.mit.edu
†

Temporary address: Avda. Marı́tima, 39. P-041E, Candelaria,
S/C. de Tenerife, Spain. Email address: hildebrandt@ieec.fcr.es
0556-2821/2002/65共12兲/124024共15兲/$20.00

body, and leave for a subsequent study the issue of whether
this region is thin or thick, in comparison with the region
dominated by quantum vacuum effects, through one of the
solutions referred to before. Finally, the only work considering all the features of the structure of a regular static BH
with a clear physical source is 关27兴. However, Nariai spacetime was absent, as well as an implementation of previous
attempts and a complete study of 共local兲 energy conditions.
Thus, in our opinion, it is worth carrying out a uniﬁcation of
the different results obtained so far, as well as extending
them in order to cover some important issues that were overlooked in those analysis. Here we provide, for the ﬁrst time
to our knowledge, the general solution of the scheme discussed above. In particular, we carry out an implementation
of all those previous works which, for one reason or another
did not comply with all the requirements already speciﬁed.
We also perform a study of the local energy conditions in all
these cases.
Finally, it is also important to introduce other kinds of
solutions for the interior region, aside from the ones referred
to before, which arise from results, or just hints, coming
from the contribution of the quantum vacuum to gravity. To
summarize, these are the points that will be dealt with, successively, in the body of this paper comprising the next ten
sections. They are clearly identiﬁed by their titles and will
need no further speciﬁcation here. Section XII is devoted to
some ﬁnal remarks, and in Sec. XIII we provide the conclusions of the work. A brief survey can be found in 关28兴.
Throughout this work we will use units such that G
⫽1, c⫽1, Einstein’s equations are written in the form
G ␣␤ ⫽8  T ␣␤ , where G ␣␤ is the Einstein tensor—we follow
the conventions of 关1兴—and T ␣␤ is the energy-momentum
tensor. A prime will denote derivation with respect to the
coordinate r.

II. SPACETIMES WITH A SPHERICALLY SYMMETRIC
QUANTUM VACUUM AS A SOURCE

Because of the imposed limitation of nonaccepting singular mass shells, the spacetimes describing the interior of the
body are not allowed to be of a well known kind as dS or
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AdS spacetimes. Indeed, the interior solution cannot be everywhere a spatial isotropic solution, as dS or AdS, because
this would lead to a sudden change in the pressures exerted
by the body to the exterior, and would lead to the appearance
of a singular mass shell 关29兴. Now, the type of generalization
depends on the underlying physics one is able to assume.
The isotropic case is suitable in order to link it with the
expected contributions of a dominating quantum vacuum, especially those associated with vacuum polarization. As we
are dealing with spacetimes which are spherically symmetric, a natural generalization is to assume that the body may
be described by a solution which is invariant to any nonrotating observer, with a free radial motion, instead of a solution which is invariant to any observer. This generalization of
the energy-matter content of the body is called spherically
symmetric quantum vacuum 共SSQV兲, after 关20兴, see also
关22兴, and requires the imposition of T 00 ⫽T 11 for any nonrotating observer. This is the type of energy-matter content that
is considered in 关18 –28,30兴 and will be the one used in the
ﬁrst part of this work, until we get to Sec. X. In particular,
SSQVs and nonlinear electrodynamics have given some relevant results on the issue of regular BHs, see, e.g., 关23–
25,30兴.
We shall now characterize the families of spacetimes that
are suitable to become SSQVs. Any static, spherically symmetric spacetime can be conveniently described by
ds 2 ⫽⫺F 共 r 兲 dt 2 ⫹F ⫺1 共 r 兲 dr 2 ⫹G 2 共 r 兲 d⍀ 2 ,

共1兲

where d⍀ 2 ⬅d  2 ⫹sin2  d2. There are certainly other ways
to represent these spacetimes, which avoid the problems occurring near the possible horizons, or by putting R 2 d⍀ 2 ,
provided G ⬘ ⬅dG(r)/dr⫽0 共see, e.g., 关31,32兴兲. For a local
observer at rest with respect to the coordinate grid of Eq. 共1兲,
a standard computation of T ␣␤ yields 共 is the energy density, p the radial pressure, and p 2 , p 3 the tangential pressures,
measured by this observer兲

Ricci⫽

G⬙
共 ⫺⌰0 丢 ⌰0 ⫹⌰0 丢 ⌰1 ⫹⌰1 丢 ⌰0 ⫺⌰1 丢 ⌰1 兲
G
⫹

1
共 ⌰2 丢 ⌰2 ⫹⌰3 丢 ⌰3 兲 .
G2

共7兲

On the other hand, for a SSQV we must have  ⫹p⫽0 共the
conditions on T ␣␤ being directly translated into conditions
for R ␣␤ )
Ricci⫽R 00共 ⫺⌰0N 丢 ⌰0N ⫹⌰1N 丢 ⌰1N 兲
⫹R 22共 ⌰2N 丢 ⌰2N ⫹⌰3N 丢 ⌰3N 兲 ,

共8兲

兵 ⌰⍀
N其

is some orthonormalized cobasis, not necessarwhere
ily coincident with the one used in the computation of Eq.
共7兲. Therefore, we must look for an orthonormalized cobasis
for which the Ricci tensor 共7兲 becomes of the type 共8兲.
Clearly this is the same as ﬁnding out whether we can have
linear expressions ⌰0N ⬅A⌰0 ⫹B⌰1 , and ⌰1N ⫽C⌰0 ⫹D⌰1 ,
with ⫺⌰0N •⌰0N ⫽⌰1N •⌰1N ⫽⌰0N •⌰1N ⫹1⫽1. However, Eq.
共8兲 is invariant under these changes. The only solution that
makes Eqs. 共7兲 and 共8兲 compatible is then
G ⬙ ⫽0.

共9兲

If F⫽0, we also have G ⬙ ⫽0. Thus G ⬙ ⫽0 constitutes the
proper characterization of any possibility.
Now, from G ⬙ ⫽0 two distinct alternatives appear
G⫽ ␥ ,

or

G⫽ ␣ r⫹ ␥ ,

共10兲

where ␣ (⫽0) and ␥ are constant. Only the latter has been
considered in detail in the literature of regular BHs. We will
study it in the sequel.
Other expressions for the spacetimes describing SSQVs.
In order to include the possible horizons, we write the metrics 共1兲 under the common form

8  ⫽

1
关 1⫺F 共 G ⬘ 2 ⫹2GG ⬙ 兲 ⫺GG ⬘ F ⬘ 兴 ,
G2

共2兲

ds 2 ⫽⫺ 共 1⫺H 兲 dT 2 ⫹2HdTdr⫹ 共 1⫹H 兲 dr 2 ⫹ ␥ 2 d⍀ 2 ,
共11兲

8  p⫽

1
关 ⫺1⫹FG ⬘ 2 ⫹GG ⬘ F ⬘ 兴 ,
G2

共3兲

ds 2 ⫽⫺ 共 1⫺H 兲 dT 2 ⫹2HdTdr⫹ 共 1⫹H 兲 dr 2 ⫹r 2 d⍀ 2 ,
共12兲

F ⬙ FG ⬙ F ⬘ G ⬘
⫹
⫹
.
2
G
G

共4兲

where H⬅1⫺F, and the coordinate change is given by dT
⫽dt⫹(1⫺F)/Fdr. We will use these forms in the sequel.
We have also used the fact that the case g⫽ ␣ r⫹ ␥ is physically equivalent to the case G⫽r. This is intuitively seen
because ␣ merely represents the scale of units used for r and
␥ is an arbitrary 共constant兲 origin. In terms of coordinate
changes we have: The metric 共1兲 for G⫽ ␣ r⫹ ␥ is ds 2
⫽⫺F(r)dt 2 ⫹F ⫺1 (r)dr 2 ⫹( ␣ r⫹ ␥ ) 2 d⍀ 2 . Recalling that ␣
⫽0, one can deﬁne a new radial coordinate r̃⬅ ␣ r⫹ ␥ . The
metric becomes then ds 2 ⫽⫺F 关 (r̃⫺ ␥ )/ ␣ 兴 dt 2 ⫹ ␣ ⫺2 F ⫺1 关 (r̃
⫺ ␥ )/ ␣ 兴 dr̃ 2 ⫹r̃ 2 d⍀ 2 . Now, under a reparametrization of the
t coordinate by dt⬅ ␣ d t̃ we get ds 2 ⫽⫺ ␣ 2 F 关 (r̃
⫺ ␥ )/ ␣ 兴 d t̃ 2 ⫹ ␣ ⫺2 F ⫺1 关 (r̃⫺ ␥ )/ ␣ 兴 dr̃ 2 ⫹r̃ 2 d⍀ 2 .
Whence
one can conclude that any member of Eq. 共1兲 with G⫽ ␣ r
⫹ ␥ with ␣ ⫽0 is equivalent to another member of Eq. 共1兲

8  p 2 ⫽8  p 3 ⫽

Imposing  ⫹ p⫽0 in Eqs. 共2兲 and 共3兲, we get
FG ⬙ ⫽0.

共5兲

We now use that G cannot be zero in any open region. Two
alternatives appear: F⫽0 or G ⬙ ⫽0. If F⫽0, expression 共1兲
is useless. It is ﬁrst necessary to change the coordinate system of Eq. 共1兲 by dT⬅dt⫹(1⫺F)/Fdr, while keeping the
rest unchanged. Then one can impose F⫽0. The result is
ds 2 ⫽2dTdr⫹2dr 2 ⫹G 2 共 r 兲 d⍀ 2 .

共6兲

In the orthonormalized cobasis given by ⌰ ⫽dT/ 冑2, ⌰1
⫽dT/ 冑2⫹ 冑2dr, ⌰2 ⫽Gd  , and ⌰3 ⫽G sin d, the Ricci
tensor takes the form
0
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with ␣ ⫽1 and ␥ ⫽0. Since we are studying the general description of SSQVs it is enough to consider the representation ␣ ⫽1, ␥ ⫽0 and arbitrary F(r) to include any case of
SSQV.
Furthermore, it is easy to show that Eq. 共12兲 can be written in the Kerr-Schild form 关33兴:

As a consequence, for a regular source p 2 →⫺  as r⫽0 is
approached. Therefore in any regular solution the spacetime
becomes more and more isotropic as r→0. Thus the contribution from the quantum vacuum becomes more and more
dominant as r tends to 0 and the initial idea of distributing
the singular mass shell across some region of the body is
completed.
On the other hand, one can choose a similar cobasis as in
the Nariai-like case, just by replacing ␥ with r. The Riemann
tensor has the following independent components:

ds 2 ⫽ds 2 ⫹2H 共 r 兲 艎 丢 艎,

共13兲

where ds 2 stands for the ﬂat spacetime metric, H is an arbitrary function of r, and 艎 is a geodesic radial null one-form,
艎⫽(1/冑2)(dt⫾dr). Thus the SSQVs in Eq. 共12兲 can be
thought of as the family of maximal spherically symmetric
spacetimes expanded by a geodesic radial null one-form
from ﬂat spacetime 共GRNSS spaces兲.
To summarize, there are only two, nonequivalent, families
of SSQVs. The case with G ⬘ ⫽0 is characteristic of the
Nariai solution 关34,35兴. The Nariai solution is a solution of
Einstein’s equations for the same pattern as the de Sitter
solution, i.e., T ␣␤ ⫽⌳ 0 g ␣␤ , ⌳ 0 being the cosmological constant. The difference lies in the ‘‘radial’’ coordinate. In the
Nariai case there is no proper center for the spherical symmetry. Therefore we shall call the spacetimes with G ⬘ ⫽0
generalized Nariai metrics. Finally, the other case corresponds to the GNRSS spaces which constitute a distinguished family of the class of Kerr-Schild metrics.

R 0101⫽⫺

H⬙
,
2

R 0202⫽R 0303⫽⫺

共17兲
H⬘
R 1212⫽R 1313⫽ ,
2r

R 2323⫽

G 00⫽⫺G 11⫽

1
共 Hr 兲 ⬘ ,
r2

R 0101⫽⫺H ⬙ /2,

R 2323⫽1/ ␥ 2 .

共14兲

The Ricci tensor is characterized by R 00⫽⫺R 11
⫽⫺H ⬙ /2, R 22⫽R 33⫽1/ ␥ 2 . The scalar curvature is R⫽H ⬙
⫹2/␥ 2 , and the Einstein tensor has the following nonzero
components:
G 00⫽⫺G 11⫽1/ ␥ 2 ,

G 22⫽G 33⫽⫺H ⬙ /2.

 ⬘r
.
p 2 ⫽⫺  ⫺
2

共16兲

⬘r
G 00
2

.
共18兲

IV. JUNCTION OF THE INTERIOR AND EXTERIOR
SOLUTIONS

The junction, or matching, of two spherically symmetric
spacetimes is well-known 共see, e.g., 关29,36 –38兴兲. The general form of a hypersurface that clearly adjusts itself to the
spherical symmetry of any of these spacetimes is as follows:

⌺:

B. The GNRSS metrics

First we note that these spacetimes fulﬁll the relation

.

In this case, the isotropic 共regular兲 GNRSS metric is the
de Sitter solution, given by H(r)⫽(⌳ 0 /3)r 2 .
Exterior metrics and GNRSS metrics. It turns out that all
of the possible exterior metrics, see Sec. I, also belong to the
GNRSS family. The function H is H(r)⫽(⌳ ext/3)r 2 ⫹2m/r
⫺q 2 /r 2 , where ⌳ ext stands for the external cosmological
constant, m is the ADM mass of the BH, and q its electromagnetic charge.
This coincidence will be very useful in the following section.

共15兲

The isotropic solution, the one to be found at the core, yields
H⫽(1/␥ 2 )r 2 ⫹br⫹c, where b and c are arbitrary constants.
Without losing generality, we can set b,c⫽0 共as they are
clearly gauge freedoms for any spacetime in the family兲.
Thanks to the presence of the Nariai solution inside this famNariai
⫽⌳ 0 g ␣␤ , the factor 1/␥ 2 can be identiﬁed with
ily, T ␣␤
⌳ 0 . Thus, the only isotropic quantum vacuum belonging to
this family is the Nariai solution.

r2

G 22⫽G 33⫽G 00⫺

A. Generalized Nariai metrics

Using an orthonormal cobasis deﬁned as ⌰
⫽(1⫺H/2)dT⫺(H/2)dr,
⌰1 ⫽(⫹H/2)dr⫹(H/2)dT,
⌰2 ⫽ ␥ d  , ⌰3 ⫽ ␥ sin d, we see that the Riemann tensor
has as independent components

H

The Ricci tensor for these spacetimes has the following nonzero components: R 00⫽⫺R 11⫽⫺(1/2) 关 H ⬙ ⫹(2H ⬘ /r) 兴 ,
R 22⫽R 33⫽(1/r) 关 H ⬘ ⫹(H/r) 兴 . And the scalar curvature is
given by R⫽H ⬙ ⫹(4H ⬘ /r)⫹(2H/r 2 ). Finally, the nonzero
components of the Einstein’s are G 00⫽⫺G 11⫽(1/r) 关 H ⬘
⫹(H/r) 兴 , G 22⫽G 33⫽⫺(1/2) 关 H ⬙ ⫹(2H ⬘ /r) 兴 . Other expressions that will be used later are

III. GEOMETRICAL PROPERTIES OF THE SOLUTIONS

0

H⬘
,
2r

冦

 ⫽  ,
 ⫽  ,
r⫽r 共  兲 ,

共19兲

t⫽t 共  兲 ,

where 兵 ,  ,  其 are the parameters of the hypersurface.
One must thus identify both hypersurfaces in some way. The
identiﬁcation of ( i ) 1 with ( i ) 2 共1 and 2 label each of the
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spacetimes兲 is the most natural one, due to the symmetry of
the above scheme. In the sequel, 1 labels the exterior spacetime and 2 the interior one.
In order to match the exterior solution with the interior
one, one basically demands the coincidence of the ﬁrst and
second fundamental forms of ⌺ at each spacetime—the other
way is to accept the presence of singular mass shells, which
would not require the coincidence of the second fundamental
form, but we will dismiss such an unphysical option. In order
to include the possibility of matching the interior and the
exterior at null hypersurfaces 共e.g., at an event horizon兲 one
can follow the formalism in 关38兴. It is worth recalling that
the exterior region is described by a member of the GNRSS
family. Thus we have to consider two possibilities: matching
a generalized Nariai metric with a GNRSS one and two
GNRSS metrics with each other.

A. The junction of a generalized Nariai metric
and a GNRSS one

In this case one easily gets r 1 ()⫽ ␥ ⫽const, t 1 ()
⫽const, see 关39兴 for full details. This result tells us that the
junction between a generalized Nariai spacetime and a member of the GNRSS family is impossible. It would only happen for a 共two-dimensional兲 surface. Therefore any member
of the Nariai class cannot be regarded as a good candidate in
order to represent the interior structure of a regular, static
BH.
B. The junction of two GNRSS spacetimes

In this case one gets that two members of the GNRSS
family match with each other if and only if, see, e.g., 关39兴,
either r 1 ()⫽r 2 ()⫽R⫽const, ṫ 1 ⫽ ṫ 2 , 关 H 兴 ⫽ 关 H ⬘ 兴 ⫽0,
or r 1 ⫹t 1 ⫽r 2 ⫹t 2 ⫽const. The last condition, however, describes the motion of a null hypersurface and is not an acceptable solution in order to describe the matter inside a
static BH. Therefore we reach the conclusion that: The only
acceptable hypersurfaces fulﬁlling the matching conditions,
that preserve the spherical symmetry, between two spacetimes of the GNRSS family, are those satisfying r 1 ()
⫽r 2 ()⫽R⫽const, ṫ 1 ⫽ ṫ 2 , 关 H 兴 ⫽ 关 H ⬘ 兴 ⫽0.
Without losing generality, one can choose t 1 ⫽t 2 ⫽ because of the global existence of the Killing vector  t . Moreover, we realize that the chosen coordinates are privileged
ones, in which the matching is explicitly C 1 . The hypersurface, ⌺, will be timelike, null, or spacelike according to H
⬍1, H⫽1, or H⬎1, respectively.
To summarize, if vacuum polarization is to be the dominant quantum effect, the most simple way to construct a
regular BH is to build it upon GNRSS spacetimes.

H 2 共 R 兲 ⫽H 1 共 R 兲 ⫽

2m q 2 ⌳ 1 2
⫺ 2⫹
R ,
R
R
3

H 2⬘ 共 R 兲 ⫽H 1⬘ 共 R 兲 ⫽⫺

共20兲

2m 2q 2 2⌳ 1
⫹ 3 ⫹
R.
R2
R
3

共21兲

Moreover, the aim here is to focus on those interior solutions
which are everywhere regular. From the expressions of the
Riemann tensor and the metric, one sees that this may only
be accomplished if
H 2 共 0 兲 ⫽0,

H 2⬘ 共 0 兲 ⫽0.

共22兲

Thus we ﬁnally encounter four conditions in order to have a
regular interior solution.
From now on, we will consider H 2 to be a smooth function of the variable r̃⬅r/R, a most natural hypothesis in
view of the regular character prescribed for the interior solution. In this case, the origin conditions tell us that
⬁

H 2 共 r̃ 兲 ⫽

兺 b n r̃ n .
n⫽2

共23兲

Now, one has to impose the two other conditions. Obviously
it is the same to consider H 2 (r̃) or H 2 (r̃⫺1) in the whole
procedure. However, we will ﬁrst work with H 2 (r̃⫺1) in
order to implement the junction conditions directly. From the
preceding result, one immediately has
⬁

H 2⫽

兺 a n共 r̃⫺1 兲 n ,
n⫽0

共24兲

and the junction conditions tell us that
a 0 ⫽H 1 共 1 兲 ⫽

2m q 2 ⌳ 1 2
⫺ 2⫹
R ,
R
R
3

冉

a 1 ⫽Ḣ 1 共 1 兲 ⫽2 ⫺

共25兲

冊

m q2 ⌳1 2
⫹ ⫹
R ,
R R2
3

共26兲

where H 1 (r̃)⫽(2m/R)(1/r̃)⫺(q 2 /R 2 )(1/r̃ 2 )⫹(⌳ 1 R 2 /3)r̃ 2
and a dot denotes derivation with respect to r̃. The following
step is to impose regularity of the solution, Eq. 共22兲. We get
⬁

⬁

兺 共 ⫺1 兲 n a n ⫽0, n⫽1
兺 共 ⫺1 兲 n na n ⫽0,
n⫽0

共27兲

which, by virtue of the matching conditions, yield

V. REGULAR INTERIORS OF THE GNRSS TYPE

⬁

As mentioned elsewhere, the exterior region can appropriately be characterized by a member of the Kottler-Trefftz
class, which is a subclass of the GNRSS family. Then, the
matching conditions between the exterior and the interior
regions are
124024-4

261

兺 共 ⫺1 兲 n a n⫹2 ⫽⫺
n⫽0
⬁

兺 共 ⫺1 兲 n共 n⫹2 兲 a n⫹2 ⫽2
n⫽0

4m 3q 2 ⌳ 1 2
⫹ 2⫹
R ,
R
R
3

冉

⫺

共28兲

冊

m q2 ⌳1 2
⫹ ⫹
R . 共29兲
R R2
3
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It is clear that there are inﬁnitely many possible candidates
for these interiors.
Isotropization. Let us further analyze how they behave
near the origin. Taking into account the expression of H 2 in
powers of r̃ and using Eq. 共18兲, we get
1
R2

G 22⫽⫺

⬁
l⫹1
1
b l r̃ l⫺2 .
2
R l⫽2
2

兺 共 l⫹1 兲 b l r̃ l⫺2 ,
l⫽2

⫽⫺

冉 冊

兺

r̃→0

r̃→0

3b 2

r̃→0

R2

.
共31兲

Whence, we see that a general isotropization of the Einstein
tensor—and consequently of the energy-momentum one—
independent of the model is actually accomplished. In terms
of a l we get
⬁

兺

M ⫽0

M

A M r̃ ,
⬁

A M ⫽ 共 ⫺1 兲 M 共 M ⫹3 兲

兺

l⫽M ⫹2

共 ⫺1 兲 l

冉

l
l⫺2⫺M

冊

共32兲
al ,

G 22⫽⫺

1
R2

兺
M ⫽0

M ⫹2
A M r̃ M .
2

lim G 11⫽ lim 共 ⫺G 00兲 ⫽ lim G 22⫽ lim G 33⫽⫺
r̃→0
⬁

A 0 ⫽3

r̃→0

兺 共 ⫺1 兲 l
l⫽2

冉 冊

r̃→0

Let us just make the choice that only two speciﬁc powers
of H(r), say M and N, be present. In order to fulﬁll the
regularity conditions, both must satisfy M ,N⭓2. However,
if we wish to obtain a de Sitter-like behavior at, and near, the
origin, we must necessarily impose that one, and only one, of
them, say M, be equal to 2. Thus H 2 (r̃) reads H 2 (r̃)⫽b 2 r̃ 2
⫹b N r̃ N , for N⬎2, with

冉 冊 冉 冊

b 2⫽

2m N⫹1
q 2 N⫹2
⌳ 1R 2
⫺ 2
⫹
,
R N⫺2
R N⫺2
3

b N⫽

2
2q 2
⫺3m⫹
.
R
共 N⫺2 兲 R

冉

G 11共 r̃ 兲 ⫽⫺⌳ 1 ⫹

al .

Finally, making no further assumptions on the coefﬁcients
of H 2 , we can isolate two of them in terms of the rest. For
simplicity, we shall isolate a 2 and a 3 . The result is

⫹

冋

10m 7q 2 ⌳ 1 2
⫹ 2 ⫹
R ⫹
共 ⫺1 兲 l 共 l⫺3 兲 a l ,
R
R
3
l⫽4

兺

G 22共 r̃ 兲 ⫽⫺⌳ 1 ⫹

⬁

6m 4q 2
a 3 ⫽⫺
⫹ 2 ⫹
共 ⫺1 兲 l 共 l⫺2 兲 a l .
R
R
l⫽4

⫹

兺

With this in hand we can write, respectively, the previous
expression for the central value in terms of a l or b l , l⭓4,

冉 冊

6m N⫹1
共 r̃ N⫺2 ⫺1 兲
R 3 N⫺2

册

q 2 3 共 N⫹2 兲 ⫺4 共 N⫹1 兲 r̃ N⫹2
,
R4
N⫺2

⬁

a 2 ⫽⫺

冊

G 11(r̃) and G 22(r̃) read 关recall Eq. 共18兲兴

l

l⫺2

兺

A. Two arbitrary powers

共33兲

A0
,
R2

册

⬁

3 8m ⌳ 1 2
⫹ R ⫹
共 l⫺3 兲 b l .
R2 R
3
l⫽4

We will consider six examples. Two constitute the wellknown proposals of 关18,19,40兴 and 关20,21兴. Two more come
from a proposal in 关23–26兴, for electrically charged bodies,
and the proposal given in 关30兴, for magnetically charged
ones. More speciﬁcally, we will here derive their corresponding analogues, within the present scheme 共what is actually
more than simply rewriting those cases兲. The remaining two
examples constitute a family of brand new candidates, which
naturally arise from the preceding expressions. We will start
with this last pair.

So that

r̃→0

冋

册

共 l⫺3 兲共 l⫺2 兲
al ,
2

VI. EXAMPLES

and
⬁

冋

3 8m 5q 2 ⌳ 1 2
⫺ 2⫹
R
R2 R
R
3

兺 共 ⫺1 兲 l
l⫽4

共30兲

lim G 11⫽ lim 共 ⫺G 00兲 ⫽ lim G 22⫽ lim G 33⫽⫺

1
G 11⫽⫺ 2
R

⬁

⫹

⬁

G 11⫽⫺

It is then clear that G 11 and G 22 are different from each other.
Yet we have the very relevant property that, for any of these
spacetimes, it holds

r̃→0

G 11共 0 兲 ⫽G 22共 0 兲 ⫽⫺

冋

冉 冊冉

6m N⫹1
R 3 N⫺2

N N⫺2
⫺1
r̃
2

冊

册

q 2 3 共 N⫹2 兲 ⫺2N 共 N⫹1 兲 r̃ N⫹2
.
R4
N⫺2

Whence one readily sees that their ﬁnite value at the origin
coincides, as expected,
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⫹

冉 冊
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冉 冊

6m N⫹1
R 3 N⫺2

H 2共 r 兲 ⫽

3q 2 N⫹2
.
R 4 N⫺2

共34兲

冉

冊 冉

冊

6m 4q 2 3
8m 5q 2 ⌳ 1 R 2 2
r̃ ⫹ ⫺
⫺ 2 ⫹
⫹ 2 r̃ ,
R
R
3
R
R
共35兲

and

冉
冉

冊
冊

G 11⫽⫺

24m 15q 2
8
2q 2
r̃,
3 ⫹
4 ⫺⌳ 1 ⫹ 3 3m⫺
R
R
R
R

共36兲

G 22⫽⫺

24m 15q 2
12
2q 2
r̃.
3 ⫹
4 ⫺⌳ 1 ⫹ 3 3m⫺
r
R
R
R

共37兲

Notice that G 11 tends to ⫺⌳ 1 ⫺q 2 /R 4 as r̃ tends to 1, the
same value as G ext
11 (r̃⫽1), in accordance with Israel’s conditions 关29兴.

3
1
⫽ H 共 R 兲,
A 共 A⫹Br 3 兲 R 2 1

where H 1 comes, as usual, from the external model.
In the exterior region, close to the matching hypersurface,
the quantum contributions do not turn into a cosmologicallike term. They are of the form (G 00) ext⬀m 2 /r 6 , as mentioned before. We thus have a quantum exterior which is
different from the one encountered in the rest of the examples and sections before, which cannot be described by a
member of the Kottler-Trefftz class. Fortunately, our preceding results are still useful. In fact, one realizes that it is possible to select a suitable exterior with a similar form as Eq.
共38兲, just by setting A ext⫽0 and B ⫺1
ext ⫽ ␣ m, where ␣
⫽ ␤ L Pl , being ␤ of order unity, and L Pl the Planck length ( ␣
is of order unity in Planckian units兲. ␤ 2 is related with the
number and type of the quantized ﬁelds 关18,40兴. This choice
yields

B. Israel and Poisson’s model

共 G 00兲 int⫽⫺ 共 G 11兲 int⫽

1
共 A⫹Br 3 兲 2

,

共38兲

where A and B are two constants, to be determined. Using
Eq. 共18兲, we obtain

共40兲

2A⫺BR 3
3
⫽ H ⬘共 R 兲 ,
A 共 A⫹BR 3 兲 2 R 1

H 1共 r 兲 ⫽

In Ref. 关18兴, see also 关19兴, a plausible candidate for the
energy-matter content of the interiors of regular noncharged
BHs was proposed. The authors proposed that a singular
layer of noninﬂationary material should exist between the de
Sitter core and the external Schwarzschild metric. However,
the usual spirit of matching a stellar interior with a vacuum
exterior was lost, the reason being the unavoidable presence
of a singular layer acting as a matter surface density. Indeed,
in 关40兴 it was argued that their approach could be improved
by imposing a smooth transition from the hypersurface to the
de Sitter core. Yet this step was not implemented. In any
case, it was the only available candidate to continue the studies of quantum regular BHs at that time. The task here will
be to see whether this geometrical and physical model can be
recovered from our analysis.
In order to do that, we search for a solution within our
family which be as close as possible to this particular solution. What amounts to looking for a de Sitter core for small
values of r̃ and a quantum contribution of the type of the
square of the characteristic curvature of Schwarzschild
spacetime near the matching hypersurface. These features
taken into account, we set for the interior

共39兲

where we have imposed Eq. 共22兲. The matching conditions
lead to

Lowest powers. This example corresponds to the case in
which H 2 is a polynomial of lowest degree. This amounts to
setting a l ⫽0, l⭓4, in the general expressions. Its interest
lies in its being the simplest possible situation. The result is
H 2 共 r̃ 兲 ⫽

r2
,
3A 共 A⫹Br 3 兲

冉 冊

2m 1 ␣ m
⫺
r
3 r2

2

共41兲

,

where we have taken into account that the exterior region is
dominated by the Schwarzschild geometry, with mass m, for
large values of r̃.
Now, using Eqs. 共40兲 and 共41兲, A and B yield
A⫽

␣
,
␣ 2m
6⫺ 3
R

B⫽

2
␣m

冉

1⫺

冊

3
.
␣ 2m
6⫺ 3
R

共42兲

Finally, using Eqs. 共38兲, (G 22) int⫽(2Br 3 ⫺A)/(A⫹Br 3 ) 2 ,
where A,B have been given above. At the origin
G 11共 0 兲 ⫽G 22共 0 兲 ⫽⫺

1
.
B2

共43兲

To summarize, we have proven here that a spacetime
model within our family satisﬁes all the required geometrical
assumptions, and yields the particular form of G 00 , both for
the interior and the exterior of the body, as in the above
mentioned references. A more throughout comparison of that
model and ours will be given in Sec. VII B.
C. Dymnikova’s model

Some time after the appearance of the previous cases a
new model for a regular interior of a noncharged BH was
proposed 关20兴. However, the approach was now quite different to that of the previous authors. Now Schwarzschild’s
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solution was only recovered in an asymptotical sense, for r̃
approaching inﬁnity only. However, if a sufﬁciently quick
convergent matter model was obtained, then the quantity of
mass outside the horizon of the collapsed body could become
as negligible as desired with regard to the interior mass. Thus
one would, at least, recover a trial model, interesting enough
to support or reject the conclusions of the previous authors.
In a later work 关21兴, the model was extended to incorporate
the observational fact in favor of a nonvanishing cosmological term in the exterior region. We will deal in this section
with such a model, but considering a deﬁnite end to the
collapsed body.
The imposition for the energy-matter content for the interior will be of the form
共 G 00兲 int⫽⫺ 共 G 11兲 int⫽A exp共 ⫺r̃ 3 兲 ⫹B,

共44兲

where A and B are two constants to be determined and r̃
⬅r/R, where R is the matching radius.1 We then integrate
the expression of G 00 , recall Eq. 共18兲, in order to obtain H 2 ,
getting
H 2 共 r̃ 兲 ⫽

冋

册

R2 A
3
共 1⫺e ⫺r̃ 兲 ⫹Br̃ 2 ,
3 r̃

A

冉 冊

Finally, using Eqs. 共38兲,
共 G 22兲 int共 r̃ 兲 ⫽A

B⫽⌳ 1 ⫺

冉

6m
1
.
R 3 共 e⫺2 兲

共46兲

冊

3 3
˜r ⫺1 e r̃ 3 ⫺B,
2

A⫽

冉 冊

6m e⫺1
.
R 3 e⫺2

共47兲

D. Ayón–Beato and Garcı́a’s models

In a series of papers, 关23–26兴, some models of regular,
electrically charged BHs with an energy-momentum tensor
For other choices see, e.g., 关39兴.

R⭐r,

共48兲

B
q2
cosh2 ,
B
r

1⫹e ⫺2B/R ⫽2B

冉

冊

2m 1
⫺ .
q2 R

共49兲

1⫹e ⫺y ⫽2 共 1⫺ 兲 y,

共50兲

where ⬅B 0 /R⫽q 2 /2mR. One has here to solve a transcendental equation in order to ﬁnd the appropriate constants of
the interior model. The parameter  is the one controlling the
set of solutions. In classical electrodynamics, ⫽1. We see
that there is no solution in this case. In the context of general
relativity, ⫽1 corresponds to the case where the exterior
metric becomes ﬂat at a spherical surface. But the choice of
H int cannot be zero for any positive value of r. Therefore the
matching is impossible. The same happens for the other
models in 关23兴 and 关24兴. In the following section we will see
which type of solutions arise for different values of .
E. Bronnikov’s model

In Sec. VII A we will compare, numerically, our results with
those in the model of 关20兴.

1

2m q 2
⫺ 2,
r
r

Deﬁning x⬅A/A 0 , y⬅B/B 0 with A 0 ⫽2m, B 0 ⫽q 2 /2m,
that is the values of the model in 关26兴, we get

where A and B have been given above. At the origin
G 11共 0 兲 ⫽G 22共 0 兲 ⫽⌳ 1 ⫹

册

0⭐r⭐R,

1
x⫽ cosh2 y,
y

6m
共 4⫺e 兲
⫹2B⫽⫺ 3 ⫹2⌳ 1 ,
e
R

e
6m
,
R 3 e⫺2

再

冋

B
A
1⫺tanh ,
r
r

where A and B are constants to be determined. The matching
conditions imply

6m
共 e⫺1 兲
⫹B⫽ 3 ⫹⌳ 1 ,
e
R

whence
A⫽

H共 r 兲⫽

共45兲

where we have already imposed the regularity conditions at
the origin, Eq. 共22兲. The matching conditions at the spatial
hypersurface yield
A

of the form of a SSQV were presented, see also 关24兴. Their
importance relied on the fact that the sources that give rise to
those spacetimes could be linked with nonlinear electrodynamics 共NED兲, which besides being a theory by itself, may
be viewed as a low energy limit of string theory or M theory.
Thus some plausible models of regular BHs, that took into
account quantum effects in a clearer way than before, were
put forward. The features of their models are analogous to
the case of Dymnikova’s model, though with a clear interpretation of the source origin. For the sake of brevity we will
focus on the model in 关26兴.
The choice there was H(r)⫽(2m/r) 关 1⫺tanh(q2/2mr) 兴 ,
for any r⭓0. Ours will be

In 关29兴 a model for static, regular, purely magnetically
charged BHs with an energy-momentum tensor of the type of
SSQVs was proposed. Its interest is twofold. Again the
energy-momentum content of the objects was directly connected with NED. Second, it turns out that those BHs are the
only ones based on a Lagrangian formulation of NED with a
Maxwellian behavior in the weak ﬁeld limit, regardless of
the place the weak limit is taken. The example given there
was a GNRSS metric with H(r)⫽( 兩 q m 兩 3/2/ar) 关 1
⫺tanh(a冑兩 q m 兩 /r) 兴 with m, the Arnowitt-Deser-Misner
共ADM兲 mass, equal to 兩 q m 兩 3/2/2a, q m being the magnetic
charge. It is then obvious that the results of the previous
section are valid now, just by changing q with q m . The dif-
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ference lies in the fact that now one has magnetic ﬁelds and
also the theory describing NED is different to that of 关23–
26兴.
VII. NUMERICAL RESULTS

In order to study the approximate values of R for a given
object, one needs to assume a particular behavior of the matter and energy inside the source. As of now, there is no
agreement at this point. However, following several results,
see, e.g., 关15–23,41– 43兴, the geometry of the core may be
described by a dS solution. This has been the assumption
used in most of the works dealing with regularized BHs.
Here we will also include two examples with a different
behavior and in Sec. X we will draw the main lines of a
general behavior. In any case, the aim is to choose those
physical models which are as consistent as possible, the
dS model being one of them. In this case, at the core
we will have G 00(0)⫽⫺G 11(0)⫽⫺G 22(0)⫽⫺G 33(0)
⫽⌳ 2 ⫽const. Nonetheless, there is no present agreement
about the scale at which regularization could act. A convenient way to handle and integrate this indeterminacy is to set
⌳ 2 ⫽103s ⌳ 1 , s being the free parameter that governs the
renormalization scale. For instance, if s is around 40, we are
then considering that regularization takes place at Planck
scales, and so on.
Finally, for the exterior region, in accordance with several
recent observations 关3,4兴, we will assume in what follows
that  ⌳ 1 苸 关 10⫺10,2⫻10⫺8 兴 erg cm⫺3 . An analysis shows,
however, that the fundamental contribution comes from the
quantum gravitational model describing the core, and not
from the type of quantum vacuum contribution that is assumed for the exterior region or near the surface of the body.
A. Two arbitrary powers

In this numerical analysis we will consider the uncharged
case because there are no observed objects that can be associated with static, charged BHs. If there is a charge in the
source, then the interesting situation involves rotation, which
might be eventually connected with elementary particles 共we
refer the reader to 关44兴兲. The relation 共34兲 is 共now q⫽0)
⌳ 1 ⫽⌳ 2 ⫹

冉 冊

6m N⫹1
,
R 3 N⫺2

᭙N⭓3,

共51兲

whence

冑

R⫽R 䉺 3冑M

3

N⫹1
,
4 共 N⫺2 兲

TABLE I. R in cm for various astrophysical and galactic objects
and different scales of regularization (s⫽30 corresponds to a
GUT’s regularization scale, s⫽40 to a Planckian one, etc.兲. In any
case R/L Reg is much bigger than 1 (R/L Reg⬃10(⫺6⫹s/2) ). Therefore
all of them are quite far from their corresponding regularization
scale.
m

s⫽30
⫺9

M䉺
103 M 䉺
106 M 䉺
109 M 䉺

10
10⫺8
10⫺7
10⫺6

s⫽40

s⫽50

⫺19

10⫺29
10⫺28
10⫺27
10⫺26

10
10⫺18
10⫺17
10⫺16

result is valid for all N, since for any value of N we have that
R苸 关 0.6,1 兴 R s 3冑M . It is obvious that, for any astrophysical
object, the ﬁnal properties are very similar. Table I comprises
different massive objects and regularization scales and their
associated values of R within this model.
B. Israel-Poisson model

We have found that the corresponding model within our
family must satisfy
A⫽

␣
.
␣ 2m
6⫺ 3
R

共53兲

In this case, A ⫺2 ⫽limr̃→0 G 00⫽⌳ 2 , so that
R 3⫽

␣ 2m
6⫺ ␣ 冑⌳ 2

⫽

␤2

6⫺ ␤ 冑⌳ 2 L 2Pl

2
mL Pl
.

共54兲

This model clearly depends on the coefﬁcient ␤ . For instance, in order to obtain a solution, we must have ␤ 2
2
⬍36/(⌳ 2 L Pl
). The natural scale of regularization in this
model is the Planckian one since from the beginning the
coefﬁcient ␣ was related to the Planck length. Obviously
other regularization scales would simply change L Pl by the
corresponding scale. Using standard values for ⌳ 2 that use a
Planckian regularization scale, and the fact that ␤ 2 should be
at most of order unity 关18,40兴, we get R⬃ 3冑M ⫻10⫺20 cm.
This result is in complete agreement with the foregoing values, even though the models possess very different functions
H(r).

共52兲

C. Dymnikova’s model

From Sec. VI C and the assumption of a dS core, we have

where we have put m⫽M m 䉺 , m 䉺 being the Sun mass, and
R s ⬅ 3冑24m 䉺 /(⌳ 2 ⫺⌳ 1 ). The last value only depends on the
regularization scale and corresponds to the solution for a
collapsed object of one solar mass in the case of the ‘‘lowest
powers’’ model: R s 苸 关 3⫻1021⫺s ,6⫻1020⫺s 兴 cm. For s
⫽40 we get R s 苸 关 3⫻10⫺19,2⫻10⫺20兴 cm. Yet we see that
the object has a quantum size very far from Planckian scales,
even if s is bigger. In general R s /L Pl⭓1013. Moreover, this

⌳ 1⫹

冉 冊

6m e⫺1
⫽⌳ 2 ,
R 3 e⫺2

共55兲

冉 冊

共56兲

whence
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Comparing this result with the one in Eq. 共52兲, we get R
⫽R Two powers , with 0.84⬍⬍1.34, for any N. Therefore R
is again of the same order of magnitude, despite the differences in the choice of the proﬁle of the energy density and of
the tangential pressures.
Comparing now the model proposed here with the original one in 关20兴, we see that both yield similar conclusions 共in
the instances they can be compared兲. For example, in the
mentioned work, a characteristic radius was found for the
collapsed body. Its expression is R c ⫽ 3冑6m/(⌳ 2 ⫺⌳ 1 ), that
yields 3冑(e⫺2)/(e⫺1)R⬃1.34R. Besides having a different
description for this in our model, the values of the coefﬁcients A and B are also quite different 共numerically兲.

tion, so that these results and ours are really coincident 共the
relative error with respect to both exact solutions being completely negligible兲.
In general, the horizons result from the cancellation of
g 00 . Thus we are left with a general set of horizons. A global
study for all the candidates encountered has not yet been
carried out. We could focus on examples, and try then to
extract some general features from them, but we do not ﬁnd
this of primary importance.2 The main point is here, in fact,
that the matching occurs at a radius which is substantially
smaller than the Schwarzschild radius of the object. Therefore we will always have a typical exterior, a vacuum transition region extending until the matching with the object
happens, and a quantum-dominated interior, which ﬁnally
converges to a de Sitter core. In the vacuum interior region
and in some part of the quantum object, the role of t and r are
not interpreted as usual (  t changes its character兲. This is the
reason for adequately treating the horizons: to see where exactly such changes appear. But, we can still perfectly agree in
ordinary physical terms without requiring a general determination of the precise radii at which horizons occur.
Moreover, in 关40兴, the authors studied the stability of the
model. The same considerations there hold for our whole
family of solutions, as can be easily seen after a careful
analysis.
Finally, there is still the issue of the topology of the solutions, which is connected with the possibility of a ‘‘universe
reborn’’ in the extended spacetime. Its general structure can
be found in 关45兴 for the case where the sources satisfy weak
energy conditions 共see the next section兲. There, it was shown
that the topology of any regular BH, satisfying the weak
energy conditions, should be similar to that of a singularityfree Reissner-Nordström spacetime. However, there are relevant solutions in our family that violate the weak energy
conditions 共WEC兲. It would be worth studying what happens
in those cases.

D. Ayón–Beato and Garcı́a’s, and Bronnikov’s models

In the papers dealing with those models, there is no analysis of the orders of magnitude of an eventual characteristic
radius. The only such condition on these models is to have an
event horizon. We can now compute which are the ranges of
R corresponding to different cases of .
First of all, Eq. 共50兲 only has a solution for 0⬍⬍1.
Therefore extremely charged objects 共those with 兩 q 兩 /mⰇ1)
cannot be described within the present framework. This
would require RⰇm, so that the regularized object would not
be a BH but a ‘‘visible’’ object, such as an electron 共its size,
though, being bigger than the classical radius, or Compton
size, q 2 /2m).
For strongly charged objects, i.e., 兩 q 兩 /m⬃1, we get that in
order to have a BH 1/2⬍R/m⬍2. Thus the regularized object is of a similar size as that of the event horizon. Much
bigger than in the uncharged case.
The solution given by 关26兴, i.e., A⫽2m, B⫽q 2 /2m, can
only be valid now for very weakly charged objects, 兩 q 兩 /m
Ⰶ1, and satisfying R/m⬍q 2 /m 2 . They showed that their
model was acceptable for 兩 q 兩 /m⭐1.05. Now, we see that the
values of A and B in our model change for most of these
cases.
The same is valid for Bronnikov’s model, changing the
electric ﬁeld for a magnetic one. Nevertheless, rotation
should be introduced in such a case, at least when 兩 q 兩 /m is
not very small.
VIII. HORIZONS AND AN INTERPRETATION
OF THE REGULARIZED BH

Looking at Eq. 共30兲 in 关21兴 and comparing it with our
result,
g 00⫽⫺1⫹H 2 ,

共57兲

we realize that, substituting here our corresponding H 2 for
that model, these expressions turn out to be very similar,
except for a possible overall sign difference, due to the
different signatures 关e.g., (⫹,⫺,⫺,⫺) instead of our
(⫺,⫹,⫹,⫹)兴. We conclude that the same structure for the
horizons and Cauchy hypersurfaces is obtained. In 关21兴, the
solutions are obtained by approximations of the exact solu-

IX. ENERGY CONDITIONS

A common point when dealing with the avoidance of singularities is to show that the energy conditions required in
the singularity theorems 共see, e.g., 关7兴兲 fail to be valid.
Here we will study the strong energy conditions 共SEC兲,
the weak energy conditions 共WEC兲, the null energy conditions 共NEC兲, and the dominant energy conditions 共DEC兲,
within the GNRSS family 共see 关46兴 for the case of a general
spherically symmetric spacetime兲. The SEC are related with
the formation of singularities in the collapse of an object.
The WEC are directly related with the energy density measured by an observer. The NEC are useful in order to include
some spacetimes which violate the ﬁrst two, but are predicted by some quantum models, e.g., AdS. Finally, the DEC
are in fact related with the causal structure of the energy2
With respect to the other models encountered here, we have
found that the results are rather similar to those in Dymnikova and
Soltysek’s model 关21兴.
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matter content of a spacetime 关47兴.3 Even though an analysis
of energy conditions helps to understand the physics of a
model, one has to be cautious on ascribing to them more
relevance than they actually have. In several systems, mainly
when quantum effects play a fundamental role, they all may
be violated with less difﬁculty 共see, e.g., the review in 关48兴兲.
Let 兵 eជ a 其 , a⫽0,1,2,3, be a dual vector basis of the cobasis
used in Sec. III B, deﬁned by ⌰b eជ a ⬅ ␦ ba , b⫽0,1,2,3. Any
ជ , in the manifold can be represented
timelike vector ﬁeld, V
by

Poisson’s model, Dymnikova’s model, and Ayón–Garcı́a’s
关26兴 and Bronnikov’s model, respectively. Indeed, SEC are
violated in a main portion of the object, i.e., R SECⱗR. For
the evaluation of the Israel-Poisson’s model, we have used
the same numerical values as in Sec. VII A. In the case of
Dymnikova’s model the value displayed corresponds to the
case ⌳ 2 Ⰷ⌳ 1 . For any other case with ⌳ 2 ⬎⌳ 1 ⬎0 or ⌳ 2
⬍0⬍⌳ 1 , as expected, SEC are violated from bigger values
of R SEC . Finally, in the latter case, one should evaluate B for
different possibilities 共see Sec. VI D and the next case兲.
B. Weak energy conditions

3

bជ

Vជ ⫽A e b ,

共 A 兲 ⫽1⫹
0 2

兺 共A 兲 ,

共58兲

i 2

i⫽1

where A b are some functions.
On the other hand, from the results of Sec. II, the Ricci
tensor is
Ricci⫽R 00共 ⌰0 丢 ⌰0 ⫺⌰1 丢 ⌰1 兲
⫹R 22共 ⌰2 丢 ⌰2 ⫹⌰3 丢 ⌰3 兲 ,

共59兲

where 丢 denotes tensor product. A similar expression holds
for the Einstein tensor.
A. Strong energy conditions

SEC require R VV ⬅R ab V a V b ⭓0, for all Vជ . From the expressions above, we obtain R VV ⫽R 00⫹(R 00⫹R 22) 关 (A 2 ) 2
⫹(A 3 ) 2 兴 . Taking into account the expressions of the Ricci
and Einstein’s tensor given in Sec. III B we get R VV ⫽G 22
⫹(G 00⫹G 22) 关 (A 2 ) 2 ⫹(A 3 ) 2 兴 . Finally, using Einstein’s
equations, and the fact that A 2 ,A 3 are free, we get
SEC↔  ⫹ p 2 ⭓0,

p 2 ⭓0,

共60兲

where  is the energy density measured by eជ 0 , 8 
⫽G 00 , and p 2 is the tangential pressure 共or stress兲 of the
source, 8  p 2 ⫽G 22 . This is the usual representation of SEC.
However, the GNRSS family allows for a new, and more
useful, expression. Indeed, as mentioned elsewhere, p 2
⫽⫺(  ⫹r  ⬘ /2), where () ⬘ ⬅d()/dr. Therefore we can write

 ⬘ ⭐0

SEC↔ p 2 ⭓0,

共61兲

in all the examples given before SEC are violated. This is
natural since they are regular. Particularly, SEC are violated
for r⭐R SEC , with
R SEC⫽

冑

N⫺2

2
R,
N

R SEC⫽

R SEC⫽0.68R,

冉冑
3

冊

␣ 2m
R,
4 共 6R 3 ⫺ ␣ 2 m 兲

R SEC⫽0.83B,

where all the quantities have been deﬁned in Sec. VI and the
solutions correspond to the two-power model, the IsraelLet us note that their Eq. 共2.25兲, expressing the DEC, are wrong.
For our case, the correct ones are given in Eq. 共64兲.
3

Following analogous steps, one ﬁnds, for WEC (G VV
ជ兲
⭓0, for all V
WEC↔  ⭓0,

 ⬘ ⭐0.

共62兲

It turns out that WEC are satisﬁed in the models of Secs.
VI A–VI C, very easily for any value of r 共e.g., for de Sitter
core,  ⬘ ⫽0兲. One only needs to impose ⌳ 1 ⬍⌳ 2 .
Let us now consider the series of models in Secs. VI D
and VI E. We have already seen that 0⬍⬍1. This implies
that y,x⬎0, and hence that A,B⬎0. In general, we have
We
then
get
8 
H(r)⫽(A/r) 关 1⫺tanh(B/r)兴.
⫽(1/r 2 )(Hr) ⬘ ⫽(AB/r 4 )cosh⫺2(B/r)
and
8  ⬘
⫽(2AB/r 5 )cosh⫺2(B/r)⫻关⫺2⫹(B/r)tanh(B/r)兴. The energy
density  is positive for any r, although  ⬘ may become
positive. To see this, we ﬁrst solve  ⬘ ⫽0. Its solution is r
⯝0.48B. Therefore we have for r⬍0.48B艚r⬍R 共outside
the body, WEC are satisﬁed兲, WEC are violated.
In the model of Refs. 关26兴 and 关30兴, one has B⫽q 2 /2m
and 兩 q 兩 ⬍1.05m. This gives that WEC are violated for r
⬍0.27m, already far away from the core.
In our revisited model, we have basically two different
possibilities. First, for weakly charged sources, i.e., those
with 兩 q 兩 /mⰆ1, the conclusions are the same as for the model
in 关26兴 and 关30兴. Second, for sources with 兩 q 兩 /m⬃1, we
have, recall Sec. VII D, m/2⬍R⬍m, for a BH. Two limiting
alternatives appear.
The ﬁrst one is that R→2m. In this case y⬃1 and, therefore, WEC are violated for r⬍0.27m. The other one is that
R→(m/2)⫹ ⑀ , with ⑀ Ⰶ1. Now, y⬃1/4⑀ . WEC are violated
for r⬍0.06m/ ⑀ 艚r⬍2m, that is everywhere inside the
source. In conclusion, WEC are again violated almost
everywhere.
Finally, if one lets R⬎2m 共one does not have now a BH,
but a ‘‘visible’’ object兲 large enough to have ⬍1 for any
兩 q 兩 ,m, we ﬁnd that WEC are violated everywhere in the
object.
This adds a new 共elementary兲 example to the violation of
WEC when quantum effects play an important role 共see 关48兴
for a recent review兲 and shows clearly that, although energy
conditions do help to understand the models, they should not
necessarily restrict the search for new solutions 共Fig. 1兲.
C. Null energy conditions

In the case of NEC, Vជ is a null vector ﬁeld, Vជ •Vជ ⫽0, and
requires the evaluation of R ab V a V b ⫽G ab V a V b ⭓0, ᭙Vជ . One
obtains
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FIG. 1. Plot of the density  , in arbitrary units, in terms of the
coordinate r. RN means Reissner-Nordström, dS means de Sitter,
Schw means Schwarzschild, and AdS means anti-de Sitter.  RN
⫽e 2 /r 4 ,  dS⫽⌳ 2 ,  Schw⫽0, and  AdS⫽⫺ 兩 ⌳ 2 兩 . In the region r
苸 关 0,R 兴 ,  can be any 共smooth兲 function matching continuously
with  at the center and at the surface. Regions where  is increasing violate SEC, WEC, and NEC. These are clearly most but not all
of the possibilities. From the plot, e 2 /R 4 ⬍8  ⌳ 2 , if one wants that
the model fulﬁlls WEC or NEC. The addition of an external ⌳
simply shifts the horizontal axis a quantity ⌳ 1 .

NEC↔  ⬘ ⭐0.

共63兲

Thus one sees that a necessary condition common to SEC,
WEC, and NEC is that the energy proﬁle of the sources be a
nonincreasing function. NEC are satisﬁed in the models of
Secs. VI A–VI C, for ⌳ 2 ⬎⌳ 1 , regardless of the signs of ⌳ 2
or ⌳ 1 . In the models of Secs. VI D and VI E, NEC are violated in the same regions as WEC are, contrary to the belief
expressed in 关30兴.
D. Dominant energy conditions

DEC are satisﬁed if and only if 兩 T 00 兩 ⭓ 兩 T ij 兩 , i, j⫽1,2,3.
For the GNRSS family one gets
DEC↔sign  ⫽sign共 ⫺  ⬘ 兲 ⫽sign共  ⬘ ⫹4  /r 兲 .

共64兲

Two immediate consequences are that if  changes its sign,
DEC are violated, and if WEC are violated in a region with
 ⭓0, then DEC are also violated.
Let us turn now to the models considered here. In the case
of the two-powers model we will assume ⌳ 1 ⭓0. In this
case,  is positive everywhere. WEC were satisﬁed in these
models. However, DEC may be violated. A study of the sign
of  ⬘ ⫹4  /r tells us that SEC are satisﬁed for r̃ N⫺2
⭐4⌳ 2 /(⌳ 2 ⫺⌳ 1 )⫻1/(N⫹2). Now the question is whether
r̃ is less than 1 or not.
Obviously, for any N exceeding N * ⬅4⌳ 2 /(⌳ 2 ⫺⌳ 1 )
⫺2⫽2(⌳ 2 ⫹⌳ 1 )/(⌳ 2 ⫺⌳ 1 ), we have that DEC are violated. One may ask whether this is too odd or easy. Since one
expects ⌳ 2 Ⰷ⌳ 1 , we readily get N * ⯝2. This, together with

the fact that N must be bigger than 2 共in order to be
singularity-free兲, implies that, in practice, DEC are violated
in these models, recall WEC are satisﬁed throughout.
For the model of Sec. VI B, we can assume B,C to be
positive 共for, if BC⬍0 one gets a negative Schwarzschild’s
mass outside the body and if B,C⬍0, B,C can be substituted by 兩 B 兩 , 兩 C 兩 ). Following a similar analysis as with the
previous models, one gets that DEC are satisﬁed for r⭐r * ,
where r * ⬅(2B/C) 1/3. Therefore if r * is less than the matching R, there is a region where DEC are violated. This is the
case of our corrected model. Incidentally, in the original
model, DEC are violated for r⬎r * . This conclusion is
against physics, since thus far one expects Schwarzchild’s
solution to be valid, and it is a vacuum’s solution with no
problems in its causal structure. Therefore the corrected version not only describes a more realistic picture but also
solves this undesired property.
Turning back to our corrected model we have to answer
whether r * may be smaller than R, see the expressions given
in Sec. VI B. We get that for ␤ ⬎ ␤ ⫹ or ␤ ⬍ ␤ ⫺ , where ␤ ⫹
2
2
⬅6( 冑3⫺1)⫻ 冑(L Pl
⌳ 2 ) and ␤ ⫺ ⬅⫺6( 冑3⫹1)⫻ 冑(L Pl
⌳ 2 ).
2
On the other hand, it is expected, 关49兴, that L Pl⌳ 2 ⬃O(1)
and, consequently, ␤ ⫹ , ␤ ⫺ are of order unity. Therefore
even though there are several parameters for which DEC
may hold, there are also many others for which DEC will
fail. A more deﬁnite answer can only be provided after a
particular ﬁeld model is chosen which will yield a particular
value of ␤ . What is this plausible ﬁeld model remains, as of
now, unknown.
For the next model 共the one in Sec. VI C兲, it is easy to
show that DEC are satisﬁed throughout the source if ⌳ 2
⬎⌳ 1 ⬎0, as expected. This is contrary to the other models
since this one departs from them through the causal connection in its stress-energy content. It is to be noticed that DEC
give a new input to understand the models. 共The case ⌳ 2
⬍⌳ 1 ⬍0 also satisﬁes DEC, whereas the rest of the possibilities violates them.兲
Finally, for the models in Secs. VI D and VI E, as  is
positive and  ⬘ is positive near the core, DEC are violated
together with WEC.
Some concluding remarks are in order. First, although
DEC are known to be different from WEC, here we see
more: it turns out that in cases with  ⭓0, DEC are more
restrictive than WEC. Another consequence is that DEC violation and the spacetime region where it occurs are not related. That is, DEC may be violated in regions where H(r) is
larger or smaller than 1. It happens, however, that after substituting expected numerical values for the physical parameters involved, the values of H(r) where DEC is violated
belong mainly in the region where H(r)⭓1 and a ‘‘signature
change in spacetime has occurred.’’ The region with H(r)
⭐1 is then at Planckian 共regularization兲 scales and can thus
be forgotten. On the other hand, when WEC are violated, one
usually accepts that the energy-matter content of the model
can no longer be described by a classical matter source
model. However, DEC deserve some especial attention.
These remarks impel us to further interpret the violation
of DEC from the causal interpretation of DEC 关47兴. A pos-
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sibility is that the breakdown of causality in matter interaction may be interpreted in similar, though properly adapted,
terms as is the Einstein-Podolski-Rosen paradox interpreted
in quantum mechanics.
If this is so, or something similar can be proven, DEC
may be a more natural sign of quantum effects in matter than
WEC, for the case of positive densities. This point deserves
further investigation.
We will now analyze the main features arising when one
replaces the de Sitter core by a different spherically symmetric solution.

is a constant, that will be related with the function g, as we
shall see in a moment. With this coordinate change the metric takes the form
ds 2 ⫽⫺g 20 共 1⫺H 兲 dt 2 ⫹2G̃dt dr⫹F̃dr 2 ⫹r 2 d⍀ 2 , 共68兲
where G̃⫽g 20 (H⫺1)⫹1⫹H(g 0 ⫺g)/g, and F̃⫽2⫹g 20 (H
⫺1)⫹(g 0 ⫺g) 关 2H/g⫹2/g 20 g⫹(g 0 ⫺g)(H⫹1)/g 20 g 兴 .
The junction conditions 共for any type of hypersurface, see
关50兴兲 are then

X. THE MATCHING OF STATIC SPHERICALLY
SYMMETRIC SPACETIMES

关 r 兴 ⫽0,

关 ṫ 兴 ⫽0

共69兲

In previous sections we have worked with the assumption
that the energy-momentum tensor satisﬁes T 00 ⫽T 11 . Now we
would like to make the ﬁrst steps towards the general case
where T 00 and T 11 may be independent of each other. Therefore our aim here is to match two spacetimes that share the
existence of an integrable Killing ﬁeld and spherical symmetry. In order to get the most natural junction, we need to take
proﬁt of both symmetries exhaustively. The metric can always be written, for any of them, as

关 H̃ 兴 ṫ 2 ⫹2 关 G̃ 兴 ṫ ṙ⫹F̃ṙ 2 ⫽0,

共70兲

ds 2 ⫽g AB 共 R 兲 dx A dx B ⫹G 2 共 R 兲 d⍀ 2 ,

共65兲

where A,B⫽T,R.  T has been chosen to be the integrable
Killing vector and d⍀ 2 ⫽d  2 ⫹sin2 d2. Moreover, if
G ⬘ (R)⫽0, we already know that they belong to the generalized Nariai family, in which case they only match with
another member of its own family. Thus we will only deal
with the situation G ⬘ (R)⫽0. In this case, a direct redeﬁnition of the R coordinate allows us to write
ds ⫽g AB 共 r 兲 dx dx ⫹r d⍀ ,
2

A

B

2

2

⫹ 关 H̃ ⬘ ⫺ 共 F̃ ⬘ /2兲兴 ṙ 2 ṫ ⫺ 关 H̃ ⬘ 兴 ṫ 3 /2⫽0,

2H
1⫹H
dT dr⫹ 2 dr 2 ⫹r 2 d⍀ 2 ,
g
g
共67兲

where H, g⫽0 are functions of r only. Looking back to
expressions 共12兲 and the coordinate changes mentioned
there, we will now put dT⫽g 0 dt⫹(g 0 ⫺g ⫺1
0 )dr, where g 0

共71兲

where 关 f 兴 ⫽ ⌺ f 2 ⫺ f 1 , and where we have put H̃⬅g 20 (H⫺1)
⫹1. In Eqs. 共70兲 and 共71兲 ṫ and ṙ are either ṫ 1 ,ṙ 1 or ṫ 2 ,ṙ 2 ,
and A ⬘ ⬅dA(r)/dr 兩 r⫽r() . The same conditions lead, in general, to a second order ordinary differential equation for r. In
principle there is the possibility for asymptotic stopping solutions, i.e., solutions for which r→const as t→⬁, and also
for null ones. The special case r 1 ⫽r 2 ⫽R⫽const is of great
interest, since it constitutes the solution towards which any
transitory solution should converge. Under this restriction,
the conditions become, simply,
关 ṫ 兴 ⫽0,

共66兲

where A,B⫽T,r.
Spherical symmetry has thus been completely used. We
now extract consequences from the presence of  T . The
natural thing to do is to identify both vector ﬁelds, i.e.,  T 1
⬅ ⌺  T 2 . However, this is not a right choice, in general, because if a Killing vector is multiplied by a constant factor,
the resulting vector ﬁeld is obviously a Killing vector ﬁeld.
Therefore normalizing each Killing vector, when possible,
gives the natural way to identify them. This is indeed implemented in the junction process if the hypersurfaces are
spacelike or timelike everywhere. On the contrary, in the
general case, we cannot rely on such normalization.
Any metric of interest 共to our purposes兲 can be written as
关recall the coordinate change to obtain Eq. 共6兲, setting now
F⫽1⫺H兴
ds 2 ⫽⫺ 共 1⫺H 兲 dT 2 ⫹

关 F̃ 兴 ṫ r̈⫺ 关 G̃ 兴共 ẗ ṫ ⫺r̈ṙ 兲 ⫹ 关 H̃ 兴 ṙ ẗ ⫹ 关 G̃ ⬘ 兴 ṙ 3

关 H̃ 兴 ⫽0,

2 关 G̃ 兴 ẗ ⫺ 关 H̃ ⬘ 兴 ṫ 2 ⫽0,

共72兲

where t is either t 1 or t 2 . Choosing g 0 as g ⌺ one gets 关 G̃ 兴
⫽0 共the same result comes out directly in the case when the
normal vector of ⌺ is non-null兲. The last conditions become
then 关 H̃ ⬘ 兴 ⫽0. Thus the conditions emerging from the matching of two spherically symmetric spacetimes with an integrable Killing vector ﬁeld are, for the case r⫽R⫽const and
taking the maximum identiﬁcation between them,
关 H̃ 兴 ⫽0,

关 H̃ ⬘ 兴 ⫽0,

共73兲

where H̃⬅g 2⌺ (H⫺1)⫹1. An intrinsic characterization, valid
for any representation of the form 共65兲 or 共66兲 共the ones most
often dealt with in the literature兲 is H̃⬅⫺g 2⌺ ( ជ • ជ )⫹1, g ⌺
⬅ 关 G ⬘ / 兩 det(g AB ) 兩 1/2兴 r⫽R , where ជ is the Killing vector associated with the staticity of the solution 共in some regions兲 of
共65兲 or 共66兲. Finally, notice that the ﬁrst condition on H̃ is
nothing but the requirement of the mass function to be continuous across the hypersurface, while the second one is related with the continuity of the radial stress or pressure 关see,
e.g., Eq. 共3兲兴. Needless to say, if one restricts oneself to the
family of metrics in Eq. 共12兲, one gets the conditions of Sec.
IV B.
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XI. AN APPLICATION TO SUPERSYMMETRIC STRINGY
BLACK HOLES

The semiclassical expressions for supersymmetric stringy
black holes are well-established 共see, e.g., 关51,52兴 and references therein兲. There are also other objects of interest, such
as black strings, higher dimensional black holes, etc. In all
cases, one looks for a correspondence principle with general
relativistic black holes. This transition is usually reﬂected in
the strength of the coupling constant, or the entropy 共see,
e.g., 关51–54兴 and references therein兲. Here we take a
complementary viewpoint.
The most interesting case to our aims is that of a selfgravitating string 共see, e.g., 关53,54兴兲. However, the necessary
ingredients, specially the corresponding spacetime metric, in
order to tackle this problem are still under study. Here we
will consider the most simple 共and widely considered兲 case,
that of a supersymmetric back hole.
A family of such black holes, related with electrically
charged black holes, is given by 共see 关51,52兴 for details兲

冉 冊
冋冉 冊

ds 2 ⫽⫺ f ⫺1/2共 r 兲 1⫺
⫹ f 1/2共 r 兲

1⫺

r0
dt 2
r

r0
r

册

⫺1

dr 2 ⫹r 2 d⍀ 2 ,

共74兲

where f (r)⫽ 兿 4i⫽1 关 1⫹(r 0 sinh2 ␣i /r)兴, and where the ␣ i are
related with the integer charges of the D-branes being used.
If the correspondence occurs at a constant value of r, we get
r 1 ⫹r 0 sinh2 ␣ ⫽r 2 f 1/4
2 共 r 2 兲 ⬅R⫽const,

冋 冉 冊冉 冊 册
再 冉 冊 冋 冉 冊 册冎

2m Q 2
⫺ 2 ⫽1⫹
R
R
⫺

2m 2Q 2
⫹ 3 ⫽
R2
R

共75兲

r0
⫺1
r

1⫹

rf⬘
4f

2

1⫹

rf⬘
4f

2

共76兲

,

⌺2

r0
r0
f⬘
1⫺
⫺2 2
2f
r
r

,
⌺2

共77兲

where we have used g ⌺ ⫽G ⬘ 兩 r⫽G ⫺1 (R) , G(r)⫽r f 1/4(r), and
ជ • ជ ⫽⫺ f ⫺1/2(1⫺r/r 0 ). The subscript ⌺ 2 means that all
these quantities refer to the interior region, to be evaluated at
r⫽r 2 . For the exterior metric we have put ␣ i ⫽ ␣ j ⬅ ␣ for all
i, j, because the exterior metric is that of a ReissnerNordström black hole, for which
2m⫽r 0 cosh 2 ␣ ,
r 0 ⫽2 冑m 2 ⫺Q 2 ,

Q 2 ⫽r 20 sinh2 ␣ cosh2 ␣ ,
2 sinh2 ␣ ⫽⫺1⫹m/ 冑m 2 ⫺Q 2 ,

共78兲

where m is the 共ADM兲 mass of the black hole and Q is its
electric charge. Since f 2 (r 2 )⫽ 兿 4i⫽1 关 1⫹(r 0 sinh2 ␣i /r)兴⌺2,
the above conditions yield R as a function of six of the seven
parameters, M ,Q,(r 0 ) 2 , ␣ i . Detailed analysis shows that
these conditions are easily fulﬁlled when r 0 →0, ␣ i →⫾⬁,
with r 0 sinh2 ␣i ﬁxed. The resulting R is very close to R 0

⬅m⫹冑m 2 ⫺Q 2 , i.e., the event horizon of the black hole. We
remark that r f 1/4(r) is the radial coordinate which has a direct interpretation in terms of the ‘‘size’’ of the object, and
not r alone. All this being in complete agreement with the
expected transitions for extreme, and nearly extreme, supersymmetric black holes. The same idea should be extended to
self-gravitating strings when their 共four-dimensional兲 spacetime metric is obtained. For instance, the expected order of
magnitude of R found in 关53兴 should be recovered. This issue
will be the matter of subsequent research.
XII. FINAL REMARKS

The ﬁrst thing to be noticed is the intrinsic freedom
present in our model, which is as large as the measure of the
set of analytic functions of one variable. This is a very rewarding feature, since it allows one to impose further restrictions coming from new, more accurate proposals. In particular, it will be a helpful tool when trying to ﬁnd explicitly a
quantum ﬁeld responsible for the G 11 and G 22 in the fundamental uncharged case. For comparison, in all previous
works, based on individual models, the prospect of ﬁnding a
quantum ﬁeld related with their energy-matter content was
hopeless. To that end, we would like to draw attention to
关55兴, where a useful framework to deal with the interior region is given.
In the charged case, let us notice that any GNRSS spacetime can be linked with a solution to NED 共see 关56兴兲. Of
course, the case of the Schwarzschild solution is a solution
with zero charge, and the Reissner-Nordström one is the only
one which is linear, i.e., Maxwellian. Therefore the whole
family of GNRSS metrics has indeed an immediate interpretation in terms of a ﬁeld theory which is well established
when the object is electrically or magnetically charged. This
is another useful result. A careful study of this fact will be
reported elsewhere.
Finally, one can free the requirement that there must be an
event horizon. The objects would then become ‘‘visible’’ and
the study of the entropy of the solutions as well as their
associated Hawking temperature would bring some clues on
the time evolution of 共classically兲 static black holes.
XIII. CONCLUSIONS

In this work we have investigated, under quite general
conditions, the question of using Einstein’s theory of gravitation, extended to include semiclassical effects, with the
purpose of constraining the physical structure of the emerging spacetime solutions that might be suitable for the description of the interiors of nonrotating black holes.4
In the ﬁrst part of the work we have exploited the idea
that vacuum polarization may indeed play an essential role in
the interior region. We have obtained the result that only two
4
The rotating case, which is of major astrophysical interest, and
the rotating and electrically charged one, which may be associated
with spinning particles, seem to yield results very similar to the
ones presented here, see 关41,44兴.
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families fulﬁll the imposed requirement and, moreover, we
have shown that only one of them is suitable for representing
static black hole interiors, what is certainly a most remarkable result.
Then we have turned our attention to other sources for the
core. Given that a promising alternative, self-gravitating
strings, needs still to be studied in more detail, we have
started this program by ﬁrst giving the general conditions to
be fulﬁlled by any spacetime with spherical symmetry and
having some static region. Finally, we have applied the results obtained to a supersymmetric black hole as a preliminary case. We have seen that, in such a situation, the matching is generically compatible, including the case of extreme
black holes. This last setting is precisely the same for which
the correspondence between semiclassical black holes and
stringy ones has been recently conﬁrmed in the literature
共see, e.g., 关53,54兴兲.
Brieﬂy, our overall conclusion is the following. First, the
results in the ﬁrst sections have opened a new window for

the search of a compatible quantum ﬁeld that, once regularized, may yield the same result for, at least, a particular
energy-momentum tensor inside the general family of models considered 共for instance, within NED, see also 关56兴兲. Second, once a corresponding Einsteinian metric associated with
a quantum model is known, the scheme developed here has
been proven to be well suited to check the consistency of the
involved physical parameters and even, in some cases, to
assign explicit values to them.
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关11兴 P. Hájiček, Phys. Rev. D 36, 1065 共1987兲.
关12兴 V. M. Mostepanenko and N. N. Trunov, Casimir Effect and Its
Applications 共Oxford Science, Oxford, 1997兲.
关13兴 E. Elizalde, Ten Physical Applications of Spectral Zeta Functions 共Springer, Berlin, 1995兲.
关14兴 E. Elizalde, S. D. Odintsov, A. Romeo, A. A. Bytsenko, and S.
Zerbini, Zeta Regularization Techniques With Applications
共World Scientiﬁc, Singapore, 1994兲.
关15兴 E. B. Glinner, Sov. Phys. JETP 22, 378 共1966兲.
关16兴 A. A. Starobinsky, Phys. Lett. 91B, 99 共1980兲.
关17兴 M. A. Markov, Ann. Phys. 共N.Y.兲 155, 333 共1984兲.
关18兴 E. Poisson and W. Israel, Class. Quantum Grav. 5, L201
共1988兲.
关19兴 V. P. Frolov, M. A. Markov, and V. F. Mukhanov, Phys. Rev. D
41, 383 共1990兲.
关20兴 I. Dymnikova, Gen. Relativ. Gravit. 24, 235 共1992兲.
关21兴 I. Dymnikova and B. Soltysek, Gen. Relativ. Gravit. 30, 1775
共1998兲.
关22兴 I. Dymnikova, Phys. Lett. B 472, 33 共2000兲.
关23兴 E. Ayón-Beato and A. Garcı́a, Phys. Rev. Lett. 80, 5056
共1998兲.

关24兴 J. Bardeen, presented at GR5, Tiﬂis, U.S.S.R. 共1968兲; A.
Borde, Phys. Rev. D 50, 3692 共1994兲.
关25兴 E. Ayón-Beato and A. Garcı́a, Gen. Relativ. Gravit. 31, 629
共1999兲.
关26兴 E. Ayón-Beato and A. Garcı́a, Phys. Lett. B 464, 25 共1999兲.
关27兴 G. Magli, Rep. Math. Phys. 44, 407 共1999兲.
关28兴 E. Elizalde and S. R. Hildebrandt, in Proceedings of the MG9,
Rome, 2000, edited by V. G. Gurzadyan, R. T. Jantzen, and R.
Rufﬁni 共World Scientiﬁc, Singapore, 2002兲.
关29兴 W. Israel, Nuovo Cimento B 44B, 1 共1966兲; 48B, 463 共1966兲.
关30兴 K. A. Bronnikov, Phys. Rev. D 64, 064013 共2001兲.
关31兴 R. C. Myers and J. Z. Simon, Phys. Rev. D 38, 2434 共1988兲.
关32兴 J. T. Wheeler, Nucl. Phys. B273, 732 共1986兲.
关33兴 R. P. Kerr and A. Schild, in Proceedings of the Galileo Galilei
Centenary Meeting on General Relativity, Problems of Energy
and Gravitational Waves, edited by G. Barbera 共Comiato Nazionale per le Manifestazione Celebrative, Florence, 1965兲, pp.
222.
关34兴 H. Nariai, Sci. Rep. Tohoku Univ., Ser. 1 35, 62 共1951兲.
关35兴 D. Kramer, H. Stephani, M. MacCallum, and E. Hertl, Exact
Solutions of Einstein’s Field Equations 共Cambridge University
Press, Cambridge, England, 1980兲, p. 156.
关36兴 E. H. Robson, Ann. Inst. Henri Poincare, Sect. A 16, 41 共1972兲.
关37兴 C. J. S. Clarke and T. Dray, Class. Quantum Grav. 4, 265
共1987兲.
关38兴 M. Mars and J. M. M. Senovilla, Class. Quantum Grav. 10,
1865 共1993兲, and references therein.
关39兴 E. Elizalde and S. R. Hildebrandt, gr-qc/0103063 共from Chap.
8, Ph.D. thesis of S.R.H., University of Barcelona, 2001兲.
关40兴 R. Balbinot and E. Poisson, Phys. Rev. D 41, 395 共1990兲.
关41兴 A. Burinskii, ‘‘Supersymmetric superconducting bag as a core
of Kerr spinning particle,’’ hep-th/0008129 共also in the Proceedings of the MG9, Rome, 2000兲.
关42兴 J. M. Morris, Phys. Rev. D 56, 2378 共1997兲.
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Kerr-Schild solutions of the Einstein-Maxwell ﬁeld equations, containing semi-inﬁnite axial singular
lines, are investigated. It is shown that axial singularities break up the black hole, forming holes in the
horizon. As a result, a tubelike region appears which allows matter to escape from the interior without
crossing the horizon. It is argued that axial singularities of this kind, leading to very narrow beams, can be
created in black holes by external electromagnetic or gravitational excitations and may be at the origin of
astrophysically observable effects such as jet formation.
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I. INTRODUCTION.—Most of the applications of general relativity to the astrophysics of compact objects are
based on the Kerr solution of the Einstein equations, which
describes the rotating stationary black hole. Of course,
although the Kerr solution brilliantly describes stationary
phases of these objects, it can hardly trace nonstationary
behaviors, like bursts and jet formation. However, the Kerr
metric is only one member of a wider class of EinsteinMaxwell solutions, the Kerr-Schild class. Here we will
consider the rotating Kerr-Schild solutions containing axial
semi-inﬁnite singular lines. To the best of our knowledge,
these solutions have, so far, not received enough attention
in astrophysics, and it seems that they have never been
analyzed in detail from the physical point of view.
One of the ﬁrst mentions of axial singular lines in the
exact solutions of the Einstein-Maxwell ﬁeld equations can
be found in the paper by Robinson and Trautman [1]. Axial
singularities, which are analogs of the Dirac monopole,
appear in the NUT and Kerr-NUT solutions [2] and are
related to magnetic charge and to some ‘‘magnetic type’’ of
mass which does not have, so far, a clear (astro)physical
interpretation, at least for isolated sources. In the work of
Debney, Kerr, and Schild [3], a broad class of stationary
solutions of the Einstein-Maxwell ﬁeld equations was considered, among which are the solutions containing axial
semi-inﬁnite singular lines, to be investigated in what
follows. Our aim is, in particular, to investigate in detail
the structure of horizons for these solutions, to discuss
some of the effects which the appearance of the axial
singularities may cause in the rotating astrophysical
sources, and to consider the physical consequences which
may originate from these singularities in initially stable

1550-7998= 2006=74(2)=021502(5)

black holes. We show that axial singularities ‘‘break up’’
the Kerr black hole, forming a hole in the horizon which
connects the internal with the external regions. As a result,
although a ‘‘horizon’’ is still present, it does not isolate the
Kerr singularity from the exterior any more, and it turns out
to be ‘‘half dressed.’’ These results add this class of solutions to the (rather restricted) family of solutions which
have a clear physical meaning, and, therefore, we believe
they are of interest per se. Moreover, we conjecture here
that the formation of axial singularities may result in the
production of jets [4], thus providing an alternative model
for important astrophysical phenomena.
II. STRUCTURE OF THE KERR SOLUTION.—The
Kerr-Newman metric in Kerr-Schild form can be written as
g



 2hk k ;

(1)

where k is a null vector ﬁeld k k  0 which is tangent
to the Kerr principal null congruence. The function h has
the form h  Mr  e2 =2=r2  a2 cos2 , where the oblate coordinates r,  are used on the ﬂat Minkowski background  . In the case of rotating Kerr solutions, the
Schwarzschild horizon splits into four surfaces: two surfaces of the staticity limit, rs and rs , which are determined by the condition g00  0, and two surfaces of the
event horizons, Sx   const, which are the null surfaces
determined by the condition g @ S@ S  0. In the
case e2  a2 > M2 , the horizons of the Kerr-Newman
solution disappear and the Kerr singular ring turns out to
be naked. To avoid the problems with a two-sheet topology,
this singularity may be covered by a smooth disklike
source [5,6].
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III.
ROTATING
SOLUTIONS
WITH
AXIAL
SINGULARITIES.—The Kerr metric above is actually
only a special case of a much more general class of exact
solutions of the Einstein-Maxwell ﬁeld equations with
axial singularities, discovered by Debney, Kerr, and
Schild in the seminal paper [3]. These solutions are obtained considering the Kerr-Schild ansatz g 
  2hk k , with a null vector ﬁeld k (k k  0),
which is tangent to a geodesic and shear-free principal null
congruence (PNC). As a result, the spacetimes are algebraically special, and many tetrad Ricci components vanish, which leads to a strong restriction on the tetrad
components of the electromagnetic (e.m.) ﬁeld as well.
We skip here the details of the derivation, to mention
only the fact that the corresponding solutions turn out to
be aligned with the Kerr PNC, in the sense that
F

k  0:

(2)

The Debney-Kerr-Schild solutions arise when one more
restriction on the electromagnetic ﬁeld is imposed, which
leads to stationary solutions without electromagnetic
waves. The unique nonzero component of the ﬁeld tensor
in this case is F 31  AZ;1 where Z is the (complex)
expansion of the PNC. The function A has the general form
A  Y=P2 ;

(3)

 and is an arbitrary holomorwhere P  21=2 1  Y Y,
phic function of Y. The resulting metric has the KerrSchild form (1), where the function h is given by [3]
3   AAZ
 Z=2:


h  MZ  Z=2P

(4)

In terms of spherical coordinates on the ﬂat background
one has Yx  ei tan2 , which is singular at   . This
singularity will be present in any holomorphic function
Y, and, consequently, in A and in h. Therefore, all the
solutions of this class—with the exclusion of the case 
const which corresponds to the Kerr-Newman solution—
will be singular at some angular direction .
The simplest cases are  q=Y  c and  qY 
b=Y  c, which correspond to an arbitrary direction of
the axial singularity. However, the sum of singularities
in
P
different directions is also admissible y  i qi Y 
bi =Y  ci , as well as polynomials of higher degree.
We should stress here that the above solutions do not
contradict the assertion of the ‘‘no hair theorem’’ of Carter
and Robinson, which states uniqueness of the Kerr and
Kerr-Newman solutions [7] under certain regularity hypotheses, since these are not satisﬁed here. Indeed, the
spacetime has to be asymptotically ﬂat and regular out of
the horizon, conditions that are not fulﬁlled, since the axial
singularity extends to inﬁnity. Also, the assumptions on the
structure of the horizon are not fulﬁlled. Indeed, the horizon of a black hole should be smooth and convex. But here
the horizon is not smooth at the bifurcation points, and
does not form a convex surface. In this connection it may
be noted that, recently, multiparticle Kerr-Schild solutions

[8] have been obtained. In the case of the two-particle
solution, the Kerr-Newman solution exhibits two semiinﬁnite axial singularities which are caused by interaction
with an external particle and are oriented along the line
connecting the two particles.
IV. STRUCTURE OF THE HORIZONS AND
DIAGRAMS
OF
THE
MAXIMAL
ANALYTIC
EXTENSIONS.—Let us now analyze the structure of the
horizons for the solutions containing axial singular lines. It
is convenient to use the metric in the Kerr coordinates
t; r; ;  [3]. The metric can be represented in the form
ds2  2H  1dt2  d2  sin2 d2 
 2dr  asin2 d2  2H  1dr  asin2 d2
 4Hdtdr  asin2 d;

(5)

where   r2  a2 cos2 , H  Mr= for the vacuum
metric and H  Mr  e2 =2= for the charged KerrNewman solution.
The simplest axial singularity is the pole  q=Y. In
this case, the function H takes the form



1
 2
=:
(6)
H  Mr  q= tan
2
2
The boundaries of the ergosphere, rs and rs (which are
determined by the condition g00  0 or 2H  1  0), are
the solutions of the algebraic equation


 2
2Mr  r2  q= tan
 a2 cos2   0:
(7)
2
This solution acquires a new feature: the surfaces rs and
rs turn out to be joined by a tube, forming a simply
connected surface (see Figs. 1–3), which has the topology
of a sphere.
The surfaces for the event horizons are null and obey the
differential equation
30

singular ring

event horizons
r+ r−

z
0

axial beam

g00 =0
−30
−30

disk r=0
0

30

FIG. 1. Near extremal black hole with a hole in the horizon, for
M  10, a  9:98, q  0:1. Represented is the axial section.
The singular ring is placed at the boundary of the disk r  0. The
event horizon is a closed connected surface surrounded by the
closed connected surface g00  0.
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30

singular ring

event horizons

r+
r−

z

0

axial beam

g00 =0
−30
−30

disk r=0
0

30

FIG. 2. Large hole in the horizon, for M  10, a  9, q  0:3.
Axial section. The singular ring is placed at the boundary of the
disk r  0. The event horizon is a closed connected surface
surrounded by the closed connected surface g00  0.





 2
 2Mr  @ S2  0:
@r S2 r2  a2  q= tan
2
(8)
One can ignore the time and  dependencies of the surface
S. However, the coefﬁcients do depend on , and @ S2 
0, which does not allow us to get an explicit solution.
Fortunately, @ S2 is very small for most of the horizon
surface, with the exclusion of a small  vicinity of the axial
singularity. We represent the surface S in the form r  r
and obtain an approximate solution which is very close to
the exact one for the regions where @ r2 is small.
Neglecting the term @ r2 , one obtains that an approximate form of this surface is described by the equation r2 
a2  q= tan22  2Mr  0. The resulting surfaces are
shown in Figs. 1–3 for different values of the parameters
M, a, and q. The axis of symmetry is the horizontal z axis,
and the axial singular beam is directed along the direction
of angular momentum.
25

singular ring
event horizons
r
+

r−

z
axial
beam

g
−25
−25

00

=0

disk r=0
25

FIG. 3. Narrow hole in the horizon, for M  10, a  9:5, q 
0:03. Axial section. The singular ring is placed at the boundary
of the disk r  0. The event horizon is surrounded by the closed
surface of boundary of the ergosphere, g00  0.

Note that, for physical reasons, the event horizon has to
lie inside the boundaries of the ergosphere. We clearly see
that the resulting surfaces satisfy this requirement. Similar
to the boundary of the ergosphere, the two event horizons
are joined into one connected surface with spherical topology, and the surface of the event horizon lies inside the
boundary of the ergosphere. As it is seen from the ﬁgures,
the axial singularities lead to the formation of the holes in
the black hole horizon, which opens up the interior of the
‘‘black hole’’ to external space.
The structure of the diagrams of the maximal analytic
extension (MAE) [9] in these solutions depends on the
section considered. If the section is chosen away from
the axial singularity and corresponding tubelike region,
the diagram of the MAE will be just the same as for the
usual solution for a rotating black hole. If the section goes
through the axial singularity, the tubelike hole in the horizon leaves a trace on all patches of the MAE. The r and
r surfaces are deformed and approach each other, joining
at some distance from the axial singularity and forming an
access duct to the interior of the former black hole.
Therefore, tubelike channels connecting the interior and
the exterior at some angular direction will appear on all
patches of the diagram.
These black holes with holes in the horizon have thus
preferred directions along which the causal structure differs from that of ‘‘true’’ black holes. Their singularity is,
therefore, naked, but the nakedness is of a very peculiar
type, since it manifests itself in speciﬁc directions only. A
similar situation occurs with other nonspherical exact solutions, like e.g. the so called Gamma metric [10].
V. POSSIBLE ASTROPHYSICAL APPLICATIONS.—
Two main questions appear in confronting astrophysical
applications of these solutions: (i) which consequences
will follow from the existence of the holes in the black
hole horizon, and (ii) which kind of mechanism could lead
to the appearance of the axial singularity and corresponding holes in the horizon?
Note that axial singularities may carry traveling electromagnetic and gravitational waves which propagate along
them as along waveguides, a phenomenon described by
exact singular pp-wave solutions of the Einstein-Maxwell
ﬁeld equations [2]. The appearance of the axial singularities in rotating astrophysical sources may be related to
their excitations by gravitational and/or electromagnetic
waves, and has to be necessarily caused by some nonstationary process. It was argued in [11,12] that electromagnetic excitation of black holes leads inevitably to the
appearance of axial singularities. The motivation for this
statement is based on the treatment of the exact aligned
wave solutions of the Maxwell equations on the Kerr
background, satisfying (2), since only the aligned wave
solutions are consistent with the geodesic and shear-free
principal null congruence of the Kerr geometry, and only
those may be used as candidates for the exact consistent
solutions of the Einstein-Maxwell ﬁeld equations.
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Similar to the stationary case considered in [3], the
general aligned solutions are described by two self-dual
tetrad components F 12  AZ2 and F 31  Z  AZ;1 ,
where the function A acquires an extra parameter  which
is a complex retarded time [12] (see the Appendix for
details). The simplest wave modes


 n
n
q tan
expin  !n  (9)
n  qY expi!n 
2
can be labeled by the index n  1; 2; . . . , which corresponds to the winding number for the phase wrapped
around the axial singularity. The leading wave terms have
the form F jwave  fR d ^ du  fL d ^ dv, where fR 
AZ;1 and fL  2Y Z=P2  Y 2 AZ;1 are the factors
describing the ‘‘left’’ and ‘‘right’’ waves propagating, correspondingly, along the z and z semiaxes. Near the z

axis, jYj ! 0, and for r ! 1, we have Y ’ ei 2r
, where 

is the distance from the z axis. Similarly, near the z axis
Y ’ ei 2r
 and jYj ! 1. For jnj > 1 the solutions contain
axial singularities which do not fall off asymptotically, but
are increasing, denoting instability. The leading wave for
n  1,
F


1



4qei2i!1 
d ^ du;
2

(10)

is singular at the z semiaxis and propagates to z  1,
while for n  1,
F


1



4qei2i!1  
d ^ dv;
2

(11)

the singularity is at the z semiaxis and the wave propagates to z  1.
By considering the limiting ﬁelds near the singular axis,
one can ﬁnd the corresponding self-consistent solutions of
the Einstein-Maxwell ﬁeld equations [12]. They are singular pp waves [2] having the Kerr-Schild form of the metric
(1) with a constant vector k . In particular, the wave
propagating along the z axis has k dx  21=2 du.
Therefore, wave excitations of the Kerr geometry lead to
the appearance of singular pp waves which propagate
outward along the axial singularities. In real situations,
axial singularities cannot be stable and they will presumably correspond to some type of jet or burst, hence it is
natural to conjecture that the related holes in the horizon
will also be at the origin of jet formation.
Observational evidence shows a preference for twojetlike sources, as e.g. in the ﬁeld of radio loud sources
[13,14]. These jets are emitted in opposite directions along
the same axis. This scenario corresponds to our treatment
of the sum of two singular modes with n  1 and to two
oppositely positioned holes in the horizon. The results are
basically the ones obtained for the single beam case,
applied to 0    =2 and =2    .
It is known that the Kerr solution has a repulsive gravitational force acting on the axis of symmetry for r < a. It
can be described by the Newton potential r;  

2h  2Mr=r2  a2 . In the small vicinity of the axial
singularity, a gravitational repulsion from the singularity
will appear too, since the potential acquires the form
r;   2h  2Mr  j j2 =r2  a2 ;
j2

(12)

where j

Quantum processes of pair creation
near the axial singularity will also take place, and presumably be responsible for its regularization [15].
On the other hand, electromagnetic pp waves along the
singularity will cause a strong longitudinal pressure
pointed outwards from the hole. It can be easily estimated
for the modes of the pp waves with n  1 [12]. For
example, the corresponding energy-momentum tensor is
1
2
n
T  8
jF 
1 j k k , and the wave beam with mode n 
1, propagating along the z half-axis, will exert the
pressure
q2 tan2 2 .

pz 

2q2 e2a!1
;
4

(13)

where  is an axial distance from the singularity and !1
the frequency of this mode. For the exact stationary KerrSchild solutions, one can use this expression in the limit
!1  0.
VI. CONCLUSIONS.—From the analysis above, we
conclude that the aligned excitations of the rotating black
hole (or naked rotating source) lead, unavoidably, to the
appearance of axial singularities accompanied by outgoing
traveling waves and also to the formation of holes at the
horizon, which can lead on its turn to the production of
astrophysical jets [4].
Multiparticle Kerr-Schild solutions [8] suggest that axial
singularities are to be bi-directional and oriented along the
line connecting the interacting particles. Thus, it will be
interesting to analyze in further detail the observed jets in
order to check the conjecture that they may be indeed
triggered by radiation coming from remote active objects.
Finally, one may suspect this effect to be related to the
known phenomenon of superradiance, although the usual
treatment of the latter does not take into account the
condition (2), which speciﬁcally leads to the formation of
narrow beams.
A. B. has been supported by the RFBR Project No. 040217015-a. E. E. has been supported by DGICYT (Spain),
Project No. BFM2003-00620 and SEEU Grant
No. PR2004-0126, and by AGAUR (Generalitat de
Catalunya), Contract No. 2005SGR-00790.
APPENDIX: ALIGNED E.M. SOLUTIONS ON THE
KERR-SCHILD BACKGROUND.—The aligned ﬁeld
equations for the Einstein-Maxwell system in the KerrSchild class were obtained in [3]. The electromagnetic ﬁeld
is given by tetrad components of the self-dual tensor
F 12  AZ2 , F 31  Z  AZ;1 , where commas denote
the directional derivatives with respect to the chosen null
tetrad vectors. The equations for the e.m. ﬁeld are
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where D  @3  Z1 Y;3 @1  Z 1 Y ;3 @2 . Solutions of this
system were given in [3] only for the stationary case for
  0, while the oscillating e.m. solutions correspond to
the case   0.
For the sake of simplicity we consider the gravitational
Kerr-Schild ﬁeld as stationary, although in the resulting
e.m. solutions the axial symmetry is broken, which has to
lead to oscillating backgrounds if the backreaction will be
taken into account. Deﬁne a complex retarded-time parameter   t0  i  jL [16], which satisﬁes the relations
;2  ;4  0:

(A3)

Equation (A1) becomes AP2 ;2  0, which can be integrated, yielding A  Y; =P2 . It has the form obtained
in [3]. The only difference is in the extra dependence of the
function from the retarded-time parameter . This means
that the stationary solutions obtained in [3] may be considered as a low-frequency limit of these solutions.
One can easily check that the action of the operator D
 and  is
on the variables Y, Y,
D Y  DY  0;

D  1;

(A4)

and therefore D  @=@t0 Dt0  PDt0  1, which
yields
D t0  P1 :

A_  P;Y ;

(A2)

(A5)

As a result, Eq. (A2) takes the form

(A6)

where  _  @t0 .
For the stationary background considered here, P 
 and P_  0. The coordinates Y, and  are
21=2 1  Y Y,
 which allows us to integrate Eq. (A6).
independent from Y,
We obtain the following general solution:
  P1

Z

1=2 _
_ Y  2
Ad
 Y; =P;
P2 Y

(A7)

where  is an arbitrary analytic function of Y and . We set
Y;   0. The term  in F 31  Z  AZ;1 describes
a part of the null electromagnetic radiation which falls off
asymptotically as 1=r and propagates along the Kerr principal null congruence e3 . As discussed in [16], it describes
a loss of mass by radiation with the stress-energy tensor
 3 e3 .
T   12 e
We now evaluate the term AZ;1 . For the stationary case
3

we have the relations Z;1  2iaYZ=P
and ;1 
2

2iaYZ=P
. This yields


Y
Z
P
ZY
AZ;1  2 ;Y  2ia _ 2  2 Y  A2ia 3 :
P
P
P
P
(A8)
Since Z=P  1=r  ia cos, this expression contains the
terms which fall off like r2 and r3 . However, it also
contains the factors which depend on the coordinate Y 
ei tan2 and can be singular at the z axis, forming the
narrow beams, i.e. the half-inﬁnite lines of singularity. In
particular, it can be the z or z axis, which correspond to
  0 and    (cases n  1, respectively).
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The fðRÞ gravity ﬁeld equations are derived as an equation of state of local space-time thermodynamics.
Jacobson’s arguments are nontrivially extended, by means of a more general deﬁnition of local entropy,
for which Wald’s deﬁnition of dynamic black hole entropy is used, as well as the concept of an effective
Newton constant for graviton exchange, which recently appeared in the literature.
DOI: 10.1103/PhysRevD.78.061501

PACS numbers: 04.20.Cv, 04.62.+v, 04.70.Dy, 98.80.Jk

I. INTRODUCTION
In a key article [1], Jacobson derived Einstein’s equations (Ee) from arguments based only on thermodynamics
at equilibrium of local space-time. To derive this result, he
ﬁrst generalized black hole (Bh) thermodynamics to spacetime thermodynamics as seen by a local observer. Then, he
took the basic Clausius relation, to obtain a local differential equation (from the previously deﬁned map between
local space-time and thermodynamic observables), that
turns out to be precisely Ee. From this we can say that
Ee are derived as an ‘‘equation of state’’ from local spacetime thermodynamics. He noted that his ﬁnding strongly
suggests that, in a fundamental context, Ee are to be viewed
as an equation of state and, therefore, they should probably
not be taken as a basis for quantizing gravity. This is
consistent with the idea that gravity is an emergent phenomenon of a more fundamental framework, like string
theory (e.g., [2]). If this were true, not only general relativity, but presumably all generalized gravity theories,
should be seen under this same light.
Modiﬁed gravity models constitute a very important
dynamical alternative to CDM cosmology, in that they
have the capability to describe the current accelerated
expansion of our Universe (dark energy epoch), but also
the initial de Sitter phase and inﬂation, and even the galaxy
rotation curves corresponding to dark (and ordinary) matter [3]. We will here prove that Jacobson’s derivations can
be generalized to cover these more complicated theories of
gravity that are extensively used nowadays. First, we review Jacobson’s arguments to introduce the basic notions
and then derive the desired generalization. In particular, we
will completely close the program for the so-called fðRÞ
gravities (see, e.g., [3], and references therein), where the
Lagrangian only depends on the Ricci scalar and its covariant derivatives, leaving the problem open for more
general cases. In [4], the ﬁeld equations for fðRÞ of poly*elizalde@ieec.uab.es
elizalde@math.mit.edu
+
psilva@ifae.es

1550-7998= 2008=78(6)=061501(4)

nomial form were derived using nonequilibrium thermodynamics arguments (see also [5]). Here, we propose an alternative approach where local thermodynamic
equilibrium is maintained, using the idea of ‘‘local-boostinvariance’’ introduced in [6].
II. JACOBSON’S CONSTRUCTION IN BRIEF
Any free-falling local observer p has some gauge freedom to describe his local coordinate system. The equivalence principle can be used to describe space-time in a
vicinity of p as ﬂat. Then, we choose the local spacelike
area element perpendicular to the worldline of p to have
zero expansion rate  and shear  at a given point on the
history of p, that we call p0 . In this setting, the past horizon
of p0 is called the ‘‘local Rindler horizon’’ at p0 . Since,
locally, we have Poincaré symmetry, there is an approximate Killing ﬁeld K generating boost at p0 , vanishing at
p0 , which we take as the future pointing to the inside past
of p0 .
Having this basic setting, we are ready to give precise meaning to the local thermodynamic deﬁnitions. First,
note that local Rindler horizons are null and act as causal
barriers. Therefore, we can associate entropy S to it,
measuring the ‘‘many degrees of freedom outside,’’ what
presumably results in entanglement entropy just at the
horizon. With this understanding, entropy is proportional
to the area elements of the horizon, where a fundamental
length has to be provided to give a UV cutoff. Heat Q is
energy ﬂow of microscopic degrees of freedom across the
causal barrier, and is felt, therefore, via gravitational energy, where its source is undetectable. Last, the local temperature T is deﬁned as ‘‘Unruh temperature,’’ as seen by a
local accelerated observer hovering just inside the horizon.
Energy ﬂow has to be measured by this same observer, for
consistency.
In more detail, different accelerated observers would
measure different energy ﬂows and temperature, both diverging at the horizon but with constant ratio, and this is
just what will be used. We have also imposed  ¼  ¼ 0 at
p0 , to give a sort of ‘‘local deﬁnition of equilibrium’’ since,
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in general, causal horizons change in time as they expand
and twist. In this construction, locally and at the instant p0 ,
there is not such a deformation, and the space is ‘‘at
equilibrium.’’

conditions,
¼ ra h, and therefore the ﬁnal
form of the thermodynamic relation is
 


2
R
(6)
Tab ¼ Rab  gab þ gab ;

2
1
4 ra R

A. Accelerated observer and approximations
On the above point p0 with its associated local Rindler
horizon H , take an accelerated observer hovering just
inside the horizon . By the above construction,  is an
approximate local boost Killing ﬁeld future directed to the
past of p0 . Then, the variation of heat (caused by energy
ﬂow
across the horizon), measured by , is Q ¼
R
b
a
H Tab  d , where the integration is over a pencil of
generators of H at p0 . If K is a tangent vector to the
generators of H , with afﬁne parameter  such that  ¼ 0
at p0 , we have that a ¼ kK a þ Oð2 Þ, where k is the
acceleration of . Therefore, da ¼ Ka ddA, where dA is
the cross section area element of H . Thus, the ﬁnal
expression for the variation of heat, at leading order, is
Z
Q ¼ 
kTab Ka Kb ddA:
(1)
H

Note that for  the Unruh temperature T is set to be
T ¼ @k=2:

(2)

On the other hand, Jacobson uses that the variation of the
entropy is proportional to the variation of the horizon area
A, i.e., S ¼ A, with  an unknown proportionality
constant. Here, A measures the change of the area as we
approach
the point p0 , and therefore is given by A ¼
R
H ðÞddA. Next, we use Raychaudhuri‘s equation to
integrate  near p0 . In this coordinate system, at leading
order in , we obtain  ¼ Rab K a Kb þ Oð2 Þ, and the
relevant expression for the entropy variation to this order is
Z
S ¼ 
Rab Ka Kb ddA:
(3)
H

B. Thermodynamic relations
To derive information of thermodynamic systems, like
the equation of state, we need just the basic thermodynamic relation
Q ¼ TS;

(4)

and the functional dependence of S with respect to the
energy and size of the system. In our case we have
Eqs. (1)–(3) at our disposal, to get the beautiful relation
Tab Ka K b ¼

1
Rab Ka Kb :
2

(5)

Since K is an arbitrary null vector on H , we can write the
1
unprojected equation Tab ¼ 2
Rab þ gab h, with h an
unknown function, arbitrary as of now. Using then that
the left-hand side is divergence-free, plus the Bianchi
identities for the Ricci tensor, we get the integrability

where  is an integration constant.
To summarize, we have here obtained the Ee as an
equation of state for a local free-falling observer. To deduce the above, we have used the following critical assumptions: (i) Measurements are done in a vicinity of a
general point p0 . (ii) Our local coordinate system is at
equilibrium, in the sense that ,  ¼ 0 at p0 . (iii) The
accelerated observer  tends to K, a null vector generator
of the causal horizon. (iv) We always restrict ourselves to
the leading-order approximation in the afﬁne parameter .
III. THE GENERAL CASE OF
MODIFIED GRAVITY
We apply the above construction to more general theories of gravity. Following Iyer and Wald [6], we just
assume that our Lagrangian is diffeomorphism invariant,
in an n-dimensional oriented manifold M, being the dynamical ﬁelds a Lorentz signature metric gab and other
matter ﬁelds . The most general Lagrangian is
L ¼ Lðgab ; Rcdef ; ra1 Rcdef ; . . . ; rða1 . . . ran Þ Rcdef ;
; ra1 ; . . . ; rða1 . . . ran Þ Þ:

(7)

The corresponding ﬁeld equations can be found by a variational procedure on ðgab ; Þ, so that we get
L ¼ ðEab
g gab þ E  Þ þ d;

(8)

where is the volume element and  a (n  1)-form.
Hence, the ﬁeld equations of the theory are Eab
g ¼ 0, E ¼
0. In [6], it was found how to write them from a variation of
the ðgab ; Rcdef Þ, as if they were independent variables, so
that we get, after the corresponding identiﬁcations,
pqra
ab
Rpqr b þ 2rp rq Epabq
;
E ab
g ¼ Ag þ ER
R

(9)

pabq
Þ are the variations of L with respect to
where ðAab
g ; ER
ðgab ; Rpabq Þ in each case, taken as independent variables.
In the above expressions, if the derivatives of Rcdef occur
in the Lagrangian, one integrates by parts and then takes its
variation, to obtain Epabq
.
R
This form of the ﬁeld equations is useful due to its
relation to Bh thermodynamics. Basically, it has been
known for a while now [7], that in the case when we
have a stationary Bh solution, the entropy S can be calculated as a Noether charge evaluated at the bifurcation
(n  2)-surface of the event-horizon . In these cases,
the entropy is given by
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ab pq ;

(10)

where ab is the binormal vector of .
Less understood is the case of dynamical Bh entropy.
There, the event-horizon is not bifurcated and the above
formula does not hold. On the other hand, in [6] a prescription that passes the tests of consistency for the entropy
is presented. The idea is to approximate the metric g, in a
vicinity of a given point p of the event-horizon, by a boostinvariant metric gIq (q boost parameter, see below). This is
done by altering the original Taylor expansion of the metric
around p, so that the new metric is boost-invariant up to
some order q, that deﬁnes the size of the vicinity where our
approximation is valid. Then, for this boost-invariant metric, there is a Killing vector ﬁeld that, on the horizon, is
null, and vanishes at p. We thus have created an approximated bifurcation surface of order q and can use the same
expression as before for the entropy, only that the integration is done on the boost-invariant variables:
Z
Sdyn ðp Þ ¼ 2
(11)
E^ abpq
ab pq ;
R
p

¼ Eabpq
ðgIq Þ (see [6] for details).
where E^ abpq
R
R
Having understood these modiﬁcations for calculating
the Bh entropy, we are almost ready to continue. Still, we
need some information on the geometrical meaning of
Eq. (10). In [8] it was noticed that, for a static Bh, entropy
can always be reexpressed as the area of the bifurcation
(n  2)-surface A divided by 4 in units of an effective
Newton constant Geff , i.e.,
S¼

A
4Geff

where

1
¼ Eabpq
R
8Geff

ab pq :

(12)

The above result has been checked for some string theory
cases where it was found that Geff is indeed constant on
the bifurcation surface. This result has to be supplemented
with the key observation that the above effective Newton constant plays also the role of an effective gravitational coupling for graviton exchange. In other words,
the kinetic term of the n-dimensional graviton, obtained
from the general Lagrangian L, is precisely of the form
1 abpq
ðrr hbq rr hap þ . . .Þ and, hence, Eabpq
can be
R
4 ER
thought of as the strength of the graviton interaction in
all possible polarizations. In retrospective, Geff corresponds to the strength of the gravitational interaction in
the particular polarizations deﬁned by the binormal of the
bifurcation (n  2)-surface A.
A. Field equation as equation of state
Now that we have the basic inputs for the possible
geometrical interpretation of the Bh entropy S for generalized theories of gravity, we are ready to consider the
problem of deﬁning there a local version of Bh thermodynamics, following the steps of Jacobson. Note that all

deﬁnitions regarding local observers (accelerated or not),
local Rindler horizons, and so on, are based on differential
geometry and the equivalence principle. We expect all
these deﬁnitions to hold in the general setting and, thus,
we leave them unchanged.
What makes the difference, being one of the key points
in this generalization, is the deﬁnition of the local entropy.
After the discussion above, it seems natural to relate entropy to the area of the causal horizon, only that now we
replace the proportionality constant with a ﬁeld-dependent
effective constant. In other words, we state that the local
variation of the entropy is still proportional to the variation
of the area of the causal horizon, but in units of this
effective Newton constant. Therefore, we write now [9]
S ¼ ðe AÞ;

(13)

where e is, in general, a function of the metric and its
derivatives to a given order l þ 2, i.e.,
e ¼ e ðgab ; Rcdef ; rðlÞ Rpqrs Þ:

(14)

Using the above ansatz, we are ready to proceed with our
derivation. Since we just change the deﬁnition of entropy
variation, due to the energy ﬂow across the local Rindler
horizon, we get the modiﬁed expression
Z
S ¼ 
ðe Rab  ra rb e ÞKa K b ddA þ Oð2 Þ:
H

(15)
It is important to notice that, in this expression,
ðe ; ka ra e Þ is to be evaluated at its leading contribution
in . We have used its boost-invariant part at ﬁrst order in
lambda to effectively incorporate the boost-invariant notion of [6] creating an ‘‘approximated bifurcation point at
ﬁrst order in ’’ at p0 .
The other part of the derivation is unaffected and gives
the same result of (1), namely,
Z
Q ¼ 
kTab Ka Kb ddA þ Oð2 Þ:
(16)
H

Therefore, the thermodynamic relation (4) implies
Tab Ka Kb ¼

1
ð R  rða rbÞ e ÞK a Kb :
2 e ab

(17)

At this point we consider the general differential equation,
removing the contraction with K, thus
T ab ¼

e ab

R  rða rbÞ e þ gab H;
2
2

(18)

where the new terms are added based on the fact that K is a
tangent vector of the null geodetics at p0 , generating local
boost. Hence, we have a local equation with two unknown
functions of the metric and its derivatives ðe ; HÞ.
To ﬁnd the form of these three functions, we use the
integrability condition
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e ab

R  rða rbÞ e þ gab H ¼ 0;
2
2

(19)

obtained from the observation that the right-hand side
should be divergence-free. After some algebra,


0 ¼ e rb R þ ðra rb ra  rb r2 Þ e þ rb H
4
2
1 2 b
b a e
:
(20)
 ðr r þ ra r r Þ
2
2
At this point, with no lose of generality, we can set

H ¼ h þ r2 e ;
2
ﬁnally obtaining the expression

0 ¼ e rb R þ rb h:
4

(21)

(22)

B. The speciﬁc case of fðRÞ gravities
Equation (19) can in principle be solved in many different ways. Here we will consider the simplest possibility,
that eventually leads to the so-called fðRÞ gravities [3]
(note the f), a special—but phenomenologically very
important—family of the general theories of modiﬁed
gravity where only the Ricci scalar is involved, as well
as their covariant derivatives to any order, i.e. L ¼
fðR; rn RÞ.
The solution of Eq. (19) we are considering is the one
where the ﬁrst two terms cancel each other. The last can be
easily integrated assuming e is a function of R only, thus
e
@f
h ¼  12 fðRÞ, with 2
¼ @R
. Therefore, the ﬁnal form is


@f ab
@f
1
@f
Eab ¼
R  rða rbÞ
þ gab  f þ r2
;
@R
@R
2
@R
(23)
f a function of R and its covariant derivatives.
Equation (23) is in fact the correct ﬁeld theory equation
for fðRÞ gravities, provided we identify the function fðRÞ as

the Lagrangian of the theory. Also, in this case the effective
Newton constant of (12) is related to e , as is expected
from the relation
1
@f pr qs
¼ Epqrs
ðg g  gqr gps Þ
pq rs ¼
R
8Geff
@R
@f

¼
¼ e:
@R 2

pq rs

(24)

Note that, for these theories, the different polarizations of
the gravitons only enter in the deﬁnition of the effective
Newton constant through the metric itself. This is an important simpliﬁcation that, in turn, permits us to ﬁnd the
solution of the integrability condition (19). To summarize,
we have succeeded in our thermodynamic derivation of
fðRÞ gravities where, remarkably, exactly as in the case of
Einstein gravity, the local ﬁeld equations can be thought of
as an equation of state of equilibrium thermodynamics.
It will be very interesting to see if this derivation can be
extended to the more complicated cases, stemming from
string theory, where the full Riemann tensor is involved in
the Lagrangian. This seems to imply a sort of tetrad decomposition of the effective Newton constant such that one
recovers, at the end, only the polarization normal to the
causal barrier of the local Rindler horizon. Work along this
line is in progress. As a last comment, in our derivation we
have used the ﬁrst law, but no information is given about
the second law. In fact it is not known if the second law is
present in generalized gravities (see [10]).
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Abstract
Some cosmological implications of ultraviolet quantum effects leading to a condensation of Born–Infeld matter are
considered. It is shown that under very general conditions the quantum condensate cannot act as phantom matter if its energy
density is positive. On the other hand, it behaves as an effective cosmological constant in the limit where quantum induced
contributions to the energy–momentum tensor dominate over the classical effects.
© 2003 Published by Elsevier B.V.

Evidence that the universe is undergoing a phase of
accelerated expansion at the present epoch continues
to grow. Not only is accelerated dynamics inferred in
high redshift surveys of type Ia supernovae [1], it is
now independently implied from observations of the
anisotropy power spectrum of the Cosmic Microwave
Background (CMB) [2–4]. The favoured explanation
for this behavior is that the universe is presently dominated by some form of ‘dark energy’ contributing up to
70% of the critical energy density, with the remaining
30% comprised of clumpy baryonic and non-baryonic
dark matter [3]. One of the central questions in cos-

mology today is the origin of this exotic matter. In the
quintessence scenario, for example, the dark energy
is a self-interacting scalar ﬁeld that slowly evolves
down a potential and thereby acts as a negative pressure source [5]. This paradigm has attracted attention
because a wide class of models exhibit ‘tracking’ behavior at late times, where the dynamics of the ﬁeld
becomes independent of its initial conditions in the
early universe. In principle, this may resolve the ﬁnetuning problem inherent in dark energy models based
purely on a cosmological constant [6]. Nevertheless,
there is at present no generally accepted origin for the
quintessence ﬁeld from a particle physics perspective.
Current observations constrain the effective equation of state of the dark energy to be within the region
bounded by −1.45 < wDE < −0.74 at the 95% conﬁdence level [3,7], where wDE ≡ pDE /ρDE and p and ρ
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(S.D. Odintsov).
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In a four-dimensional spacetime, it follows that

denote the pressure and energy density of the ﬁeld, respectively. Phantom matter corresponds to the region
of parameter space wDE < −1, where the scalar ﬁeld
has negative kinetic energy [8,9]. Although matter of
this form is presently consistent with observations, the
origin of such a scalar ﬁeld with a non-conventional
kinetic energy is not understood. On the other hand,
it was recently noted that the phantom ﬁeld need not
necessarily be a scalar but may in principle have vector or tensor degrees of freedom [10]. Moreover, similarities between phantom matter and conformal ﬁeld
theory (CFT) were discussed in Ref. [11].
In view of the above developments, and given
the absence of a favoured scalar ﬁeld model, it is
important to search for alternative candidates for the
dark energy/phantom matter whose origin may be
found within the context of string/M-theory. One of
the more unusual types of matter that is predicted to
arise in string/M-theory is the so-called Born–Infeld
(BI) ﬁeld. (For a review, see, e.g., Ref. [12].) The
action for the BI ﬁeld coupled to gravity is given by

SBI = −λ

d 4x

1

det(gμν + Fμν )


1
1
μν
∗μν 2
Fμν F
,
= (−g) 1 + Fμν F −
2
16(−g)
(2)
1 μνρσ
∗μν
≡ 2
Fρσ . The
where g ≡ det gμν and F
energy–momentum tensor for the BI ﬁeld is then
derived by varying the action (1) with respect to the
metric tensor:
1 δSBI
μν
TBI ≡ √
−g δgμν

g μν 1 + 12 Fρσ F ρσ − F μ ρ F νρ
λ

=−
1
2
1 + 12 Fρσ F ρσ − 16(−g)
(Fρσ F ∗ρσ )2
&
− g μν .

We now assume that the spacetime metric corresponds
to the spatially ﬂat, isotropic, Friedman–Robertson–
Walker (FRW) universe:
ds 2 = −dt 2 + a 2 (t) dx 2 ,

− det(gμν + Fμν )

−



(4)

where a(t) represents the scale factor of the universe.
If the electric or magnetic component of the ﬁeld
strength, F μν , becomes non-trivial, the isometry of
the metric (4) is broken. However, it is known that in
the case of QCD, the vacuum expectation value of the
square of the ﬁeld strength becomes non-trivial due
to the condensation of the gluon. Phenomenologically,
the gluon condensation has been observed by using the
operator product expansion [15]. In QCD the condensation can be derived by using the trace anomaly induced effective action [16] (for a general discussion,
see [17]). If we take into account such effects, we may
impose as our main assumption that
3
4
Fμν F μν V = α(t),
3
4
√
Fμν F ∗μν V = β(t) −g,
(5)

2

− det gμν ,

(3)

(1)

where Fμν is the ﬁeld strength for the gauge ﬁeld, gμν
is the spacetime metric and λ is a coupling constant.
The question we address in this Letter is whether
such a ﬁeld can play the role of dark energy/phantom
matter in the present-day universe. For simplicity, we
assume throughout that the gauge group is abelian.
It is known that standard abelian BI cosmology is
necessarily anisotropic (or inhomogeneous) [13]. On
the other hand, as shown in Ref. [14], non-abelian BI
cosmology may be isotropic when the proper choice
of gauge ﬁeld conﬁguration is made. Moreover, the
equation of state of BI matter may become negative
in some regions of parameter space [14]. However, it
could be argued that such a complicated choice for the
gauge ﬁeld strength might be artiﬁcial. In the present
Letter, therefore, we suggest that abelian BI theory
may be employed as a toy model for isotropic BI
cosmology where the ﬁeld strength is time-dependent
due to quantum effects (speciﬁcally effects similar to
that of gluon condensation in QCD).

where  V denotes vacuum expectation values and the
functions α(t) and β(t) may in general depend on
time but are constant on the spatial hypersurfaces. Due
to the isometry of the spatial hypersurfaces, we may
further assume that
3 0 0ρ 4
3 i jρ 4
αt
αs
F ρ F V = g 00 ,
F ρ F V = g ij ,
4
4
αt + 3αs = 4α,
(6)
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where αs = αs (t), αt = αt (t).
We emphasize that the origin of Eq. (5) is purely
quantum in nature and arises from the condensate that
appears due to vacuum ﬂuctuations. In general, the
vacuum expectation values (5) are not independent.
However, the relationship between them can only be
determined by a direct calculation to some ﬁnite order
in loop corrections (normally chosen to be the oneloop level). Moreover, such a calculation depends on
the choice of the background, the origin of the BI
ﬁeld itself, as well as the compactiﬁcation scheme
and particular string theory under consideration. In
Ref. [18], the one-loop effective potential (and static
potential) for a toroidal D-brane described by the BIaction in constant electric and magnetic ﬁelds was
evaluated. In the case of the one-loop potential, it was
found that the presence of a magnetic background
may stabilize the D-brane, whereas, in contrast, a
constant electrical ﬁeld leads to destabilization. The
main conclusion to be drawn from such a study is that
the consideration of quantum effects in BI theory is
extremely involved even for the case of a stationary
background. Since the explicit calculation of the timedependence of (5) is beyond the scope of the present
work, we adopt a more phenomenological approach.
Our aim is to discuss the possible role of the quantum
condensate in cosmological settings and, in particular,
to determine the conditions that α and β would need
to satisfy in order for the BI ﬁeld to act as a viable
candidate for dark energy.
The classical thermodynamics of the radiation must
also be accounted for. The classical contribution to
the energy density and pressure of the BI ﬁeld is
determined by averaging over the spatial volume, as
in Ref. [20]. By identifying the electric and magnetic
components such that Ei ≡ Fi0 and Bi ≡ 12 ij k F j k ,
3 2 4 3 2 4
respectively, we may specify
i Ei =
i Bi ≡
(t) by invoking
the
equipartition
principle
[20].
Since
3 2 4
ρ
F 0 ρ F 0ρ  =
i Ei and Fiρ Fj  = −Ei Ej  +
2Bi Bj , it is also consistent to further assume that
Ei Ej  = Bi Bj  = gij /3, and in this case, it follows
that
αt = α − 4,

4
αs = α + .
3

3

F i ρ F jρ , respectively, where the contributions from
the classical radiation bath and the quantum condensate have both been taken into account. We may regard the contribution from α as arising purely from
quantum mechanical effects. Since the electric ﬁeld
is orthogonal
to the magnetic ﬁeld in the radia
tion,
E
B
=
0, it also follows that Fμν F ∗μν  ∝
i
i
i
4
3
i Ei Bi = 0 at the classical level. This corresponds
to specifying β = 0.
We now proceed to determine the effective equation
of state for the BI ﬁeld. When the connected parts
of the operators in the vacuum expectation values are
neglected, i.e., when
3
n
m4
Fμν F μν Fμν F ∗μν V = α n β m , etc.,
(8)
the expressions for the energy density, ρBI , and pressure, pBI , of the BI ﬁeld follow directly from Eq. (3).
We ﬁnd that
$
%
α
λ 1 + α2 − 4t

ρBI =
(9)
−1 ,
2
2
1 + α2 − β16
$
%
α
λ 1 + α2 − 4s

−1 .
pBI = −
(10)
2
2
1 + α2 − β16
Since the BI ﬁeld is minimally coupled to Einstein
gravity, its dynamics is determined by the conservation
μν
of its energy–momentum, ∇μ TBI = 0. For the FRW
metric (4), this reduces to the ordinary differential
equation:
ρ̇BI + 3H (ρBI + pBI ) = 0,

(11)

where H ≡ ȧ/a represents the Hubble expansion parameter and a dot denotes differentiation with respect to
cosmic time. In the purely classical limit, α = β = 0,
we ﬁnd that the equation of state corresponds to that of
a relativistic ﬂuid, pBI = ρBI /3, as expected, and this
implies that the energy density redshifts with the expansion of the universe in the standard fashion, ρBI ∝
 ∝ a −4 .
We now consider the effects of the quantum condensate. In general, a matter degree of freedom may be
viewed as phantom matter if it has positive energy density and negative pressure and if its equation of state
satisﬁes w ≡ p/ρ < −1, i.e., if p + ρ > 0 [8]. This
implies that its energy density increases with time. By
comparing Eqs. (9) and (10), we deduce immediately

(7)

The parameters αt and αs are therefore to be
viewed as expressing the time-dependence of the averaged components of the ﬁeld strength, F 0 ρ F 0ρ and
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that the energy density is positive (negative) for
positive (negative) coupling parameter, λ.
The question that now arises, therefore, is whether
further constraints can be imposed on the time-dependent parameters from cosmological considerations. If
the BI condensate is to act as a viable dark energy
candidate, it can only be starting to dominate the
energy density of the universe at the present epoch.
This implies that the parameters {α, β} should be
evolving in such a way that they are much less then
unity today, otherwise the coupling parameter, λ,
would have to be severely ﬁne-tuned. Consequently,
it is natural to Taylor expand Eqs. (9) and (10) to
ﬁrst-order in these parameters and we deduce that the
effective equation of state in this limit is given by

that
λ αs − αt
ρBI + pBI = 
8
1 + α2 −

β2
16

(12)

and it follows immediately that a necessary condition
for the quantum BI condensate to act as phantom
matter is that αt > αs . However, since  is a semipositive-deﬁnite quantity, we conclude from Eq. (7)
that αt < αs is always satisﬁed. Thus, the BI ﬁeld
cannot act as phantom matter in the context discussed
here. This is a general result and is independent of the
explicit time-dependence of the expectation value of
the ﬁeld strength.
On the other hand, in the limit where the quantum
condensate dominates the classical contributions, α
, it follows from Eq. (7) that α ≈ αs ≈ αt , and
comparison of Eqs. (9) and (10) then implies that
$
%
1 + α4
λ

ρBI = −pBI =
(13)
−1 ,
2
2
1 + α2 − β16
pBI
= −1.
wBI ≡
(14)
ρBI

wBI ≈ −1 +

1+
1+

α
2

α
4

−

β2
16

(15)

be time-independent and this imposes a restriction on
the functional form of the parameters {αs , αt , β}, but
does not necessarily imply that they should be timeindependent themselves. We further require that
α
β2
> −1 +
2
16

(18)

Eq. (18) illustrates how the classical contribution
to the ﬁeld strength, , pushes the equation of state
away from that of a cosmological constant. If the
quantum condensate contribution to the energy density
redshifts more slowly than the classical sector as the
universe expands, the behavior of the BI ﬁeld will
gradually approach that of a cosmological constant as
time proceeds. Consistency with observations requires
that the second term on the right-hand side of Eq. (18)
should not exceed 0.26 by the present epoch [3,7].
It is interesting that the equation of state (18) is
independent of α at this level of approximation.
To summarize, therefore, we have considered the
possible cosmological implications of including ultraviolet quantum effects on Born–Infeld matter degrees
of freedom that generate a condensate similar to that of
the gluon condensate in QCD. In a FRW background,
such effects introduce time-dependent corrections to
the energy and pressure of the BI ﬁeld, thereby altering its equation of state away from that of a classical radiation ﬂuid. Since, in general, the determination
of the time-dependence of such corrections is highly
involved, we have invoked a phenomenological approach by investigating the conditions that should be
satisﬁed by the quantum condensate if it is to act as
a viable candidate for dark energy or phantom matter. It was found that such a ﬁeld cannot act as phantom matter unless it has negative energy density. Such
a no-go result follows even though the precise timedependence of the quantum corrections is unknown.

In other words, in the limit where the classical contribution is negligible, the BI ﬁeld behaves precisely
as an effective cosmological constant. This is remarkable, given that the initial time dependence of the
quantum contributions, α and β, has not been speciﬁed in the analysis. For consistency with Eq. (11), we
require that the ratio


128
.
96 + 3β 2

(16)

and, in the limit where 8α → −16 + β 2 or α → +∞,
both the energy density and pressure diverge. It also
follows from the identity


α 2
α2 + β 2
α β2
1+
=
 0, (17)
− 1+ −
4
2 16
16
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On the other hand, we note that although negative energy densities may appear to be unphysical, spatial
distributions of negative energy sources have recently
been investigated in detail in Ref. [21], where it was
shown by speciﬁc example that there exist distributions that are indeed allowed.1 Similarly, the consideration of the Casimir energy in various models (see, for
instance, Ref. [22]) shows that quantum corrections to
the energy density may be negative.
In the classical limit, the BI ﬁeld behaves as
a relativistic perfect ﬂuid. Surprisingly, however, in
the opposite limit where the classical contribution
is negligible relative to the quantum condensate, the
ﬁeld acts as an effective cosmological constant. There
exists an intermediate regime of parameter space
where the ﬁeld may act as a dark energy source
under the very weak condition that the classical sector
redshifts with the expansion of the universe more
rapidly than that of the quantum condensate.
This is potentially interesting because it suggests
a mechanism for addressing the ﬁne-tuning problem
associated with dark energy cosmology. This is the
problem of understanding why the dark energy has
such a low density relative to the Planck scale. A possible scenario that could be considered is the case where
the classical sector dominates the energy density of
the BI ﬁeld shortly after the condensate forms in
the very early universe and remains the dominant
contribution until a relatively recent epoch is reached
that corresponds to a redshift of z ≈ O(few). In this
case, the BI ﬁeld may act as a relativistic degree
of freedom for most of the history of the universe
without violating the observational limits imposed by
primordial nucleosynthesis and CMB constraints. If
we further assume that equipartition holds in the early
universe, the energy density of the BI ﬁeld would
remain comparable to that of the background CMB
during this time. However, if the time dependence of
the quantum parameters then changed so that these
quantities redshifted more slowly than the classical
contribution, the BI ﬁeld would transform into a
cosmological constant, but with a sufﬁciently low

5

energy density at the present epoch. It would soon
come to dominate the universe as its energy density
remained approximately constant.
In order to proceed further, a number of unresolved
questions should be addressed. In particular, the action
(1) contains a string coupling constant within the ﬁeld
strength Fμν . It is important, therefore, to consider the
energy scales associated with the condensates that we
have considered. The coupling constant of the BI theory is predicted by string theory to be much higher
than the observable, present-day dark energy. However, the BI theory arises from higher-dimensional
string theory as an effective D-brane theory with an
associated brane tension, and since we have considered the case where the quantum contributions α and β
are of the order unity or less, the only scale that arises
is that of the brane tension. In the standard D-brane
setting, it is expected that the bulk cosmological constant and brane tension should both be of the order of
the Planck scale. On the other hand, in warped compactiﬁcation models, such as the Randall–Sundrum
scenarios [23], the (higher-dimensional) Planck scale
might be considerably lower. Moreover, it has been
argued that the conﬁnement of QCD might be dual
to the Higgs mechanism [24]. In this case, small values for the parameters α and β would arise naturally
since they would be determined by the ratio of the
conﬁnement or Higgs scale with respect to the fourdimensional Planck scale. Alternatively, it would be
interesting to consider mechanisms such as renormalization group screening to reduce the magnitude of the
induced cosmological constant. Of course, this very
important question of physical energy scales can only
be addressed concretely after a direct calculation. We
propose that the scenario we have outlined above provides strong motivation for considering the ﬁeld theoretic issues that are involved in determining the explicit time-dependence of the condensate vacuum expectation values in an expanding FRW universe.
Finally, we remark that the quantum effects associated with CFT matter may also be accounted for by including the contributions due to the conformal anomaly. These take the general form

2
T = b F + R + b G + b R,
(19)
3

1 In our case, we note that in the somewhat unlikely event that
the classical contribution is absent, the ansatz αt = 3α and αs = α/3
could be made and this would yield phantom-like behavior for the
BI condensate. However, a deﬁnitive conclusion can only be drawn
after a complete calculation has been performed.

where F is the square of four-dimensional Weyl tensor
and G is the Gauss–Bonnet invariant. If there are N
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6

scalar, N1/2 spinor, N1 vector, NHD higher derivative
conformal scalars, and N2 (= 0 or 1) graviton ﬁelds
present, then b, b and b , are given by

[2]
[3]
[4]

N + 6N1/2 + 12N1 + 611N2 − 8NHD
b=
,
120(4π)2
N + 11N1/2 + 62N1 + 1411N2 − 28NHD
,
b =−
360(4π)2
b = 0,
(20)

[5]

respectively. The contributions to the energy density
and pressure due to the conformal anomaly have been
found explicitly when the metric has the FRW form (4)
[19]. Speciﬁcally, for the case of pure de Sitter space,
it was found that
ρA = −pA = −6b H 4 .

[6]

[7]

(21)

[8]
[9]

It is remarkable, that for higher derivative conformal
scalar the quantum CFT energy density becomes
negative as well. It then follows that the (nearly de
Sitter) Friedman equation is given by
 $
&
%
1 + α4
8π λ
2
4

H =
− 1 − 6b H , (22)
3m2P 6
1 + α − β2
2

where mP is the Planck mass and we have neglected
any classical effects. (For the exact expression of the
CFT energy density in an arbitrary FRW spacetime,
see [19].)
Hence, we deduce that BI quantum effects combined with the vacuum polarization which arises due
to CFT matter contributions also serve as an effective cosmological constant with a negative equation of
state and may in principle serve as a mechanism for
realizing an accelerated phase of cosmic expansion.

[10]
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We discuss the bulk Casimir effect 共effective potential兲 for a conformal or massive scalar when the bulk
represents ﬁve-dimensional anti–de Sitter 共AdS兲 or de Sitter 共dS兲 space with one or two four-dimensional dS
branes, which may correspond to our Universe. Using zeta regularization, the interesting conclusion is reached
that for both bulks in the one-brane limit the effective potential corresponding to the massive or to the
conformal scalar is zero. The radion potential in the presence of quantum corrections is found. It is demonstrated that both the dS and the AdS braneworlds may be stabilized by using the Casimir force only. A brief
study indicates that bulk quantum effects are relevant for brane cosmology, because they do deform the de
Sitter brane. They may also provide a natural mechanism yielding a decrease of the four-dimensional cosmological constant on the physical brane of the two-brane conﬁguration.
DOI: 10.1103/PhysRevD.67.063515

PACS number共s兲: 98.80.Jk, 04.50.⫹h, 11.10.Kk, 11.10.Wx

I. INTRODUCTION

If our world is really multidimensional, as M 共string兲
theory predicts, then one of the most economical possibilities
for its realization is the braneworld paradigm. Indeed, in the
case when string theory is taken in its exact vacuum state,
with the ﬁve-dimensional 共asymptotically兲 anti–de Sitter
共AdS兲 sector, in a full ten-dimensional space, the corresponding effective ﬁve-dimensional theory represents some
共gauged兲 supergravity. Adding the four-dimensional surface
terms predicted by the AdS conformal ﬁeld theory 共CFT兲
correspondence to such ﬁve-dimensional AdS 共super兲gravity,
one arrives at the dynamical four-dimensional boundary
共brane兲 of this ﬁve-dimensional manifold. Depending on the
structure of the surface terms, the choice of 共bulk and brane兲
matter, the assumptions about the general structure of the
brane and bulk manifold, ﬁelds content, etc., our fourdimensional universe can be realized in a particular way as
such a brane. The brane universe can be consistent with observational data even when the radius of the extra dimension
is quite signiﬁcant. Moreover, the braneworld point of view
of our Universe may bring about a number of interesting
mechanisms to resolve such well-known problems as the
cosmological constant and the hierarchy problems.
As the braneworld corresponds to a ﬁve-dimensional
共usually AdS兲 manifold with a four-dimensional dynamical
boundary, it is clear that, when ﬁve-dimensional quantum
ﬁeld theory 共QFT兲 is considered, the nontrivial vacuum energy 共Casimir effect, see, e.g., Ref. 关1兴 for a recent review兲
should appear. Moreover, when brane QFT is considered, the
nontrivial brane vacuum energy also appears. The bulk Ca-
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simir effect should conceivably play a quite remarkable role
in the construction of the consistent braneworlds. Indeed, it
gives a contribution to both the brane and the bulk cosmological constants. Hence it is expected that it may help in the
resolution of the cosmological constant problem.
For consistency, the ﬁve-dimensional braneworld should
be stabilized 共radion stabilization兲 关2兴, and the challenging
idea is that a very fundamental quantity, the bulk vacuum
energy 共Casimir contribution兲, may be used explicitly for
realizing the radion stabilization. This has been checked in a
number of models 关4 –16兴, although mainly with ﬂat branes
only. An interesting connection between the bulk Casimir
effect and supersymmetry breaking in braneworld 关17兴 or
moving branes 关18兴 also exists. On the other hand, the brane
Casimir effect may be used for a braneworld realization 关19兴
of the anomaly driven 共also called Starobinsky兲 inﬂation
关20兴.
The works mentioned above discuss mainly the Casimir
effect in the situation when the brane is ﬂat space. But also
the situation in which the brane is more realistic, say a de
Sitter 共dS兲 universe, has been discussed in Refs. 关5,14兴. It has
been shown there that, in an AdS bulk, the Casimir energy
for the bulk conformal scalar ﬁeld in a one-brane conﬁguration is zero. However, in situations where the bulk is different, a nonzero contribution of the Casimir energy is not excluded and even a possibility may exist of gravity trapping
on the brane itself.
In the present work we study the bulk Casimir effect for a
conformal or massive scalar when the bulk is a ﬁvedimensional AdS or a dS space and the brane is a fourdimensional dS space. We show that zeta-regularization techniques at its full power 关21兴 can be used in order to calculate
the bulk effective potential in such braneworlds, in a quite
general setting. One interesting result we got is that, for both
bulks 共AdS and dS兲 under discussion with one brane, the
bulk effective potential is zero for a conformal as well as for
a massive scalar. Applications of our results to the stabilization of the radion and to the brane dynamics are presented as
well.
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The paper is organized as follows. The next section is
devoted to the discussion of a general effective potential 共Casimir effect兲 for bulk conformal scalar on AdS when the
brane is a de Sitter space. The small distance behavior is
investigated and the one-brane limit of the potential, which
turns out to be zero, is worked out. As an application, we
discuss the role of the leading term of the effective potential
to the brane dynamics. It is shown here that the Casimir
force only slightly deforms the shape of the four-dimensional
sphere S 4 . The radion potential 共in two limits兲, with account
of the Casimir term, is found and the stabilization of the
braneworld is discussed. Using an explicit short distance expansion for the effective potential, it is demonstrated that the
brane may indeed be stabilized using the Casimir force only.
In Sec. III similar questions are investigated for a conformal scalar when the brane is S 4 , and the bulk is a ﬁvedimensional dS space. It is interesting that the effective potential turns out to be the same as in the case of the previous
section 共AdS兲. Also, the one-brane limit of the effective potential is again zero. From the study of brane dynamics it
turns out that the role of the Casimir force is again that of
inducing some deformation of the S 4 brane 共especially close
to the poles兲.
In Sec. IV the effective potential for a massive scalar 共also
with scalar-gravitational coupling兲 is presented, for both a dS
and an AdS bulk, when the brane is S 4 . The small and large
mass limits are found. The one-brane limit of the potential is
again zero, even in the massive case, but the main nonzero
correction to this limit is obtained explicitly. Brane stabilization due to the Casimir force for a massive scalar is discussed when the bulk is ﬁve-dimensional dS.
In Sec. V the potential for a massive scalar without a
scalar-gravitational coupling is brieﬂy studied for dS and
AdS braneworlds. It is shown that it is again zero in the
one-brane limit. Finally, a short summary and an outlook are
presented in Sec. VI.
II. CASIMIR EFFECT FOR A de SITTER BRANE
IN A FIVE-DIMENSIONAL ANTI–de SITTER
BACKGROUND



ds 2 ⫽g   dx  dx  ⫽

1
2

冕

d 5 x 冑g 关 ⫺g         ⫹  5 R 共 5 兲  2 兴 ,

共2.1兲

where  5 ⫽⫺ 163 , R (5) being the ﬁve-dimensional scalar curvature. This action is conformally invariant under the conformal transformations:1

l2
共 dz 2 ⫹d⍀ 24 兲 ,
sinh2 z

d⍀ 24 ⫽d  2 ⫹sin2  d⍀ 23 ,

共2.3兲
共2.4兲

where l is the AdS radius which is related to the cosmological constant of the AdS bulk, and d⍀ 3 is the metric on the
three-sphere. Two dS branes, which are four-dimensional
spheres, are placed in the AdS background. If we put one
brane at z 1 , which is ﬁxed, and the other brane at z 2 , the
distance between the branes is given by L⫽ 兩 z 1 ⫺z 2 兩 . When
z 2 tends to ⬁, namely L⫽⬁, the two-brane conﬁguration
becomes a one-brane conﬁguration.
We can see that the action Eq. 共2.1兲 is conformally invariant under the conformal transformations for the metric Eq.
共2.3兲 and the scalar ﬁeld, which are given by
g   ⫽sinh⫺2 zl 2 ĝ   ,

 ⫽sinh3/2 zl ⫺3/2ˆ .

共2.5兲

The action 共2.1兲 is not changed by the conformal transformation, Eqs. 共2.5兲. The corresponding transformed Lagrangian
looks like
L⫽  共  2z ⫹⌬ 共 4 兲 ⫹  5 R 共 4 兲 兲  ,

共2.6兲

where R (4) ⫽12. Since we are interested in the Casimir effect
for the bulk scalar in the AdS background, we shall use this
Lagrangian hereafter.
The one-loop effective potential can be written as 关5,14兴

A. Effective potential for the brane

S⫽

共2.2兲

where ⫺ 34 ␣ ⫽ ␤ .
Let us recall the expression for the Euclidean metric of
the ﬁve-dimensional AdS bulk:

V⫽

In this section, we review the calculation of the effective
potential for a de Sitter brane in a ﬁve-dimensional anti–de
Sitter background, following Refs. 关4,5,14兴. First, we start
with the action for a conformally invariant massless scalar
with scalar-gravitational coupling,


 ⫽e ␤  共 x 兲 ˆ ,

g   ⫽e ␣  共 x 兲 ĝ   ,

1
ln det共 L 5 /  2 兲 ,
2LVol共 M 4 兲

共2.7兲

where L 5 ⫽⫺  2z ⫺⌬ (4) ⫺  5 R (4) ⫽L 1 ⫹L 4 . To calculate the
effective potential in Eq. 共2.7兲, we use  function regularization 关21,25兴, as was done in Refs. 关4,5,14兴. Being precise, the
very ﬁrst step in this procedure consists in the introduction of
a mass parameter in order to work with dimensionless eigenvalues, thus we should write at every instance L 5 /  2 , etc.
However, as is often done for the sake of the simplicity of
the notation, we will just keep in mind the presence of this 
factor, to recover it explicitly only in the ﬁnal formulas.
First, we assume that the eigenvalues of L 1 and L 4 are of
the form  2n ,  ␣2 ⭓0 共with n, ␣ ⫽1,2,...) respectively. In terms
of these eigenvalues, ln det L5 can be rewritten as follows:

1
Note that there is a relation between ␣ and ␤, namely
⫺ 关 (D⫺2)/4兴 ␣ ⫽ ␤ , and  D depends on the dimensions as
⫺(D⫺2)/4(D⫺1), for the general D-dimensional bulk.
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ln det L 5 ⫽Tr ln L 5 ⫽Tr ln共 L 1 ⫹L 4 兲 ⫽

兺
n, ␣

ln共  2n ⫹ ␣2 兲 .
共2.8兲
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Since the  function for an arbitrary operator A is deﬁned by

共 s兩A 兲⬅

兺m 共  m2 兲 ⫺s ⫽ 兺m e ⫺s ln 

2
m

V⫽⫺

共2.9兲

,

⫽

it turns out that Tr ln L5 can be rewritten as
Tr ln L 5 ⫽⫺  s  共 s 兩 L 5 兲 兩 s⫽0 .

共2.10兲

Furthermore, the  function is related to the ⌫ function and
heat kernel K t (A):

共 s兩A 兲⫽

1
⌫共 s 兲

冕

⬁

0

K t共 A 兲 ⫽

dtt s⫺1 K t 共 A 兲 ,

兺m e ⫺

2
mt

.

1
兵  ⬘ 共 0 兩 L 5 /  2 兲 ⫹ln  2  共 0 兩 L 5 /  2 兲 其
2LVol共 M 4 兲

冉

 2n ⫽

冉 冊
n
L

2

共2.12兲

共 s兩L4兲⫽

冋 冉

冊

冉

R2s
3
1
3
 H 2s⫺3, ⫺  H 2s⫺1,
3
2
4
2

冉 冏 冊 冋 冉 冊

 ⫺

冉 冊册

1
1
3
1
3
L4 ⫽
 H ⫺4, ⫺  H ⫺2,
2
3R
2
4
2

B. One-brane limit „L\ⴥ…

K t共 L 1 兲 ⬃

⬁

2

.
共2.17兲

⫽0.
共2.18兲

As a result, the effective potential Eq. 共2.16兲 becomes zero
共as ﬁrst has been observed in Ref. 关5兴 and has been conﬁrmed in Ref. 关14兴兲 as L→⬁. This situation corresponds to
the case of a one-brane conﬁguration.

兺n e ⫺t共  n/L 兲 ⬃ 冕0 dye ⫺t共  y/L 兲 ⫽ 2 冑 t ,
2

冊册

Here we used a Hurwitz zeta function and a Bernoulli polynomial as in Ref. 关5兴. This equation leads to

for ﬁnite L.

The above formula leads to the heat kernel K t (L 1 ):

共2.16兲

Note that the  2 factor has to be taken into account for
obtaining the derivative and, as discussed before, it is in fact
everywhere present in each Lagrangian and its eigenvalues
共although it is usually not written down in order to simplify
the notation兲. For the spherical brane S 4 whose radius is R,
the four-dimensional zeta function  (s 兩 L 4 ) is given by

共2.11兲

L 1 is a one-dimensional Laplace operator, and the boundary
conditions result in that the brane separation L can be taken
as the width of a one-dimensional potential well. As a consequence, the eigenvalues of L 1 are given by

冊 冉 冊

2
1
1
 ⫺ 兩 L 4 /  2 ⫹O
.
2LVol共 M 4 兲
2
L

L

共2.13兲

where the large-L limit has been taken, namely, the continuous limit of n. The heat kernel for L 5 is written in terms of
K t (L 1 ) and K t (L 4 ) 关25兴, as
K t 共 L 5 兲 ⫽K t 共 L 1 兲 K t 共 L 4 兲 .

共2.14兲

By using Eqs. 共2.11兲, 共2.13兲, and 共2.14兲, we obtain  (s 兩 L 5 ):

共 s兩L5兲⫽

⬃

1
⌫共 s 兲

冕

0

dtt s⫺1 K t 共 L 1 兲 K t 共 L 4 兲 ,

冉 冊
1
2
⌫共 s 兲

⌫ s⫺

L
2 冑

⫻

⬁

冕

⬁

0

1

冉 冊

⌫ s⫺

1
2

dtt 共 s⫺1/2兲 ⫺1 K t 共 L 4 兲 ⫹O

冉 冊

冉冊
1
L

1
⌫ s⫺
2
1
L
1
⫽
 s⫺ L 4 ⫹O
.
⌫
s
2
L
兲
共
2 冑

冉 冏 冊 冉冊

C. Small distance expansion

Using the power of the zeta regularization formulas
关21,22兴, a much more precise 共albeit involved兲 calculation
can be carried out which respects at every step the complete
structure of the ﬁve-dimensional zeta function. That is, the
full zeta function is preserved until the end, and the ﬁnal
expression is given in terms of an expansion on the brane
distance L over the brane compactiﬁcation radius R, valid
for L/R⭐1, which complements the one for large brane distance obtained above. A detailed calculation follows.
As to the speciﬁc zeta formulas employed, adhering to the
classiﬁcation that has been given in Ref. 关22兴, the case at
hand is indeed to be found there 共even if at ﬁrst sight it
would not seem so兲. It corresponds to a two-dimensional
quadratic plus linear form with truncated spectrum. In fact,
this is clear from the structure of the spectrum yielding the
zeta function
⬁

 共 s 兩 L 5 兲 ⫽  ⫺2s
共2.15兲

Combined with Eq. 共2.10兲, we obtain the effective potential
in the large L limit:

兺

n,l⫽0

共  2n ⫹ 2l 兲 ⫺s ,

共2.19兲

where  is a dimensional regularization scale that renders the
argument of the zeta function dimensionless. In the case of
the four-dimensional spherical brane of radius R considered
above, this reduces to
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⬁

共 s兩L5兲⫽

 ⫺2s
兺 共 l⫹1 兲共 l⫹2 兲共 2l⫹3 兲
6 n,l⫽0
⫻

冋冉 冊
n
L

冉

2

⫹R⫺2 l 2 ⫹3l⫹

9
4

冊册

Z 2共 s 兲 ⫽
. 共2.20兲

冉 冊 再冋冉 冊
册
冊冋冉 冊
册冎

⬁

兺

冉

 2n 2 1
⫺
⫹
L2
4

3
l⫹
2

3
l⫹
2

2

2

 2 n 2 R2
⫹
L2

 2 n 2 R2
⫹
L2

⫻

 ⬘共 0 兩 L 5 兲 ⫽

where both Z 1 (s) and Z 2 (s) are obtained by taking derivatives 共see Ref. 关23兴 for a discussion of this issue, nontrivial
when asymptotic expansions are involved兲, with respect to x
at x⫽ 32 , of a zeta function of the class just mentioned, e.g.,

兺 关共 l⫹x 兲 2 ⫹q 兴 ⫺s ,
l⫽0

 n R
.
L2
2 2

q⬅

兺 关共 n⫹c 兲 2 ⫹q 兴 ⫺s ⬃
n⫽0

冉 冊

共2.22兲

⫻

兺

n⫽1

 ⬘共 0 兲
1
 H⬘ 共 ⫺4,3/2 兲 ⫺  H⬘ 共 ⫺2,3/2 兲
6
2

⫹

1
1 1
 H⬘ 共 ⫺4,3/2 兲 ⫹
 ⬘ 共 ⫺4,3/2 兲
24
36 8 H

q

2  s 1/4⫺s/2
q
n s⫺1/2
⌫共 s 兲
n⫽1

兺

2⫺s

 共 2s⫺4 兲

⬁

1
共 ⫺1 兲 n ⌫ 共 n⫹s⫺2 兲
⫺
⌫ 共 s⫺1 兲 n⫽1
n!

兺

冉 冊

 2 R2
⫻
L2

冉

冊

冉 冊

R4
L

4

⫺0.025 039

R2
L

2

⫺0.002 951 ln

L2
⫹¯ .
R2

R2
L2

共2.26兲

y
2
⫽dy 2 ⫹l 2 sinh2 d⍀ 24 .
ds AdS
5
l

共2.27兲

One also assumes that the boundary 共brane兲 lies at y⫽y 0 and
the bulk space is obtained by gluing two regions, given by
0⭐y⬍y 0 共see Ref. 关19兴 for more details兲.
We start with the action S which is the sum of the
Einstein-Hilbert action S EH , the Gibbons-Hawking surface
term S GH 关24兴, and the surface counterterm S 1 , e.g.,

After some calculations, we get, for Z 1 (s) and Z 2 (s),

冉 冊

冉

We now consider the dynamics of the dS brane, which is
taken to be the four-dimensional sphere S 4 , as in Ref. 关5兴.
The bulk part is given by ﬁve-dimensional Euclidean
Anti–de Sitter space, Eq. 共2.3兲, which can be rewritten as

共2.23兲

1
 2 R2
2⫺s L 2

冊

⫹

⫻cos共 2  nc 兲 K s⫺1/2共 2  n 冑q 兲 .

Z 1 共 s 兲 ⫽⫺

冉

1
1
 2 R2
 H⬘ 共 ⫺4,3/2 兲 ⫺  H⬘ 共 ⫺2,3/2 兲 ln 2
24
2
L

D. Dynamics of the brane
1/2⫺s

⬁

⫹

共2.25兲

⫹

⫺0.017 956⫺0.000 315

共 ⫺1 兲 ⌫ 共 n⫹s 兲 ⫺n
q H
n!

2⌫ 共 s 兲

冊

 ⬘ 共 ⫺4 兲  4 R4  ⬘ 共 ⫺2 兲  2 R2
⫹
6
L4
12
L2

⯝0.129 652

n

⫻ 共 ⫺2n,c 兲 ⫹

 2 R2
 共 2s⫹2n⫺4 兲
L2

冊

⫺s

冑 ⌫ 共 s⫺1/2兲

1⫺n⫺s

兺

L2
L4
1
⬘ 共 ⫺6,3/2 兲 2 ⫹O 4 4
⫺ H
3
R
 R

q
1
⫺c q ⫺s ⫹
2
⌫共 s 兲
⬁

 2 R2
L2

2

In Refs. 关22兴, explicit formulas for the analytical continuation of this class of zeta functions are given. To be brief 共and
forgetting for the moment about the n sum, for simplicity兲,
we just have to recall the useful asymptotic expansion
⬁

⬁

Finally, for the derivative of the ﬁve-dimensional zeta
function at s⫽0, we obtain

共2.21兲

⬁

 2 R2
 共 2s⫺4 兲
L2

1
⬘ 共 ⫺2n,3/2 兲 .
⫹  共 2s⫹2n⫺2 兲  H
4

1⫺s

⫺s

R2s
⬅
关 Z 共 s 兲 ⫹Z 2 共 s 兲兴 ,
6  2s 1

1⫺s

1
1
共 ⫺1 兲 n ⌫ 共 n⫹s⫺1 兲
⫹  共 2s⫺2 兲 ⫹
4
⌫ 共 s 兲 n⫽1
n!

⫺s

This zeta function looks awkward, at ﬁrst sight. But after
some reshufﬂing it can be brought to exhibit the standard
structure mentioned. Speciﬁcally,
R2s
3
共 s兩L5兲⫽
2 l⫹
6  2s n,l⫽0
2

冉 冊 冉
冊
冉 冊 冉

1
 2 R2
1⫺s L 2

S⫽S EH⫹S GH⫹2S 1 ,

2⫺n⫺s

 共 2s⫹2n⫺4 兲  H⬘ 共 ⫺2n,3/2 兲 ,
共2.24兲
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S EH⫽

1
16 G

冕

共2.28兲

冉

d 5 x 冑g 共 5 兲 R 共 5 兲 ⫹

冊

12
,
l2

共2.29兲
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S GH⫽

1
8G

S 1 ⫽⫺

冕

3
8  Gl

d 4 x 冑g 共 4 兲 ⵜ n  ,

共2.30兲

冕

共2.31兲

d 4 x 冑g 共 4 兲 .

Hereafter the quantities in the ﬁve-dimensional bulk spacetime are speciﬁed by the subindices 共5兲 and those in the
boundary four-dimensional spacetime are 共4兲. The factor 2 in
front of S 1 in Eq. 共2.28兲 is coming from the fact that we have
two bulk regions, which are connected with each other by the
brane. In Eq. 共2.30兲, n  is the unit vector normal to the
boundary.
If we change the coordinate  in the metric of S 4 , Eq.
共2.4兲, to  by
1
,
sin  ⫽⫾
cosh 

共2.32兲

Here c is some coefﬁcient, whose value and sign depend on
the type of bulk ﬁeld 共scalar, spinor, vector, graviton, etc.兲
and on parameters of the bulk theory 共mass, scalargravitational coupling constant, etc.兲. In a previous subsection we have found this coefﬁcient for a conformal scalar.
For the following discussion it is more convenient to consider this coefﬁcient to be some parameter of the theory.
Doing so, the results are quite common and may be applied
to an arbitrary quantum bulk theory. We also assume that
there are no background bulk ﬁelds in the theory 共except for
the bulk gravitational ﬁeld兲.
Adding the quantum bulk contribution to the action S in
Eq. 共2.28兲, one can regard
S total⫽S⫹S Csmr

as the total action. In Eq. 共2.38兲, R is the radius of S 4 .
In the bulk, one obtains the following equation of motion
from S EH⫹S Csmr by variation over A:

冉

we obtain

0⫽ ⫺24 2y A⫺48共  y A 兲 2 ⫹
1
d⍀ 24 ⫽
共 d  2 ⫹d⍀ 23 兲 .
cosh2 

共2.39兲

共2.33兲

⫹

冊

48 4A
e
l2

1
16 Gc ⫺A
e .
关 ⫺12 2 A⫺12共   A 兲 2 ⫹12兴  2A ⫹
l2
R5 l 4

For later convenience, one can rewrite the metric of the ﬁvedimensional space, Eqs. 共2.27兲 and 共2.33兲, as follows:
ds 2 ⫽dy 2 ⫹e 2A 共 y,  兲 g̃   dx  dx  ,
g̃   dx  dx  ⬅l 2 共 d  2 ⫹d⍀ 23 兲 .

共2.34兲

共2.40兲
Let us discuss the solution in the situation when the scale
factor depends on both coordinates: y and . In Ref. 关5兴, the
solution of Eq. 共2.40兲 given by an expansion with respect to
e ⫺y/l was found by assuming that y/l is large:

From Eq. 共2.34兲, the actions 共2.29兲–共2.31兲, have the following forms:
S EH⫽

l 4V 3
16 G

冕

再

dyd  关 ⫺8  2y A⫺20共  y A 兲 2 兴 e 4A

⫹ 关 ⫺6  2 A⫺6 共   A 兲 2 ⫹6 兴

S GH⫽

4l 4 V 3
8G

冕

3l 3 V 3
S 1 ⫽⫺
8G

y
l 32 Gcl 3
⫺
cosh4  e ⫺4y/l ⫹O共 e ⫺5y/l 兲
e A⫽
cosh 
15R5
共2.41兲
sinh

d  e 4A  y A,

冕

冎

e 2A 12 4A
⫹ 2e
,
l2
l

共2.35兲

for the perturbation from the solution where the brane is S 4 .
On the brane at the boundary, one gets the following equation:

冉

0⫽  y A⫺

共2.36兲

冊

1 4A
e .
l

共2.42兲

Substituting the solution 共2.41兲 into Eq. 共2.42兲, we ﬁnd that
de .

共2.37兲

4A

0⬃

Here V 3 ⫽ 兰 d⍀ 3 is the volume 共or area兲 of the unit threedimensional sphere.
As it follows from the discussion in the previous subsections, there is a gravitational Casimir contribution coming
from bulk quantum ﬁelds. As one sees in the simple example
of a bulk scalar, S Csmr 共leading term兲 has typically the following form:
S Csmr⫽

cV 3
R5

冕

dyd  e ⫺A .

共2.38兲

冉冑
1
R

1⫹

R2
l

2

⫹

2  Gl 2 c
10

3R

cosh5  ⫺

冊

1
. 共2.43兲
l

Equation 共2.43兲 tells us that the Casimir force deforms the
shape of S 4 , since R depends on . The effect becomes
larger for large . In the case of a S 4 brane, the effect becomes large if the distance from the equator becomes large,
since  is related to the angle coordinate  by Eq. 共2.32兲. In
particular, at the north and south poles (  ⫽0, ), cosh  diverges and then R should vanish. This is not coordinate singularity. In fact, when  →⫾⬁, the 5D scalar curvature behaves as
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R 共 5 兲 ⬃⫺

20
l

2

⫹

12 Gcl
R

5

e 7 兩  兩 e ⫺7y/l ⫹O共 e ⫺9y/l 兲 .

This only tells, however, that the perturbation with respect to
c or e ⫺y/l breaks down. In fact, when  is large, the corrections appear in the combination of the power of e 兩  兩 e ⫺y/l .
Then the singularity at the poles is not a real one but if we
can sum up the correction terms in all orders with respect to
e ⫺y/l , the singularity would vanish. Then we have demonstrated that bulk quantum effects do have the tendency to
support the creation of a de Sitter braneworld Universe.
The original Euclidean 5D AdS space has a isometry of
SO共5, 1兲, which is identical with the Euclidean 4D conformal
symmetry. The existence of the S 4 brane breaks the isometry
into SO共5兲 rotational symmetry, which makes S 4 invariant. If
there is no the Casimir effect, Eq. 共2.43兲 has the SO共5兲 symmetry. The result in Eq. 共2.43兲 seems to indicate that the
Casimir force breaks the SO共5兲 symmetry. We should note
that the effective action 共2.38兲 does not seem to be invariant
under the rotational symmetry since the action seems to depend on the choice of the axis connecting the north and south
poles although the calculation of the Casimir effect should be
invariant under the SO共5兲 symmetry. Since the Casimir effect
is the nonlocal effect, the exact form of the effective action
should be nonlocal. Then a more exact form of the effective
action might be obtained, for example, by averaging the action 共2.38兲 with respect to the choice of the axis. Such a
symmetry can be, in general, broken spontaneously as in Eq.
共2.43兲. The breakdown would occur by choosing the time
direction to be parallel with the axis. Then the SO共5兲 symmetry is broken to SO共4兲, which preserves the rotations making the axis, that is, also north and south poles, invariant.
We now consider the case when the bulk quantum effects
are the leading ones. From Eq. 共2.43兲, one obtains
R8 ⬃⫺

4  Glc
cosh5  .
3

共2.45兲

Here we only consider the leading term with respect to c,
which corresponds to the large R approximation. Thus we
have demonstrated that bulk quantum effects do not violate
共in some cases they even support兲 the creation of a de Sitter
brane living in a ﬁve-dimensional AdS background.
E. Dynamics of two branes at small distance

In this subsection, we consider the dynamics of two dS
branes when the distance between them is small. Before including the Casimir effect, we consider the following actions:
S⫽S EH⫹

S EH⫽

兺

a⫽⫾

1
16 G

冕

共 S GH⫹2S 1 兲 ,

冉

d 5 x 冑g 共 5 兲 R 共 5 兲 ⫹

⫾
S GH
⫽⫾

共2.44兲

S⫾
1 ⫽⫿

冊

共2.47兲

冕

3
8  Gl ⫾

d 4 x 冑g 共 4 兲 ⵜ n  ,

共2.48兲

冕

共2.49兲

d 4 x 冑g 共 4 兲 .

Here the index a⫽⫾ distinguishes the two branes and we
assume that the radius R⫹ (R⫺ ) corresponds to the larger
共smaller兲 brane. The bulk space is AdS again and, on the
branes, we obtain the following equations:
1
R⫾

冑

1⫺

R⫾2 1
⫽ ⫾.
l2
l

共2.50兲

The left-hand side in Eq. 共2.50兲 is a monotonically decreasing function with respect to R. Since the left-hand side becomes ⫹⬁ when R→0 and 1/l when R→⫹⬁, there is a
solution when
l⬎l ⫹ ⬎l ⫺ .

共2.51兲

We now include the Casimir effect. First, we consider the
backreaction to the bulk geometry. As we assume the distance between the branes is small, the radius of the branes
are almost constant. The distance L in Eq. 共2.26兲 is given by
兩 z ⫹ ⫺z ⫺ 兩 , the energy density by the Casimir effect would be
proportional to e ⫺5A /L 5 . Then the effective action would be
S Csmr⫽

c̃V 3
L5

冕

dyd  e ⫺A .

共2.52兲

Therefore, as in the previous section, the bulk geometry
would be deformed as
y
l 32 Gc̃l 3
⫺
cosh4  e ⫺4y/l ⫹O共 e ⫺5y/l 兲 . 共2.53兲
e A⫽
cosh 
15L 5
sinh

In this case, the equation of the brane corresponding to Eq.
共2.43兲, has the following form:
0⬃

冉 冑
1
R⫾

1⫹

冊

R⫾2 2  Gl 2 c̃
1
⫾
cosh5  ⫺ ⫾ .
l2
3L 10
l

共2.54兲

Equation 共2.54兲 tells us that the Casimir force deforms the
shape of S 4 and the effect becomes larger for large , again,
as in the previous section. We should note, however, that the
signs of the contribution from the Casimir effect are different
for the larger and smaller branes. Then if the radius of the
large brane becomes large 共small兲, that in the smaller one
becomes small 共large兲. It is interesting that if larger brane is
the physical Universe, this may serve as a dynamical mechanism of decreasing the cosmological constant.

共2.46兲

12
,
l2

1
8G

F. Stabilization of the radion potential

In this subsection, we consider the stabilization of the
radion potential following Ref. 关2兴. As ﬁrst setup, we prepare
the suitable metric and action for the discussion of the stabilization of the radion potential,
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ds 2 ⫽e ⫺2kr c 兩  兩    dx  dx  ⫺r 2c d  2 .

冉 冊

共2.55兲

V ⌽ 共 r c 兲 ⫽k ⑀ 2h ⫹4ke ⫺4kr c  共  v ⫺  h e ⫺ ⑀ kr c  兲 2 1⫹



Here  is the coordinate on ﬁve dimensions, x are the coordinates on the four-dimensional surfaces of constant , and
⫺  ⭐  ⭐  with (x,  ) and (x,⫺  ) identiﬁed. The coordinate z in the metric 共2.3兲 corresponds to e kr c  /k in Eq.
共2.55兲, and the distance between two branes L corresponds to
(e  kr c ⫺e ⫺  kr c )/k.
We assume that a potential can arise classically from the
presence of a bulk scalar with interaction terms that are localized at the two three-branes. The action of the model with
scalar ﬁeld ⌽ is given by
S b⫽

1
2

冕 冕
dx 4



⫺

d  冑G 共 G AB  A ⌽  B ⌽⫺m 2 ⌽ 2 兲 ,
共2.56兲

where G AB with A, B⫽  ,  as in Eq. 共2.55兲. The interaction
terms on the hidden and visible branes 共at  ⫽0 and 
⫽  , respectively兲 are also given by
S h ⫽⫺
S v ⫽⫺

冕
冕

d 4 x 冑⫺g h  h 共 ⌽ 2 ⫺  2h 兲 2 ,

共2.57兲

d 4 x 冑⫺g v  v 共 ⌽ 2 ⫺  2v 兲 2 ,

共2.58兲

where g h and g v are the determinants of the induced metric
on the hidden and visible branes, respectively.
The general solution for ⌽ which only depends on the
coordinate  is taken from the equation of motion of the
action with respect to ⌽ to have the following form:
⌽ 共  兲 ⫽e 2  关 Ae  ⫹Be ⫺  兴 ,

⫺k ⑀ h e ⫺ 共 4⫹ ⑀ 兲 kr c  共 2  v ⫺  h e ⑀ kr c  兲 ,

V ⌽ 共 r c 兲 ⫽k 共  ⫹2 兲 A 2 共 e ⫺2  kr c  ⫺1 兲 ⫹k 共  ⫺2 兲
⫻B 2 共 1⫺e ⫺2  kr c  兲 ⫹ v e ⫺4kr c  关 ⌽ 共  兲 2 ⫺  2v 兴 2
⫹ h 关 ⌽ 共 0 兲 2 ⫺  2h 兴 2 .

r 0⫽

␦ r c ⫽⫺

A⫽  v e

⫺  he

,

B⫽  h 共 1⫹e ⫺2  kr c  兲 ⫺  v e ⫺ 共 2⫹  兲 kr c  ,

共2.61兲
共2.62兲

for a large kr c limit. Here we take ⌽(0)⫽  h and ⌽(  )
⫽v .
We now consider the case that kr c is large and m/kⰆ1
for simplicity as in Ref. 关2兴, so that  ⫽2⫹ ⑀ with ⑀
⬃m 2 /4k 2 being a small quantity. Small m/k should generate
correct hierarchy 关3兴. We also assume ⑀ kr c is the O共1兲 quantity. Then the potential 共2.60兲 becomes

4 k
h
.
2 ln
 m
v

共2.64兲

1
␣ e 共 3⫹ ⑀ 兲  kr 0
␣ e 3  kr 0
⫹
⬃⫺
, 共2.65兲
16k   h  v ⑀ 4k 
16k   h  v ⑀

where terms of order ⑀ 2 and the higher-order terms with
respect to e ⫺  kr 0 are neglected. The role of Casimir effect is
in only to shift slightly the minimum.
In the small kr c limit, which corresponds to the small L
limit as well, the coefﬁcients A and B in the radion potential
共2.60兲 are changed as follows:
A⫽

1
兵  关 1⫹kr c  共  ⫺2 兲兴 ⫺  h 其 ,
2kr c  v

B⫽

1
兵 ⫺  v 关 1⫹kr c  共  ⫺2 兲兴
2kr c 
⫹  h 共 1⫹2  kr c  兲 其 .

共2.66兲

共2.67兲

In this limit, we suppose that m/kⰇ1, so that  ⬃m/k, which
makes the situation simple. The effective potential might include the term induced by the Casimir effect as ␤ /L 5 discussed in Sec. II C, where ␤ is some constant. Then, the
radion potential in the small kr c limit is

共2.60兲

⫺2 v kr c 

冉冊 冋册

When kr c is large, L⫽(e  kr c ⫺e ⫺  kr c )/k⬃e  kr c /k is also
large. Then one may assume that the effective potential includes the term induced by the Casimir effect as ␣ /L discussed in Sec. II B, where ␣ is some constant.2 Thus we shall
add this term to the potential 共2.63兲 and consider the ﬁrstorder correction to r c with respect to ␣. Then by assuming
r c ⫽r 0 ⫹ ␦ r c , we ﬁnd the minimum of the potential is shifted
by

V ⌽ 共 r c 兲 ⫽2mr c  k

The unknown coefﬁcients A and B are determined by imposing appropriate boundary conditions on the three-branes. Recalling Ref. 关2兴, the coefﬁcients A and B are given by
⫺ 共 2⫹  兲 kr c 

共2.63兲

and its minimum is given by

共2.59兲

where  ⫽kr c 兩  兩 and  ⫽ 冑4⫹m 2 /k 2 . Substituting this solution 共2.59兲 into the action and integrating over  yields an
effective four-dimensional potential for r c which has the
form 关2兴

⑀
4

⬃

冉 冊

冉 冊

m
m
␤
⫹2 A 2 ⫹2mr c  k ⫺2 B 2 ⫹ 5
k
k
L

1
␤
,
共  ⫺  兲2⫹
r c v h
共 2rc兲5

共2.68兲

being here L⬃2  r c . To obtain the minimum of the potential, we differentiate Eq. 共2.68兲 with respect to r c :
1
5␤
d
V 共 r 兲 ⫽⫺ 2 共  v ⫺  h 兲 2 ⫺
.
dr c ⌽ c
rc
共 2  兲 5 r 6c

共2.69兲

Then, if ␤ ⭐0, the extremum of the potential is reached at
2
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r c ⫽⫾

冉 冊

1
5␤
⫺
2  共  v ⫺  h 兲 1/2
2

1/4

共2.70兲

.

The extremum is, however, maximum then the stabilization
should be local. Let us give some numbers. If  v ,  h
⬃(1019 GeV) 3/2 and ␤ ⬃(1019 GeV) ⫺1 , we have that r c
⬃(1019 GeV) ⫺1 and kr c could be of O共1兲. Thus it is not so
unnatural for the hierarchy problem.
For the short r c case, we may not include the scalar ﬁeld
⌽ in Eq. 共2.56兲 but instead we may include the next-toleading order of the effective potential 共2.26兲, induced by the
Casimir effect, although the next-to-leading term should be
neglected for the ﬂat brane corresponding to R→⫹⬁:
V C共 r c 兲 ⫽

␤1
共 2rc兲5

⫹

␤2
共 2rc兲3

冑

5␤1
⫺
⯝0.4675l.
3␤2

␤ 3m 2
.
2rc

共2.73兲

Here m expresses the mass of the scalar ﬁeld. The result in
Eq. 共4.10兲 suggests that ␤ 3 is negative. By assuming that the
correction term 共2.73兲 is dominant compared with the third
共logarithmic兲 term in Eq. 共2.26兲, the minimum in Eq. 共2.72兲
is shifted as
r c⫽

1
2

冑

⫺

冉

A. Effective potential for the brane

Next, we use the Euclideanized form of the ﬁvedimensional de Sitter 共dS兲 metric for a four-dimensional dS
brane as follows:
ds 2 ⫽l 2 共 d  2 ⫹sin2  d⍀ 24 兲 ⫽

共2.72兲

The result in Eq. 共2.26兲 is not for ﬂat brane but for de Sitter
brane and only including the contribution from massless scalar. We also put a length parameter l in Eq. 共2.72兲. Then the
numerical value in Eq. 共2.72兲 would be changed but hopefully the main structure would not be changed. We conclude
therefore that with the only consideration of the Casimir effect, the brane might get stabilized, which is a nice result.3
As we will see later in Eq. 共4.10兲, when one considers the
massive scalar with small mass, there appears the correction
to the effective potential. Motivated with such result, one
considers the following correction to the effective potential,
which corresponds to the leading term in Eq. 共4.10兲 when L
is small:
⌬V C 共 r c 兲 ⫽

III. CASIMIR EFFECT FOR THE DE SITTER BRANE
IN A FIVE-DIMENSIONAL DE SITTER BACKGROUND

共2.71兲

.

From Eq. 共2.26兲, we see that ␤ 1 ⬎0 and ␤ 2 ⬍0. As a consequence, in the above potential, there is a minimum at
1
r c⫽
2

FIG. 1. The two dS branes are placed in the dS5 background.
The two-brane conﬁguration becomes a one-brane conﬁguration as
L→⬁.

冊

5␤1
5 ␤ 1␤ 3m 2
1⫹
⫹O共 m 4 兲 . 共2.74兲
3␤2
18␤ 22

Then the contribution from small mass has a tendency to
make the distance between the two branes smaller.
3
Note, however, that thermal effects 关6兴 may signiﬁcantly change
the above discussion.

l2
cosh2 z

共 dz 2 ⫹d⍀ 24 兲 ,

共3.1兲

where l is the dS radius, which is related to the cosmological
constant of the dS bulk.
We place two dS branes—which are four-dimensional
spheres, as in the AdS bulk case—in a dS background as the
one depicted in Fig. 1. Since the parameter  in Eq. 共3.1兲
takes values between 0 and , the parameter z takes values
between ⫺⬁ and ⬁. As in the AdS bulk case, the distance
between the branes can be deﬁned as L⫽ 兩 z 1 ⫺z 2 兩 . When z 2
is placed at ⬁, namely L⫽⬁, the two-brane conﬁguration
becomes a one-brane conﬁguration, as seen in Fig. 1.
The Casimir effect for the bulk scalar in dS background
can be calculated by using the same method as in AdS bulk.
Namely, the Lagrangian for a conformally invariant massless scalar with scalar-gravitational coupling is obtained by
conformal transformation of the action Eq. 共2.1兲 for the metric and the scalar ﬁeld given by
g   ⫽cosh⫺2 zl 2 ĝ   ,

 ⫽cosh3/2 zl ⫺3/2ˆ .

共3.2兲

Then the Lagrangian is of the same form of Eq. 共2.6兲.
The one-loop effective potential is calculated by means of
-function regularization techniques. Then, the calculated result for the effective potential in the large L limit is of the
same form of Eq. 共2.16兲. Since the effective potential in Eq.
共2.16兲 becomes zero at L→⬁, the effective potential of the
one-brane conﬁguration becomes zero. Note that this means
that the effective potential for B 5 , which is the right part in
Fig. 1, is zero. Concerning the small distance expansion, for
a potential corresponding to a conformally invariant scalar
we have an expression as Eq. 共2.26兲. No essential difference
is encountered in this case.
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冉

B. Dynamics of the brane

0⫽ ⫺24 2y A⫺48共  y A 兲 2 ⫺

The dynamics of dS brane in a ﬁve-dimensional Euclidean de Sitter bulk can be considered in a similar way as for
the AdS bulk. The brane is de Sitter, and is taken to be a
four-dimensional sphere S 4 , as in the previous section. The
ﬁve-dimensional Euclidean de Sitter space Eq. 共3.1兲 can be
rewritten as
y
2
⫽dy 2 ⫹sin2 d⍀ 24 .
ds dS
5
l

共3.3兲

Here, we adopt Eq. 共2.33兲 for the metric of S 4 . We assume
that the brane lies at y⫽y 0 and that the bulk is obtained by
gluing two regions given by 0⭐y⬍y 0 .
The total action S is the sum of the Einstein-Hilbert action
S EH , the Gibbons-Hawking surface term S GH , and the surface counter term S 1 , like in the AdS bulk case:
S⫽S EH⫹S GH⫹2S 1 .

共3.4兲

⫹

1
16 G

冕

冉

d 5 x 冑g 共 5 兲 R 共 5 兲 ⫺

12
l

2

冊

y
l
⫹ ␦ A.
e A⫽
cosh 
sin

冉

1
0⫽ 2
l

l V3
S EH⫽
16 G

冕

dyd 

冉

⫺

which is similar to the AdS bulk case, Eq. 共2.35兲, except for
the last term, i.e., the cosmological constant. The GibbonsHawking surface term S GH and the surface counter term S 1 ,
Eqs. 共2.30兲 and 共2.31兲, have also the same form of Eqs.
共2.36兲 and 共2.37兲. We also consider the gravitational Casimir
contribution due to bulk quantum ﬁelds. So we add the action of the Casimir effect S Csmr , Eq. 共2.38兲, to the total action S, Eq. 共3.4兲.
In the bulk, we obtain the following equation of motion
from S EH⫹S Csmr by variation over A:

4  Gc
cosh  2
 共 ␦ A 兲 ⫺
y
3R5 l 4
l 2 sin
l

e
2l 2 sin

冊

␦A

冉 冊
cosh 
y
sin
l

3

共3.10兲

.

We now investigate the behavior of Eq. 共3.10兲 at the north
and south poles (  ⫽0, 兲, that is, as cosh  diverges. In this
case, Eq. 共3.10兲 is approximated as

关 ⫺8  2y A⫺20共  y A 兲 2 兴 e 4A

e 2A 12 4A
⫺ 2e
, 共3.7兲
l2
l

冊

y
y
2 sin
4
l
l 2
⫺
 共 ␦A 兲⫺
 共␦A兲
l cosh  y
cosh  y

0⬃

⫹ 关 ⫺6  2 A⫺6 共   A 兲 2 ⫹6 兴

y
2
l cosh 
⫺
⫺
⫹
y
y
cosh 
sin
cosh  sin
l
l
6 sin

cos

By using Eq. 共3.6兲, the action Eq. 共3.5兲 becomes
4

共3.9兲

Substituting Eq. 共3.9兲 into Eq. 共3.8兲, we obtain

ds 2 ⫽dy 2 ⫹e 2A 共 y,  兲 g̃   dx  dx  ,
共3.6兲

e 4A

For the AdS bulk case, the solution of Eq. 共3.8兲 can be
found as an expansion with respect to e ⫺y/l , assuming that
y/l is large. But for the dS bulk case, we cannot adopt the
same method, since the function sin y/l cannot be regarded as
an expansion with respect to e ⫺y/l . Thus we assume the solution to have the following form:

The Gibbons-Hawking surface term S GH and the surface
counter term S 1 are of the same forms as in Eqs. 共2.30兲 and
共2.31兲.
For later convenience, we rewrite the metric of the ﬁvedimensional dS space, Eqs. 共3.3兲 and 共2.33兲, as follows:

g̃   dx  dx  ⬅l 2 共 d  2 ⫹d⍀ 23 兲 .

冊

共3.8兲

共3.5兲

.

l2

1
16 Gc ⫺A
2
2
2A
e .
2 关 ⫺12  A⫺12共   A 兲 ⫹12兴 e ⫹
l
R5 l 4

The Einstein-Hilbert action S EH is
S EH ⫽

48

y
l

␦ A⫺

e
2l 2 sin

y
l

 2 共 ␦ A 兲 ⫺

4  Gc
5 4

3R l

冉 冊
e

2 sin

3

,
y
l
共3.11兲

and then

␦ A⫺  2 共 ␦ A 兲 ⬀

e 2
.
y
3R l
2
sin
l

 Gc

5 2

共3.12兲

Here, we have used the approximation cosh ⬃e/2. From
Eq. 共3.12兲, we assume
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e 2
,
y
sin2
l
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where ␣ is the constant which is obtained by substituting Eq.
共3.13兲 into Eq. 共3.12兲, thus

␣ ⫽⫺

 Gc
5 2

9R l

冋冉

y
6 sin ⫹
l

y
⫹2 sin  2y 共 ␦ A 兲
l

2
sin

册冉

y
l

冊

4
y
␦ A⫹ cos  y 共 ␦ A 兲
l
l

冊

1
1⫺  2 .
2

共3.15兲

On the brane at the boundary, we get the same Eq. 共2.42兲:

冉

0⫽  y A⫺

冊

1 4A
e .
l

共3.16兲

1
2

冕

d 5 x 冑g 关 ⫺g         ⫺m 2 l 2 sinh⫺2 z  2

⫹  5R 共 5 兲 2 兴 ,

共3.14兲

.

The region of the equator  ⫽  /2, namely, cosh ⬃1
⫹1/2 2 , Eq. 共3.10兲, is approximated as
1
0⬃⫺ 2
l

S⫽

which yields the Lagrangian for the massive scalar ﬁeld with
scalar-gravitational coupling in an AdS background as
L⫽  共  2z ⫹⌬ 共 4 兲 ⫺m 2 l 2 sinh⫺2 z⫹  5 R 共 4 兲 兲  .

冉

冊

y
y
1
cos ⫺sin ⫹  y 共 ␦ A 兲 .
l cosh 
l
l

␦ y⫽

&  Gc 3 兩  兩
e .
9R5 l

V⫽

共3.17兲

In the region at the north and south poles, cosh ⬃e兩兩/2, if
we assume y⫽(  /4)l⫹ ␦ y, from Eq. 共3.17兲, ␦ y is obtained
by
共3.18兲

Thus the deformation of the brane seems to become large at
the north and south pole.
We should note the expression in Eq. 共3.18兲 diverges at
north and south poles where  →⫾⬁. As in case of AdS
bulk in the previous section, this indicates that the perturbation with respect to c breaks down. The original Euclidean
5D dS space has a isometry of SO共6兲, which is broken by the
existence of the S 4 brane into SO共5兲. Due to the Casimir
effect, the SO共5兲 symmetry seems to be broken to SO共4兲,
again.

S⫽

1
2

冕

1
ln det共 L 5 /  2 兲 ,
2LVol共 M 4 兲

L 5 ⬅⫺  2z ⫹m 2 l 2 sinh⫺2 z⫺⌬ 共 4 兲 ⫺  5 R 共 4 兲
⫽L 1 ⫹L 4 ,

S⫽

1
2

冕

d 5 x 冑g 关 ⫺g         ⫺m 2 cosh⫺2 z  2

⫹  5R 共 5 兲 2 兴 .

d 5 x 冑g 关 ⫺g         ⫺m 2  2 ⫹  5 R 共 5 兲  2 兴 .
共4.1兲

共4.4兲

where the mass term is included in L 1 . The eigenvalue of L 1
is different from that in Eq. 共2.12兲, for ﬁnite L, since L 1 in
Eq. 共4.4兲 is the one-dimensional Schrödinger operator with
the potential term m 2 l 2 sinh⫺2 z. But this potential term,
which is positive valued and has no bound state, becomes
zero in the limit z 2 →⬁, that is, when the distance between
branes L becomes ⬁. In this case, the eigenvalue of L 1 reduces to the same form of Eq. 共2.12兲 and thus the effective
potential becomes zero at the limit of a one-brane conﬁguration.
For the case of a dS background, Eq. 共3.1兲, the conformal
transformations, Eqs. 共3.2兲 change the action 共4.1兲 as follows:

IV. EFFECTIVE POTENTIAL FOR A MASSIVE SCALAR
FIELD IN THE AdS AND dS BULKS

Until now we have dealt with a massless scalar. In this
section we will consider a massive scalar ﬁeld in AdS and dS
backgrounds. Let us start with the action for a massive scalar
with scalar-gravitational coupling,

共4.3兲

In the above Lagrangian, there appears a singularity at z
⫽0. The point z⫽0 corresponds to ⬁, where the warp factor
blows up to inﬁnity. Then by putting a brane as the boundary
of the bulk, say putting a brane at z⫽z 0 ⬍0 共or z 0 ⬎0) and
considering the region z⬍z 0 共or z⬎z 0 ) as bulk space, the
singularity does not appear. And as we can see in the Appendix, if we include the singular point z⫽0, half of the solutions are excluded but there remain the other half of the
solutions. From this Lagrangian, we can calculate the oneloop effective potential like in the case of a massless scalar
ﬁeld. The form of the effective potential from the massive
scalar ﬁeld is given by

Finally, by substituting the solutions 共3.9兲 into Eq. 共3.16兲, we
ﬁnd
0⫽

共4.2兲

共4.5兲

Then, the Lagrangian for a massive scalar ﬁeld in the dS
background is given by
L⫽  共  2z ⫹⌬ 共 4 兲 ⫺m 2 cosh⫺2 z⫹  5 R 共 4 兲 兲  .

共4.6兲

Similarly, the effective potential for the massive scalar ﬁeld
in the dS bulk can be calculated as in Eqs. 共2.7兲 and 共4.4兲, by
using the operators:

For the AdS background with the metric Eq. 共2.3兲, under the
conformal transformations 共2.5兲, the action changes as
063515-10
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where the mass term is included in L 1 . The potential term of
L 1 , m 2 cosh⫺2 z, has always a positive value and no bound
state like in the AdS case. It becomes zero in the limit z 2
→⬁ as well. Therefore the effective potential for the massive scalar ﬁeld in a dS background also becomes zero in the
limit of a one-brane conﬁguration.
A. Small mass limit „with L not large…

Continuing with the massive scalar ﬁeld, and for a de
Sitter brane in an AdS bulk, in the case of the two brane
conﬁguration we just need to supplement the calculation carried out in the Appendix, which can be done exactly, with the
boundary conditions imposed on the two branes. We thus
obtain a modiﬁcation of a perfectly solvable model which
appears in several textbooks 共namely, an hyperbolic variant
of the celebrated Pöschl-Teller potential兲, albeit with reverse
sign and supplemented with the inﬁnite well created by the
branes 共as in the massless case兲. Since we shall deal with the
low and high mass approximations, the WKB method turns
out to be well suited to carry out the analysis.
Setting the branes at z⫽⫾L/2 共for the sake of symmetry兲
we get the following results. In the small mass limit, we
obtain a modiﬁcation of the eigenvalues of the L 1 Lagrangian, in the form

 n
tanh共  L/2兲
2 2
.
2 2 ⫹m l
 L
 L/2

contributions to the effective potential, one has to take into
account the relative importance of the different dimensionless ratios involved here. The working hypothesis has been
that m 2 was ‘‘small.’’ In fact, we see from the ﬁnal result that
m 2 most naturally goes with l 2 , which also serves as a unit
for L and, indirectly, for R. The ordering in Eq. 共4.10兲 assumes that a  ⬃1,  ⬍1, but a lot more information can be
extracted from this small-mass expansion.
The calculation in the same case of a massive scalar ﬁeld
but for a de Sitter brane in a dS bulk 共two- and one-brane
conﬁgurations兲 proceeds in a quite similar fashion. Only, an
additional coordinate change is required at the beginning, to
deal with the problem of the singularity of the potential of
the Schrödinger equation at z⫽0 in the initial coordinates, as
carefully explained in the Appendix.
B. Large mass limit „with L not small…

In this case the calculation turns out to be more involved.
The eigenvalues get modiﬁed as follows:
 2n ⯝

 2 n 2 l 2 2 arctan共 sinh L/2l 兲 2 2
 nml 2
⫹
m
l
⫹
L2
sinh共 L/2l 兲
L sinh共 L/2l 兲
⫹¯ .

共4.11兲

2 2

 2n ⯝

共4.8兲

Carrying this into the zeta function, after a further approximation one gets that the elementary zeta functions in the
formulas are modiﬁed in the way, e.g.,

However, we will be interested in the dominant contribution
only. Thus in the approximation which is opposite to the
previous one, namely when m 2 is large and L is not very
small, we get a simple modiﬁcation of the relevant zeta function of the form

 共 2s 兲 →  共 2s 兲 ⫺s  共 2s⫹2 兲 
⫹

共 s兩L5兲⫽

s 共 1⫹s 兲
 共 2s⫹4 兲  2 ⫹O共 m 6 兲 ,
2

⌫ 共 s⫺1/2兲
⌫共 s 兲

冉 冏

⫻  s⫺

m l  L tanh共  L/2兲
⬅
.
2
 L/2
2 2

L
2l 冑

2 2

冊

1
arctan共 sinh共 L/2l 兲兲
L ⫹2m 2
⫹¯ .
2 4
sinh共 L/2l 兲

共4.9兲

共4.12兲

Thus in the case here considered, when m is small and L is
not very large, for the derivative of the zeta function at z
⫽0 we obtain the following additional terms (l 2  2 ⫽1):

And this leads to the following result, for the derivative of
the zeta function at z⫽0, which is valid for sufﬁciently large
scalar mass and L:

⌬  ⬘共 0 兩 L 5 兲 ⯝

冉
冊

a  ⫹a 2  2  2 a  2
⫺
⫹ 关 2  ⬘ 共 ⫺4,3/2 兲
48
144 2
⫺  ⬘ 共 ⫺2,3/2 兲兴  ⫺

 ⬘ 共 0 兩 L 5 兲 ⫽⫺

4
关 2  ⬘ 共 ⫺4,3/2 兲
4370

⫺  ⬘ 共 ⫺2,3/2 兲兴  2 ⫹O共 m 6 兲 ,
a⬅

 2 R2
,
L2

⬅

m 2 l 2 tanh共 L/2l 兲
.
2
L/2l

共4.10兲

These terms have just to be added to the derivative of the
zeta function at z⫽0, Eq. 共2.26兲, corresponding to the de
Sitter brane in AdS bulk, in order to obtain the corresponding
effective potential. In a full-ﬂedged analysis of the different

4m 2 l 3 arctan共 sinh L/2l 兲
⫹¯ . 共4.13兲
3R
sinh共 L/2l 兲

Again, this is the additional contribution to the derivative of
the full zeta function at z⫽0, the same as Eq. 共2.18兲 but
corresponding to the de Sitter case. However, as this derivative was equal to zero in the massless case, the above expression yields now the whole value of the derivative and, correspondingly, of the effective potential. Note in fact that this
reduces to zero, exponentially fast, in the one-brane limit
(L→⬁), in perfect accordance with Eq. 共2.18兲. Also in this
case we are allowed to play with the relative values of the
different dimensionless fractions appearing in our expression.
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C. Braneworld stabilization by the Casimir force

In Ref. 关13兴, the brane stabilization via study of radion
potential in the Lorentzian de Sitter bulk space was discussed
in direct analogy with the AdS case. The branes are spacelike
and the distance between two branes is timelike and we denote the distance by T. As in Eqs. 共2.71兲–共2.74兲, we now
consider the contribution from the Casimir effect to the stabilization. For simplicity, we do not include the massive scalar ﬁeld ⌽ as in Eq. 共2.56兲 but we take the next-to-leading
order of the effective potential 共2.26兲, induced by the Casimir effect, and we assume
V C共 T 兲 ⫽

If

␤ dS
1 ⬎0

and

␤ dS
2 ⬍0

␤ dS
1
T5

⫹

␤ dS
2
T3

冑

⫺

5 ␤ dS
1
.
3 ␤ dS
2

␤ 3m 2
.
⌬V C 共 T 兲 ⫽
T

r c⫽

冑

⫺

5 ␤ dS
1
3 ␤ dS
2

冉

1⫹

dS 2
5 ␤ dS
1 ␤3 m
2

18␤ dS
2

⫽

冊

冕

1
2

冉

9
ˆ   ˆ ⫺ ĝ        ˆ 2
d 5 x 冑ĝ ⫺ĝ     
4

1
1 2 共5兲
ˆ ⌬ 
ˆ ĝ       ˆ ⫽ D  共 ˆ 2    兲 ⫺ 
2
2

S⫽

冕

1
2
⫺

冉

冋

ˆ   ˆ
d 5 x 冑ĝ ⫺ĝ     

冊

冕

d 5 x 冑g 关 ⫺g         ⫺m 2  2 兴 .

共5.4兲

If we now introduce the AdS background, which has the
metric Eq. 共2.3兲, under the conformal transformations 共2.5兲,
namely e 2  ⫽l 2 sinh⫺2 z, the action changes as
S⫽

1
2

冕

冋

d 5 x 冑g ⫺g         ⫺

册

冉

冊

9 15
⫹ sinh⫺2 z  2
4
4

⫺m 2 l 2 sinh⫺2 z  2 .

共5.5兲

This action leads the Lagrangian for the massive scalar ﬁeld
without scalar-gravitational coupling in an AdS background
as

冋

冉

册

冊

9 15
⫹ sinh⫺2 z ⫺m 2 l 2 sinh⫺2 z  .
4
4
共5.6兲

Note that the third term in Eq. 共5.6兲,

冉

冊

共5.7兲

 5 共 R 共 4 兲 ⫺R 共 5 兲 e 2  兲 ,

共5.8兲

9 15
⫹ sinh⫺2 z ,
4
4

corresponds to

In this section we will consider a more simple case, which
does not include a scalar-gravitational coupling term,
 5 R (5)  2 . The action is simply
1
2

册

9 
3
ˆ 2 ⫺m 2 e 2  ˆ 2 .
ĝ      ⫹ ⌬ 共 5 兲  
4
2

⫺

S⫽

共5.3兲

and using partial integration, we obtain

L⫽   2z ⫹⌬ 共 4 兲 ⫺

V. EFFECTIVE POTENTIAL FOR A MASSIVE SCALAR
WITHOUT SCALAR-GRAVITATIONAL COUPLING

共5.2兲

where we take ␣ ⫽2 and ␤ ⫽⫺3/2 for simplicity. The third
term in Eq. 共5.2兲 can be rewritten as

⫹O共 m 4 兲 . 共4.17兲

Then again the contribution from small mass has a tendency
to make the distance between the two branes smaller. Thus
the possibility of dS braneworld stabilization occurs in the
same way as with AdS bulk.

冊

⫹3 ˆ ĝ       ˆ ⫺m 2 e 2  ˆ 2 ,

共4.16兲

Here m expresses the mass of the scalar ﬁeld. Then the minimum in Eq. 共4.15兲 is shifted as

ˆ 兲   共 e ⫺ 共3/2兲 
ˆ兲
d 5 x 冑ĝ 关 ⫺e 3  ĝ     共 e ⫺ 共3/2兲 

ˆ 2兴
⫺m 2 e 2  

共4.15兲

Then even for the branes in the de Sitter bulk, only by the
Casimir effect, the brane might get stabilized.
As in Eq. 共4.10兲, when we consider the Casimir effect
from the massive scalar with small mass, we may consider
the following correction to the effective potential:

冕

1
2

共4.14兲

.

as in Eq. 共2.26兲, there is a minimum at

T⫽

S⫽

共5.1兲

coming from Eqs. 共2.1兲 and 共2.6兲, where e 2  ⫽l 2 sinh⫺2 z,
because if we put  5 ⫽⫺ 163 , R (4) ⫽12, R (5) ⫽⫺20/l 2 , which
are the scalar curvatures of S 4 and AdS5 , respectively, into
Eq. 共5.8兲, then Eq. 共5.8兲 coincides with Eq. 共5.7兲 exactly.
The one-loop effective potential can be written as

This action is not conformally invariant under the conformal
transformations 共2.2兲, which change it as
063515-12
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L 5 ⫽⫺  2z ⫺⌬ 共 4 兲 ⫹

冉

9 15
⫹ sinh⫺2 z
4
4

冊

sure of supersymmetry breaking, and thus be of primordial
cosmological importance in the study of the very early brane
universe.
Finally, the bulk effective potential in realistic supersymmetric theories gives a nontrivial contribution to the effective
cosmological constant, in ﬁve as well as in four dimensions.
Hence it is conceivable to use it in a relaxation of the cosmological constant problem.

⫹m 2 l 2 sinh⫺2 z⫽L 1 ⫹L 4 ,
L 1 ⫽⫺  2z ⫹

15
sinh⫺2 z⫹m 2 l 2 sinh⫺2 z,
4

9
L 4 ⫽ ⫺⌬ 共 4 兲 .
4

共5.9兲

Then, the eigenvalue of L 1 agrees with Eq. 共2.12兲 in the limit
when the distance between the two-brane becomes inﬁnity,
L→⬁, because the potential terms of Eq. 共5.9兲, 154 sinh⫺2 z
⫹m2l2 sinh⫺2 z, become zero in this limit. Therefore the effective potential for the massive scalar ﬁeld without scalargravitational coupling in an AdS background becomes zero
in the limit of the one-brane conﬁguration.
Similarly, the Lagrangian for the massive scalar ﬁeld
without scalar-gravitational coupling in a dS background can
be seen to be

冋

L⫽   2z ⫹⌬ 共 4 兲 ⫺

冉

冊

册

9 3
⫺ cosh⫺2 z ⫺m 2 l 2 cosh⫺2 z  .
4 4
共5.10兲
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In the limit L→⬁, the eigenvalue of L 1 and the heat kernel
K t (L 1 ) have the same form of Eqs. 共2.12兲 and 共2.13兲 as in
the AdS case. Thus the effective potential becomes zero too,
in the limit when the distance between the two branes becomes inﬁnite.

APPENDIX

We consider the following Schrödinger equation:

冉

VI. DISCUSSION AND CONCLUSIONS

To summarize, in this paper we have shown how one can
bring the calculation of the effective potential for a massive
or conformal bulk scalar, in an AdS or dS braneworld with a
dS brane, down to well-known cases corresponding to zetafunction expansions 关21兴. In this way, a complete and detailed analysis of the different situations can be given, and
corrections to the limiting cases are obtainable at any order.
As our four-dimensional universe is 共or will be兲 in a dS
phase, our results have, potentially, very interesting applications to primordial cosmology. What is also important, our
method and results here open the door to corresponding calculations for other quantum ﬁelds as spinors, vectors, graviton, gravitino, etc. As we see it, this will only need some
more involved calculations, but no new conceptual problems
are expected, at least at the level of the one-loop efective
potential. In the case of several spin ﬁelds, the bulk Casimir
effect may also be found in this way, at least in principle, for
supersymmetric theories, including supergravity too. It is
quite possible then that a ﬁve-dimensional AdS gauged supergravity can be constructed, with AdS being the vacuum
state but still having a dynamically realized de Sitter brane,
which represents our observable universe.
Another issue where bulk quantum effects may play a
dominant role involves moving, curved branes. The corresponding bulk effective potential might sometimes be a mea-

⫺

d2
dz

2

⫹

m 2l 2
sinh2 z

冊

 ⫽  .

共A1兲

This equation is the z-dependent part of the Klein-Gordon
ˆ ⫽sinh⫺3/2 z  corresponds to the
equation in AdS5 and 
original scalar ﬁeld in the action. The limit z⫽⬁ corresponds
to the inﬁnity in AdS5 at which the warp factor vanishes, and
z⫽0 corresponds to the inﬁnity where the warp factor grows
up to inﬁnity. In Eq. 共A1兲 there appears a singularity at z
⫽0. At the point z⫽0 corresponding to ⬁, by putting a brane
as the boundary of the bulk, say putting a brane at z⫽z 0
⬍0 共or z 0 ⬎0), and considering the region z⬍z 0 共or z
⬎z 0 ) as bulk space, the singularity does not appear.
With the redeﬁnitions

 ⫽sinh1/2 z  ,
Eq. 共A1兲 can be rewritten as

d 
2

0⫽ 共 x 2 ⫺1 兲

dx 2

⫹2x

d
dx

冉

共A2兲

x⫽cosh z,

m 2l 2⫹

1
⫺ ⫺⫺ ⫹ 2
4
x ⫺1

1
4

冊

,
共A3兲

whose solutions are given by the associated Legendre func
tions P ⫾
 (x), which are deﬁned in terms of the Gauss hypergeometric function:
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P  共 z 兲 ⫽

冉 冊 冉
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 /2
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冊

1⫺x
.
2
共A4兲
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The parameters  and  are here given by
1
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4
When x is large,
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冋

1
⫺1⫾ 冑⫺4
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2
共A5兲
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冉 冊

冉
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册
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冉

冊

d
⇔
⫽0 .
dx

1
 ⫽⫺  ⫺ ,
2

1
 ⫽⫺ ⫹i  .
2

⫽  2 ⭓

共 x 兲⬃

冉
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冊
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.
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共A14兲

冊

d2
m 2l 2
⫹
 ⫽  .
dz 2 cosh2 z

Eq. 共A15兲 can be rewritten as

共A15兲

共A16兲

x⫽cosh z,

冉

冊

1
m 2l 2⫹
2
d
1
d


4
.
0⫽ 共 x 2 ⫹1 兲 2 ⫹2x
⫺ ⫺⫺ ⫹ 2
dx
dx
4
x ⫹1
共A17兲
If we replace x by x⫽iy, the above equation 共A17兲 turns into

冉

冊

1
m 2l 2⫹
2
d
d
1


4
.
0⫽ 共 y 2 ⫺1 兲 2 ⫹2x
⫺ ⫺⫺ ⫺ 2
dy
dx
4
y ⫺1
共A18兲
Finally, if we choose, as in Eq. 共A5兲,

冉

 2 ⫽⫺ l 2 m 2 ⫹

⫽

If we assume  and k to be small, the gamma function can be
approximated by ⌫(⫾i  )⬃⫾1/i  and ⌫(⫾i  ⫹k)⬃1/
⫾i  ⫹k. Then, Eq. 共A11兲 can be rewritten as


ln共 2x 0 兲

 ⫽cosh1/2 z  ,

Then the boundary condition 共A8兲 yields
共A11兲

冉

This equation is the z-dependent part of the Klein-Gordon
equation in S 5 or Euclidean de Sitter space, and ˆ
⫽cosh⫺3/2 z  corresponds to the original scalar ﬁeld in the
action. The limit of z⫽⫾⬁ corresponds to the south and
north poles in S 5 . With the following redeﬁnitions:

⌫共 i 兲
⌫ 共 ⫺i  兲
共 2x 兲 i  ⫹
共 2x 兲 ⫺i  .
⌫ 共 i  ⫹k 兲
⌫ 共 ⫺i  ⫹k 兲
共A10兲

⌫ 共 ⫺i  兲
⌫共 i 兲
共 2x 0 兲 i  ⫺
共 2x 0 兲 ⫺i  .
⌫ 共 i  ⫹k 兲
⌫ 共 ⫺i  ⫹k 兲

共A13兲

We now consider the equation for the dS case:

共A9兲

Then we have ⫽  2 . By using Eq. 共A6兲, we ﬁnd, for large
x,


ln共 2x 0 兲

for nonvanishing k (m⫽0), which gives the following lower
bound for :

共A8兲

For simplicity, we consider the model where the bulk space
includes the point x⫽1 (z⫽0); hence  ⫽⫺ 冑l 2 m 2 ⫹1/4.
We write  and  in Eq. 共A5兲 as

共 n⫽0,⫾1,⫾2,...兲 .

共A12兲

⬃

共A7兲

which is identical with what we have in the massless case.
When we include the point z⫽0, which corresponds to x
⫽1, when 冑x⫺1⬃z→0, Eq. 共A4兲 becomes singular for
positive  as (x⫺1) ⫺  /2⬃z ⫺  . As  ⬃z 1/2 ⬃z (1/2)⫺ 
2 2
冑
⫽z (1/2)(1⫺ 1⫹4l m ) , the positive branch of  should be excluded and we must have  ⫽⫺ 冑l 2 m 2 ⫹1/4.
If we do not include the brane, the spectrum for the massive case is not changed. In order to investigate the effect of
the mass, we put a brane at x⫽x 0 Ⰷ1 共or z⫽z 0 ). On the
brane, we impose the Neumann boundary condition for :

⫽i  ln共 2x 0 兲 ⫹2  in

For large x 0 , the solution for n⫽0 is given by

Since  ⬃x 1/2 , then in order that  is regular there, we
have the constraint that
⫺4⭐0

冉 冊
k

k
1⫺i
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冊

1
,
4

⫺1⫾ 冑⫺4
,
2

 共  ⫹1 兲 ⫽⫺⫺

1
or
4
共A19兲

the solution of Eq. 共A18兲 or Eq. 共A17兲 is given by the associated Legendre functions P ⫾  (ix), again. Note that  in
ˆ
Eq. 共A19兲 is imaginary, in general. Anyhow, in order that 
be regular there, we must impose again the same constraint
共A17兲.
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We consider an anti de Sitter universe ﬁlled by quantum CFT with classical phantom
matter and perfect ﬂuid. The model represents the combination of a trace-anomaly
annihilated and a phantom driven anti de Sitter universes. The inﬂuence exerted by the
quantum eﬀects and phantom matter on the AdS space is discussed. Diﬀerent energy
conditions in this type of universe are investigated and compared with those for the
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There is growing interest towards various studies of the reported acceleration of the
scale factor of our observable universe.1 This is motivated by recent astrophysical
data analysis, which hint to such behavior. In order to explain it, the simplest
possibility is to introduce a dark energy component, whose origin remains, however,
uncertain. It seems to be possible to model the accelerating scale factor through
the introduction of phantom matter with a negative energy density.2 Such phantom
matter may then serve as a diﬀerent possible origin for dark energy. However, there
are a number of problems, such as the violation of the energy conditions and that of
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a related negative energy density, the lack of a plausible explanation of the origin
of such phantom matter, etc. Due to the above, such possibility becomes rather
non-realistic.
The peculiar properties of a phantom scalar (with negative kinetic energy) in
a space with nonzero cosmological constant have been recently discussed in an interesting paper by Gibbons.3 It has been indicated there that phantom properties
bear some similarity to quantum eﬀects.4 (Note that there are other models where
the dark energy has also a quantum origin.5 ) The interesting property of the investigation in Ref. 3 is that it is easily generalizable to other constant curvature
spaces, as the anti de Sitter (AdS) space. There is presently some interest in such
spaces, coming specially from the AdS/CFT correspondence. According to that,
the AdS space may in fact have a cosmological inﬂuence,6 increasing the number
of particles created on a given subspace.7 (It may also be used to study a cosmological AdS/CFT correspondence.8 ) Hence, the study of a phantom ﬁeld in AdS
space may give us a hint for the origin of such ﬁeld via the dual description. In the
supergravity description, one may think of the phantom as of a special RG ﬂow for
scalars in gauged AdS supergravity. (Actually, such RG ﬂow may correspond to an
imaginary scalar.)
Here, we consider an AdS model ﬁlled with classical matter, perfect ﬂuid, and
a phantom scalar, taking also into account quantum contributions. The model can
be viewed as some generalization of phantom cosmology. In our theory, quantum
eﬀects are described via the conformal anomaly, what is reminiscent of the wellknown anomaly-driven inﬂation.9 Such quantum eﬀects are typical for the vacuum
energy (for a review, see Ref. 10). We specially discuss the analogies between our
model formulated in AdS space and the corresponding one formulated in a de Sitter
(dS) universe.4 Using the AdS/CFT correspondence, one may then expect that the
phantom ﬁeld emerges out of some QFT instability in the dual description. It may
originate as a result of some phase transition. We will also study how the energy
conditions are fulﬁlled in a phantom AdS universe of this kind.
We start from Einstein’s equations with the scalar (phantom) ﬁeld3 C


1
1
αβ
Rμν − Rgμν = 8πG (ρ + p)Uμ Uν + pgμν − ∂μ C∂ν C + gμν g ∂α C∂β C . (1)
2
2
Our model is given by four-dimensional anti de Sitter spacetime (AdS4 ) with the
metric chosen as11
ds2 = e−2λx̃3 (dt2 − (dx1 )2 − (dx2 )2 ) − (dx̃3 )2 .

(2)

The simplest way to account for quantum eﬀects (at least, for conformal matter)
is to include the contributions coming from the conformal anomaly:


2
(3)
T = b F + R + b G + b R ,
3
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where F is the square of 4-D Weyl tensor and G the Gauss–Bonnet invariant, which
are given as
1 2
R − 2Rij Rij + Rijkl Rijkl ,
3
G = R2 − 4Rij Rij + Rijkl Rijkl .
F =

(4)

In general, with N scalar, N1/2 spinor, N1 vector ﬁelds, N2 (= 0 or 1) gravitons
and NHD higher derivative conformal scalars, b, b and b turn out to be
b=

N + 6N1/2 + 12N1 + 611N2 − 8NHD
,
120(4π)2

b = −

N + 11N1/2 + 62N1 + 1411N2 − 28NHD
,
360(4π)2

(5)

b = 0 .
The contributions of the conformal anomaly to ρ and p can be found in Refs. 12
and 13, namely

1  4 4
ρA = − 4 b (6a H + 12a2 H 2 )
a


2
b + b {a4 (−6HH,tt − 18H 2 H,t + 3H,t2 ) + 6a2 H 2 }
+
3



− 2b + 6b − 3b ,
(6)


1
pA = b 6H 4 + 8H 2 H,t + 2 (4H 2 + 8H,t )
a


2
b + b
−2H,ttt − 12HH,tt − 18H 2 H,t − 9H,t2
+
3

1
−2b + 6b − 3b
2
+ 2 (2H + 4H,t ) −
.
a
3a4

(7)

The classical matter solution corresponds to
3

Uμ = δ xμ ,

C = ãx3 + b̃ ,

(8)

where the latter is the solution of the equation of motion for the phantom ﬁeld:
0 = C = −∂x23 C .

(9)

Note that ã and b̃ are arbitrary, what implies that there are inﬁnitely many solutions
(distributions of phantom matter) of (9).
For the quantum energy density and pressure, one gets
ρA = −pA = −6b λ4 .
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Now, since for the metric (2), we have
Rμν = −3λ2 gμν ,

R = −12λ2 ,

(11)

the (x3 x3 ) and (ij)-components in the Einstein equations (1), with account to
quantum eﬀects are, respectively,


ã2
2
 4
,
(12)
−3λ = 8πG ρmatter − 6b λ −
2


ã2
3λ2 = 8πG pmatter + 6b λ4 −
.
(13)
2
Here ρmatter and pmatter are contributions from the matter to the energy density ρ
and pressure p, respectively. By combining (12) and (13), we obtain the equations
0 = ρmatter + pmatter − ã2 ,

(14)

6λ2
− ρmatter + pmatter .
(15)
8πG
Let us now see what are the implications of these equations for the diﬀerent cases
that arise. The ﬁrst situation is in the absence of any matter, scalar or phantom.
We easily see from (15) that there is no solution and, therefore, the creation of an
AdS universe is not possible. This should come as no surprise and may be regarded
as a consistency check. As a second situation, let us consider the one when there is
only QFT; in such case we recover the same solution which was already obtained
in Ref. 11, i.e. the AdS universe annihilates when only quantum matter eﬀects are
present. As a third case, we consider the situation when only phantom matter is
present. As we see from (15), under this condition we do not have any solution and
this means that the creation of an AdS universe is not possible, as the existence of
phantom matter only depends e.g. just from the dark energy. Performing a further
analysis along the same lines, now considering the situation when there coexist
the quantum theory and phantom matter, we see again that both the quantum
matter eﬀects and the presence of the phantom are not enough in order to get the
conditions for the creation of an AdS universe, either.
Consider next the more general situation where we admit in our theory the
presence of classical and quantum matter and also the phantom ﬁeld. The solutions
for Eq. (15), with respect to λ2 , are given by the following expression
⎫
⎧
2

⎬
⎨
1
3
3
 (ρ
±
+
12b
−
p
)
,
(16)
λ2 =
−
matter
matter
⎭
12b ⎩ 4πG
8πG
0 = 12b λ4 +

with the condition,



3
8πG

2

+ 12b (ρmatter − pmatter ) ≥ 0 .

(17)

We should note that the choice of the “+” sign (from the ±) in (16) corresponds to the solution of Ref. 3 in the limit b → 0. On the other hand, when
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ρmatter − pmatter = 0, the solution with “−” sign in (16) corresponds to Starobinsky’s anomaly-driven inﬂation.9 The limiting case ρmatter = pmatter describes stiﬀ
matter. Without quantum eﬀects, there is no nontrivial solution for3 λ−2 but, due
to the conformal anomaly, there is a nontrivial solution even for the case of stiﬀ
matter.
With respect to the explicit anti de Sitter cosmological solution, we may wonder
now what kind of energy conditions can be fulﬁlled in our model. The standard types
of energy conditions in cosmology are the following:
1. Null Energy Condition (NEC):
ρ+p ≥ 0.

(18)

2. Weak Energy Condition (WEC):
ρ≥0

and

ρ +p ≥ 0.

(19)

3. Strong Energy Condition (SEC):
ρ + 3p ≥ 0

ρ+p ≥ 0.

and

(20)

4. Dominant Energy Condition (DEC):
ρ≥0

and

ρ ±p ≥ 0.

(21)

3λ2
ã2
−
,
2
8πG

(22)

If we now rewrite Eqs. (12) and (13) as
ρmatter = 6b λ4 +

pmatter = −6b λ4 +

3λ2
ã2
+
,
2
8πG

(23)

we see that in the case of the dS universe,4 the NEC is always satisﬁed from (14):
ρmatter + pmatter ≥ 0 .

(24)

The WEC could be satisﬁed, from (22), if
⎧
⎛
2
2
2 4 ⎨
3λ
ã λ
3
ã
1
+
=
+
λ−2 − 2 ⎝
6b λ4 +
2
8πG
2 ⎩
ã
8πG
⎧
⎨

⎛
3
1
−
× λ−2 − 2 ⎝
⎩
ã
8πG





3
8πG

3
8πG

2

2

⎞⎫
⎬
− 12b ã2 ⎠
⎭

⎞⎫
⎬
− 12b ã2 ⎠
⎭

≥ 0.

(25)

Since, usually b < 0, the quantity inside the square root is positive.
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From Eq. (25) we easily obtain a nontrivial constraint for the length parameter
−2

λ

λ−2

⎛
1 ⎝ 3
+
≥ 2
ã
8πG



3
8πG

2

⎞
− 12b ã2 ⎠ .

(26)

Taking now into account that our Einstein equations diﬀer from those which were
obtained in Ref. 4, but only in the sign, we see that this energy condition coincides
with the one obtained in that reference for the case of the dS universe.
In case of no quantum eﬀects (b = 0), the constraint becomes trivial: λ−2 ≥ 0.
Since
3λ2
4πG
⎧
⎛
⎨
−3
1
+
= 2ã2 λ4 λ−2 − 2 ⎝
⎩
ã
16πG

ρmatter + 3pmatter = −12b λ4 + 2ã2 +

⎧
⎨

⎛
−3
1
−
× λ−2 − 2 ⎝
⎩
ã
16πG
if it turns out that



3
16πG

2





3
16πG

3
16πG

2

2

⎞⎫
⎬
+ 6b ã2 ⎠
⎭

⎞⎫
⎬
+ 6b ã2 ⎠ ,
⎭

+ 6b ã2 ≤ 0 ,

(27)

(28)

then, the quantity inside the square root in (27) is non-positive, and we ﬁnd that
the SEC is always satisﬁed: ρmatter + 3pmatter ≥ 0. On the other hand, if
2

3
+ 6b ã2 > 0 ,
(29)
16πG
then the SEC gives the following nontrivial constraint for λ−2
⎛
⎞
2

−3
3
1
λ−2 ≥ 2 ⎝
+ 6b ã2 ⎠ .
+
ã
16πG
16πG

(30)

This constraint becomes trivial (λ−2 ≥ 0) again if we do not include the conformal
anomaly. From another side, we observe that this constraint (30) will be always
satisﬁed, even when the contribution from the conformal anomaly is included, i.e.
the constraint for λ−2 is always trivial. Since b is negative for the usual matter
ﬁelds, Eq. (28) tells us that if the quantum eﬀect is large, the SEC could be satisﬁed
more easily. On the other hand, if quantum eﬀects are small, but do not vanish, the
SEC may not be satisﬁed.
Concerning this energy condition, we observe that it diﬀers from the case of the
dS universe.4 Speciﬁcally, we see that, since the constraint for λ−2 is less strong
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for the AdS space, the energy condition will be easier satisﬁed in the AdS universe
than in the dS universe.
Equation (17) can be rewritten, for b < 0, as
2

3
1
,
(31)
ρmatter − pmatter ≤ −
12b 8πG
which does not conﬂict with the DEC but it yields a nontrivial constraint for the
matter ﬁeld. This constraint will not appear if we do not include the contribution
from the conformal anomaly. Then, similarly to the case of the dS universe,4 owing
to the quantum eﬀects, there might happen that the DEC could not be satisﬁed.
The contributions to ρ and p from the phantom ﬁeld C are, according to (12)
and (13), given by
ã2
.
(32)
2
Thus, we conclude that, similarly to the case of the dS universe, no energy conditions
in the AdS universe can be satisﬁed for purely phantom matter, unless ã = 0. When
ã = 0, from (14) it follows that
ρC = p C = −

0 = ρmatter + pmatter ,

(33)

which is a limiting case but does not violate any energy condition, although its
fulﬁlment requires a negative pressure. We thus conclude that the energy conditions
when quantum CFT is present, can be satisﬁed, unlike what happens in the case
of pure phantom matter.
To summarize, we have studied the inﬂuence of phantom and quantum eﬀects
in an AdS universe and drawn several interesting conclusions. In particular, when
matter is composed of phantom, perfect ﬂuid and quantum CFT components, we
have seen that it is sometimes possible to realize an AdS universe, in the sense
that the majority of the energy conditions can be preserved. It would now be
interesting to investigate the cosmological implications of a phantom ﬁeld nonminimally coupled to gravity. This would be similar to a study of the annihilation
of a dilatonic AdS universe.11,14,15 It would be of interest to study the role of other
phantom ﬁelds like spinors where even for usual spinor matter there are some open
questions.16
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Shin’ichi Nojiri†
Department of Applied Physics, National Defence Academy, Hashirimizu Yokosuka 239-8686, Japan

Sergei D. Odintsov‡
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delay or soften兲 the cosmic doomsday catastrophe associated with the phantom, i.e., the otherwise unavoidable
ﬁnite-time future singularity 共Big Rip兲. A dark-energy model 共higher-derivative scalar-tensor theory兲 is introduced, and it is shown to admit an effective phantom and/or quintessence description with a transient acceleration phase. In this case, gravity favors that an initially insigniﬁcant portion of dark energy becomes dominant over the standard matter and radiation components in the evolution process.
DOI: 10.1103/PhysRevD.70.043539

PACS number共s兲: 98.80.⫺k, 04.50.⫹h, 11.10.Kk, 11.10.Wx

I. INTRODUCTION

Recent astrophysical data, ranging from high redshift surveys of supernovae to WMAP observations, indicate that
about 70 % of the total energy of our universe is to be attributed to a weird cosmic ﬂuid with large and negative pressure,
the dark energy 共see 关1,2兴 for a recent review兲, and that the
universe is currently in an accelerating phase. It also turns
out that the dark-energy equation of state parameter w is
close to ⫺1. So far, the simplest possibility proposed for this
kind of dark energy is the use of a scalar ﬁeld 共or a scalartensor theory兲. However, scalar-tensor theories are not free
from problems, especially when they are considered directly
as dark-energy candidates.
Much attention has been drawn by scalar ﬁelds in studies
of the early time universe. A variety of scalar potentials has
been considered and a number of accelerating 共inﬂationary兲
cosmologies have been advocated. For instance, the interesting quintessence model 关3兴 with w slightly bigger than ⫺1 is
quite popular for the explanation of early- 共and late-兲 time
acceleration, especially in the case of exponential potentials
关4兴. Moreover, exponential scalar potentials often appear
naturally after compactiﬁcation in string and/or M-theory.
Needless to say, such a description is model-dependent and is
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still quite far from the ﬁnal goal: the formulation of a plausible and consistent dark-energy theory.
Another line of research is related with the case where the
dark-energy equation of state parameter is less than ⫺1,
since this possibility is not excluded by astrophysical data.
Moreover, the recent Supernova data 关5兴 favor the cosmological models with such w. The typical example of a dark
energy of this kind is provided by a scalar ﬁeld with negative
kinetic energy, dubbed phantom 共see 关6,7兴 and references
therein兲. At ﬁrst sight, such models may look rather strange
and they lead to a number of unpleasant consequences, as a
ﬁnite-time future singularity 共the Big Rip兲 关8 –10兴. Nevertheless, the possibility of negative energies seems to be acceptable in classical scalar-tensor theories. Actually, many of
them do contain phantoms, as the ones coming from string
and/or M-theory compactiﬁcation, or higher-derivative supergravities, or modiﬁcations of Einstein gravity itself. In
fact, the issue is somehow delicate, since what looks like a
phantom in one reference frame may radically change its
nature in another frame 共e.g., after a conformal transformation兲. In this sense, even in the absence of fundamental,
physical meaning the phantom can be still useful as a convenient mathematical tool in order to study cosmological
models in standard scalar-tensor theories because a phantomrelated frame may lead to a simpler formulation of the problem. Finally, there are examples where an effective phantom
and/or quintessence description of the late-time universe
naturally appears, even if the starting theory does not explicitly exhibit the phantom and/or quintessence structure.
In the present work we study different cases of a late-time
spatially ﬂat FRW cosmology in the 共phantom兲 scalar-tensor
theory, mainly with exponential potentials. Such scalar is
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considered as a dark energy, and the possibility of deriving
the current speed-up is shown also in the presence of matter.
Exact FRW cosmologies are constructed for the 共phantom兲
scalar-tensor theory with an exponential potential, a model
that can be important for understanding attractors and the
stability properties. The possibility of avoiding the unwanted
Big Rip by simply taking into account quantum gravity effects, which may become dominant near future singularity, is
demonstrated. Finally, the present dark-energy dominance
and acceleration, within the effective phantom and/or quintessence description, is discussed in the model where a form
of higher-derivative, gravity-matter coupling is introduced.
The organization of the paper is the following: In Sec. II
spatially ﬂat FRW cosmological solutions are discussed for
scalar-tensor gravity with scalar matter. Explicit examples of
accelerating 共and decelerating兲 scale factors are presented for
exponential potentials when the theory contains one or two
scalar ﬁelds. In Sec. III the general solution for a spatially
ﬂat FRW cosmology, which includes eternal or transient acceleration, is found in the 共phantom兲 scalar-tensor theory
with exponential potential. This is based on the use and extension of a method recently developed by Russo 关18兴. The
comparison with particular solutions of Sec. II is done. Section IV is devoted to the study of the inﬂuence of quantum
gravity effects on the Big Rip singularity in phantom cosmology. It is shown that taking them into account properly
may change the future of the universe, from that with a
ﬁnite-time singularity to an ordinary de Sitter space. In Sec.
V a higher-derivative matter-gravity coupling is suggested as
a sort of dark-energy model. It admits an effectively phantom
and/or quintessence description and does explain the current
dark-energy dominance over standard matter by gravity assistance. Stability analysis of the model demonstrates that the
acceleration phase is actually transient. A summary and outlook are given in the discussion. In the Appendix we outline
how the 共phantom兲 scalar-tensor theory may originate, via
compactiﬁcation, from a higher-dimensional 共super兲 gravity.

a phantom 关6,7兴. We should note, however, that ␥ need not
be negative in order to obtain the accelerated universe as we
will later see. As the matter scalar  does not couple with 
directly, the equivalence principle is not violated, although
the effective gravitational coupling depends on  as
 e⫺( ␣ /2) . One may go to the Einstein frame by the scale
transformation
g   ⫽e⫺ 关 2 ␣ / 共 d⫺2) 兴  g E   .

In the following, the quantities in the Einstein frame are
denoted by the index E. After the transformation 共2兲, the
action 共1兲 has the following form:
S⫽

1
S⫽ 2

⫹

冕
冕

d x 冑⫺ge
d

冉

␣

冉

␥
R⫺       ⫺V 共  兲
2

冊

1
d d x 冑⫺g ⫺      ⫺U 共  兲 .
2

1
2

冕

冋 冉
册冕

冉

⫻ ⫺

d d x 冑⫺g E

冊

e⫺ ␣  
g E      ⫺e⫺ 关共 d ␣ / 共 d⫺2 兲兴  U 共  兲 .
2

共3兲

In the Einstein frame, there appears a term coupling the matter  with  . Even if ␥ is negative, when
共 d⫺1 兲 ␣ 2 ␥
⫹ ⬎0,
d⫺2
2

共4兲

the kinetic energy of  becomes positive, as for a usual
scalar ﬁeld. Hence, the remarkable observation follows that,
what is a phantom in one frame may not be a phantom in a
different frame, especially if the coupling is taken into account.
As a ﬁrst step, one considers the d⫽4 case and assumes
 ⫽0. We now deﬁne  and Ṽ(  ) as

⫽

冑␣

2

␥
⫹ ,
3

Ṽ 共  兲 ⫽e⫺ ␣ V 共  兲 ,

共5兲

and assume that the metric has the FRW form in ﬂat space
ds 2E ⫽⫺dt 2E ⫹a E 共 t E 兲 2

兺

i⫽1,2,3

共 dx i 兲 2 .

共6兲

Here t E is the time coordinate in the Einstein frame. When 
only depends on the time coordinate, the FRW equation and
 equation follow:

冊

3H 2E ⫽
共1兲

Here ␣ and ␥ are constant parameters and V(  ) „U(  )… is
the potential for  (  ). If the constant parameter ␥ is negative,  has a negative kinetic energy and can be regarded as

冊

共 d⫺1 兲 ␣ 2 ␥  
⫹ g E    
d⫺2
2

d d x 冑⫺g E R E ⫺

⫺e⫺ 关 2 ␣ / 共 d⫺2 兲兴  V 共  兲 ⫹

II. EXAMPLES OF THE ACCELERATING UNIVERSE
IN „PHANTOM… SCALAR-TENSOR THEORIES

We start from the action of multiscalar-tensor theory. Several illustrative examples of the 共accelerating兲 FRW cosmology will be presented here as simple dark-energy models
共see 关1,2兴 for a recent review兲. A scalar ﬁeld,  , which may
be later regarded as a phantom, couples with gravity. As is
typical in these models, a second scalar ﬁeld,  , is considered. The string-inspired Lagrangian in the d-dimensional
spacetime is

共2兲

冉 冊
冉

3 d
4 dt E

0⫽3

d 2
dt 2E

2

1
⫹ Ṽ 共  兲 ,
2

⫹3H E

冊

d
⫹Ṽ ⬘ 共  兲 .
dt E

共7兲

共8兲

Here the Hubble parameter 共in the Einstein frame兲 is deﬁned
by H E ⬅(1/a E )(da E /dt E ). Note that models of this type
may have a double interpretation: as multiscalar-tensor theo-
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ries or as matter-scalar-tensor theories. In other words, some
scalars may be considered as matter or as part of a gravitational theory. It has been suggested that such models may
describe the inﬂationary early universe as quintessence 关3兴.
Special attention in cosmology has been paid to exponential potentials 关4兴, which often follow from string and/or
M-theory compactiﬁcation. If Ṽ(  ) behaves as an exponential function of 
Ṽ 共  兲 ⬃V 0 e⫺2(  /  0 )

共9兲

a⫽e⫺( ␣ /2) a E ⫽a E0
⫽a E0

⫽

a E ⫽a E0

冉 冊

2

(3/4)  0

 ⫽  0 ln

,

tE
.
t E0

共10兲

冑 冉

冊

␤⬅

兺

共12兲

共 dx i 兲 2 ,

␣

1⫺ 共 ␤  0 /2兲

1⫺( ␤  0 /2)
d共 tE
兲,

1⫺

2冑兩 ␥ 兩 ( ␣ /2) 
e
,
␣
the action 共1兲 can be rewritten as
1
1
S⫽ 2 d d x 冑⫺g F 共 ⌽ 兲 R⫿   ⌽   ⌽⫺U 共 ⌽ 兲

2
⌽⬅

⫹

冉
冉

␣2 2
⌽ ,
F共 ⌽ 兲⫽
4兩␥兩

U 共 ⌽ 兲 ⫽V 0

t E0
.
1⫺ 共 ␤  0 /2兲

冊

冉 冊
␣⌽

2 冑兩 ␥ 兩

共16兲

冋

 0␣
2 冑␣ 2 ⫹ 共 ␥ /3兲

册

⬎1.

共17兲

共18兲

Then, effectively

w⫽⫺1⫹

冉

2
 0␣
1⫺
3
冑
2 ␣ 2 ⫹ 共 ␥ /3兲

冊

3 2
 0␣
 0⫺
4
2 冑␣ 2 ⫹ 共 ␥ /3兲

⫽⫺

 0 共 2 ␤ ⫺9  0 兲 ⫹8
.
3 共 2 ␤ ⫺3  0 兲  0
共19兲

As w diverges when the denominator in the second term
vanishes, w can take any value by properly choosing ␣ ,  0 ,
and ␥ . For example, if

冊

 0␣

冑␣

1
d d x 冑⫺g ⫺      ⫺U 共  兲 .
2

Here

t 0⬅

By properly choosing the parameters ␣ ,  0 , and ␥ , the
present cosmic acceleration can be realized. For the matter
with p⫽w  , where p is the pressure and  is the energy
density,

共13兲

1
The action 共1兲 with the potential 共9兲 belongs to the class discussed in 关11兴. In fact if we redeﬁne the ﬁeld  by

冕
冕

,

Then, cosmic acceleration (ȧ⬎0 and ä⬎0) occurs when

␤  /2

dt⫽e⫺( ␣ /2)  dt E ⫽

共15兲

a⬀t [2/3(w⫹1)] .

are related with the corresponding quantities in the Einstein
frame 共6兲 by
t E0 0

共14兲

,

冑␣ 2 ⫹ 共 ␥ /3兲

共11兲

In the original 共Jordan兲 frame 共1兲, the time coordinate t and
scale factor a(t) in the FRW form of the metric

i⫽1,2,3

2

兵 (3/4)  0 ⫺ ␤  0 /[1⫺( ␤  0 /2)] 其

 0␣
3 2
 ⫺
4 0 2 冑␣ 2 ⫹ 共 ␥ /3兲

1 27 2 3
 ⫺ .
V0 8 0 2

ds 2 ⫽⫺dt 2 ⫹a 共 t 兲 2

2

关共 3/4 兲  0 ⫺ ␤  0 兴

t
␤0
ln .
␣ 共 1⫺ 共 ␤  0 /2兲兲 t 0

Here
t E0 ⬅  0

t
t0

tE
t E0

Here

(V 0 and  0 are constants兲 during some period, as in the
present universe, the solution of 共7兲 and 共8兲 exists1
tE
t E0

冉冊

冉 冊

2

⫹ 共 ␥ /3兲

⫽2,

共20兲

then w⫽⫺1. Several interesting cases deserve attention
when  20 ⬎

4[1⫺ 冑1⫹( ␥ /3␣ 2 )]

.

Then, one can use the same arguments as in 关11兴 in order to ﬁt the
parameters so that they satisfy the present cosmological data. The
nonminimal scalar-gravitational coupling term, which is required by
renormalizability of the quantum-ﬁeld theory in curved spacetime
关12,13兴, may have very interesting effects on the phantom cosmology 共see 关14兴 for a recent discussion兲.
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共29兲

We again assume the exponential potentials
U 共  兲 ⫽U 0  4⫺(4/␤  0 ) .

Ṽ 共  兲 ⫽V 0 e⫺(2/ 0 )  ,

As is clear from 共18兲, cosmic acceleration (ä⬎0) occurs
when

共30兲

The following ansatz exists
共23兲

1
3

w⬍⫺ .

H E⫽

h0
,
tE

 ⫽  0 ln

tE
,
t E0

⫽0

冉 冊
tE
t E0

␤  /2

.

共31兲

When w⬍⫺1, the universe is not expanding but shrinking,
although the universe is still accelerating. In the case w⬍
⫺1, if we change the direction of time as t→t s ⫺t, the universe is both accelerating and expanding.
In the special case when w⫽⫺ 31 , we ﬁnd

The parameters h 0 , t E0 , and  0 should be a solution of the
following algebraic equations, which can be obtained from
共27兲–共29兲:

 20 ⫽ 43 .

 2 ␤ 2  20  20
3
1
0⫽⫺3h 20 ⫹  20 ⫹ V 0 t 2E0 ⫹
4
2
16

共24兲

Note that even when ␥ is positive, e.g., the kinetic energy of
 is positive as for usual matter, the effective w can still be
less than ⫺1. For example, with the choice

 0 ⫽4,
it follows that ␤ ⫽

1
&

␥
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冉 冊
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共26兲

冉

冊

⫹

 2 ␤ 3  20  20
8

,

3h 0 ␤  0
␤0 ␤0
⫹1 ⫹
2
2
2

冉

⫹4U 0 t 2E0 1⫺

Note that the above considerations are applicable both for the
early- as well as for the late-time universe. Indeed, the
simple solution under discussion 共especially, the no-phantom
case兲 has been considered in different situations. Later on,
the general solution for the scalar-tensor theory with an exponential potential will be discussed. With a known general
solution, it is much easier to understand the type of situation
that appears, be it is a transient 共or eternal兲 acceleration or an
attractor or something else.
In the previous example the matter ﬁeld  is zero ( 
⫽0). We now consider the case of  ⫽0, which is closely
related with the so-called double-quintessence model 关15兴. In
the Einstein frame 共3兲, the FRW equation,  equation, and 
equation have the following form:

冉 冊

2V 0 t 2E0

⫺2  2 ␤ U 0 t 2E0  0

, and from 共19兲,

3 d
4 dt E

2
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,
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共25兲
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For instance, for the special example

 0 ⫽ 冑 10
27 ,

␤ ⫽2 冑 27
10 ,

V 0 ⫽0,

共33兲

冑

共34兲

the explicit solution follows:
h 0⫽

5
,
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 0⫽

冑5
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,
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3
.
8U 0

Using 共16兲 and 共33兲, one arrives at

␥ ⫽⫺

49
18

␣ 2.

共35兲

Then  is surely a phantom with negative kinetic energy in
the physical Jordan frame 共1兲. Since U(  )⫽U 0  2 , U(  )
corresponds to a mass term and the mass m  is given by

2

共27兲
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W 共  ,  兲 ⫽W 0 e(  /  0 )  ⫺ 关共 2⫹  兲 /  0 兴  ,

Also
t E0 ⫽

冑3
.
2m 

共37兲

Since dt⫽⫾e⫺( ␣ /2) dt E ⫽⫾e⫺( ␤  /2) dt E ⫽⫾(t E0 /t E )dt E ,
we ﬁnd
tE
⫽⫾ln
.
t E0
t E0
t

共38兲

where W 0 ,  ,  0 , and  0 are constant parameters. Assuming
H⫽

a⫽e⫺( ␣ /2) a E ⫽a E0

冉 冊
tE
t E0

h0
,
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0⫽⫺3h 20 ⫹

共40兲

3  20
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Equation 共50兲 shows that

再 冉

冎

冊

1
⫺      ⫺W 共  ,  兲 .
2

As ␣ ⫽0, the Einstein frame can be regarded as a truly
physical one. Then the equations corresponding to 共27兲–共29兲
are
3H 2 ⫽
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d
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2⫹ 

.

共52兲

共53兲

The effective w is given by
2
4 共 2⫹  兲
⫽⫺1⫹
.
3h 0
9  20

共54兲

As discussed in 共53兲, as w⬎⫺1 we do not have a phantom.
If the second term in 共54兲 is small, one may obtain quintessence.
Other types of matter can be easily considered too. For
instance, matter may be dust. The energy density  dust in the
Jordan frame 共1兲 behaves as  dust⬀a ⫺3 . Then
(3 ␤ /2)  ⫺3
 dust⫽  0 a ⫺3 ⫽  0 e(3 ␣ /2)  a ⫺3
a E , p dust⫽0.
E ⫽  0e
共55兲
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⫹
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⫺2⭐  ⭐0.
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共43兲

共49兲

共50兲

,

3  20 共 3h 0 ⫺1 兲

which is linear in the mass m  of  . Equation 共42兲 also tells
that the effective w is ⫺1 共similar to the cosmological constant兲.
As a different, more complicated example one can consider the case when ␣ ⫽0, and therefore ␤ ⫽0, but the potential depends on both  and  ,
3
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Equation 共49兲 give

Since the scale factor a behaves as an exponential function of
t, the Hubble parameter H is a constant
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␣ t E0
␣ t E0

H⫽⫿

t
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with constants h 0 and t 0 , Eqs. 共44兲–共46兲 reduce to the following algebraic equations:

Then, in the physical Jordan frame one gets
⫺(7/12)

共47兲

共45兲

It is well known that dust has no pressure. It could correspond to the baryon and/or cold dark-matter components.
Instead of 共27兲 and 共28兲, we obtain the following equations
of motion in the Einstein frame:

共46兲

3H 2E ⫽

Here the derivative of W(  ,  ) with respect to  (  ) is expressed as W ,  (  ,  ) „W ,  (  ,  )…. The case of the exponential potential W(  ,  ) may be of interest
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冉 冊
冉

3 d
4 dt E

0⫽3

d 2

2

2
1
⫹ Ṽ 共  兲 ⫹ e⫺( ␤ /2)   0 a ⫺3
E ,
2
2

2 ⫹3H E

dt E

冊

共56兲

d
␤ 2 ⫺( ␤ /2) 
⫹Ṽ ⬘ 共  兲 ⫺
 0 a ⫺3
e
E .
dt E
2
共57兲
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With the form of Ṽ(  ) as in 共30兲, the solution occurs

 ⫽  0 ln

tE
,
t E0

a E ⫽a 0

冉 冊
tE
t E0

(2/3)⫺( ␤  0 /6)

共58兲

.

冉
冋

冊

1
1
1
R ⫺ g R ⫽ 共 T   ⫹T   兲 ,
 2  2 
2
T   ⬅

1
␥

2 ⫺      g   ⫹ ␥       ⫺V 共  兲 g  

2

册

Here
t 20 ⫽

a 30 ⫽

␤

2

 20 ⫹9  20 ⫺9 ␤  0
6V 0

冉

,

共 ␤  20 ⫹9  20 ⫺9 ␤  0 兲
2V 0 共 8⫺2 ␤  0 ⫺9  20 兲
2

.

共59兲

The time-coordinate t in the Jordan frame is given by

冉 冊

t
tE
⫽
t0
t E0

1⫺( ␤  0 /2)

,

t 0⬅

冏 冏

2t E0
,
␤0

T tt ⫽   ⫽

共60兲

冉冊
t
t0

再

.

共61兲

冎

1 ␥ 2
˙ ⫹V 共  兲 ⫺6 ␣ H ˙ ,
2 2

T tt ⫽   ⫽e⫺ ␣

(2/3)[2(1⫺ ␤  0 )/共2⫺ ␤  0 兲 ]

再

T i j ⫽ p  a 2 ␦ i j ⫽

The effective w is found to be

冎

1 2
˙ ⫹U 共  兲 ,
2

再

1 ␥ 2
˙ ⫺V 共  兲 ⫹2 ␣¨
2 2

共62兲

T i j ⫽p  a 2 ␦ i j ⫽e⫺ ␣

Hence, if
1⬍ ␤  0 ⬍2,

共63兲

which give ␤

 20 ⫺11␤  0 ⫹8⬎,

11⫺ 冑89
␤  0⬍
2

or

8⫺2 ␤  0 ⫺9  20 ⬎0,

共64兲

w ⫽

 ⫽

p
,


共67兲

w ⫽

p
.


共68兲

3 共 2 ␤ ⫺3  0 兲 2  20

冉

8  2 t 2 1⫺
共65兲
p ⫽

Numerically, ␤  0 ⬍0.7830 . . . or ␤  0 ⬎14.9339 . . . ,
which contradict the results in 共63兲, and there is no accelerating universe. With the assumption V 0 ⬍0, the accelerating
universe takes over. For instance, with the choice ␤  0 ⫽ 23
and  20 ⫽ 19 ( ␤ ⫽⫾ 92 and  0 ⫽⫾ 13 ), we obtain t 20
⫽⫺(41/24V 0 ) and a 30 ⫽⫺ 关  0  2 e⫺( ␤  0 /2) /2V 0 兴 .
Going back to the case of two scalars, by variation over
g   the Einstein equation follows:

冎

1 2
˙ ⫺U 共  兲 a 2 ␦ i j .
2

For the ﬁrst example in 共13兲–共15兲, it follows that

that is,
11⫹ 冑89
␤  0⬎
.
2

再

The effective w  and w  can be deﬁned as follows:

w⬍⫺1. If we assume V 0 ⬎0 共and t 20 ⬎0 and  0 a ⫺3
0 ⬎0),
Eq. 共59兲 requires

2

冎

˙ a 2␦ i j ,
⫹2 ␣ 2 ˙ 2 ⫹4 ␣ H 

2⫺ ␤  0
w⫽⫺1⫹
.
2 共 1⫺ ␤  0 兲

␤ 2  20 ⫹9  20 ⫺9 ␤  0 ⬎0,

共66兲

T   and T   may be regarded as the effective energymomentum tensor of  and  , respectively.2 In particular, in
the FRW metric 共12兲, we ﬁnd

and the scale factor can be obtained

a⫽a 0

冊

1
T   ⫽e⫺ ␣ ⫺      g   ⫹      ⫺U 共  兲 g   .
2

2 ⫺( ␤  0 /2)

 0 e

⫹2e⫺ ␣ ⵜ ⵜ 共 e␣ 兲 ⫺2g   e⫺ ␣ ⵜ 2 共 e␣ 兲 ,

␤0
2

冊

2,

共 2 ␤ ⫺3  0 兲 兵  20 共 2 ␤ ⫺9  0 兲 ⫹8  0 其

冉

8  2 t 2 1⫺

␤0
2

冊

2

,

共69兲

which agrees with w⫽ p/  ⫽ p  /   in 共19兲. Note that the
consideration of various entropies for dark-energy models
2
The usual energy-momentum tensors T  , given by the variation
over g   are related with T  ,  by T  ,  ⫽e␣ T  , .
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can be done and then interesting holographic relations
among them occur 共see 关16兴 for a recent discussion兲.
For the second example in 共39兲, one gets

 ⫽

 ⫽

14
9  2 t 2E0

p  ⫽⫺

,

35
72 2 t 2E0

p ⫽

,

19
9  2 t 2E0
5

72 2 t 2E0

For the standard scalar ␥ ⬎0 and one can normalize  to be
␥ ⫽1, but for the phantom ﬁeld with negative kinetic term,
we have ␥ ⬍0.
For the FRW metric

,

ds 2 ⫽⫺dt 2 ⫹a 共 t 兲 2
共70兲

.

S⫽
19
14

,

w  ⫽ 71 .

共71兲

1
2

再

冕

d 3 xdt ⫺6aȧ 2 ⫹a 3

冉

␥ 2
˙ ⫺V 共  兲
2

冊冎

.

V 共  兲 ⫽V 0 e⫺(2  /  0 ) ,

  ⫹   ⫽⫺ 共 p  ⫹ p  兲 ⫽

147
72 2 t 2E0

共72兲

,

it turns out that w⫽⫺1, which is consistent with 共42兲. We
should also note that, in the Einstein frame 共3兲,  has a
positive kinetic energy.
For the case of 共48兲 with 共50兲–共52兲 we ﬁnd
18 20 h 0
3 2 1 2
˙
˙

⫹

⫹W

,

⫽
,
兲
共
22
2
2t 2  2 共 2⫹  兲

6  20 共 2⫺3h 0 兲
3
1
p⫽ 2 ˙ 2 ⫹ ˙ 2 ⫺W 共  ,  兲 ⫽ 2 2
,
2
2
2t  共 2⫹  兲

共76兲

The potential V(  ) is chosen to be

However, since

⫽

共75兲

共 dx i 兲 2 ,

the action 共74兲 can be rewritten as

Hence,
w  ⫽⫺

兺

i⫽1,2,3

共77兲

with constants V 0 and  0 .
First we review the standard case with ␥ ⬎0 following to
关18兴. The ﬁeld variables a and  are written in terms of new
ﬁelds v and u as
a⫽e( v ⫹u)/3,

⫽

2 共 v ⫺u 兲

冑3 ␥

,

共78兲

and a new time variable  is deﬁned by
d  ⫽dt
共73兲

冑

3V 0 ⫺[2( v ⫺u)/  冑3 ␥ ]
0
.
e
8

共79兲

Then, the action 共76兲 acquires the following form:

which reproduces 共54兲. Having these various examples of the
共accelerated兲 evolution of the current universe, one can compare it with recent astrophysical data in the way discussed
recently in 关2,17兴. Of course, above illustrative examples of
current speed-up may correspond to transient acceleration. In
other words, stability of the solutions pretending to be realistic ones should be investigated in detail.

S⫽⫺

1
2

冑 冕
8V 0
3

d 3 xd 

¯
␣⬅

冋

册

d v du
¯
⫹1 ev ⫹u⫺ ␣ ( v ⫺u) ,
d d
2

 0 冑3 ␥

共80兲

.

Varying over v and u, the equations of motion follow:
III. EXACT FRW COSMOLOGY FOR THE „PHANTOM…
SCALAR-TENSOR THEORY WITH AN EXPONENTIAL
POTENTIAL

In this section the exact FRW cosmology in the 共phantom兲
scalar-tensor theory with an exponential potential will be discussed. First, the method that is appropriate to obtain the
exact FRW solutions will be reviewed 关18兴 共for introduction
of similar variables in quantum cosmology, see 关19兴兲. Subsequently, the formulation is extended to the phantom case
with a negative kinetic term.
The action of a scalar ﬁeld  coupled with gravity is
S⫽

1
2

冕

冉

冊

␥
d 4 x 冑⫺g R⫺       ⫺V 共  兲 .
2

共74兲

This action can be regarded as the action with ␣ ⫽0 in 共1兲 or
that obtained by replacing 关 (d⫺1) ␣ 2 /d⫺2 兴 ⫹ ␥ /2 and
e⫺(2 ␣ /d⫺2)  V(  ) in 共3兲 with ␥ /2 and V(  ), respectively.

冉 冊
冉 冊

d 2u
du
⫹ 共 1⫹ ¯
␣兲
d2
d

2

0⫽

du
d 2v
␣兲
⫹ 共 1⫺ ¯
d2
d

2

0⫽

⫺ 共 1⫺ ¯
␣ 兲,

共81兲

␣ 兲.
⫺ 共 1⫹ ¯

共82兲

Since the Hamiltonian H conjugate to  is given by
H⫽⫺

1
2

冑 冕 冋
8V 0
3

d 3x

册

d v du
¯
⫺1 ev ⫹u⫺ ␣ ( v ⫺u) , 共83兲
d d

the Hamiltonian constraint H⫽0 yields
d v du
⫽1.
d d

共84兲

In terms of the new variables V and U, which are given by
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¯

¯

V⬅e(1⫺ ␣ ) v ,

U⬅e(1⫹ ␣ )u ,

共85兲

the equations of motion are
d 2U

d 2V

d

d2

⫽ 共 1⫺ ¯
␣ 2 兲 U,
2

⫽ 共 1⫺ ¯
␣ 2 兲 V.

共86兲

␣ 兩 ⬍1, the solution of 共86兲 is given by
When 兩 ¯
U⫽u ⫹ e

冑1⫺ ¯
␣2

⫹u ⫺ e⫺ 

冑1⫺ ¯
␣2

,

V⫽ v ⫹ e

冑1⫺ ¯
␣2

⫹ v ⫺ e⫺ 

冑1⫺ ¯
␣2

,

Here t 0⫺ is again a constant of integration. Thus, we ﬁnd a
¯2
⬀(⫺t) 2/3␣ , then the universe is shrinking but accelerating
(d 2 a/dt 2 ⬎0) if 共91兲 is satisﬁed. To summarize the 兩 ¯
␣ 兩 ⬍1
case, if v ⫺ ⫽u ⫺ ⫽0 we ﬁnd an eternal expanding solution as
in Sec. II. In the general case, the solution is a bouncing
universe, where ﬁrst the universe shrinks and then it expands.
When 兩 ¯
␣ 兩 ⬎1, the solution of 共86兲 can be written as
U⫽u c cos共  冑¯
␣ 2 ⫺1 兲 ⫹u s sin共  冑¯
␣ 2 ⫺1 兲 ,

␣ 2 ⫺1 兲 ⫹ v s sin共  冑¯
␣ 2 ⫺1 兲 ,
V⫽ v c cos共  冑¯

共87兲

with constants of the integration u ⫾ and v ⫾ . The Hamiltonian constraint 共84兲 restricts the constants as
u ⫹ v ⫺ ⫽⫺u ⫺ v ⫹ .

共88兲

Then the spacetime metric has the following form 关18兴:

with constants u c , u s , v c , and v s , which satisfy
v c u c ⫹ v s c s ⫽0.

v s ⫽ v 0 sin  0 ,

v c ⫽ v 0 cos  0 ,

8
¯
冑 ¯2
冑 ¯2 ¯
ds ⫽⫺
共 v e 1⫺ ␣ ⫹ v ⫺ e⫺  1⫺ ␣ 兲 ␣ / 共 1⫺ ␣ 兲
3V 0 ⫹
冑1⫺ ¯
␣2

⫹u ⫺ e⫺ 

冑1⫺ ¯
␣2

兲 ⫺ 关共 ␣ / 共 1⫹ ␣ 兲兴 d  2

⫹ 共 v ⫹ e

冑1⫺ ¯
␣2

⫹ v ⫺ e⫺ 

冑1⫺ ␣¯2

兲 2/关3(1⫺ ␣ 兲 ]

⫻ 共 u ⫹ e

冑1⫺ ¯
␣2

⫹u ⫺ e⫺ 

冑1⫺ ¯
␣2

兲 2/关3(1⫹ ␣ ) 兴

V⫽ v 0 cos共  冑¯
␣ 2 ⫺1⫺  0 兲 ,

¯

兺

i⫽1,2,3

共 dx i 兲 2 .

¯

ds 2 ⫽⫺

t→t 0⫹ ⫹

冑1⫺ ¯
␣2
¯
␣2

¯

¯

冑

冑1⫺ ¯
␣2兲

¯

¯

¯

¯2  / 冑1⫺ ␣
¯2

¯

¯
␣ 2 ⬍ 23 .

共91兲

Note that if v ⫺ ⫽u ⫺ ⫽0, the behavior in 共90兲 is exact even if
 is not large. The case with v ⫺ ⫽u ⫺ ⫽0 corresponds to the
solution in Sec. II. On the other hand, when  →⫺⬁
冑1⫺ ¯
␣2) 兴

¯

␣ ) 1/3(1⫹ ␣ ) ⫺ 关共 2  /共3
u⫺
e
a→ v 1/3(1⫺
⫺

¯

¯2

冑

¯

¯

␣

¯

¯

¯

3V 0
¯

¯2  / 冑1⫺ ¯
␣2)

共97兲
There are singularities when

 冑¯
␣ 2 ⫺1⫽n  ,

or

共 n⫹ 21 兲  .

共98兲

Here n is an integer. If we write  as  冑¯
␣ 2 ⫺1⫽n  ⫹ ␦  and
assume ␦  is small, we ﬁnd, by neglecting numerical factors,
¯

¯

t⬃ 共 ␦  兲 (2 ␣ ⫹1)/(1⫹ ␣ ) ,

¯

¯

a⬃ 共 ␦  兲 1/[3(1⫹ ␣ )] ⬃t 1/[3(2 ␣ ⫹1)] .
共99兲

␣ ⫹1)/(1⫹ ¯
␣ )⬎0 as 兩 ¯
␣ 兩 ⬎1. Then  ⫽0 correNote that (2 ¯
sponds to t⫽0. At t⫽0, the size of the universe diverges
␣ ⫹1⬍0 (2 ¯
␣ ⫹1⬎0). On the other hand,
共vanishes兲 when 2 ¯
冑
if we write  as  ¯
␣ 2 ⫺1⫽(n⫹  /2)  ⫹ ␦  and assume ␦ 
is small, we ﬁnd, again neglecting numerical factors,

,

8

␣ /关2(1⫺ ␣ ) 兴 ⫺ ␣ /关2(1⫹ ␣ )] ⫺( ␣
⫻v⫺
u⫺
e

¯

共90兲

.
¯2

冑1⫺ ¯␣ 2

¯

¯

⫻cos2/[3(1⫺ ␣ )] 共  冑¯
␣ 2 ⫺1 兲 sin2/[3(1⫹ ␣ )] 共  冑¯
␣ 2 ⫺1 兲 .

Here t 0⫹ is a constant of integration. Hence, a⬀t 2/3␣ and the
universe is accelerating (d 2 a/dt 2 ⬎0) if

t→t 0⫺ ⫺

¯

⫻sin2 ␣ /(1⫹ ␣ ) 共  冑¯
␣ 2 ⫺1 兲 d  2 ⫹ v 20 ␣ /[3(1⫺ ␣ )] u 20 ␣ /1⫹ ␣

␣ /关2(1⫺ ␣ ) 兴 ⫺ ␣ /关2(1⫹ ␣ )] ␣
⫻v⫹
u⫹
e

¯

8 ⫺[2 ¯
¯
¯
¯
v ␣ /(1⫺ ␣ )] u 20 ␣ /(1⫹ ␣ )
3V 0 0

⫻cos⫺[2 ␣ /(1⫺ ␣ )] 共  冑¯
␣ 2 ⫺1 兲

,

8
3V 0

¯

␣ 2 ⫺1⫺  0 兲 .
U⫽u 0 sin共  冑¯
共96兲

As  0 can be absorbed into the constant shift of  , in the
following we choose  0 ⫽0. The space-time metric looks as
follows:

When  →⫹⬁, Eqs. 共78兲 and 共79兲 give
¯

共95兲

As a result, Eq. 共93兲 simpliﬁes

¯

共89兲

␣ ) 1/3(1⫹ ␣ ) 2  /共3
u⫹
e
a→ v 1/3(1⫺
⫹

u s ⫽u 0 cos  0 ,

u c ⫽⫺u 0 sin  0 .

⫻ 共 u ⫹ e

¯

共94兲

The solution of 共94兲 can be given by means of three independent parameters v 0 , u 0 ,  0 as

2

¯

共93兲

¯

.

共92兲
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¯

¯
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Note that (1⫺2 ¯
␣ ⫹1)/(1⫺ ¯
␣ )⬎0 once more, and  ⫽0 corresponds to t⫽0. Then, at t⫽0 the size of the universe di␣ ⬍0 (1⫺2 ¯
␣ ⬎0). These reverges 共vanishes兲 when 1⫺2 ¯
sults for the standard scalar with ␥ ⬎0 are given in 关18兴.
We now extend the above formulation to the case of a
phantom with ␥ ⬍0. For this situation, we deﬁne a complex
ﬁeld z and its complex conjugate z * by
a⫽e

(z⫹z * )/3

 ⫽⫺

,

2i 共 z⫺z * 兲

冑⫺3 ␥

,

共101兲

* ⫽⫺z ⫺ z ⫹
*.
z ⫹z ⫺

By using three real independent parameters b ⫾ and  0 , the
solution of 共111兲 is given by
z ⫹ ⫽b ⫹ ei  0

冑

3V 0 ⫺[2i(z⫺z * )/  冑⫺3 ␥ ]
0
.
e
8

ds 2 ⫽⫺

S⫽⫿

1
2

冑 冕
8V 0
3

d 3 xd 

冋

册

dz dz *
˜
¯
⫹1 ez⫹z * ⫺i ␣ (z⫺z * ) .
d d
共103兲

2

 0 冑⫺3 ␥

a⬃e兵 2  /(3

共104兲

.

冉 冊

2

⫺ 共 1⫹i ˜¯
␣ 兲.

共105兲

1
2

d 3x

册

dz dz *
¯
⫺1 ev ⫹u⫺ ␣ ( v ⫺u) ,
d d

dz dz *
⫽1.
d d

共114兲

.

⫺

共109兲

The solution of 共109兲 is given by

冑1⫹ ˜␣¯2

,

共115兲

3V 0 兵 1/[3(1⫺i ˜¯
˜¯
˜¯
˜¯
˜¯
˜¯
␣ )] 其 ⫺i ␣
/(1⫺i ␣
)⫺2
Z* 1/[3(1⫹i ␣ )]⫹i ␣ /(1⫹i ␣ )⫺2
Z
8
⫻

共108兲

⫽ 共 1⫹ ␣ន 2 兲 Z.

⫹z ⫺ e⫺ 

冑1⫹ ¯˜␣ 2 )

8 兵 ⫺[ ¯
˜2
˜2
˜
¯
¯
e ␣ /(1⫹ ␣ )] 其 I兵 (1⫹i ␣ )ln z ⫹ 其
3V 0

The case corresponds to a phantom. In general,

Eq. 共105兲 can be rewritten as

冑1⫹ ␣ន 2

冑

˜␣ 2 ⬍⫺1.
w⫽⫺1⫺ ¯

ä⫽

˜¯

Z⫽z ⫹ e

˜¯
␣2

,

Here t ⫹ is a constant of the integration. Hence, a⬀ 关 ⫿(t

共107兲

Z⬅e(1⫺i ␣ )z ,

d

冑1⫹ ¯˜␣
˜2
¯
/

By deﬁning a new variable Z as

2

共113兲

冑1⫹ ¯˜␣ 2 )⫹2/[3(1⫹ ¯˜␣ 2 )] 其 R兵 (1⫹i ¯˜␣ )ln z ⫹ 其

⫻e⫺( ␣

共106兲

and the Hamiltonian constraint has the following form:

d 2Z

其 2/[3(1⫺i ␣ )] 兩 2

˜2
¯

冑 冕 冋
8V 0
3

冑1⫹ ¯˜␣ 2

⫺t ⫹ ) 兴 ⫺(2/3␣ ) , which tells that the universe is accelerating
˜¯2
⫺(2/3␣
)⫺2
˜␣ 2 ( 2 ¯
˜2
since ä⬀ 32 ¯
⬎0. The effec3 ␣ ⫹1) 关 ⫾(t⫺t ⫹ ) 兴
tive w is given by

Now, the Hamiltonian H conjugate to  is given by
H⫽⫿

⫹z ⫺ e⫺ 

共 dx i 兲 2 .

2

t⬃t ⫹ ⫿

The sign ⫿ in 共103兲 corresponds to the sign in 共102兲. Varying over z * , one obtains the following equation:
dz
d 2z
␣兲
0⫽ 2 ⫹ 共 1⫺i ˜¯
d
d

兺

i⫽1,2,3

冑1⫹ ␣ន 2

When  →⬁, from 共101兲 and 共102兲, it follows that

Here
˜¯
␣⬅

共112兲

8
冑 ¯˜2
冑 ន2
兩 兵 z e 1⫹ ␣ ⫹z ⫺ e⫺  1⫹ ␣ 其 ␣ /(1⫺i ␣ ) 兩 2 d  2
3V 0 ⫹

⫹ 兩 兵 z ⫹ e

共102兲

⫻

The action 共76兲 becomes

z ⫺ ⫽ib ⫺ e⫺i  0 .

By using z ⫾ in 共112兲, the metric of the spacetime has the
following form:

and deﬁne a new time variable  as in 共79兲 by
d  ⫽⫾dt

共111兲

共110兲

with complex constants of integration z ⫾ . The Hamiltonian
constraint 共107兲 restricts the constants to satisfy

冋

4 共 1⫹ ˜¯
␣ 2 兲 2 2 2 共 1⫹i ˜¯
␣ 兲共 2⫺3i ˜¯
␣兲
z ⫹ z ⫺ Z* 2
Z Z* ⫺
9
˜
¯
9 共 1⫺i ␣ 兲

2 共 1⫺i ˜¯
␣ 兲共 2⫹3i ˜¯
␣兲
˜␣ 兲
9 共 1⫹i ¯

册

* z⫺
*Z 2 .
z⫹

共116兲

If 兩 Z兩 is large, then ä⬎0. We should note that when z ⫺
⫽0, Eq. 共114兲 gives an exact solution corresponding to those
in Sec. II. In this case, Eq. 共114兲 is valid even if 兩 t 兩 is not
small. The solution can be regarded as an attractor. In fact,
when t⬃t ⫹ , all the solutions behave as this one.
On the other hand, when  →⫺⬁ one gets

043539-9

335

Cosmology, the Quantum Vacuum, and Zeta Functions
PHYSICAL REVIEW D 70, 043539 共2004兲

ELIZALDE, NOJIRI, AND ODINTSOV

a⬃e⫺[2  /(3

冑1⫹ ˜␣¯2 )]⫹ 兵 2/[3(1⫹ ˜¯␣ 2 )] 其 R兵 (1⫺i ˜␣¯)ln z ⫺ 其

冑1⫹ ¯˜␣

2

t⬃t ⫺ ⫾

˜¯
␣2

冑

¯
␤⫽

,

8
3V 0

˜¯2
˜2
˜
˜2
␣ )ln z ⫺ 其 ¯
␣ /
/(1⫹ ¯
␣ )]I兵 (1⫺i ¯

⫻e⫺[ ␣

e

冑1⫹ ˜¯␣ 2

.

共117兲

Here t ⫺ is a constant of integration again. Thus, a⬀„⫾(t
˜¯2

⫺t ⫺ )…⫺(2/3␣ ) and, once more, the universe is accelerating.
The solution 共113兲 is almost given by the analytic con˜␣ of that 共89兲, which corresponds to the stantinuation ¯
␣ →i ¯

dard 共nonphantom兲 scalar. The behavior obtained for the solution 共113兲 is, however, rather different from the
nonphantom case. In the case of a nonphantom with ␥ ⬎0 in
共89兲, which has been investigated in 关18兴, when 兩 ¯
␣ 兩 ⬍0, the
behavior in 共90兲 or 共92兲 shows that there is a singularity only
in the inﬁnite future or past, since  →⫾⬁ corresponds to t
→⫾⬁. On the other hand, when 兩 ¯
␣ 兩 ⬎0, the behavior in
共99兲 or 共100兲 indicates that there might be Big Rip 关8 –10兴 or
Big Crunch singularity in the ﬁnite future. Even for nonphantom matter, when the strong energy condition is applied,
a ﬁnite-time future singularity may occur 关20兴. In the phantom case in Eq. 共114兲 or 共117兲,  →⫾⬁ corresponds to t
→0. The singularity occurs in the ﬁnite future or past. Thus,
if the universe is expanding, there should be a ﬁnite-time
future singularity. This singularity is nothing but the Big Rip
关8 –10兴. If there is a singularity in the past, the universe is not
expanding but shrinking. In this sense, the solution with a
past singularity is related to that with a future singularity, by
reversing the direction of time.
It is possible to relate the action 共74兲 to the action 共3兲 in
the Einstein frame by identifying g   , ␥ , and V(  ) with
g E   , 关 (d⫺1) ␣ 2 兴 /(d⫺2)⫹ ␥ /2 共with d⫽4), and
e⫺[2 ␣ /(d⫺2)  ] V(  ) 共with d⫽4 again兲, respectively. The
physical metric is obtained by rescaling the metric as the
reverse of 共2兲. Instead of 共75兲, we now assume that the physical metric is given by
¯

冉

ds 2 ⫽e␤  ⫺dt 2 ⫹a 共 t 兲 2

兺

i⫽1,2,3

冊

共 dx i 兲 2 .

4
˜¯
␣ 冑⫺3 ␥

Since a behaves as a⬃ 兩 t⫺t ⫾ 兩
¯
␤ ⫽⫺

1

ln兩 t⫺t ⫾ 兩 .

˜2
⫺(2/3¯
␣ )

冑

˜¯
␣

␥
⫺ ,
3

˜¯2

˜2
¯

the case of 共121兲, t̃⬀ t̃ ⬘0 ⫹ 兩 t⫺t ⫾ 兩 ⫺(2/3␣ )⫹1 . Here t̃ ⬘0 is a con˜␣ 2 ⬎ 3 , t→t (  →⫾⬁) corresponds
stant of integration. If ¯

IV. QUANTUM EFFECTS MAY CHANGE THE FINITE
TIME FUTURE SINGULARITY

Let us again start from the scalar-tensor theory with a
single scalar that can be an effective phantom,
L⫽

冉

冊

˜␥
1

2 R⫹ g       ⫺V 共  兲 ,

2

共122兲

where ˜␥ ⫽⫾1. It would be interesting to investigate the
quantum properties of such scalar-tensor gravity. Indeed, it is
known that the phantom theory develops a catastrophic instability at the quantum level. Hence the point is that taking
into account quantum gravity effects 共or, simply quantum
effects兲 could improve the situation.
The calculation of the one-loop effective action in the
former, non-renormalizable theory may indeed be performed
共using the above parametrization and some choice for the
gauge condition兲. The result is
1 L2
W 1-loop⫽⫺ ln 2
2 

⫹

共119兲

the singularity corresponding to  →⫹⬁ is cancelled, but
there remains a singularity corresponding to  →⫺⬁. On the
other hand, if

⫾

2

to t̃→ t̃ 0 , again. If ˜¯
␣ 2 ⬎ 23 , however, t→t ⫾ (  →⫾⬁) corresponds to t̃→⫾⬁. Hence, the singularity does not occur
within ﬁnite time. This example shows that the type 共or even
the presence itself兲 of the singularity is also related with the
choice of physical metric 共frame兲.

⫹

共120兲

共121兲

⫺t ⫾ 兩 (2/3␣ )⫹1 . Here t̃ 0 is a constant of integration. The limit
t→t ⫾ (  →⫾⬁) corresponds to t̃→ t̃ 0 . On the other hand, in

共118兲

, if

˜
¯

␥
⫺ ,
3

the singularity corresponding to  →⫺⬁ is cancelled, but
there remains a singularity corresponding to  →⫹⬁. In the
metric 共118兲, the cosmological time t̃ is deﬁned by d t̃ ⫽
⫾e( ␤ /2)  dt, then in case of 共120兲, we ﬁnd t̃⬀ t̃ 0 ⫹ 兩 t

For  →⫾⬁,  behaves as

 ⬃⫿

冑
␣
1

冋

冕

d 4 x 冑⫺g

册

再

1
5 2
V ⫺ ˜␥ 共 V ⬘ 兲 2 ⫹ 共 V ⬙ 兲 2
2
2

冋

册

˜␥
˜␥
43 2
13
V⫺2V ⬙  ,   ,  ⫺
V⫹ V ⬙ R⫹ R ␣␤
2
3
12
60

冎

5
1 2 ˜␥
R ⫺ R  , ,⫹ 共  , , 兲2 .
40
6
4

共123兲

The above one-loop action is found in Ref. 关21兴. In order to
consider this effective action as a ﬁnite quantum correction
to the classical one, the cut-off L should be identiﬁed with
the corresponding physical quantity. For instance, when the
universe is in the 共almost兲 de Sitter phase, the natural choice
is L 2 ⫽ 兩 R 兩 , as the curvature is strong enough and constant
关12,13兴. At the same time, in the region where 兩 V 兩 Ⰷ 兩 R 兩 , L 2
should be identiﬁed with 兩 V 兩 .
Hence, even in the situation with V⫽0, starting from the
action 共122兲 with the usual scalar, the phantom terms may be
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induced. This happens if the universe goes through a region
with negative curvature. With account to the potential, for
some ﬁne-tuning of V one can again arrive to the QGinduced phantom theory, which subsequently can change the
universe evolution.
Here, we consider the action where L 2 is replaced with
兩 R 兩 as a simple example
W 1-loop⫽⫺

1
2

冋

冕

d 4 x 冑⫺g ln

册

再

The variations of this action are given by
1 兩R兩
␦ W 1-loop
⫽⫺ ln 2
␦

2 
冑⫺g
1

⫹

1
兩R兩 5 2
V ⫺ ˜␥ 共 V ⬘ 兲 2 ⫹ 共 V ⬙ 兲 2
2
 2
2

冋

册

⫻

˜␥
˜␥
43 2
13
⫹ V⫺2V ⬙  ,   ,  ⫺
V⫹ V ⬙ R⫹ R ␣␤
2
3
12
60

冎

⫹

˜␥
1
5
⫹ R 2⫺ R  , ,⫹ 共  , , 兲2 .
40
6
4

再 冉

共124兲

冋
冋冉

再冋

册

1
5 2
⬘
V ⫺ ˜␥ 共 V ⬘ 兲 2 ⫹ 共 V ⬙ 兲 2
2
2

册

˜␥
⬘
V⫺2V ⬙  ,   ,  ⫺2ⵜ
2

冊 册冋

册

˜␥
˜␥
⬘
13
V⫺2V ⬙  ,  ⫺
V⫹ V ⬙ R
2
3
12

冎

˜␥
ⵜ 共 R  ,  兲 ⫺5ⵜ „共  ,   ,  兲  ,  … ,
3 
共125兲

冉

冊

冉

冊

˜␥
˜␥
1 兩R兩 1  5 2
1
43 2
1
␦ W 1-loop
13
⫽⫺ ln 2
⫹ R2
g
V ⫺ ˜␥ 共 V ⬘ 兲 2 ⫹ 共 V ⬙ 兲 2 ⫹ V⫺2V ⬙  ,   ,  ⫺
V⫹ V ⬙ R⫹ R ␣␤
2  2
2
2
2
3
12
60
40
冑⫺g ␦ g  
1

⫺
⫻
⫹

冊冉

冊

冉

冊

冊

˜␥
43
43
1
13
V⫹ V ⬙ ⫺ R  R  ⫹ 兵 共 ⵜ␣ ⵜ  R ␣ ⫹ⵜ␣ ⵜ  R ␣  兲 ⫺ⵜ 2 R   ⫺g   ⵜ ⵜ R  其 ⫹ RR  
3
12
30
60
20

˜␥
˜␥
˜␥
1
5
共 ⵜ  ⵜ  ⫺g   ⵜ 2 兲 R⫹ R    ,   ,  ⫺ 共 ⵜ  ⵜ  ⫺g   ⵜ 2 兲共  ,   ,  兲 ⫹ R       ⫺  ,   ,   ,   , 
20
6
6
6
2

冋 冉

⫹ 共 ⫺R   ⫹ⵜ  ⵜ  ⫺g   ⵜ 2 兲 ⫺
⫹

冉

˜␥
˜␥
˜␥
13
5
R  ,   ,  ⫹ 共  ,   ,  兲 2 ⫺ V⫺2V ⬙  ,   ,  ⫹
V⫹ V ⬙ R   ⫺ 共 ⵜ  ⵜ  ⫺g   ⵜ 2 兲
6
4
2
3
12

˜␥
43 2
1
5
R ⫹ R 2⫺ R  , ,⫹ 共  , , 兲2
60 ␣␤ 40
6
4

In the case of occurrence of the Big Rip singularity, the
curvature quickly grows. However, this means that quantum
effects 共e.g., quantum gravity effects兲 become important not
only for the early universe, but also for the future universe.
These quantum effects may even become dominant when the
universe approaches the Big Rip. Suppose that the quantum
correction becomes dominant owing to the fact that W 1-loop
contains higher-derivative terms. In this case one can neglect
the classical terms. To simplify the situation even more, we
assume that the curvature and the scalar ﬁeld  are constant
3
R ⫽ 2 g  ,
l

R⫽

12
,
l2

 ⫽c.

冋

册

冋

册

˜␥
˜␥
1 5 2
1
13
V ⫺ ˜␥ 共 V ⬘ 兲 2 ⫹ 共 V ⬙ 兲 2 ⫹ V⫺2V ⬙  ,   ,  ⫺
V⫹ V ⬙ R
2R 2
2
2
3
12

冊 册冎

共126兲

.

V 共  兲 ⫽V 0 e⫺2(  /  0 ) .

共128兲

Then from 共125兲 and 共126兲, we obtain

共127兲

The potential V(  ) is chosen as the exponential function of
,
043539-11
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1

冋 冉
冉 冊

冊

1 兩R兩
4 5 4 ˜␥
8
⫽⫺ ln 2 ⫺
⫹
V 2 e⫺(4c/  0 )
⫺
2 
 0 2  20  40 0
⫹

册

˜␥
2 13
12
V e⫺(2c/  0 ) 2 ,
⫹
 0 3 3  20 0
l
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0⫽

冏 冏

␦ W 1-loop
冑⫺g ␦ g  
1

 ⫽  0 ln

冋 冉 冊再冉
冉 冊
冉
冊
冉 冊

1
12
⫽g   ⫺ ln 2 2
4
l 

冊
冎

t 21 ⫽⫺

冉

冊冉

冏 冏

册

冊

共130兲

冉

⫺(2c/  0 )

V 0e

冊

d
0⫽⫺ ␥
⫺V ⬘ 共  兲 .
⫹3H
2
dt
dt
The energy density   is

冉 冊

␥ d
 ⫽
2 dt

共135兲

冊

.

共136兲

Here H⫽ȧ/a. Then a solution of 共132兲 and 共134兲 is

.

冉 冊

.

共131兲

共137兲

2

,

共138兲

˙ ⫽0. Hence, for the
which is positive if ␥ ⬍0, H⬎0, and 
phantom with negative ␥ , the energy density increases in
general. We should also note that since the contribution to  
from the kinetic term is negative if ␥ ⬍0, we ﬁnd

  ⭐V 共  兲 .

共139兲

For the case V(  )⫽0, the energy density   is not positive.
In general, the Big Rip singularity occurs due to the rapid
increase of the energy density of the phantom scalar. When
V(  )⫽0, the singularity does not occur. To be concrete, we
also consider here matter to be dust, whose energy density is
given by

 d⫽

0
,
a3

共140兲

with a constant  0 , which we assume to be positive. When
V(  )⫽0, the solution of 共132兲 is given by
c
d
⫽ .
dt a 3

共141兲

Here c is a constant. Then the FRW equation has the form:
6 2 ␥c2 0
H ⫽ 6⫹ 3.
2
2a
a

共132兲

共142兲

Equation 共142兲 can be solved easily as
a 3 ⫽⫺

共133兲

and the FRW equation has the following form:
6 2
H ⫽ .
2

⫺( ␥ 2 /4)

d
d
⫽⫺3 ␥ H
dt
dt

2

⫹V 共  兲 ,

t s ⫺t
t1

For a phantom with ␥ ⬍0, a grows up to inﬁnity at t⫽t s ,
which is the Big Rip singularity 关8 –10兴.
In general, Eq. 共132兲 shows that

⫺1

We should note, however, that Eq. 共130兲 is not consistent
with the expression in 共131兲 in general. Then, Eq. 共130兲
might be regarded as an equation determining  . We should
also note that the right-hand side 共rhs兲 in 共131兲 is not always
positive. In the case ˜␥ ⬎0, when ˜␥ 2 ⬍5, the rhs in 共131兲 is
positive, but when ˜␥ 2 ⬎5, it is positive if  20 ⬎ 54 ( ˜␥
⫹ 冑˜␥ 2 ⫺5) or  20 ⬍ 54 ( ˜␥ ⫺ 冑˜␥ 2 ⫺5). On the other hand, in a
phantom case ˜␥ ⬍0, the rhs in 共131兲 is positive if  20
⬎⫺( ˜␥ /13). Anyway, there may occur a 共asymptotically兲 de
Sitter solution. Thus, before entering the Big Rip singularity,
the universe becomes a quantum de Sitter space. This qualitative discussion indicates that the ﬁnite-time future singularity may never occur 共or, at least may become milder兲 under
the conjecture that quantum effects become dominant just
before the Big Rip. Due to the sharp increase of the curvature
invariants near the Big Rip, such a conjecture looks quite
natural.
A similar phenomenon occurs even without quantum
gravity. Indeed, let us consider again the phantom theory of
Sec. III with the same potential. For the FRW background, if
we assume that  only depends on time, the equation of
motion for  is given by
d 2

3 ␥ 2
4

2V 0

a⫽a 0

Equation 共129兲 can be solved with respect to l 2 :
˜␥
13
⫹
3 3  20

␥ 2
.
4 共 t s ⫺t 兲

Equation 共135兲 shows

˜␥
3 13
441
V 0 e⫺(2c/  0 ) ⫺
.
⫹
2
2l
3
40l 4
3  20

8
12
5 4 ˜␥
R⫽ 2 ⫽2 ⫺ 2 ⫹ 4
l
2 0 0

冉

␥ 20 1⫺

˜␥
13
12 147
⫺
V e⫺(2c/  0 ) 2 ⫹ 4
⫹
3 3  20 0
l
5l

⫹

H⫽⫺

Here t s is a constant of integration and t 1 is given by

8
5 4 ˜␥
⫹
V 2 e⫺(4c/  0 )
⫺
2  20  40 0

1 5 4 ˜␥
8
⫹
⫺ 2 ⫹ 4 V 20 e⫺(4c/  0 )
8 2 0 0

t s ⫺t
,
t1

共134兲

␥c2 92
⫹
共 t⫺t s 兲 .
2  0 4  20

共143兲

Here t s is a constant of the integration. Then, there is no
singularity and no acceleration, either.
The Big Rip singularity in 共137兲 occurs because the potential is unbounded and goes to positive inﬁnity when 
→⫺⬁. Equation 共139兲 tells that if V(  ) is bounded from
above and has a maximum V m as for V(  )⫽0 case, the
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energy density does not grow up inﬁnitely and the Big Rip
singularity does not occur. We now assume for the large
negative  , the potential approaches a constant,
V 共  兲 →V m 共 constant兲 when  →⫺⬁.
In the region, Eq. 共132兲 reduces to
0⫽⫺ ␥

冉

d 2
dt

2

⫹3H

共144兲

冊

d
,
dt

共145兲

b ⬘ ⫽⫺

N⫹11N 1/2⫹62N 1 ⫹1411N 2 ⫺28N HD
360共 4  兲 2

共146兲

冉 冊

6 2 ␥ d
H ⫽
2
2 dt

H⫽h 0 ⫹ ␦ h,
共147兲

The ﬁrst term in the rhs could be neglected for a large universe. Then, for large a, one gets the de Sitter space as a
solution
H 2→

Vm
.
62

共148兲

Thus, one way to avoid the singularity might be that, in the
present universe for large negative  there is an upper bound
in the potential. In this respect, it is also interesting to note
that there are phantomlike models, such as generalized
Chaplygin gas, where ﬁnite-time future singularity does not
occur 关22兴.
Another way to argue this is to take into account quantum
effects, say, for conformally invariant matter. Then the contributions coming from the conformal anomaly to the energy
density  A and pressure p A are 共see 关23兴兲

 A ⫽⫺6b ⬘ H 4 ⫺
⫹3

冉

冉 冊冎
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dt
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冉
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冎冉

冊再
冉 冊冎
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2
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dt
3
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dH
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共 t s ⫺t 兲

冏 冏

共153兲

 ⫽  0 ln
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冊

冉

2V 0 t 21
3h 0
2
⫹
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 0 共 t s ⫺t 兲 2

冊

共154兲

␥ 20
,
2

3
2

␦  ⫽⫺ 共 t s ⫺t 兲 .

共155兲

Then from 共152兲, we have

冉

冊

2
d 2␦ h
3 ␥ h 0 0
⫹o 关共 t s ⫺t 兲 ⫺1 兴 ,
⫹6h 0 b⫹b ⬙
t s ⫺t
3
dt 2
共156兲

and

d 3H

␦ h⫽

dt 3
共150兲

⫺
2

V 0 t 21 ⫽⫺

冏 冏

␥ 0
t s ⫺t
.
共 t s ⫺t 兲 ln
2
t2
2 b⫹b ⬙
3

冉

冊

共157兲

Here t 2 is a constant of integration. Since H⫽ȧ/a, the scale
factor is

In general, with N scalar, N 1/2 spinor, N 1 vector ﬁelds, N 2
(⫽0 or 1兲 gravitons, and N HD higher-derivative conformal
scalars, b, b ⬘ , and b ⬙ are given by
b⫽

0

2

.

共152兲

which gives

0⫽
共149兲

⫹V 共  兲 ⫹  A .

⫹o 关共 t s ⫺t 兲 ⫺1 兴 ,

dH
dt

,

2

Here h 0 , t s , and t 1 are constants. We assume that when t
→t s , ␦ h and ␦  become very small compared with the ﬁrst
terms, respectively. In H, however, as the ﬁrst term is a constant, only the second term contributes to dH/dt and
d 2 H/dt 2 . From 共132兲 with the same exponential potential,
one obtains

2

p A ⫽b ⬘ 6H 4 ⫹8H 2
⫺12H

冊再

共151兲

We now write H and  as

The FRW equation becomes
6 2 ␥c2
H ⫽ 6 ⫹V m .
2
2a

b ⬙ ⫽0.

Near the Big Rip singularity, the scale factor a blows up,
as in 共137兲, at t⫽t s . Then the curvatures behave as R⬀ 兩 t
⫺t s 兩 ⫺2 , and they become large. Since the quantum correction includes the square of the curvatures, the correction becomes large and important near the Big Rip singularity. Now
the FRW equation has the following form:

which can be solved as in 共141兲. Then the energy density  
共133兲 has the following form:

␥c2
  ⫽ 6 ⫹V m .
2a

,

冏 冏

a⫽a 0

t s ⫺t
t2

兵 ␥ 0 /4[(2/3)b⫹b ⬙ ] 其 (t s ⫺t) 2

⫻e⫺h 0 (t s ⫺t)⫺ 兵 ␥ 0 /8([(2/3)b⫹b ⬙ ] 其 (t s ⫺t)

,

2 ⫹o[(t ⫺t) 2 ]
s

.
共158兲
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In d 2 a/dt 2 or dH/dt, there appears a logarithmic singularity.
The behavior of the singularity, however, becomes rather
milder than the case without quantum correction, where due
to the singularity at t⫽t s , the universe cannot develop beyond the singularity. Since the singularity becomes mild due
to the quantum correction and a and H are ﬁnite at t⫽t s , the
universe can develop to the region t⬎t s . Then, essentially
the Big Rip singularity is removed due to the quantum correction.

共also without standard matter兲, model of this kind was discussed, with different purposes, in Ref. 关25兴.
The equation of motion has the following form:

0⫽

1
␦S
⫽
 共 R ␣ 冑⫺gg      兲 .
␦

冑⫺g
冑⫺g 
1

The metric is again chosen to describe a FRW universe with
ﬂat three-space,

V. GRAVITY-ASSISTED DARK-ENERGY DOMINANCE
AND EFFECTIVE PHANTOM ANDÕOR QUINTESSENCE
COSMOLOGY

ds 2 ⫽⫺dt 2 ⫹a 共 t 兲 2

Recently, an effective phantom and/or quintessence description of the late time universe was obtained via the introduction of a new higher-derivative coupling between matter and gravity 关24兴. It was shown that such a model may
explain the gravity-assisted dark-energy dominance. In this
section we will consider a simple 共scalar兲 example of this
kind of model when standard matter is also included.
The starting action is
S⫽

冕

d 4 x 冑⫺g

再

冎

1
R⫹R ␣ L d ⫹L m .
2

0⫽

再

冎

1 1 
␦S

⫽ 2
.
g R⫺R   ⫹T̃   ⫹T m
␦
g

2
冑⫺g  
1

共160兲

Here the effective energy momentum tensor T̃   is deﬁned
by
T̃   ⬅⫺ ␣ R ␣ ⫺1 R   L d ⫹ ␣ 共 ⵜ  ⵜ  ⫺g   ⵜ 2 兲共 R ␣ ⫺1 L d 兲
⫹R ␣ T   ,

T

⬅

␦

冑⫺g ␦ g  

冉冕

冊

d x 冑⫺gL d .
4

R ␣L d⫽

1

␦

冑⫺g ␦ g  

冉冕

冊

d 4 x 冑⫺gL m .

0⫽⫺

 d⬅

共162兲

共163兲

共164兲

Note that for the above L d choice and with a higherderivative scalar curvature term in the gravitational sector

q2
,
2a 6 R ␣

共168兲

3 2
H ⫹  d⫹  m ,
2

再

36q 2
␣ 共 ␣ ⫹1 兲
␣ ⫹1 2
ḦH⫹
Ḣ
共 6Ḣ⫹12H 2 兲 ⫺ ␣ ⫺2
a6
4
4

冉

⫹ 1⫹

冊

冉

冊 冎

13
7
␣ ⫹ ␣ 2 ḢH 2 ⫹ 1⫹ ␣ H 4 .
4
2

共169兲

Here  m is the energy density of the standard matter. Speciﬁcally, when ␣ ⫽⫺1, Eq. 共169兲 looks like

For simplicity, the Lagrangian density of a free massless scalar is considered as L d ,
L d ⫽⫺ 21       .

共167兲

which becomes dominant when R is small 共large兲 compared
with the Einstein term (1/ 2 )R if ␣ ⬎⫺1 ( ␣ ⬍⫺1). Thus,
one arrives at the remarkable possibility that dark energy
grows to asymptotic dominance over the usual matter with
decrease of the curvature.
Combining
共159兲
and
共160兲,
one
gets
S
⬃ 兰 d 4 x 冑⫺g 兵 (1/ 2 )R⫹ 关 q 2 /(2a 6 R ␣ ) 兴 其 , which may indicate
R⬃a ⫺[6/( ␣ ⫹1)] . Then the curvature R might be stabilized to
have a nontrivial minimum due to the second term in 共159兲.
Substituting 共167兲 into 共160兲, the (  ,  )⫽(t,t) component of the equation of motion has the following form:

The standard matter part of the energy momentum tensor

Tm
is also deﬁned as

⬅
Tm

共166兲

Here q is a constant of integration. Hence

共161兲

1

共 dx i 兲 2 .

˙ ⫽qa ⫺3 R ⫺ ␣ .

and T   is given by


兺

i⫽1,2,3

If one assumes that  depends only on t 关  ⫽  (t) 兴 , the
solution of the scalar-ﬁeld equation 共165兲 is given by

共159兲

Here L d is the matterlike Lagrangian density 共dark energy兲
and L m the Lagrangian density of the 共standard兲 matter. By
variation over g   , the equation of motion follows:

共165兲

0⫽⫺

冉

冊

15q 2 2
3
H ⫹m .
2⫹

2a 6

共170兲

If  m ⫽0, this equation has only the trivial solution H⫽0 (a
is a constant兲.
When  m ⫽0, we can easily ﬁnd the accelerating solution
of 共169兲 关24兴,
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冉
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冊

␦ ⬀t x 0 .

␣ ⫹1
,
3t

Here x 0 is a constant. Then Eq. 共177兲 gives

 2 q 2 共 2 ␣ ⫺1 兲共 ␣ ⫺1 兲
␣ ⫹2 .
2
3 共 ␣ ⫹1 兲 ␣ ⫹1 共 2 ␣ ⫺1 兲
3

冉

冊

⫺2 共 ␣ ⫹1 兲共 2 ␣ ⫺1 兲共 ␣ ⫺1 兲 .

共172兲

a⬀t 2/[3(w⫹1)] .
For a⬀t

0⫽9 ␣ x 30 ⫹9 ␣ 共 ␣ ⫹1 兲 x 20 ⫹ 共 ⫺4 ␣ 3 ⫹27␣ 2 ⫹48␣ ⫹14兲 x 0

共171兲

Equation 共171兲 tells that the universe accelerates, that is, ä
⬎0 if ␣ ⬎2. Even for ␣ ⬍⫺1, by changing the time variable by t→t 0 ⫺t (t 0 is a constant兲, the universe is expanding
and accelerating. In this case, however, there is a Big Rip
singularity at t⫽t 0 .
For the matter satisfying the relation p⫽w  , where p is
the pressure and  the energy density, from the usual FRW
equation, one has

h0

2
w⫽⫺1⫹
,
3h 0

共173兲

0⫽⫺4 ␣ 3 共 1⫹x 0 兲 ⫹O共 ␣ 2 兲 .

共180兲

x 0 ⬃⫺1.

共181兲

Hence

With x 0 ⫽O( ␣ ), one obtains
0⫽⫺4 ␣ 3 x 0 ⫹9 ␣ 2 x 20 ⫹9 ␣ x 30 ⫹O共 ␣ 3 兲 .

共182兲

␣
4␣
.
x 0 ⬃0, ,⫺
3
3

共183兲

As a result

and an accelerating expansion (h 0 ⬎1) of the universe occurs if
⫺1⬍w⬍⫺ 31 .

共174兲

For the case of 共171兲, one ﬁnds

共179兲

As clear from 共175兲, when ␣ →⫹⬁, wⲏ⫺1, which corresponds to quintessence and, when ␣ →⫺⬁, we ﬁnd w
ⱗ⫺1, which corresponds to a phantom. Imagine that parameter ␣ →⫾⬁. If we assume x 0 ⫽O(1), Eq. 共179兲 reduces to

it follows that

Note that the ﬁrst solution x 0 ⬃0 corresponds to the solution
in 共181兲 because we have assumed x 0 ⫽O( ␣ ). The perturbation looks as

␦ ⬃ ␦ 1 t ⫺1 ⫹ ␦ 2 t ␣ /3⫹ ␦ 3 t ⫺(4 ␣ /3) .

1⫺ ␣
w⫽
.
1⫹ ␣

共175兲

Then if ␣ ⬍⫺1, w⬍⫺1, what corresponds to an effective
phantom. In this case, changing t as t 0 ⫺t in 共171兲, there
appears a Big Rip singularity at t⫽t 0 . In 关26兴, however, it
has been shown that the phantom energy with w⬍⫺1 makes
the radius of the wormhole spacetime 共when it does occur兲 to
increase in time and thus before the Big Rip the radius becomes inﬁnite and, as a result, the Big Rip singularity may
be avoided.
It is interesting to investigate the stability of the solution
in 共171兲. For this purpose, we write the scale factor a as
a⫽a 0 t ( ␣ ⫹1)/3共 1⫹ ␦ 兲

共178兲

共 兩 ␦ 兩 Ⰶ1 兲 .

共176兲

Here a 0 is given in 共171兲. From 共169兲, it follows that

⫺

2 共 2 ␣ 3 ⫺18␣ 2 ⫺33␣ ⫺7 兲 d ␦
t3
dt

⫹

9 ␣ 共 ␣ ⫹4 兲 d 2 ␦ 9 ␣ d 3 ␦
⫹
.
t2
dt 2
t dt 3

Here ␦ 1,2,3 are constants. The second term in 共184兲 may indicate the instability of the solution 共171兲. When ␣ →⫹⬁,
which corresponds to quintessence, the second term may become dominant when t→⬁. On the other hand, since the
case ␣ →⫺⬁ corresponds to the phantom, we replace t
→t 0 ⫺t. The second term may become dominant near the
Big Rip t→t 0 . This might, however, indicate that the Big
Rip never occurs, since the Big Rip solution is unstable. In
other words, even if the present universe equation-of-state
parameter looks as wⱗ⫺1, the universe might transit to
another solution corresponding to the second term in 共184兲.
However, it is difﬁcult to ﬁnd the nonperturbative behavior
of the solution corresponding to the second term in 共184兲.
The ␣ →⫺1 case, which corresponds to w→⫺⬁, can be
also considered. Let us write

␣ ⫽⫺ 共 1⫹ ⑀ 兲

2 共 2 ␣ ⫺1 兲共 ␣ ⫹1 兲共 ␣ ⫺1 兲
␦
0⫽⫺
t4

共184兲

共 ⑀ Ⰶ1 兲 .

共185兲

It is natural to assume that ⑀ is positive. Equation 共179兲 gives
0⫽⫺9 共 1⫹ ⑀ 兲 x 30 ⫹9 ⑀ x 20 ⫹ 共 ⫺3⫹18⑀ 兲 x 0 ⫹12⑀ ⫹O共 ⑀ 2 兲 .
共186兲
共177兲

Its approximate solution is
x 0 ⫽4 ⑀ ,

The solutions of 共177兲 are given as
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The perturbation ␦ is found to be given by

On the other hand,  d behaves as

 d ⬀t ⫺2 .

␦ ⫽ ␦ 0 共 t 0 ⫺t 兲 4 ⑀ ⫹ 共 t 0 ⫺t 兲 ⫺ 3/2 ⑀ 兵 ␦ c cos关 )1 共 1⫺ 27 ⑀ 兲 ln共 t 0 ⫺t 兲兴
⫹ ␦ s sin关 )1 共 1⫺ 27 ⑀ 兲 ln共 t 0 ⫺t 兲兴 其 .

共188兲

Here ␦ 0 , ␦ c , and ␦ s are constants. The ﬁrst term decreases
near the Big Rip at t⫽t 0 , but the other terms oscillate rapidly near the Big Rip and the amplitude becomes large,
which also shows the instability of the 共transient acceleration兲 solution 共171兲. This may be quite an acceptable result,
on the condition that it lasts sufﬁciently long enough to comply with observational data. The way to avoid a ﬁnite-time
future singularity due to the instability of the accelerating
cosmology may deserve some attention.
The case ␣ ⲏ1 corresponds to wⱗ0. With

␣ ⫽1⫹ ⑀

共 0⬍ ⑀ Ⰶ1 兲 ,

共189兲

Since ␤ ⫽4 for the radiation and ␤ ⫽3 for the dust and the
acceleration of the universe occurs when ␣ ⬎2, we may assume ␤ ⬎2 and ␣ ⬎2. As a result,
共 ␣ ⫹1 兲 ␤
⬎2.
3

a⫽

0⫽9 共 1⫹ ⑀ 兲 x 30 ⫹ 共 18⫹27⑀ 兲 x 20 ⫹ 共 85⫹90⑀ 兲 x⫺4 ⑀ ⫹O共 ⑀ 2 兲 .
Its solution is
4
x 0 ⫽ ⫹O共 ⑀ 2 兲 ,
85

2i
⫺1⫾ ⫹O共 ⑀ 兲 .
9

共191兲

冋 冉 冊

冉 冊册

1
2
2
␦ˆ cos ln t ⫹ ␦ˆ s sin ln t
t c
9
9

. 共192兲

共193兲

Here  0 and ␤ are constant. From Eq. 共170兲 it follows

t⫽

冑 冕
3

0

2

daa ( ␤ /2)⫺4

冑

a 6⫹

5q 2  2
.
2

共194兲

For the case of a general ␣ , if the dark-energy density is
dominant:  d Ⰷ  m , the solution should behave as 共171兲.
Hence, the energy density  m of the standard matter evolves
as
␤ ⫺[( ␣ ⫹1) ␤ /3]
 m⫽  0a ⫺
.
0 t

␤ 2 0 2
12

共195兲

冊

1/␤

t 2/␤ .

共198兲

 d ⬃t 2 ␣ ⫺(12/␤ ) .

共199兲

12
⬎⫺2,
␤

共200兲

Hence if
2␣⫺

Here ␦ˆ 0 , ␦ˆ c , and ␦ˆ s are constants, too. The ﬁrst term increases with t, and thus the solution 共171兲 may be unstable
again.
Even with numerical calculation for general ␣ , there
seems to be instabilities in the solution 共171兲 if w⬍0 although the solution could be stable if w⬎0. This may suggest again that the acceleration of such a dark-energy universe might be transient.
So far the standard matter contribution has been neglected. When  m ⫽0, the simple assumption is that  m behaves as

 m⫽  0a ⫺␤.

冉

The energy density of the standard matter  m behaves as
 m ⬃t ⫺2 . On the other hand, the dark energy behaves as

Therefore ␦ is given by

␦ ⬃ ␦ˆ 0 t 4 ⑀ /85⫹

共197兲

When time t grows,  m decreases further as compared with
d .
The essence of a gravity-assisted dark-energy dominance
is clearly seen in the example below. Let the standard matter
dominate, as compared with the dark energy  m Ⰷ  d . Then
the scale factor is given by that of the standard FRW equation

Eq. 共179兲 gives
共190兲

共196兲

the dark energy  d becomes larger as time passes. Equation
共200兲 can be satisﬁed if ␣ , ␤ ⬎2 as in the dark-matter dominant case.
Let us assume that in the early universe, the standard
matter and/or radiation is dominant. The universe evolves
according to 共198兲. From 共200兲, dark energy increases with
time growth. When  d ⲏ  m , as in the present universe, the
acceleration of the universe begins. Thus, in the future the
accelerating universe evolves with the scale factor 共171兲.
However, that is most probably a transient acceleration. This
is not strange owing to the fact that the above effective phantom and/or quintessence description is achieved by means of
a higher-derivative coupling between dark matter and gravity. It is known that higher-derivative gravities 共see 关13兴 for a
review兲 may have problems with unitarity 共stability兲 when
they are considered as fundamental theories. Hence, the
model under discussion should be treated as a kind of effective matter-gravity theory. It would be interesting to analyze
some astrophysical predictions of our model 共say, rotation
curves of galaxies兲 in the way it was recently discussed, e.g.,
in 关27兴.
VI. DISCUSSION

In summary, 共phantom兲 scalar-tensor cosmology with an
exponential scalar potential suggests the comely possibility
of a dark-energy universe with an equation-of-state parameter w, which is negative and very close to ⫺1. Convenient
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choices of the theoretical parameters may shift the explicit
value of w from above to below ⫺1. Moreover, such a universe naturally admits a 共transient or eternal兲 acceleration
phase. A very nice property of this theory is that what appears as a phantom in one frame may appear as a standard
scalar in another frame. It is demonstrated that in the situation when a ﬁnite-time future singularity is predicted by the
growing phantom-energy density, the consideration of quantum gravity effects might drastically change the future of our
universe, removing the singularity in a quite natural way.
From another side, it is also shown that a higher-derivative
gravity-matter coupling term being not the phantom may in
fact provide an effective phantom and/or quintessence description of the late-time universe, suggesting the possibility
of a dark-energy model of a brand new type. In this case,
gravity makes dark energy become the 共evolving兲 main contribution to the total energy density—as compared with the
standard matter and/or radiation, which was initially
dominant—which leads to the appearance of the phase of
transient acceleration.
Current attention to phantom models as dark-energy candidates is not driven by the internal consistency and/or
beauty of this theory, which still contains a number of partially resolved problems, as we have already mentioned.
Rather, it is the lack of a good theoretical understanding of
the present universe coming from more usual theories that
calls for alternative explanations to be considered, on one
hand. On the other hand, one sees also that the cosmic-zoo
structure, which emerges from these alternatives, is so rich
and suitable at times, that some concepts, which so far
seemed to be strange 共like the idea of negative energy itself兲,
deserve to be investigated with care and to the end. In this
respect, even the mild indications that have been reported of
a possible phantom origin coming from string and/or
M-theory or on the chance 共described above兲 to avoid the
Big Rip catastrophe by taking properly into account the
quantum effects seem indeed very promising.

discussion the reader is addressed to 关28兴. We start from a
4⫹n-dimensional spacetime, whose metric is given by

ds 2 ⫽

兺

 ,  ⫽0,1,2,3

n

兺

i, j⫽1

g̃ i j d  i d  j .
共A1兲

冉

S 4⫹n ⫽

1
2

冕

1
d 4⫹n x 冑⫺g (4⫹n) R (4⫹n) ⫺      ⫺U 共  兲
2

⫽

Vn
2

冕

d 4 x 冑⫺gen  R⫹n 共 n⫺1 兲 g        

冉

冊

1
⫹nke⫺2  ⫺      ⫺U 共  兲 .
2

冊

共A2兲

Here V n is the volume of the n-dimensional manifold whose
metric tensor is given by g̃ i j . We should note that the kinetic
energy of  becomes negative, as for the phantom. Rescaling
the four-dimensional metric g   by g   →e⫺n  g   , the action 共A2兲 can be rewritten as

S 4⫹n ⫽

Vn
2

冕

冉

d 4 x 冑⫺g R⫺

n 共 n⫹2 兲  
g    
2

冊

1
⫹nke⫺(n⫹2)  ⫺      ⫺e⫺n  U 共  兲 .
2
共A3兲
Now the kinetic energy of  is positive. If we further rescale
 by

APPENDIX

In this Appendix several remarks are made about the possible origin of the phantom-related models coming from the
higher-dimensional theories considered in the paper. This
topic was widely investigated in the Kaluza-Klein context 共in
relation with the string and/or M-theory兲, and for a recent

)

For simplicity, one may assume that the metric g̃ i j corresponds to an Einstein manifold, where the Ricci tensor R̃ i j
constructed from g̃ i j is proportional to g̃ i j : R̃ i j ⫽kg̃ i j . Here
k is a constant. When n⫽1, k always vanishes (k⫽0).
When n⭓3, the above metric is given as the solution of the
n-dimensional Euclidean Einstein equation. When n⫽2,
since the two-dimensional Einstein equation is trivial, in the
conformal gauge the above condition for the Ricci tensor is
the Liouville equation. Under the above assumptions, the 4
⫹n dimensional Einstein action with matter ﬁeld  共bosonic
sector of some higher-dimensional supergravity兲 can be written as

ACKNOWLEDGMENTS

We thank James Lidsey, Alexei Starobinsky, and Paul
Townsend for fruitful discussions. This investigation has
been supported in part by the Ministry of Education, Science,
Sports and Culture of Japan under Grant No. 13135208
共S.N.兲, by the RFBR Grant No. 03-01-00105 and LRSS
Grant No. 1252.2003.2 共S.D.O.兲, and by SEEU and DGICYT
共Spain兲 Grant No. PR2004-0126 and Project No. BFM200300620, respectively 共E.E.兲.

g   dx  dx  ⫹e2  (x
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冑

3
,
n 共 n⫹2 兲

the four-dimensional action looks like
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If U(  ) is a constant, one may regard it as the cosmological
constant. Further rescaling the metric tensor by

0⬍  0 ⬍2

冑

g   →e⫺[2/(d⫺2)](n 

n⫹2
,
3n

共A8兲

S (d⫹n⫹N) ⫽
共/0兲 

U 共  兲 ⫽W 0 e

兺

 ,  ⫽0

⫹e

g   dx  dx  ⫹e2 

(1) (x  )

n

兺

i, j⫽1

兺

I,J⫽1

i
j
g (1)
ij d d

i
j
g (2)
IJ d  d  .
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共A11兲
if we start from the (d⫹n⫹N)-dimensional action coupled
with the scalar ﬁeld  with potential U(  ), we obtain

1
⫺     
2

册

U共  兲 .
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In this frame, the kinetic term of the matter ﬁeld  does not
directly couple to the scalar ﬁelds  (1) and  (2) . Then the
Newton law is not violated in the leading order of perturbation. The kinetic terms of the ﬁelds  (1) and  (2) can be
diagonalized by
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冕
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we can obtain for w a value less than ⫺1, and correspondigly the universe expands with acceleration, by a proper
choice of the parameters.
One may consider the product compactiﬁcation to be
more general than 共A1兲,
d⫺1

V nV N
2
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Eq. 共53兲 follows. If
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Comparing the above expression with 共47兲, one obtains
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Since x ⫾ ⬎0 共A18兲,  ⬎0 and therefore  satisﬁes 共53兲.
Then w⬎⫺1 and there is no phantom. More explicitly w is
given by
w⫽⫺1⫹

↔

共A20兲

Using 共50兲, an expression for  can be found

For simplicity, the case k (2) ⫽U(  )⫽  ⫽0 and d⫽4 is considered. Comparing the action 共A17兲 with 共43兲, we may identify
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Numerically, with n⫽2 and N⫽5, w⫽0.002 695 54; with
n⫽3 and N⫽4, w⫽⫺0.058 669 1. Although not realistic,
if we choose n⫽6 and N⫽31, it follows that w
⫽⫺0.353 435.
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We aim at the construction of dark energy models without exotic matter but with a phantomlike
equation of state (an effective phantom phase). The ﬁrst model we consider is decaying vacuum
cosmology where the ﬂuctuations of the vacuum are taken into account. In this case, the phantom
cosmology (with an effective, observational ! being less than 1 ) emerges even for the case of a real
dark energy with a physical equation of state parameter ! larger than 1. The second proposal is a
generalized holographic model, which is produced by the presence of an infrared cutoff. It also leads to an
effective phantom phase, which is not a transient one as in the ﬁrst model. However, we show that
quantum effects are able to prevent its evolution towards a big rip singularity.
DOI: 10.1103/PhysRevD.71.103504

PACS numbers: 98.80.2k, 04.50.+h, 04.60.2m, 11.25.2w

I. INTRODUCTION
Recent observational constraints obtained for the dark
energy equation of state (EOS) indicate that our Universe is
probably in a superaccelerating phase (dubbed as ‘‘phantom cosmology’’), i.e. H_ > 0 (see [1] and references
therein). When dark energy is modeled as a perfect ﬂuid,
it can be easily found that in order to drive a phantom
cosmology, the dark energy EOS should satisfy !d
d =pd < 1 (phantom) [2]. The classical phantom has
already many similarities with a quantum ﬁeld [3].
However, it violates important energy conditions and all
attempts to consider it as a (quantum) ﬁeld theory show
that it suffers from instabilities both from a quantum
mechanical and from a gravitational viewpoint [4].
Thermodynamics of this theory are also quite unusual
[5,6]: the corresponding entropy must be negative or either
negative temperatures must be introduced in order to obtain a positive entropy. The typical ﬁnal state of a phantom
universe is a big rip singularity [7] which occurs within a
ﬁnite time interval. (Note that quantum effects coming
from matter may slow up or even prevent the big rip
singularity [6,8], which points towards a transient character of the phantom era.)
In the light of such problems, we feel that it would be
very interesting to construct a new scenario where an
(effective) phantom cosmology could be described through
more consistent dark energy models with !d  1.
Recently, some proposals along this line have already

*Electronic address: elizalde@ieec.fcr.es
†
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‡
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appeared. An incomplete list of them includes the consideration of modiﬁed gravity [9] or generalized gravity [10],
taking into account quantum effects [11], nonlinear
gravity-matter couplings [12], the interaction between the
photon and the axion [13], two-scalar dark energy models
[8,14], the braneworld approach (for a review, see [15],
however, Friedmann-Robertson-Walker (FRW) brane cosmology may not be predictive [16]), and several others.
In this paper we continue the construction of more
consistent dark energy models, with an effective phantom
phase but without introducing the phantom ﬁeld, what is
realized by using a number of considerations from holography and vacuum ﬂuctuations. In the next section, a dark
energy model which includes vacuum ﬂuctuations effects
(a decaying vacuum cosmology) is considered. With reasonable assumptions about the vacuum decaying law, the
FRW equations are modiﬁed. Then, it is shown that the
effective dark energy EOS parameter, which is constrained
by astrophysical observations, is less than 1. However,
even if the dark energy EOS parameter is actually bigger
than 1, the modiﬁed FRW expansion, or in other words, a
decaying vacuum can trick us into thinking about some
exotic matter with w less than 1. Hence, such dark energy
model does not need the exotic phantom matter, its effective phantom phase is transient and it does not contain a big
rip singularity. In Sec. III another holographic dark energy
model which uses the existence of an infrared cutoff,
identiﬁed with a particle or future horizon, is constructed.
It generalizes some previous attempts in this direction and
leads to modiﬁed FRW dynamics. Such model also contains an effective phantom phase (without introduction of a
phantom ﬁeld), which leads to big rip type singularity.
However, taking into account matter quantum effects
may again prevent (or moderate) the big rip emergence,
in the same way as in Refs. [6,8]. A summary and outlook
is given in the Discussion section.
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II. DARK ENERGY AND VACUUM FLUCTUATIONS
When considering the energy of the vacuum, there are
two conceptually different contributions: the energy of the
vacuum state and the energy corresponding to the ﬂuctuations of the vacuum. More precisely, the ﬁrst is the eigenvalue of the Hamiltonian acting on the vacuum state:
E  h0jHj0i, while the second is the dispersion of the
Hamiltonian: E  h0jH2 j0i  h0jHj0i2 .
In constructing the dark energy as a scalar ﬁeld (‘‘quintessence’’) [17], only the energy of the vacuum state is
actually considered, and the vacuum ﬂuctuations are neglected. Note that, while the potential energy of the scalar
ﬁeld corresponds to the energy of the vacuum state, the
kinetic energy density does not correspond to the energy of
the vacuum ﬂuctuations. The kinetic energy corresponds to
the energy of the excited states. Actually, ignoring vacuum
ﬂuctuations may not be a well justiﬁed assumption. It was
ignored for quintessence models, just for simplicity.
Thus, confronted with the difﬁculties of building a
phantom universe from quintessence alone, it is natural
to consider the sector which was ignored before. In this
paper, we will show that the ignored sector can really help
to resolve the problems above. The key point is that, when
considering those two contributions to the vacuum energy
in a cosmological setup, their energy density changes with
the cosmological expansion in different ways.
First, if dark energy is modeled as a scalar ﬁeld ,
interacting only with itself and with gravity [17], then it
behaves just like an ordinary perfect ﬂuid satisfying the
continuity equation
_ d  3Hd  pd   0;

(1)
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invariant (as is the case, e.g. of dimensional regularization
in curved spacetime), it turns out that the ﬁnal result must
be of the form T   g even if  is time-varying
due to the time variation of the IR cutoff [19]. Note that
mathematically,  g is exactly the energy-momentum
of a perfect ﬂuid with p  . Then from the energymomentum conservation law, we ﬁnd that the vacuum
ﬂuctuations will interact with matter [20 –22]
_ m  3Hm  _  ;

where m is the energy density of nonrelativistic matter
and  is the energy density of vacuum ﬂuctuations.
Following [21], we will call a cosmological model which
includes the effects of vacuum ﬂuctuations a ‘‘decaying
vacuum cosmology’’ since, as can be seen from (6), during
the expansion of the Universe, owing to the fact that  is
decreasing, new matter is created from the vacuum.
It is clear that Eq. (6) and the Friedmann equation are not
enough to describe a decaying vacuum cosmology. We
should also specify a vacuum decaying law. There are
lots of papers on various proposals concerning how 
will change with cosmological time (see [21] and references therein). However, recently it has been proposed [21]
that from (6) and a simple assumption about the form of the
modiﬁed matter expansion rate, the vacuum decaying law
can be constrained to a two-parameter family. Thus, we can
think about the observational consequences of a decaying
vacuum cosmology, even if we do not understand the
physics underlying the decaying law. More precisely, the
main (and rather natural) assumption is that the matter
expansion rate be of the form
m  m0 a3 ;

where
1
d  _ 2  V;
2

(2)

1
pd  _ 2  V:
2

(3)

and

Thus
1

!d  21
2

_ 2  V
 1:
_ 2  V

(4)

When comparing dark energy models with observations, it
is often assumed that !d  const: (this is reasonable since
allowing EOS to vary will increase the number of parameters to constrain). Then from Eq. (1) it follows that
d / 1 

z31!d  :

(5)

On the other hand, to ﬁnd the energy corresponding to
the ﬂuctuations of the vacuum, we must have a regularization scheme in order to handle the divergent expression
[18]. Since the regularization scheme must be Lorentz

(6)

(7)

where m0 is the present value of m . Actually, this assumption is valid in all the existing models of a decaying
vacuum cosmology. An immediate simple observation is
that one must have   1. Otherwise, the Universe would
expand with an acceleration in the matter dominated era,
which is excluded by the observations of SNe Ia, that our
Universe expanded with deceleration before redshift z 
0:5 [1]. Actually, it is expected that   1 since, so far,
there has been no observational evidence about an anomalous dark matter expansion rate.
From (6) and (7), we can ﬁnd that  is given by
~0 
  

m0 3
a
;
3

(8)

where 
~0 is an integration constant. In [21] it was shown
that all the existing vacuum decaying laws can be described by a suitable choice of  and 
~ . In our current
framework, the term 
~ can be absorbed into the dark
energy density, so in the following discussion, we will
simply assume 
~  0. The FRW equation describing a
Universe consisting of cold dark matter, dark energy and
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vacuum ﬂuctuations is
H2 

1
m  d   :
3MP2

(9)

It is important to note that due to the modiﬁed dark
matter expansion rate, the physical dark energy EOS !d
is no longer the one directly seen in supernova observations. To compare our model with observations, we can
adopt the framework of effective dark energy EOS [23]
that can unify quintessence, modiﬁed gravity, and decaying
vacuum cosmology into one and a single framework. The
effective dark energy EOS is deﬁned as [23]
!eff  1 

1 d ln H 2 z
;
3 d ln1  z

(10)

where H 2 H 2  m0 1  z3 =3MP2  characterizes any
contribution to the cosmic expansion in addition to the
standard cold dark matter. It is !eff that is the real quantity
which is constrained in cosmological observations. The
explicit form of H 2 in the above model is
H 2 z 3m0

1  z3  m0 1  z3
3
H02
 d0 1  z31!d  ;

(11)

from which we can ﬁnd the effective dark energy EOS:
!eff z
 !d 

d 
!d 1  z3  3!3
1  z3

3
3 1

:
d0
 z3  1  z3  
1  z31!d 
m0
(12)

−1
−1.2

eff

Effective Dark Energy EOS ω (z)
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0.4
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1.6

1.8

2

Redshift Z

FIG. 1. Evolution of the effective dark energy EOS as given by
Eq. (12) with !d  0:9. Dotted, dashed and solid lines correspond to   0:01, 0.05, 0.1, respectively.

From this one can see that, ignoring the decay of the
vacuum, i.e. with   0, then !eff  !d .
Figure 1 shows the evolution of !eff up to redshift 2 for
  0:01, !d  0:9 from top to bottom. It is easy to see
that !eff  !d for small z and negative z. As mentioned
above, in current works constraining !eff , the most reliable
assumption is that !eff is a constant [1]. Thus, what is
actually constrained in those
R works is the average
R value of
the effective EOS !
 eff
eff a!eff ada= eff ada
[24], which from FIG. 1 is smaller than 1 if averaged up
to redshift 2 (the current upper bound on observable supernova) for roughly  > 0:05. Thus, we have constructed
a model which can drive a phantom cosmology with a
physical EOS larger than 1. In this picture, !
 eff < 1
is not the result of exotic behavior of the dark energy, but
the modiﬁed expansion rate of the CDM, i.e. a decaying
vacuum can trick us into thinking that !eff < 1. Under
the assumption of a constant EOS, the current constraint on
 eff < 0:8 at 95% C.L.
!
 eff from SNe Ia data is 4:36 < !
[1]. Then  < 0:1 is obviously consistent with current
constraints on dark energy EOS. Moreover, it is easy to
see from Fig. 1 that !
 eff will be more and more negative
when the redshift gets larger. Thus, if more high redshift
SNe Ia data become available in the future, the interaction
between vacuum and nonrelativistic matter predicts that we
will get a more negative value for !
 eff .
It is also interesting to note that in the current model, the
arguments leading to a big rip of the Universe in a phantom
cosmology [7] no longer apply. While the current expansion rate is superaccelerating, the Universe will be driven
by only the healthy !X  1 dark energy in the future.
The Universe is now superaccelerating just because nonrelativistic matter is of the same order of magnitude as dark
energy, and thus the effects of the nonstandard expansion
rate of nonrelativistic matter cannot be ignored. This conclusion is supported by recent analysis on the construction
of a sensible quantum gravity theory in cosmological
spacetime [25]. Actually, it is easy to see that the trouble
with de Sitter space discussed in [25] will be avoided in a
superaccelerating cosmology: the total amount of Hawking
radiation due to the cosmological horizon is inﬁnite and
thus it will thermalize the observer. Furthermore, since the
horizon is decreasing in a superaccelerating cosmology,
black holes will dominate the spectrum of thermal ﬂuctuations in late time [25]. An observer may be swallowed by a
horizon sized black hole before he/she can reach the big rip
singularity. Thus, it is doubtful that the appearance of big
rip singularity makes sense in the quantum gravity theory.
This is also supported by a direct account of the quantum
gravity effects moderating or preventing the big rip [6,8].
In the above discussion, the simplest model of dark
energy characterized by a constant EOS is considered
with the assumption that the vacuum decays only to dark
matter. Let us now discuss a more general case. Let the
vacuum ﬂuctuation energy decay into both dark matter and
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the energy corresponding to the vacuum ﬂuctuations is
proportional to the area of the spatial boundary of the
system. In a cosmological setting, it is reasonable to view
the Hubble horizon as the spatial boundary of the quantum
theory describing matter in the Universe.
From Eq. (15) and the Friedmann equation, it can be
shown that Eq. (14) can be written as

dark energy. Speciﬁcally, we will consider a dark energy
with EOS proposed in [6] (see, also [8,26]),
pd  d  Ad ;

(13)

where A and are constant. This can be viewed as characterizing the minimum deviation of the dark energy EOS
from that of a cosmological constant. When considering
the effect of vacuum ﬂuctuations, from the total energymomentum conservation, one gets
_ d  _ m  3Hd  pd  m   _  :

PHYSICAL REVIEW D 71, 103504 (2005)

_ d  _ m  3  Hd  pd  m   0;

(14)

from which we ﬁnd that

Now one cannot proceed further without specifying a
vacuum decaying law. Currently, the following law can be
proposed
  MP2 H 2 :

(16)

~   ln1  z
d  d0 1  3  A1
m  m0 1  z

3

(15)

1=1 

;
(17)

;

where A~ Ad01 . For   0, i.e. in the absence of vacuum decaying effects, (17) reduces to the expression found
in [8,26].
Now, one can ﬁnd the effective dark energy EOS by
exactly the same procedure as above:

This law can be deduced from the results of [18], in
which the vacuum ﬂuctuations of a spatially ﬁnite quantum
system, e.g. free scalar ﬁeld, have been evaluated. The
most interesting conclusion in this computation is that

Ad0
~   ln1  z =1 
1  z3  1  z3  3
1  3  A1
3m0
:
3
3  1  z3  d0 1  3  A1
~   ln1  z1=1 
3 1  z
m0
~

!eff  1 

When   0, this reduces to the physical equation of state,
!d 

pd
~  3A1
~   ln1  z1 : (19)
 1  A1
d

Figure 2 shows the evolution of !eff and !d up to
redshift 2 for A~  1=3,  1=2,   0:1. Hence, it is
obvious that while ! for the physical dark energy EOS is
larger than 1, with account of vacuum ﬂuctuations, for
the dark energy EOS is smaller than 1. Thus, we have
−0.6

−0.7

Dark Energy EOS

−0.8

−0.9

−1

−1.1

−1.2

−1.3

−1.4

−1.5

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

(18)

constructed a vacuum ﬂuctuation dark energy model where
the phantom phase is transient and there is no need to
introduce exotic matter (a phantom) to comply with the
observational data.
III. HOLOGRAPHIC DARK ENERGY AND THE
PHANTOM ERA
The ﬂuctuations of the vacuum energy are caused by
quantum effects. It is expected, that the quantum corrections to the theories coupled with gravity should be constrained by the holography. The holography requires an
infrared cutoff L , which has dimensions of length and
could be dual to the ultraviolet cutoff. Hence, the ﬂuctuations of the vacuum energy are naturally proportional to the
inverse square of the infrared cutoff. This points to the
connection of dark energy based on ﬂuctuations of the
vacuum energy with the holographic dark energy. Our
purpose here will be to construct the generalization of the
holographic dark energy model which naturally contains
the effective phantom phase.
Let us start from the holographic dark energy model
which is a generalization of the model in [27] (see also
[28–30]). Denote the infrared cutoff by L , which has a
dimension of length. If the holographic dark energy  is
given by

Redshift Z

FIG. 2. Evolution of the physical (thin line) and effective
(thick line) dark energy EOS as given by Eqs. (19) and (18).
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with a numerical constant c, the ﬁrst FRW equation
H 2 =2    can be written as
c
H
:
(21)
L
Here it is assumed that c is positive to assure the expansion
of the universe. The particle horizon Lp and future horizon
Lf are deﬁned by
Z 1 dt
Z t dt
;
Lf a
:
(22)
Lp a
a
0
t a
For the FRW metric with the ﬂat spacial part:
X
dxi 2 :
ds2  dt2  at2

(23)

i1;2;3

Identifying L with Lp or Lf , one obtains the following
equation:
 
c
d 1
 :
(24)
a
dt aH
Here, the plus (resp. minus) sign corresponds to the particle
(resp. future) horizon. Assuming
a  a0 th0 ;

(25)

h0  1  c:

(26)

In [31], it has been argued that, when we choose L to be
the particle horizon Lp , the obtained energy density gives a
natural value consistent with the observations but the parameter w of the equation of the state vanishes since Lp
should behave as at3=2 . That seems to contradict with the
observed value. In the present paper, we wish to generalize
the holographic model to have, hopefully, more freedom
and to be more successful in cosmology. As we will see in
this section, there may be many possiblilities for the choice
of the infrared cutoff L which are more consistent with
observations (giving correct cosmology without above
problems).
In general, L could be a combination (a function) of
both, Lp , Lf . Furthermore, if the span of life of the universe
is ﬁnite, the span ts can be an infrared cutoff. If the span of
life of the universe is ﬁnite, the deﬁnition of the future
horizon Lf (22) is not well-posed, since t cannot go to
inﬁnity. Then, we may redeﬁne the future horizon as in (28)
Z ts dt
Z 1 da
Lf ! L~f a
:
(30)
a
2
a
0 Ha
t
Since there can be many choices for the infrared cutoff, one
may assume L is the function of Lp , L~f , and ts , as long as
these quantities are ﬁnite:

it follows that
Then, in the case L  Lf , the universe is accelerating
(h0 > 0 or w  1  2=3h0 < 1=3). When c > 1 in the
case L  Lp , h0 becomes negative and the universe is
shrinking. If the theory is invariant under the change of the
direction of time, one may change t with t. Furthermore
by properly shifting the origin of time, we obtain, instead
of (25),
a  a0 ts  th0 :

(27)

This tells us that there will be a big rip singularity at t  ts .
Since the direction of time is changed, the past horizon
becomes a future like one:
Z ts dt
Z 1 da
Lp ! L~f a
:
(28)
a
2
a
0 Ha
t
Note that if L is chosen as a future horizon in (22), the
deSitter space


1
a  a0 et=l
H
(29)
l
can be a solution. Since Lf is now given by Lf  l, we ﬁnd
that the holographic dark energy (20) is given by  
c2
. Then when c  1, the ﬁrst FRW equation 32 H 2  
2 l2
is identically satisﬁed. If c  1, the deSitter solution is not
a solution. If we choose L to be the past horizon, the
deSitter solution does not exist, either, since the past
horizon Lp (22) is not a constant: Lp  1  et=l =l.

L  L Lp ; L~f ; ts :

(31)

As an example, we consider the model
L L~

2ts  pts f 2
L

;
L L~
c
f1   pts f 2 g2
which leads to the solution:
s


1 1
1
t
:
or a  a0
H

2 t ts  t
ts  t

(32)

(33)

In fact, one ﬁnds
Lp  L~f  a
and therefore

s
Z 1 da
Z ts dt
t
;
a
 ts
2

t
a
t
Ha
0
0
s



c
1 1
1
 H;


L
2 t ts  t

(34)

(35)

which satisﬁes (21).
We should note that any kind of ﬁnite large quantity
could be chosen as the infrared cutoff. For instance, L
could depend on dLp =dt and/or dL~f =dt. The following
model may be considered:


dLp dL~f
c~
1


;
(36)
L
dt
Lp  L~f dt
with the assumption that
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Z 1 da
Z ts dt

2
0 a
0 Ha

c~

Equation (39) can be rewritten as

 

d q 2 2 1=2
eq

H  
:
e
c
3
H
dq

First, we consider the case when f  1  w with
constant w, that is

  1 q ;

1

d
 3H  p;
dt



1
1

(50)
:

As we are interested in the case when a, and therefore q, is
large, we assume that H behaves as H  h1 q , when q is
large. From (49), one gets
1  c2 h21 

2
;
3 1

it follows
  0 a31w :
By combining (39) with (42), one ﬁnds a solution
 2= 31w
when w > 1
at
a 0
a0 ts  t2= 31w when w < 1



3 21  c
21  c
0 a031w  2
c
c :
31  w
 31  w

(42)

(43)

c is assumed to be non-negative. Hence, in order for
0 a031w (43) to be positive, the constraint for the solution
(43) appears:
1
2
1
2
  <w<  :
3 3c
3 3c

(44)

Then, if w < 1, it follows c < 1.
For another EOS (see also the previous section)
f  f0  ;
the conservation of the energy (41) gives


a 1=1 
:
  3f0 1   ln
a0

(45)

(46)

a / e h1 =1=2 t

1=1=2

or e h1 =1=2 ts t

since

ln

a
;
a0

1=1=2

:
(52)

Hence, if 1  2 < 0 or 1=2 < < 1, a diverges at t  ts ,
which is similar to a big rip singularity [7].
Let us now consider the contribution of quantum corrections. Quantum corrections are important in the early
universe when t  0 and curvatures are large. However, the
quantum corrections are important near the big rip singularity, where the curvatures are large around the singularity
at t  ts . Since quantum corrections usually contain the
powers of the curvature or higher derivative terms, such
correction terms play important role near the singularity. It
is interesting to take into account the back reaction of the
quantum effects near the singularity[6,8]. Note that holographic dark energy could be caused by nonperturbative
quantum gravity. However, it is not easy to determine its
explicit form. As it has been shown above, the big rip may
occur also in a holographic dark energy model. On the
other hand, the contribution of the conformal anomaly as a
back reaction near the singularity could be determined in a
rigorous way. In the situation when the contribution from
the matter ﬁelds dominates and one can neglect the quantum gravity contribution, quantum effects could be responsible for the change of the FRW dynamics nonperturbatively. Hence, as in other dark energy models [6,8] the
big rip singularity could be indeed moderated or even
prevented.
The conformal anomaly TA has the following form:


2
TA  b F  r2 R  b0 G  b00 r2 R;
3

Deﬁning a new variable q by
q

(51)

which requires c2  1. At the same time,

(40)

(41)

(49)

f3f0 1  g1=1  ;

Then, by using the conservation of the energy
0

(48)

Thus, Eq. (46) gives

(38)

The holographic dark energy is given by (20) with L 
Lp , Lf in (22), or L~f in (28) or (30). Then from the ﬁrst
FRW equation

 

d c 2 2 1=2
1
 :

(39)
H  
3
dt a
a

p  w:

d
d
d
 aH
H ;
da
dq
dt

(37)

c, from
is ﬁnite. Since c~ is a constant and Lp  L~f  a~
(36), we ﬁnd that (21) is trivially satisﬁed. Therefore, in the
model (36), as long as c~ in (37) is ﬁnite, an arbitrary FRW
metric is a solution of (21).
The next step is to consider the combination of the
holographic dark energy and other matter with the following EOS
p    f:

PHYSICAL REVIEW D 71, 103504 (2005)

(47)

(53)

where F is the square of a 4d Weyl tensor and G is a GaussBonnet curvature invariant. In general, with N scalar, N1=2
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spinor, N1 vector ﬁelds, N2 (  0 or 1) gravitons and NHD
higher derivative conformal scalars, the coefﬁcients b and
b0 are given by
N  6N1=2  12N1  611N2  8NHD
;
12042
N  11N1=2  62N1  1411N2  28NHD (54)
:
b0  
36042
b

b > 0 and b0 < 0 for the usual matter except for higher
derivative conformal scalars. We should note that b00 can be
shifted by a ﬁnite renormalization of the local counterterm
R2 , so b00 can be arbitrary.
In terms of the corresponding energy density A and the
pressure pA , TA is given by TA  A  3pA . Using the
energy conservation law in the FRW universe:
_ A  3HA  pA   0;

(55)

one may delete pA as
TA  4A  _ A =H:

(56)

This gives the following expression for A :
1 Zt
dta4 HTA
A   4
a t0
1 Zt
 4
dta4 H 12bH_ 2  24b0 H_ 2  H 2 H_
a t0
:::
 H 4   4b  6b00 H  7H H  4H_ 2
_ :
 12H 2 H

(57)

The next step is to consider the FRW equation
3 2
H    A :
2

(58)

The natural assumption is that the scale factor a behaves as
(25) when t  0 or as (27) when t  ts . Then H 2 and 
behave as t2 or ts  t2 but A behaves in a more
singular way as t4 or ts  t4 . Hence, the power law
behavior cannot be a solution of (58). Instead, the spacetime approaches the deSitter space as in (29). From (58)
one ﬁnds
6b0
31  c2 
 4 :
l
2 l2

(59)

When c < 1, which corresponds to the singularity (25) of
the early universe, Eq. (59) has solutions
1
 0;
l2

1  c2
 0 2:
2b 

H

1
 0:
l

(61)

This shows that the universe becomes ﬂat. Therefore due to
the quantum matter back-reaction, the big rip singularity
could be avoided. Hence, unlike to the model of previous
section, the effective phantom phase for holographic dark
energy leads to big rip which may be moderated (or
prevented) by other effects.
IV. DISCUSSION
Summing up, we have considered in this paper two dark
energy models both of which contain an effective phantom
phase of the universe evolution without the actual need to
introduce a scalar phantom ﬁeld. Both models, which can
be termed as decaying vacuum cosmology and (generalized) holographic dark energy, have a similar origin related
with quantum considerations. However, the details of the
two models are quite different. For instance, the decaying
vacuum cosmology is caused by vacuum ﬂuctuations and,
under a very reasonable assumption about the decaying
law, the effective phantom phase is transient, no big rip
occurs. Moreover, the observable (effective) EOS parameter being the phantomlike one to comply with observational data is different from the real dark energy EOS
parameter, which may be bigger than 1. At the same
time, holographic dark energy is motivated by AdS/CFTlike holographic considerations (emergence of an infrared
cutoff). Even without the phantom ﬁeld, the effective
phantom phase there leads to a big rip singularity, which
most probably can be avoided by taking into account
quantum and quantum gravity effects.
It looks quite promising that one can add to the list of
existing dark energy models with phantomlike EOS (some
of them have been mentioned in the introduction) two
additional models which exhibit the interesting new property that there is no need to introduce exotic matter explicitly (as this last is known to violate the basic energy
conditions). Deﬁnitely, one may work out these theories in
more detail. However, as usually happens, it is most probable that the truth lies in between the models at hand, and
that a realistic dark energy ought to be constructed as some
synthesis of the existing approaches which seem to possess
reasonable properties. New astrophysical data are needed
for the resolution of this important challenge of the XXI
century.
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Dark energy in modiﬁed Gauss-Bonnet gravity: Late-time acceleration and
the hierarchy problem
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Dark energy cosmology is considered in a modiﬁed Gauss-Bonnet (GB) model of gravity where an
arbitrary function of the GB invariant, fG, is added to the general relativity action. We show that a
theory of this kind is endowed with a quite rich cosmological structure: it may naturally lead to an
effective cosmological constant, quintessence, or phantom cosmic acceleration, with a possibility for the
transition from deceleration to acceleration. It is demonstrated in the paper that this theory is perfectly
viable, since it is compliant with the solar system constraints. Speciﬁc properties of fG gravity in a de
Sitter (dS) universe, such as dS and SdS solutions, their entropy, and its explicit one-loop quantization are
studied. The issue of a possible solution of the hierarchy problem in modiﬁed gravities is also addressed.
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I. INTRODUCTION
Recent observational data indicate that our universe is
accelerating. This acceleration is explained in terms of the
so-called dark energy (DE) which could result from a
cosmological constant, an ideal ﬂuid with a (complicated)
equation of state and negative pressure, the manifestation
of vacuum effects, a scalar (or more sophisticated) ﬁeld,
with quintessencelike or phantomlike behavior, etc. (For a
very complete review of a dynamical DE see [1] and
references therein; for an earlier review, see [2].) The
choice of possibilities reﬂects the undisputable fact that
the true nature and origin of the dark energy has not been
convincingly explained yet. It is not even clear what type of
DE (cosmological constant, quintessence, or phantom)
occurs in the present, late universe.
A quite appealing possibility for the gravitational origin
of the DE is the modiﬁcation of general relativity. Actually,
there is no compelling reason why standard general relativity should be trusted at large cosmological scales. For a
rather minimal modiﬁcation, one assumes that the gravitational action may contain some additional terms which
start to grow slowly with decreasing curvature (of type
1=R [3,4], lnR [5], Tr1=R [6], string-inspired dilaton gravities [7], etc.), and which could be responsible for the
current accelerated expansion. In fact, there are stringent
*Electronic address: cognola@science.unitn.it
†
Electronic address: elizalde@ieec.uab.es
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constraints on these apparently harmless modiﬁcations of
general relativity coming from precise solar system tests,
and thus not many of these modiﬁed gravities may be
viable in the end. In such a situation, a quite natural
explanation for both the cosmic speed-up issue and also
of the ﬁrst and second coincidence problems (for a recent
discussion of the same, see [8]) could be to say that all of
them are caused, in fact, by the universe expansion itself.
Nevertheless, one should not forget that some duality exists
between the ideal ﬂuid equation of state (EoS) description,
the scalar-tensor theories, and modiﬁed gravity [9]. Such
duality leads to the same Friedmann-Robertson-Walker
(FRW) dynamics, starting from three physically different—but mathematically equivalent —theories. Moreover,
even for modiﬁed gravity, different actions may lead to the
same FRW dynamics [10]. Hence, additional evidence in
favor of one or another DE model (with the same FRW
scale factor) should be clearly exhibited [9].
As a simple example, let us now see how different types
of DE may actually show up in different ways at large
distances. It is well known that cold dark matter is localized near galaxy clusters but, quite on the contrary, dark
energy distributes uniformly in the universe. The reason for
that could be explained by a difference in the EoS parameter w  p=. As we will see in the following, the effect of
gravity on the cosmological ﬂuid depends on w and even
when 1 < w < 0 gravity can act sometimes as a repulsive force.
To see the w-dependence on the ﬂuid distribution in a
quite simple example, we consider cosmology in anti-de
Sitter (AdS) space, whose metric is given by
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X
ds2  dy2  e2y=l dt2 
dxi 2 :

(1)

i1;2

Then the conservation law of the energy momentum tensor,
r T gives, by putting  y,
dp 1
 p    0;
dy
l

(2)

if we assume matter to depend only on the coordinate y.
When w is a constant, we can solve Eq. (2) explicitly:


 
1
1
  0 exp  1  y :
(3)
l
w
Here 0 is a constant. We should note that 1  1=w > 0
when w > 0 or w < 1, and 1  1=w < 0 when 1 <
w < 0. Then, for usual matter with w > 0, the density 
becomes large when y is negative and large. In particular,
for dust w  0 but w > 0, and a collapse would occur. On
the other hand, when 1 < w < 0, like for quintessence,
the density  becomes large when y is positive. In the
phantom case, with w < 1, the density  becomes large
when y is negative, although a collapse does not occur.
When w  1,  becomes constant and uniform.
We may also consider a Schwarzschild-like metric:
ds2  e2

r

dt2  e2

r

dr2  r2 d22 :

(4)

Here d22 expresses the metric of a two-dimensional
sphere of unit radius. Then, the conservation law r T
with  r gives
dp d

p    0:
dr
dr
When w is constant, we can solve (5) and obtain
 
 
1
:
  0 exp  1 
w

(5)

(6)

Here 0 is a constant again. In particular, in the case of the
Schwarzschild metric,
r
(7)
e 2 r  1  0 ;
r
with horizon radius r0 , we ﬁnd


r 1=211=w
  0 1  0
:
r

(8)

Then, when w > 0 or w < 1,  is a decreasing function
of r; that is, the ﬂuid is localized near the horizon.
Speciﬁcally, in the case of dust with w  0, the ﬂuid
collapses. On the other hand, when 1 < w < 0,  is an
increasing function of r, which means that the ﬂuid delocalizes. When w  0, the distribution of the ﬂuid is uniform.
The above results tell us that the effect of gravity on
matter with 1 < w < 0 is opposite to that on usual matter. Usual matter becomes dense near a star but matter with
1 < w < 0 becomes less dense when approaching a star.
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As is known, cold dark matter localizes near galaxy clusters but dark energy distributes uniformly within the universe, which would be indeed consistent, since the EoS
parameter of dark energy is almost 1. If dark energy is of
phantom nature (w < 1), its density becomes large near
the cluster, but if dark energy is of quintessence type
(  1 < w < 1=3), its density becomes smaller.
In the present paper the (mainly late-time) cosmology
coming from modiﬁed Gauss-Bonnet (GB) gravity, introduced in Ref. [11], is investigated in detail. In the next
section, general FRW equations of motion in modiﬁed GB
gravity with matter are derived. Late-time solutions
thereof, for various choices of the function fG, are found.
It is shown that modiﬁed GB gravity may indeed play the
role of a gravitational alternative for DE. In particular, we
demonstrate that this model may naturally lead to a plausible, effective cosmological constant, quintessence or a
phantom era. In addition, fG gravity has the possibility to
describe the inﬂationary era (unifying then inﬂation with
late-time acceleration), and to yield a transition from deceleration to acceleration, as well as a natural crossing of
the phantom divide. It also passes the stringent solar system tests, as it shows no correction to Newton’s law in ﬂat
space for an arbitrary choice of fG, as well as no instabilities. Section III is devoted to the study of the de Sitter
universe solution in such a model. The entropies of a
Schwarzschilde-de Sitter (SdS) black hole (BH) and of a
de Sitter (dS) universe are derived, and possible applications to the calculation of the nucleation rate are discussed.
In Sec. IV, the quantization program at one-loop order for
modiﬁed GB gravity is presented. This issue is of the
essence for the phantom era, where quantum gravity effects eventually become important near the big rip singularity. Section V is devoted to the generalization of
modiﬁed gravity where F  FG; R. This family of models looks less attractive, given that only some of its speciﬁc
realizations may pass the solar system tests. Nevertheless,
it can serve to discuss the origin of the cosmic speed-up as
well as a possible transition from deceleration to acceleration. In Sec. VI, the important hierarchy problem of particle physics is addressed in the framework of those modiﬁed
gravity theories. It is demonstrated there that this issue may
have a natural solution in the frame of F R or FG; R
gravity. The last section is devoted to a summary and an
outlook. In the Appendix, an attempt is made to construct
zero-curvature black hole solutions in the theory under
discussion.
II. LATE-TIME COSMOLOGY IN MODIFIED
GAUSS-BONNET GRAVITY
Let us start from the following, quite general action for
modiﬁed gravity [12]:
S
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Here Lm is the matter Lagrangian density. It is not easy to
construct a viable theory directly from this general class,
which allows for nonlinear forms for the action. One must
soon make use of symmetry considerations, which lead to
theories which are more friendly, e.g., to the common solar
system tests. Speciﬁcally, we shall restrict the action to the
following form:

Z

0T

 12g FG; R  2FG G; RRR

 4FG G; RR

S

G  R2  4R R

R

R



 2FG G; RR


 R



 4FG G; RR

 4r r FG G; RR

 4g r r FG G; RR  4r r FG G; RR

 

@FG; R
: (13)
@R

The spatially ﬂat FRW universe metric is chosen as
ds2  dt2  at2

3
X

dxi 2 :

(14)

i1

Then the t; t-component of (12) has the following form:
dF G; R
0  GFG G; R  FG; R  24H3 G
dt


dH
dF
G; R
R
6
 H 2 FR G; R  6H
 m ;
dt
dt
(15)
where m is the energy density corresponding to matter.
Here, G and R have the following form:
G  24H2 H_  H 4 ;

R  6H_  2H2 :

(16)

In absence of matter (m  0), there can be a de Sitter
solution (H  H0  constant) for (15), in general (see
[12]). One ﬁnds H0 by solving the algebraic equation
0  24H04 FG G; R  FG; R  6H02 FR G; R:

(17)

For a large number of choices of the function FG; R,
Eq. (20) has a nontrivial (H0  0) real solution for H0 (the
de Sitter universe). The late-time cosmology for the above
theory without matter has been discussed for a number of
examples in Ref. [11].
In this section, we restrict the form of FG; R to be
FG; R 

1
R  fG;
22

(11)



R



(12)

T being the matter-energy momentum tensor, and where
the following expressions are used:
FR G; R 

 :

 FR G; RR

 r r FR G; R  g r FR G; R;

@FG; R
;
@G

 R

Varying over g ,

2

FG G; R 

(10)

Here G is the GB invariant:

 2r r FG G; RR  2g r2 FG G; RR  4r r FG G; RR
 4r2 FG G; RR

p
d4 x gFG; R  Lm :

(18)

where 2  8GN , GN being the Newton constant. As will
be shown, such an action may pass the solar system tests
quite easily. Let us consider now several different forms of
such action. By introducing two auxiliary ﬁelds, A and B,

one can rewrite action (10) with (18) as


Z
p 1
S  d4 x g
R

BG

A

fA

L
:
m
22
(19)
Varying over B, it follows that A  G. Using this in (19),
the action (10) with (18) is recovered. On the other hand,
varying over A in (19), one gets B  f0 A, and hence


Z
p 1
R  f0 AG  Af0 A  fA :
S  d4 x g
2
2
(20)
By varying over A, the relation A  G is obtained again.
The scalar is not dynamical and it has no kinetic term. We
may add, however, a kinetic term to the action by hand:

Z

p 1
S  d4 x g
R  @ A@ A  f0 AG
2
22

 Af0 A  fA :
(21)
Here  is a positive constant parameter. Then, one obtains a
dynamical scalar theory coupled with the Gauss-Bonnet
invariant and with a potential. It is known that a theory of
this kind has no ghosts and it is stable, in general. Actually,
it is related with string-inspired dilaton gravity, proposed
as an alternative for dark energy [7]. Thus, in the case that
the limit  ! 0 can be obtained smoothly, the corresponding fG theory would not have a ghost and could actually
be stable. This question deserves further investigation.
We now consider the case m  0. Assuming that
the EoS parameter w pm =m for matter (pm is the
pressure of matter) is a constant, then, by using the conservation of energy: _ m  3Hm  pm   0, we ﬁnd  
0 a31w . We also assume that fG is given by
fG  f0 jGj ;

(22)

with constants f0 and . If  < 1=2, the fG term becomes dominant, as compared with the Einstein term,
when the curvature is small. If we neglect the contribution
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from the Einstein term in (15) with (18), assuming that
 h0
at ;
when h0 > 0
(23)
a 0
a0 ts  th0 ; when h0 < 0;
the following solution is found:
4
;
31  w

f   1
f24jh30 1  h0 jg
a0   0
h0  10
f1= 31w g
h0  1  4
:

h0 

(24)

One can deﬁne the effective EoS parameter weff as
weff 

p
2H_
;
 1 

3H2

(25)

which is less than 1 if  < 0, and for w > 1 as
weff  1 

2
1w
 1 
;
3h0
2

(26)

which is again less than 1 for  < 0. Thus, if  < 0, we
obtain an effective phantom with negative h0 even in the
case when w > 1. In the phantom phase [13], a singularity of big rip type at t  ts [14] seems to appear (for the
classiﬁcation of these singularities, see [15]). Near this sort
of big rip singularity, however, the curvature becomes
dominant and then the Einstein term dominates, so that
the fG-term can be neglected. Therefore, the universe
behaves as a  a0 t2=3w1 and, as a consequence, the big
rip singularity will not eventually appear. The phantom era
is transient.
A similar model has been found in [16] by using a
consistent version [4] of 1=R-gravity [3]. In general, in
the case of F R-gravity instabilities appear [17]. These
instabilities do not show up for the case of fG-gravity.
Note that under the assumption (23), the GB invariant G
and the scalar curvature R behave as
G
R

24h30 h0  1
;
t4

or

6h0 2h0  1
;
t2

or

24h30 h0  1
;
ts  t4
6h0 2h0  1
:
ts  t2
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1=2, which corresponds to weff  7=3, R vanishes, and
when h0  1, corresponding to weff  5=3, G vanishes. In both of these cases, only one of the Einstein and
fG terms survives.
In the case when  < 0, if the curvature is large, the
Einstein term in the action (10) with (18) dominates, and
we have a nonphantom universe, but when the curvature is
small, the fG-term dominates and we obtain an effective
phantom one. Since the universe starts with large curvature, and the curvature becomes gradually smaller, the
transition between the nonphantom and phantom cases
can naturally occur in the present model.
The case when 0 <  < 1=2 may be also considered. As
 is positive, the universe does not reach here the phantom
phase. When the curvature is strong, the fG-term in the
action (10) with (18) can be neglected and we can work
with Einstein’s gravity. Then, if w is positive, the matter
energy density m should behave as m  t2 , but fG
goes as fG  t4 . Then, for late times (large t), the
fG-term may become dominant as compared with the
matter one. If we neglect the contribution from matter,
Eq. (15) with (18) has a de Sitter universe solution where
H, and therefore G, are constant. If H  H0 with constant
H0 , Eq. (15) with (18) looks as (17) with (18). As a
consequence, even if we start from the deceleration phase
with w > 1=3, we may also reach an asymptotically de
Sitter universe, which is an accelerated universe.
Correspondingly, also here there could be a transition
from acceleration to deceleration of the universe.
Now, we consider the case when the contributions coming from the Einstein and matter terms can be neglected.
Then, Eq. (15) with (18) reduces to
_ 00 GH3 :
0  Gf0 G  fG  24Gf

(28)

If fG behaves as (22), from assumption (23), we obtain
0    1h60 h0  1h0  1  4:

(29)

As h0  1 implies G  0, one may choose
h0  1  4;

(30)

and Eq. (25) gives
(27)

As a consequence, when the scalar curvature R becomes
small, that is, when t or ts  t becomes large, the GB
invariant G becomes small more rapidly than R. When R
becomes large, that is, if t or ts  t becomes small, then G
becomes large more rapidly than R. Thus, if fG is given
by (22) with  < 1=2, the fG-term in the action (10) with
(18) becomes more dominant for small curvature than the
Einstein term, but becomes less dominant in the case of
large curvature. Therefore, Eq. (24) follows when the
curvature is small. There are, however, some exceptions
to this. As is clear from the expressions in (27), when h0 

weff  1 

2
:
31  4

(31)

Therefore, if  > 0, the universe is accelerating (weff <
1=3) and if  > 1=4, the universe is in a phantom phase
(weff < 1). Thus, we are led to consider the following
model:
fG  fi jGji  fl jGjl ;

(32)

where we assume that
i > 12;

1
2

> l > 14:

(33)

Here, when the curvature is large, as in the primordial
universe, the ﬁrst term dominates, compared with the
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second one and the Einstein term, and gives
1 > weff  1 

2
> 5=3:
31  4i 

l is negative. Thus, acceleration could occur in both the
primordial and late-time universes, if
(34)
i > 1;

On the other hand, when the curvature is small, as is the
case in the present universe, the second term in (32)
dominates, compared with the ﬁrst one and the Einstein
term, and yields
weff  1 

2
< 5=3:
31  4l 

(35)

Therefore, the theory (32) can in fact produce a model
which is able to describe both inﬂation and the late-time
acceleration of our universe in a uniﬁed way.
Instead of (33), one may also choose l as
1
4

> l > 0;

13 > weff > 1:

(37)

Then, what we obtain is effective quintessence. Moreover,
by properly adjusting the couplings fi and fl in (32), we
can obtain a period where the Einstein term dominates and
the universe is in a deceleration phase. After that, there
would come a transition from deceleration to acceleration,
where the GB term becomes the dominant one.
One can consider the system (32) coupled with matter as
in (15) with (18). To this end we just choose
i > 12 > l :

(38)

Then, when the curvature is large, as in the primordial
universe, the ﬁrst term dominates, as compared with the
second one and the Einstein term. When the curvature is
small, as in the present universe, the second term in (32) is
dominant as compared with the ﬁrst and Einstein’s. Then,
an effective weff can be obtained from (26). In the primordial universe, matter could be radiation with w  1=3, and
hence the effective w is given by
wi;eff  1 

2
;
3i

(39)

which can be less than 1=3; that is, the universe is
accelerating, when i > 1. On the other hand, in the latetime universe matter could be dust with w  0, and then
we would obtain
wl;eff  1 

1
;
2l

Similarly, one can consider DE cosmology for other
choices of fG, for instance, lnG or other function f
increasing with the decrease of G (late universe).
Let us address the issue of the correction to Newton’s
law. Let g0 be a solution of (12) with (18) and represent
the perturbation of the metric as g  g0  h . First,
we consider the perturbation around the de Sitter background which is a solution of (17) with (18). We write the
de Sitter space metric as g0 , which gives the following
Riemann tensor:
R0

(36)

which gives

(41)

l < 0:



 H02 g0

 g0 

 g0

 g0  :

(42)

The ﬂat background corresponds to the limit of H0 ! 0.
For simplicity, the following gauge condition is chosen:
g0 h  r0 h  0. Then Eq. (12) with (18) gives
0

1
r2 h
42

 2H02 h   T :

(43)

The GB term contribution does not appear except in the
length parameter 1=H0 of the de Sitter space, which is
determined with account to the GB term. This may occur
due to the special structure of the GB invariant.
Equation (43) tells us that there is no correction to
Newton’s law in de Sitter and even in the ﬂat background
corresponding to H0 ! 0, whatever the form of f (at least,
with the above gauge condition). [Note that a study of the
Newtonian limit in 1=R gravity (where signiﬁcant corrections to Newton’s law may appear), and its extension has
been done in [4,18].] For most 1=R models the corrections
to Newton’s law do not comply with solar system tests.
Expression (43) can be actually valid in the de Sitter
background only. In a more general FRW universe, there
can appear corrections coming from the fG term. We
should also note that, in deriving (43), a gauge condition
g0 h  0 was used, but if the mode corresponding to
g0 h is included, there might appear corrections coming
from the fG term. The mode corresponding to g0 h
gives an inﬁnitesimal scale transformation of the metric.
Then, it is convenient to write the metric as
g

 e g0 :

(44)

(40)

which is larger than 0, if 0 < l < 1=2, or less than 1, if

Here g0 expresses the metric of de Sitter space in (42).
The Gauss-Bonnet invariant G is correspondingly given by
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2

f24H04

12H02 r20 





@  

6H02 @
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2r20 2

 2r0 r0 r0 r0   r20 @ @ 

 2r0 r0 @0 @0 g
 e2 f24H04  r0 12H02 r0   2@ r20   2r0 r0 r0   @ @0 @0 g:

(45)

is written here as r0 . The expansion of fG, with respect to , is

The covariant derivative associated with g0

p
p
gfG  g0 ff24H04   2f24H04 2  48f0 24H04 H04 2  72f00 24H04 H04 r20   4H02 2  O3 
 total derivative termsg:

(46)

Since the last term contains r20 2 , in general, there could be an instability. A way to avoid the problem is to ﬁne-tune
fG so that f00 24H04  vanishes for the solution H0 in (17) with (18).
In order to consider a more general case, one expands fG in the action (10) with (18) as
fG  fG0   12f00 G0  G2  f0 G0 
where G0 is the Gauss-Bonnet invariant given by g0
G  4Rr r h
2

G  h fRr r h
 2R





r r h  R

 12f2r r h r r h





  R r r h

r r h  12R





h

(47)



 4r r h  R



r r h   r r h   R



r h

 r h



 r h



 r 2h r h



 r h  r h
r h





 r

 r h h

 h r h

 r2 h  r r h



 h  r h    4R  fr h

h  2r h

 g

R

 r h r h  r r h  r h



(48)

 r h

 r h
 





r r h g

 r r h r r h  r r h  r r h  r r h g  12fR2r h  r h
 r h

r r h ;

 4R  r r h   2R r r h  4R  r r h

 r2 h   4r r h r r h



G  Oh3 ;

and

 4R R  h  4R  R 

 r r h

2

 r r h 
 2r h r h

r h



 r h



r h

r h   r 2h r h

 r h  r h  r h  r h  r h




g :
  r h  h

(49)

Note that the term proportional to G does not appear in (47) since the background metric is a solution of (42). Here and in
the following, the index (0) is always suppressed, when there cannot be confusion. If we choose the gauge condition
r h  0, Eqs. (48) and (49) have the following form:
G  44R R  h  4R  R 
2

G  h fRh R   h
 2R

 



h R

r r h

h



1

2f4h R



 

R

h

 4R  fr h





r r h 

h

 r r h g 







 r 2h r h  r h
 r h  r h

h R

R 

r h



 



r r h


R 

 r h




R



 4R  r r h   2R h R  h
R



h





r h



R

1
2fR2r



 r h r h  r r h  r h



 r h r h
 r

h  r h


R

r r h

  r r h r r h


 r h
 


 4R  h R  h


 r h  r h

 r h h  g  R

(50)

h  r r h   R


 r h








R 

r r h

h r h

r h  r h

r h

1  
r r
2R
2 


r r h ;





g



 h  r h  
r h 

 r h  r h  r h

 r h  h g :

(51)

Now, we consider the case that H_  H 2 in the FRW universe (14). Then, by specifying the dimension, the following
structure is found:
G  H4 h  H 2 r2 h;

2

G  H 4 h2  H 2 hr2 h  H2 rh2  H3 hrh  r2 h2 :
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For the qualitative arguments that follow, we have abbreviated the vector indices and coefﬁcients. Since Eq. (47)
contains G2 and 2 G terms, the H2 r2 h-term in G and
the r2 h2 -term in 2 G have a possibility to generate the
instability. Explicit calculations in the FRW universe tell us
that the r2 h2 term in 2 G vanishes identically, while the
H 2 r2 h term in G has the following form:
_ 2 htt
H 2 r2 h term in G  4Hr

One can view the contribution from the fG term as a sort
of matter satisfying a special (inhomogeneous) EoS [19]
(or usual EoS with time-dependent bulk viscosity [20]) of
the form
0  G  pG  8G_ 2 f000 GH2  192f00 G8H3 H_ H
:::

_
 6H 2 H_ 3  H4 H  3H 5 H  18H 4 H_ 2  4H6 H:

(53)

For simplicity, we have chosen again the gauge condition
g0 h  r h  0. Then, except for the H_  0 case,
which describes the de Sitter universe, there might be an
instability.
Since the G2 -term has a factor f00 G0 , if one properly
chooses the form of fG and ﬁne-tunes the coefﬁcients, it
could occur that f00 G0   0 in the present universe.
Correspondingly, the term r2 h2 does not appear in the
action and no instability appears.
To summarize, in both cases (46) and (52), if we choose
f00  0 in the present universe, the instability does not
appear. As an example, one can consider the model (32).
As
f00 G  fi i i  1jGji 2  fl l l  1jGjl 2 ;
(54)

(59)
In particular, in the case of de Sitter space, owing to the fact
that the Hubble rate H, and therefore G, are constant, we
ﬁnd 0  G  pG . In the case that fG is given by (22)
and one further assumes (23), one gets
G  f0 jGj   1
pG  f0 jGj   1

0  fi i i  1jG0 j

 fl l l  1;

3
0   2 H 2  G  M ;

0

wG 

(55)

we ﬁnd f0 G0   0 and thus there will be no instability. In
(55), G0 is the value of the Gauss-Bonnet invariant given
by the curvature in the present universe.
One now rewrites (12) with (18) as an FRW equation:

(57)

pG =G for the fG

3h20  3  8h0  162  4
:
3h0 h0  1  4

(61)

In absence of matter (m  pm  0), Eq. (56) may be
rewritten as
H2 

(56)

1
2H_  3H 2   pG  pm :
2

3h20  3  8h0  162  4
:
3h0 h0  1
(60)

It follows that the effective EoS wG
part is given by

if we choose the parameters fi , i , fl , and l to satisfy
i l

h0  1  4
;
h0  1

2
 ;
6 G

2


H_   G  pG :
2

(62)

Then, by using the expression (16), we ﬁnd

Here G and pG express the contribution from the fG
term in the action (10) with (18):

G

24
 2G  3pG ;
3 G

s (63)

2
2
4
   G  pG G  3pG    ;
G_  4  H
6

_ 00 GH3 ;
G  Gf0 G  fG  24Gf
_ 00 GH3  8G_ 2 f000 GH2
pG  Gf0 G  fG  24Gf
:::

 192f00 G8H3 H_ H 6H2 H_ 3  H 4 H  3H5 H
_
 18H4 H_ 2  4H6 H:
(58)

and by using the ﬁrst equation in (58), the effective equation of state is





24
24
24
G 2G  3pG f0 
G 2G  3pG   f 
G 2G  3pG 
3
3
3
  2 5=2
 2 2  

2



24
 242 H
 G  pG G  3pG 
G
G f00 
G 2G  3pG  ;
6
6
6
3

0  G 
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~ G ; pG ; H
  0 [19]. At the
which has the form of F
dynamical level, this demonstrates the equivalency between modiﬁed GB gravity and the effective inhomogeneous EoS description. It may be of interest to study the
choice of fG which leads to the inhomogeneous generalization of EoS p    A suggested and studied in
[21] as this may be easily compared with standard CDM
cosmology.
Summing up, late-time cosmology in modiﬁed GB gravity with matter was studied. It has been shown that effective DE of quintessence, phantom, or cosmological
constant type can be actually produced within such theory,
with the possibility to unify it also with primordial inﬂation. Moreover, the transition from the deceleration to the
acceleration era easily occurs in some versions of the fG
theory which comply with the solar system tests (no instabilities appear; no corrections to Newton’s law follow).

 2R

R






R

R

 R

 

r FG G; R; r FR G; R;

where
is vanishing when G and R are constant.
In this section we are interested in a ﬁnding condition
assuring the existence of solutions of the de Sitter type
(including SdS BH). In such a case, the Gauss-Bonnet
invariant and the Ricci scalar are constant and the GaussBonnet invariant reads
R  R0 ;

G  G0  16R20 :

(67)

This condition will play an important role in the following
and it is equivalent to the condition (17). As an example,
when FG; R  R  fG, (here 22  1), one has
G0 f0 G0   fG0  

R0
:
2

(68)

In general, solving Eq. (67) in terms of R0 , one can rewrite
the maximally symmetric solution as
R0 

R0 0
g  eff g0 ;
4

(69)

which deﬁnes an effective cosmological constant. For example, when FG; R  R  fG, one has
(70)

Thus, if fG   G , one has,

 FR G; RR
 2R

R0 FR0 G0 ; R0 
 FG0 ; R0   G0 FG0 G0 ; R0  :
2



In this section, we will investigate the properties of some
black hole solutions within the modiﬁed GB gravity
scheme. The role played by static, spherically symmetric
solutions, as the Schwarzschild one, with regard to solar
system tests, is well known. Because of the absence of this
kind of zero-curvature BH in the fG theory (see the
Appendix) de Sitter space as well as SdS BH need her
special consideration, which is done below.
For the general model, it can be shown that the equations
of motion have the following structure (no-matter case)

 2FG G; RRR

Taking the trace of (66), the condition follows

eff  12G0 f0 G0   fG0 :

III. DE SITTER SOLUTION IN MODIFIED
GAUSS-BONNET GRAVITY MODELS

0  12FG; Rg

PHYSICAL REVIEW D 73, 084007 (2006)

(65)

Assuming the maximally symmetric metric solution, one
gets
2FR G; RR0  FG0 ; R0   G0 FG0 G0 ; R0 g0 :
(66)
Note that if FG; R  R  G, namely, there is only a
linear term in G, one gets the ordinary Einstein equation in
vacuum, as it should be, because in this case, FG; R
contains the Hilbert-Einstein term plus a topological
invariant.

2 1  16  R012 :

(71)

When  is small, > 0, one obtains R0  , while with
the choice   1=2, > 0, one has
p
R0  61=4 3 ;
(72)
and the corresponding effective cosmological constant
reads
p
eff  1461=4 3 :
(73)
As in the pure Einstein case, one is confronted with the
black hole nucleation problem [22]. We review here the
discussion reported in Refs. [22,23].
To begin with, we recall that we shall deal with a
tunneling process in quantum gravity. On general backgrounds, this process is mediated by the associated gravitational instantons, namely, stationary solutions of
Euclidean gravitational action, which dominate the path
integral of Euclidean quantum gravity. It is a well-known
fact that, as soon as an imaginary part appears in the oneloop partition function, one has a metastable thermal state
and thus a nonvanishing decay rate. Typically, this imaginary part comes from the existence of a negative mode in
the one-loop functional determinant. Here, the semiclassical and one-loop approximations are the only techniques at
disposal, even though one should bear in mind their limitations as well as their merits.
Let us consider a general model described by FG; R,
satisfying the condition (67) and with eff > 0. Thus, we
may have a de Sitter Euclidean instanton. In the Euclidean
version, the associated manifold is S4 .
Making use of the instanton approach, for the Euclidean
partition function we have
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r2
dr2
2
2
ds2   1  2 dt2 
2  r dS2 ;
l
1  r2

Z1

where I is the classical action and
the quantum correction, typically a ratio of functional determinants. The
classical action can be easily evaluated and reads
1922
IS4    2 2 FG0 ; R0 :
 R0

(75)

At this point we make a brief digression regarding the
entropy of the above black hole solution. To this aim, we
follow the arguments reported in Ref. [24]. If one make use
of the Noether charge method [25] for evaluating the
entropy associated with black hole solutions with constant
Gauss-Bonnet and Ricci invariants in modiﬁed gravity
models, a direct computation gives


2AH
R
S
(76)
FR0 G0 ; R0   0 FG0 G0 ; R0  :
2
3

In the above equations, AH  4r2H , rH being the radius of
the event horizon or cosmological horizon related to a
black hole solution. This turns out to be model dependent.
Another consequence, as is well known, is the modiﬁcation of the ‘‘Area Law,’’ which reads instead
S

2AH
A
 H :
4GN
2

(77)

One should also stress that, since the above entropy formula depends on FG G; R, there is always an indetermination: any linear term in G appearing in the classical
action is irrelevant as far as the equations of motion are
concerned, while in the entropy formula it gives a constant
nonvanishing contribution. This is a kind of indetermination associated with the Noether method [25].
Furthermore, as in principle the quantity which modiﬁes
in a nontrivial way the usual Area Law
FR0 G0 ; R0  

R0
F G ; R 
3 G0 0 0

(78)

might be negative, there exists the possibility of having
negative BH entropies, according to speciﬁc choices of
FG; R.
Let us consider an example. For the model deﬁned by
FG; R  R  fG,


R
fG0 
1  0 f0 G0   2 1 
:
(79)
3
R0
Thus, with the choice fG   G ,
S

4AH 1
:
2   1

> 0, one has
(80)

As a result, modulo the Noether charge method indetermination, the entropy may be negative.
Coming back to the general case, we recall that we are
interested in the de Sitter metric, which reads

(81)

l

with eff  l32 . The Ricci scalar is R0  4.
Since rH  l, one has
AH 

12 48

:
eff
R0

As a consequence,


962
R
FR0 G0 ; R0   0 FG0 G0 ; R0  :
SS4   2
3
 R0

(82)

(83)

Taking Eqs. (67) and (75) into account, from the last
equation, one obtains
SS4   IS4 ;

(84)

which is a good check of our entropy formula (76).
IV. ONE-LOOP QUANTIZATION OF MODIFIED
GAUSS-BONNET GRAVITY ON DE SITTER SPACE
Here we discuss the one-loop quantization of the class of
models we are dealing with, on a maximally symmetric
space. One-loop contributions are certainly important during the inﬂationary phase, but as it has been shown in [26],
they also provide a powerful method in order to study the
stability of the solutions.
We start by recalling some properties of the classical
^
model deﬁned by the choice FG; R  21 2 R  fG,
^
where now the generic function fG
is supposed to satisfy
the ‘‘on shell’’ condition (68). Such a condition ensures the
existence of a constant GB invariant, maximally symmetric
solution of the ﬁeld equations (12) with (18).
In accordance with the background ﬁeld method, we
now consider the small ﬂuctuations of the ﬁelds around
the de Sitter manifold. Then, for the arbitrary solutions of
the ﬁeld equations we set
g

 g0

h

(85)

and perform a Taylor expansion of the action around the de
Sitter manifold. Up to second order in h , we get



1 Z
R
R2 f^
f^
p
S h  2 d4 x g0 R0  f^0  0  0  0 1 h
4
2
2
2

 L2 ;
(86)
where L2 represents the quadratic contribution in the
ﬂuctuation ﬁeld h and, in contrast with previous sections, here r represents the covariant derivative in the
unperturbed metric g0 . For the sake of simplicity, we
^ 0 , f^1  f^0 G0 , and
have also used the notation f^0  fG
00
^
^
f2  f G0 .
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For technical reasons it is convenient to carry out the
standard expansion of the tensor ﬁeld h in irreducible
components [27], that is
h

 h^

 r   r   r r   14g h  ;
(87)

where  is the scalar component, while  and h^ are the
vector and tensor components, with the properties
r   0;

r h^  0;

h^  0:

PHYSICAL REVIEW D 73, 084007 (2006)

where Ltensor , Lvector , and Lscalar represent the tensor,
vector, and scalar contributions, respectively. They have
the form
 ^

 
f
f^ R2
R
1 f^ R
Ltensor  h^
 0  0  1 0   1 0 2 h^ ;
4
6
6
6
4
(90)
^
f0 R0 R20 31f^1 R30 f^2 R50

 
16
288
8
432
^

2
^
^
R
17f1 R0 f2 R40
f


 0 0
4
36
2
108 1

f^ R
 1 0 21  ;
32

Lvector  

(88)

In terms of the irreducible components of the h ﬁeld, the
quadratic part of the Lagrangian density, disregarding total
derivatives, reads
L 2  Ltensor  Lvector  Lscalar ;

(89)

^



3
5f^ R
f0 f^1 R20 f^2 R40
f^ R3
f^ R2


   1 0  2 0 0  2 0 20 h
32
16
48
72
24
32
32
 ^




2
3
2
^
^
^
R
17f1 R0
3f
R
3f R
3
f R
f^ R4
f^ R
f^ R3
  0  0  1 0  2 0 0    1 0  2 0 20
  0 0 0
32
288
16
8
16
16
288
32
48
32





R0 f^1 R20 f^2 R40
3
3f^1 R0 f^2 R30
f^2 R20 3
f^2 R20 2

  h




0 
  ;

32 0 0
16
16
72
16
16
16 0 0
16

(91)

Lscalar  h

(92)

where 0 , 1 , and 2 are the Laplace-Beltrami operators acting on scalars, transverse vector, and traceless-transverse
tensor ﬁelds, respectively. The latter expression is valid off-shell, that is, for an arbitrary choice of the function fG0 .
As is well known, invariance under diffeomorphisms renders the operator related to the latter quadratic form not
invertible in the h;  sector. One needs a gauge-ﬁxing term and a corresponding ghost compensating term. We can use the
same class of gauge conditions chosen in Ref. [28] and for this reason we refer the reader to that paper, the gauge-ﬁxing
Lgf and ghost Lgh contributions to the quadratic Lagrangian L  L2  Lgf  Lgh being the very same, that is
Lgf 


 





R 2
3
R
2
9
R 2
h 0  0 0   h0 h   0  0 0 
 1  0  
4
3
16
3
2
8
16
 






 k
R0 2
3
R0
R0
2
R

1 k 
0 
0   h 0  0 0 h
 1 
h 0 
4
4
3
16
4
2
8




9
R0
R0 2
0 
0  ;
  0 
4
3
16

Lgh 

 

 




R
3
R0
R
B^ 1  0 C^ 
0 c   B^ 1  0 1 C^
b 0 
4
3
4
2




3
R0
R0

0 
c ;
b 0 
4
3 0
2

where , ,  are arbitrary parameters and C^ , c, B^ , b
are the irreducible components of ghost and anti-ghost
ﬁelds.
Now, via standard path integral quantization and zetafunction regularization [27,29,30], one can compute the
one-loop effective action as a determinant of a differential
operator, exactly in the same way as it has been done in

(93)

(94)

Ref. [28]. Here the technical difﬁculty comes from the fact
that the determinant which gives the one-loop effective
action, also after simpliﬁcations, is a polynomial of ﬁfth
order in the Laplace operator and thus, in general, it is not
possible to write it as a product of determinants of Laplacelike operators. The general structure of the one-loop effective action 1 is of the form
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1=2

 X
5
R
 det0  R0  det 1  0 det
Wk k0
4
k0
det 1  Y1  Z

1=2

solutions:
h0 

det2  X1=2 ;
(95)

where X, Y, Z, Wk are complicated functions of f^0 , f^1 , f^2 .
In principle, they can be exactly computed, but we will not
write them explicitly here since, as they stand, they are not
really convenient for direct applications to the dark energy
problem. However, Eq. (95) is certainly useful for a numerical analysis of the models, since the eigenvalues of
Laplace-like operators on de Sitter manifolds are exactly
known and, as a consequence, the one-loop effective action
can be obtained in closed form. They could be also useful
for the study of the stability of the de Sitter solutions of GB
modiﬁed gravity, as it happens for the simpler case of F R
models [26].
One can see that the structure of Eq. (95), here written
for the gauge parameter   0, is similar to the one for the
analog equation (3.24) in Ref. [26], the only difference
being due to the fact that (95) contains some additional
contributions, since the starting classical action here depends not only on curvature, but also on other invariants.
V. THE TRANSITION FROM THE DECELERATION
TO THE ACCELERATION ERA IN MODIFIED
CURVATURE-GAUSS-BONNET GRAVITY
It is interesting to study late-time cosmology in generalized theories, which include both the functional dependence from curvature as well as from the Gauss-Bonnet
term (for some investigation of the related Ricci-squared
gravity cosmology, see [31]). Our starting action is (10). In
the case m  0, we can consider the situation where
FG; R has the following form, as an explicitly solvable
example:
 
G
FG; R  Rf~ 2 :
(96)
R

3
2

q
 2f0  8f0 f0  83 2 
6
2

 2f0

:

One can solve (99) with respect to 2 f0 :
~ 0
2 f0  Gh



32h0  12
4h20  2h0  1

~ 0 h0    32h0  13h0  1 ;
G
2h20  2h0  12

(102)

~ 0  has extrema for h0  1=2, 1=3.
we also get that Gh
~
Moreover, G1=3  3=8. The qualitative behavior of
~ 0  is given in Fig. 1. Then, for 2 f0 < 3,
2 f0  Gh
there
is
a
solution describing a phantom with h0 < 1 
p
2 andpa solution describing effective matter with h0 >
1  2. When 3 < 2 f0 < 0, there are p
two
 solutions,
describing effective matter with h0 > 1  2. When 0 <
2 f0 < 3=8, there is no solution. When 3=8 < 2 f0 < 3=2,
there are
p two solutions describing matter with 0 < h0 <
1  2 < 1. When 2 f0 > 3=2, there
p is a solution describing a phantom era with 1  2 < h0 < 0 and a
solution describing
an effective matter era with <1=3 <
p
h0 < 1  2. As one sees, there can be indeed solutions
describing an effective phantom era, in general.
Observational data hint towards the fact that the deceleration of the universe turned into acceleration about 5
109 years ago. We now investigate if we can construct a
model describing the transition from the deceleration phase

~
0  23h0  1f~0 C  32h0  12 fC;
2h0 h0  1
:
32h0  12

(101)

and, therefore, by properly choosing f0 , we obtain a theory
~
for any speciﬁed h0 . It is peasy
 to check that G1  3,
~
~
G1=2  0, and G1  2  1. Since

If we assume that H  h0 =t, with a constant h0 , Eq. (15)
reduces to an algebraic equation:

C

(100)

(97)

As a further example, we consider the model where
 
 
G
1
G
(98)
f~ 2  2  f0 2 :
R
2
R
Here, it may be shown that




6
3
3
0  2  2f0 h20  2 2  2f0 h0  2  2f0 : (99)


2
When f0 < 0 and f0 > 3=82 , Eq. (99) has the following
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to the acceleration one, in the present formulation. To this
end, we consider the following model:


1
G
g0
FG; R  R

f
:
(103)
0 2 
G
22
R
When the curvature is large, as in the case of the primordial
universe, the last term can be neglected and the model
2
(103) reduces to (98). Then, withpthe
 choice 3=8 <  f0 <
3=2, it follows 0 < h0 < 1  2 < 1 and therefore the
universe is decelerating. If the curvature becomes small, as
in the present universe, the last term becomes large. But, by
including the last term, we have a solution describing a de
Sitter universe in (17), which has the form
0

H2
 20


2 f0  3 

g0
:
12H04

(104)

As 2 f0  3 is positive when 3=8 < 2 f0 < 3=2, Eq. (105)
has a real solution for g0 < 0:

1=6
2 g0
H0  
:
(105)
2
12 f0  3
Then, the decelerating universe can indeed turn to a de
Sitter universe, which is accelerating. Therefore, the model
(103) could perfectly describe the transition from deceleration to acceleration. More complicated, dark energy
cosmologies may be constructed in frames of such theory.
VI. HIERARCHY PROBLEM IN MODIFIED
GRAVITY
Recently the hierarchy problem has been investigated, in
[32], by using a scalar-tensor theory. Here, we will give
somewhat similar but seemingly more natural models in
the scalar-tensor family with modiﬁed gravity. In [32], in
order to generate the hierarchy, a small scale, which is the
vacuum decay rate vac , was considered. Instead of vac ,
we here use the age of the universe, 1033 eV, as the
small mass scale.
The following scalar-tensor theory [33] can be considered, as an example:


1 Z
1
p
S  2 d4 x ge  R  @ @   V0 e2=0
2



Z
1
p

 d4 x g  @ @  U  ;
(106)
2
where , V0 , and 0 are constant parameters and U  is
the potential for . As the matter scalar, does not couple
with  directly, the equivalence principle is not violated,
although the effective gravitational coupling depends on 
as

~  e 
When

=2

:

 0, the following FRW solution exists:

(107)

 h
t 0
at  a0
;
t0
h0
t0

2

2
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t
  0 ln ;
t0

20  20  2 0
;
2 0  2

20
 0  22
s
 2  1324 2 20  4 0  920  4
:
2V0

(108)

The effective EoS parameter is
weff  1 

32

2

4 0  2
;
20  20  2 0 

(109)

which can be less than 1, in general.
We may perfectly assume the dimensionful parameters
 and V0 , and therefore t0 in (106), could be the scale of the
weak interaction 102 GeV  1011 eV. If t is of the order
of the age of the universe, 1033 eV, Eq. (108) gives
e

=2

 1022

0

:

(110)

Then, if
0 

17
;
22

(111)


~ (107) is of the order of the Planck length 1019 GeV1 .
Therefore, using a model whose action is given by (106),
the important hierarchy problem might be solved. By substituting (111) into (109), one obtains
weff  1 

61
:
85

3320  242

(112)

It is seen that weff can be less than 1 if 20 < 85=242, and
t0 is given by
v

u
172
1 876
2
t222 20  3121  90 
222 20 u
;
(113)
t0 
2V0
612
which is real and positive, as far as V0 > 0. A similar
method can be applied in the solution of the hierarchy
problem in a generalized scalar-tensor theory including a
nonminimal coupling with the curvature [34].
We now start from the following action for modiﬁed
gravity coupled with matter:


Z
p 1
S  d4 x g 2 F R  Lmatter ;
(114)

F R being some arbitrary function. Introducing the auxiliary ﬁelds, A and B, one can rewrite the action (114) as
follows:


Z
p 1
S  d4 x g 2 fBR  A  F Ag  Lmatter :

(115)
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One is able to eliminate B, and obtain


Z
p 1
S  d4 x g 2 fF 0 AR  A  F Ag  Lmatter ;

(116)

hierarchy problem can be solved by using the above version of modiﬁed gravity.
We may consider the model

and by using the conformal transformation

with constant f0 and . If < 1, the second term dominates, when the curvature is small. Assuming that the EoS
parameter w of matter is constant, one gets [16]

g

!

e g

(117)

;

with
   lnF 0 A;

(118)

the action (116) is rewritten as the Einstein-frame action:
 

Z
3
p 1
SE  d4 x g 2 R  g @ @   V
2



(119)
 Lmatter :

F R  R  f0 R ;

2
a  a0 th0 ;
h0
;
31  w

6f h
 0 0 6h0  12h20  1 f1  2 1  
a0
0
f1= 31w g
;
(127)
 2  h0 g
and, by using (127), we ﬁnd the effective weff to be given
by

Here,
A
F A
;

V  e Ge   e2 F Ge   0
F A F 0 A2
(120)
and we solve (118) with respect to A as A  G. Let us
assume that the matter Lagrangian density Lmatter contains
a Higgs-like scalar ﬁeld ’
2
1
L matter   r ’r ’ 
’2  ’4     : (121)
2
2

Under the conformal transformation (117), the matter
Lagrangian density Lmatter is transformed as
L matter ! Lmatter


e
r ’r ’ 
2

2 e2

2

’2  e2 ’4     :

weff  1 

’ ! e=2 ’;

(123)

Lmatter acquires the following form:
1
L matter   r ’r ’ 
2

2 

e 2
’  ’4     ;
2
(124)

where the time derivative of  is neglected. Then, the
massive parameter , which determines the weak scale,
is effectively transformed as
! ~

e=2 :

(125)

In principle,
can be of the order of the Planck scale
1019 GeV, but if e=2  1017 in the present universe, ~
could be 102 GeV, which is the scale of the weak interaction. Therefore, there is a quite natural possibility that the

1w

:

(128)

Hence, if w is larger than 1 (as for effective quintessence
or even for a usual ideal ﬂuid with positive w), when is
negative, an effective phantom phase occurs where weff is
less than 1. Note that this is different from the case of
pure modiﬁed gravity.
By using (118) and neglecting the ﬁrst term in (126), it
follows that
1
e =2  p :
f0 R 1

(129)

In the present universe, R  1033 eV2 . Assume now that
f0 could be given by the Planck scale 1019 GeV 
1028 eV as f0  1028 eV1=2 1 . Then, Eq. (129) would
yield

(122)
By redeﬁning ’ as

(126)

e =2  1061

1

:

(130)

If we furthermore assume that 17  61  1, we ﬁnd
 44=61. In that case, if w > 1, weff > 1 and the
universe is not phantomlike, but (130) hints towards the
possibility that modiﬁed gravity can solve in fact the
hierarchy problem.
Let us write the action of the scalar-tensor theory as


1 Z
1
p
S  2 d4 x ge  R  @ @   V0 e2=0
2

Z
p

 d4 x gLmatter ;
2
1
Lmatter   @ ’@ ’  ’2  ’4     :
2
2

(131)

This action could be regarded as the Jordan frame action.
Scalar ﬁeld ’ could be identiﬁed with the Higgs ﬁeld in
the weak (electromagnetic) interaction. Now the ratio of
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the inverse of the effective gravitational coupling 
~
e =2 (107) and the Higgs mass is given by
1

~



e =2
:


(132)

Hence, even if both of 1= and are of the order of the
 could be of the
weak interaction scale, if e =2  1017 , 1=~
order of the Planck scale.
By rescaling the metric and the Higgs scalar ’ as
g

! e

g

’ ! e

;

=2 ’;

(133)

the Einstein-frame action is obtained:

1 Z 4 p
1
R  1  3 2 @ @ 
d
x
g
2
2

 Z
p
21=0  
 d4 x gLmatter ;
 V0 e



1
  @ ’  @ ’ @ ’  @ ’
2
2
2
2  
e

(134)
’2  ’4     :
2

S

Lmatter

In the Einstein frame, the gravitational coupling  is
constant but the effective Higgs mass, ~ , deﬁned by
e  =2

~

~



e =2


One is able to eliminate B and D, and obtain
S

Z

(139)

If a scalar ﬁeld is deleted by
e 

@A FA; C;

(140)

one can solve (140) with respect to A as A  A; C.
Then, we obtain

(136)

;

=2


p 1
d4 x g 2 f@A FA; CR  A



 @C FA; CG  C  FA; Cg  Lmatter :

S

which is identical with (132). Then, even if both of 1= and
are of the order of the Planck scale, if e =2  1017 , ~
could be an order of the weak interaction scale. Therefore
the solution of the hierarchy problem does not essentially
depend on the choice of frame.
Nevertheless, note that the cosmological time variables
in the two frames could be different due to the scale
transformation (133), as
dt ! d~t  e 

problem in the same way, since the factor in front of the
scalar curvature, which should be the inverse of the
Newton constant, although it is indeed a constant, in the
above cases this factor depends on time. However, when
including a term like gGR, where gG is a proper
function of the Gauss-Bonnet invariant, the effective
Newton constant could become time dependent and might
indeed help solve the hierarchy problem.
A similar mechanism can work also in FG; R-gravity
(10). Introducing the auxiliary ﬁelds, A, B, C, and D, one
can rewrite the action (114) as follows:

Z
p 1
S  d4 x g 2 fBR  A  DG  C


(138)
 FA; Cg  Lmatter :

(135)

;

can be time dependent. Hence, the ratio of 1= and ~ is
given by
1
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dt:


p 1
d4 x g 2 fe R  A; C


 @C FA; C; CG  C  FA; C; Cg

 Lmatter :
(141)
Varying over C, it follows that C  G, which allows one to
eliminate C:
S

(137)

Therefore, the time intervals are different in the two
frames. The units of time and length are now deﬁned by
electromagnetism. Then, the frame where the electromagnetic ﬁelds do not couple with the scalar ﬁeld  could be
physically more preferable. Since the electromagnetic interaction is a part of the electroweak interaction, the Jordan
frame in (131) should be more preferable from the point of
view of the solution of the hierarchy problem.
In the case of fG-gravity, whose action is given by
(10) with (18), it is rather difﬁcult to solve the hierarchy

Z


p 1
d4 x g 2 fe R  A; G


 FA; G; Gg  Lmatter :
Z

(142)

Performing the scale transformation (117), we obtain the
Einstein-frame action. If we consider matter (Higgs) scalar
as in (121), we can redeﬁne ’ as in (123). The same
scenario as in the case of F R-gravity is applied, if e=2 
1017 in the present universe, there is a possibility that the
hierarchy problem can be solved by working in the above
version of FG; R gravity. Hence, we have proven that the
hierarchy problem can indeed be solved in modiﬁed gravity which contains a FG; R term.
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VII. DISCUSSION
To summarize, various types of dark energy cosmologies
in modiﬁed Gauss-Bonnet gravity —which can be viewed
as inspired by string considerations —have been investigated in this paper. We have shown, in particular, that
effective quintessence, phantom, and cosmological constant eras can naturally emerge in this framework, without
the need to introduce scalar ﬁelds of any sort explicitly.
Actually, the cosmic acceleration we observe may result
from the expansion of the universe due to the growing of
the extra terms in the gravitational action when the curvature decreases. In addition, with the help of several examples, corresponding to explicit choices of the function
fG, we have shown that the uniﬁcation of early-time
inﬂation with late-time acceleration in those theories occurs also quite naturally. Moreover, the framework is attractive in the sense that it leads to a reasonable behavior in
the solar system limit (no corrections to Newton’s law, no
instabilities, no Brans-Dicke problems appear), whatever
the particular choice of fG. Finally, the transition from
the deceleration to the acceleration epoch, or from the
nonphantom to the phantom regime —provided the current
universe is in its phantom phase—may both be natural
ingredients of our theory, without the necessity to invoke
any sort of exotic matter (quintessence or phantom) with an
explicit negative EoS parameter.
We have also shown in the paper that modiﬁed GB
gravity has de Sitter or SdS BH solutions, for which the
corresponding entropy has been calculated. It has been
explicitly demonstrated that our theory can be consistently
quantized to one-loop order in de Sitter space, in the same
way as modiﬁed F R gravity.
Dark energy cosmologies in a more complicated
FG; R framework can be constructed in a similar fashion,
too. An attempt to address fundamental particle physics
issues (as the hierarchy problem), as resulting from a
modiﬁcation of gravity, has shown that some natural solution may possibly be achieved in F R-gravity, but probably not in fG-gravity [albeit the case FG; R opens
again a new possibility]. In this respect, it may also be of
interest to study other modiﬁed gravities, where a nonminimal coupling of the sort Ld fG, with Ld being some
matter Lagrangian which includes also a kinetic term is
introduced. In the speciﬁc case of a Ld F R nonminimal
coupling, such terms may be able to explain the current
dark energy dominance [35] as a gravitationally assisted
one.
The next step should be to ﬁt the speciﬁc astrophysical
predictions of the above theory with current observational
data (for a recent summary and comparison of such data
from various sources, see [36]), which ought to be modiﬁed
accordingly, as most of them are derived under the (often
implicit) assumption that standard general relativity is
correct. One immediate possibility is to study the perturbation structure in close analogy with what has been

done for F R-gravity [19,37]. This will be reported
elsewhere.
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APPENDIX
Having in mind the importance of spherically symmetric
BH solutions in gravity theories, let us consider the possibility that FG; R-gravity has the Schwarzschild black
hole solution:
ds2  e2 dt2  e2 dr2  r2 d22 ;

e2  1 

r0
;
r
(A1)

For simplicity, we consider the vacuum case (T  0) and
concentrate on the model (18). Then, by multiplying g
with (12) for the action (18), we ﬁnd
0

1
R  2fG  2f0 GR2  4f0 GR
22
 2f0 GR  R   4f0 GR R

R

 2r2 f0 GR  4r r f0 GR :



(A2)

In the case of the Schwarzschild black hole (A1), one has
RR

 0;

GR

 R





12r20
:
r6

(A3)

Then, Eq. (A2) is reduced to be
0  fG  Gf0 G;

(A4)

fG  f0 G;

(A5)

which gives

with a constant f0 . Since G is a total derivative, one can
drop fG in (10) with (18) for (A5). Hence, the
Schwarzschild black hole geometry is not a solution for a
nontrivial fG-gravity which justiﬁes our interest for SdS
BH in Sec. III as for the spherically symmetric solution of
the above fG theory. Note that a theory of this sort may
contain a Schwarzschild solution in higher dimensions,
where G is not a topological invariant (for a recent
example, see [38]). It should be also stressed that modiﬁed gravity of the FG; R form containing more complicated R-dependent terms might admit the standard
Schwarzschild black hole solution.
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Abstract
It is shown that phantom scalar models can be mapped into a mathematically equivalent, modiﬁed F (R) gravity, which turns out to be complex,
in general. Only for even scalar potentials is the ensuing modiﬁed gravity real. It is also demonstrated that, even in this case, modiﬁed gravity
becomes complex at the region where the original phantom dark energy theory develops a Big Rip singularity. A number of explicit examples are
presented which show that these two theories are not completely equivalent, from the physical viewpoint. This basically owes to the fact that the
physical metric in both theories differ in a time-dependent conformal factor. As a result, an FRW accelerating solution, or FRW instanton, in the
scalar–tensor theory may look as a decelerating FRW solution, or a non-instantonic one, in the corresponding modiﬁed gravity theory.
© 2007 Elsevier B.V. All rights reserved.
PACS: 11.25.-w; 95.36.+x; 98.80.-k

1. Introduction
The explanation of the origin of dark energy and the precise
description of the cosmological structure of the currently accelerating universe are fundamental challenges of modern cosmology. A good amount of observational data indicate quite clearly
that the present universe may already be, or may soon enter,
in a so-called phantom or superacceleration era, with an effective equation of state parameter w slightly less than −1 (for a
recent discussion on phantom-favoring observational data, see
[1]). The simplest possibility to realize this phantom dark energy era is based on the introduction of a phantom scalar, i.e. a
scalar ﬁeld with negative kinetic energy (for a recent discussion
of scalar phantom cosmology, see [2] and references therein).
The fundamental property of such a phantom ﬁeld in the accel* Corresponding author.

E-mail addresses: elizalde@ieec.uab.es (E. Elizalde),
nojiri@phys.nagoya-u.ac.jp (S. Nojiri), odintsov@ieec.uab.es (S.D. Odintsov).
1 Also at TSPU, Tomsk, Russia.
0370-2693/$ – see front matter © 2007 Elsevier B.V. All rights reserved.
doi:10.1016/j.physletb.2007.01.013
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erating FRW universe is the appearance of a ﬁnite-time future
singularity (Big Rip) [3] of the scale factor. Moreover, a phantom scalar with negative kinetic energy leads to a number of
instabilities and it is unwanted from a physical point of view.
In a situation like that, it is quite natural to search for other
theories, without negative kinetic energy, which may also lead
in a quite natural way to an effective phantom era. A rather
straightforward possibility is modiﬁed gravity (for a recent review, see [4]), where indeed an effective phantom phase can
be realized without a scalar phantom. It seems clear that the
same phantom era can be alternatively described by modiﬁed
gravity, by a phantom with some speciﬁc scalar potential, by a
phantom-like ideal ﬂuid, etc. Hence, it is important to investigate the relation between phantom scalar models and modiﬁed
gravity, with the ﬁnal aim to clarify what the different properties of both theories are.
It is known already that F (R) modiﬁed gravity can be always presented under the mathematically-equivalent form of a
(canonical) scalar–tensor theory, but this could not be proven
for the scalar phantom one. In the present Letter we will show
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that any scalar phantom theory can be always represented as a
modiﬁed F (R) gravity which is, generally speaking, complex
but that for some potentials may be real. The class of phantom
theories leading to real modiﬁed gravities will be investigated
in some detail.
Before going on, it must be pointed out that, in spite of the
mathematical equivalence of these two theories, they are not
physically equivalent. This is due to the fact that the physical
metric—which is to be ﬁtted against the observational data—is
different in both theories, owing to the appearance of a conformal factor in the process of transforming one theory into the
other. As a result, an FRW instanton in one version is not necessarily an instanton in the (mathematically) equivalent theory,
or an accelerating FRW cosmological solution in the scalar–
tensor theory may result into a decelerating FRW universe, in
the corresponding version of modiﬁed gravity. One must be
very careful in analyzing all these possibilities. Furthermore,
the origin of the Big Rip singularity will be hereby clariﬁed,
following the mapping of the phantom phase into real, modiﬁed gravity: the phantom Big Rip will precisely correspond to
the region of modiﬁed gravity where it becomes complex.
2. The phantom scalar as (complex) modiﬁed gravity
Using a complex conformal transformation, we will show in
this section how the phantom scalar can be represented as an
equivalent modiﬁed gravity theory. The starting action for the
scalar–tensor theory will be given by




1
R
μ
∂
∓
ϕ∂
ϕ
−
V
(ϕ)
,
S = d 4 x −g
(1)
μ
2κ 2 2
where V (ϕ) is a potential of the scalar ﬁeld ϕ and R is the
scalar curvature corresponding to the metric tensor gμν . In the
above expression, the sign in front of the kinetic term is +
(−) for the case that the scalar ﬁeld ϕ is a phantom (canonical scalar). In [5] it has been shown that, in the non-phantom
case, the scalar–tensor theory can be mapped—using a conformal transformation of the metric tensor—to modiﬁed gravity
(for a general review of this procedure, see [4]). The relation
between the two theories has been investigated with care. Mathematically, the two are equivalent but physically there are certain non-equivalency issues [5–7]. They are related with the
fact that the physical metric that has to ﬁt the observational
data in the two theories is different (due to the conformal factor). For instance, some accelerating FRW universe solution of
the scalar–tensor theory may well correspond to a decelerating
FRW universe in the equivalent, modiﬁed gravity formulation
(see some examples in [7]). Under these circumstances, if it
turns out that the cosmological parameters are well ﬁtted from
the ones of the scalar–tensor theory, or either from those of
modiﬁed gravity, it is this well behaved corresponding theory
the one which will better describe our current accelerating universe. Note also that there was recent discussion [8] indicating
that some versions of F (R) gravity may have problems with
Solar System tests. We will not discuss different points of view
on this problem here.

A non-trivial problem occurs when a conformal transformation is used for the phantom case. Indeed, a real conformal
transformation
 on the metric tensor of the type used in [5],
2

±κϕ

3g
gμν = e
μν , can cancel the kinetic term of the scalar ﬁeld
in the non-phantom case only. In order to solve this problem,
we here suggest to use a complex conformal transformation
which will lead to a (generally speaking, complex) modiﬁed
F (R) gravity.
From now on, we will restrict our discussion to the phantom scalar. To start, one can repeat step by step the calculations
made in [5] by using a complex conformal transformation given
by

gμν = e

±iκϕ



2
3

(2)

gμν .

Using it in (1), one arrives at

S=




 ±iκϕ 23

√
R
e
±i2κϕ 23
d 4 x −g
−
e
V
(ϕ)
,
2κ 2

(3)

where the kinetic term of the scalar ﬁeld disappears. Now, the
scalar ϕ is just an auxiliary ﬁeld and can be expressed in terms
of the scalar curvature as ϕ = ϕ(R), by using the equation of
motion
R=e

±iκϕ



2
3

√
4κ 2 V (ϕ) ∓ i 6κV (ϕ) .

(4)

Hence, the scalar–tensor action appears under the form of F (R)
gravity:

√
S = d 4 x −gF (R).
(5)
Here the function F (R) is given by the expression




R
±i2κϕ 23
(6)
−e
V (ϕ).
2
2κ
Note that, generally speaking, the curvature and the action itself can easily become complex, as they may contain a non-zero
imaginary part after performing the complex conformal transformation. This fact indicates to known physical problems of
phantom from another side.
Let us consider the simple example where the potential is
given by

F (R) ≡ e

±iκϕ

2
3

V (ϕ) = V0 eakϕ .
Then, we ﬁnd
R = 2κ V0 2 ∓ i
2

(7)




3
κϕ(R) a±i 23
a e
,
2

(8)

and


2
 
 a±2i 3 (1+2nπi)
3
R
a±i 23

F (R) = V0 1 ∓ ia
.
2
2κ 2 V0 2 ∓ ia 32
(9)
As is clear from (4), if the scalar ﬁeld ϕ is real, the scalar
curvature R will not be always real. In order for R to be real,
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the following condition should be fulﬁlled


e

√
4κ 2 V (ϕ) − i 6κV (ϕ)

√
−iκϕ 23
4κ 2 V (ϕ) + i 6κV (ϕ) ,
=e

iκϕ

the potential (14), Eq. (4) tells us that ϕ is purely imaginary. In
fact, when we deﬁne φ = −iϕ, Eq. (4) becomes real
√
R = e∓κφ 8α 2 1 − 3κ 2 φ 2 ± 12 6α 2 κφ ,
(16)

2
3

(10)

and can be solved as φ = φ(R), and then we have the following
F (R) theory, from (6),

(11)

F (R) =

which is satisﬁed for a potential like
V (ϕ) =

V0
 .
cos κϕ 23

√

Except for the case (11), the curvature R in (4) is not real
for real ϕ. There still could be, however, the possibility that,
after formally solving (4) with respect to ϕ, if we substitute the
expression into (3), the resulting action might be real. Let us
assume that the potential V (ϕ) contains only even powers of
ϕ, and write this potential as V (ϕ) = U (ϕ 2 ). This is a typical
situation in quantum ﬁeld theory (note that some properties of
the phantom are indeed similar to those of a QFT, as was shown
in [9], while quantum effects may render an effective phantom
cosmology [10]). Since Eq. (4) can be rewritten as
R=e

±iκϕ



2
3

√
4κ 2 U ϕ 2 ∓ i2 6κU ϕ 2 ϕ ,

(12)

this tells us that ϕ is pure imaginary, if R is real. Then, from
the expression of (6), we ﬁnd that the action (5) is indeed real.
As ϕ is purely imaginary, we can write it as ϕ = iφ and use the
real ﬁeld φ. Then, even if we start with the plus sign in front of
the kinetic term of the scalar ﬁeld, in (1)—which corresponds
to a phantom—it turns out that




1
R
μ
2
,
∂
−
φ∂
φ
−
U
−φ
S = d 4 x −g
(13)
μ
2κ 2 2
which corresponds to a non-phantom theory. Therefore, even if
we started with a phantom theory, in order that the F (R) gravity action could be real, the corresponding scalar–tensor theory
reduces to a non-phantom theory, except for the case (11). We
should note, however, that in the action (13), by analytic continuation, the potential becomes sometimes negative, as we will
see later. This might be taken as a footprint of the original phantom nature of the theory. One further remark is in order. Some
time ago complex general relativity attracted considerable interest, for different reason. In any case, if one starts with complex
modiﬁed gravity where the whole imaginary part of the metric
may be included into the conformal factor, then by an inverse
transformation, such complex modiﬁed gravity can be mapped
into a phantom scalar–tensor theory.
The next simple example is the model of a massive phantom
and a cosmological constant:




1
2α 2
R
μ
2 2
+
ϕ∂
ϕ
−
−
6α
ϕ
∂
. (14)
S = d 4 x −g
μ
2κ 2 2
κ2
Here α is a constant. A cosmological solution is given by
a = a 0 eα

2t 2

,

ϕ=

2αt
.
κ
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(15)

Since Ḣ = 2α 2 > 0, the solution (15) actually expresses a
super-accelerated (phantom) expanding (if t > 0) universe. For
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√

e∓iκϕ 2/3 R 2α 2 e∓2
−
2κ 2

2/3iκφ(R) (1 − 3κ 2 φ(R)2 )

κ2

.

(17)
By inversely transforming the F (R) gravity into the scalar–
tensor theory, with the usual procedure, instead of (14), one
obtains




1
2α 2
R
μ
2 2
−
φ∂
φ
−
+
6α
φ
∂
. (18)
S = d 4 x −g
μ
2κ 2 2
κ2
As the mass is negative, the scalar ﬁeld is a tachyon. The action
does not yield the same solution as (15), but if we Wick-rotate
the time-coordinate t as t → iτ , we obtain the Euclidean solution
2ατ
.
(19)
κ
We should point out that, in F (R) gravity, owing to the scale
transformation (2), the metric looks rather different
%
 $
3
a = a0 e−α

2τ 2

dsF2 (R) = e

φ=

,

±iκϕ

2
3

dτ 2 + a(τ )2

dx i

2

i=1

= d τ̃ 2 +


2a02 α 2 τ̃ 2 − 32 ln ∓ 23 α τ̃

3

2

3
2

dx i .

e

(20)

i=1

Here



∓ 2 ατ

3e 3
τ̃ ≡ ∓
.
2
3
The metric (20) has a conical singularity unless
2a02 α 2 = 3.

(21)

(22)

The third example is
 



2
1
R
4
μ
+ ∂μ ϕ∂ ϕ − V0 cos κϕ
.
S = d x −g
2
2
3
2κ
(23)
By solving (4), we ﬁnd
e±2iκϕ

√

2/3

= −3 +

R
,
V0 κ 2

(24)

and therefore ϕ is clearly imaginary. The corresponding F (R)
gravity (6) is given by
5
R
.
F (R) = V0 −3 +
(25)
V0 κ 2
Since ϕ is imaginary, by putting ϕ = −iφ, the action (23) acquires the following form:
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2
,
S = d x −g
3
(26)
which can be also obtained by inversely transforming the F (R)
gravity (25) into the scalar–tensor theory with the above procedure. In (26), when |φ| is large, the action behaves as
 



1
V0 κ|φ| 23
R
μ
∂
e
−
φ∂
φ
−
.
S ∼ d 4 x −g
(27)
μ
2
2κ 2 2






4

1
R
− ∂μ φ∂ μ φ − V0 cosh κφ
2
2
2κ

Hence, we have a solution like

 
2  t 
3
ln ,
φ∼κ
H= ,
3 t1
t

48
t1 ≡ 2 .
κ V0

(28)

Since from Eq. (24) it follows that

2κφ

R = V0 κ 3 + e
2

2
3

,

(29)

we ﬁnd R → 3V0 or R → +∞ when |φ| → ∞.
Thus, we have shown that a phantom scalar may be always
mapped into complex modiﬁed gravity. In cases of an even
scalar potential, the corresponding, equivalent modiﬁed gravity is real.
κ2

3. The Big Rip singularity: phantom versus modiﬁed
gravity
In the present section we will compare what happens in the
phantom scalar–tensor theory and in modiﬁed gravity when a
ﬁnite-time singularity (Big Rip) appears in either of these theories. Let us consider the following example




1
ϕ
R
μ
+
ϕ∂
ϕ
−
V
cosh
2
∂
. (30)
S = d 4 x −g
μ
0
ϕ0
2κ 2 2
V0 cosh(2 ϕϕ0 )

V0 2|ϕ|/ϕ0
,
2 e

∼
when ϕ is large, we have the
Since
following asymptotic solution


 t0 − t 
κ 2 ϕ02
,
,
H∼
ϕ ∼ ϕ0 ln

t1
4(t0 − t)
2

t12

ϕ 2 1 + 3κ4ϕ0
≡ 0
,
v0

(31)

which exhibits a Big Rip singularity [3] at t = t0 (for the classiﬁcation of future, ﬁnite-time singularities, see [11]). Hence,
Eq. (4) yields
√


2ϕ
2 6κ
2ϕ
±iκϕ 23
∓i
sinh
4κ 2 cosh
R=e
ϕ0
ϕ0
ϕ0
√


2
2φ
6κ
2
2φ
∓κφ 3
∓
sin
4κ 2 cos
.
=e
(32)
ϕ0
ϕ0
ϕ0
Solving (32) with respect to iϕ or φ and using (5) and (6), we
obtain an F (R) gravity. Since the Big Rip singularity corresponds to |ϕ| → ∞, the scalar curvature (32) in F (R) gravity becomes complex and large as in (8). In particular, when
φ → +∞, one ﬁnds
R∝e

±iκ



2
2
3 + ϕ0

ϕ

,

(33)

which gives a complex F (R) theory with
2−

F (R) ∝ R

2
ϕ
0
±iκ 23 + ϕ2
0

(34)

.

Therefore, there is no solution in the corresponding F (R) gravity which could be also obtained from a non-phantom theory




1
φ
R
4
μ
− ∂μ φ∂ φ − V0 cos 2
. (35)
S = d x −g
ϕ0
2κ 2 2
The point corresponding to the Big Rip singularity only appears when φ is analytically continued to be imaginary. This
clearly demonstrates the physical non-equivalence between the
phantom and the corresponding modiﬁed gravity theories: even
when the (phantom) scalar–tensor theory can be mapped into a
real F (R) gravity, the FRW accelerating solution of the scalar–
tensor theory might be mapped into the corresponding FRW
solution in the F (R) theory only partially. When the scalar–
tensor FRW metric becomes singular (the Big Rip occurs) the
equivalent F (R) gravity becomes complex and the singularity
does not show up. This is a quite general situation in the examples we have discussed. Nevertheless, one may also expect
that in some speciﬁc cases the transformation of the scalar–
tensor theory into modiﬁed F (R) gravity may become singular
precisely at the point where the Big Rip occurs. The generic
conclusion is that when the phantom Big Rip occurs, there is no
possibility to transform the Big Rip region of the scalar–tensor
theory to a reliable (real) modiﬁed gravity sector.
Conversely, the Big Rip singularity can occur even in F (R)
gravity, for instance, if [4]
2

F (R) = f0 eR/6H0 ,

(36)

with constant f0 and H0 [4]. We now consider what could occur in the corresponding scalar–tensor theory. Let us rewrite the
general action of F (R) gravity (5) as a scalar–tensor theory. By
introducing the auxiliary ﬁelds, A and B, one can rewrite the
action (5) as follows



7
√
16
S = d 4 x −g 2 B(R − A) + F (A) .
(37)
κ
Then, one is able to eliminate B, to obtain



7
√
16
S = d 4 x −g 2 F (A)(R − A) + F (A) ,
κ

(38)

and using the conformal transformation gμν → eσ gμν (σ =
− ln F (A)), the action (38) can be rewritten as the Einsteinframe action



√
1
3
SE = d 4 x −g 2 R − g ρσ ∂ρ σ ∂σ σ − V (σ ) . (39)
2
κ
Here,
V (σ ) = eσ G e−σ − e2σ f G e−σ

=

F (A)
A
−
.
F (A) F (A)2

(40)
The action (38) is called the Jordan-frame action (a recent comparison of the equivalence between the Einstein and the Jordan
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√
frames can be found in [12]). If we identify ϕ = 3σ/κ, we obtain the action of the scalar–tensor theory (1). The action thus
obtained is not the phantom one, since the scalar ﬁeld in (40)
has a canonical kinetic term. Near the Big Rip singularity, the
scalar curvature in F (R) gravity becomes large and then, for
the model (36), we ﬁnd σ ∝ −R/6H02 . As a consequence, σ
becomes negative and large, and the potential V (σ ) → 0.
When F (R) behaves as F (R) ∼ R −n , the scalar factor behaves as
a ∼ (t0 − t)

(n+1)(2n+1)
n+2

(41)

.

Thus, when n < −2 or −1 < n < −1/2, a singularity of the Big
Rip type can appear at t = t0 . In this case, we ﬁnd
σ ∼ (n + 1) ln R ∼ −2(n + 1) ln(t0 − t),

(42)

since
R∼

6(n + 1)(2n + 1)(4n + 5)n
.
(n + 2)2 (t0 − t)2

(43)

Then, in the corresponding scalar–tensor theory, the time coordinate t˜ could be given by d t˜ = ±eσ dt ∼ ±(t0 − t)n+1 dt,
that is t˜ = ±(t0 − t)n+2 . Therefore, when n < −2, t → t0
corresponds to t → ±∞. As a consequence, the singularity
changes its structure: it does not appear in ﬁnite time for the
scalar–tensor theory. On the other hand, when n > −2, t → t0
corresponds to t → 0. We also ﬁnd that the metric in the scalar–
tensor theory behaves as

2
2
= eσ −dt 2 + a(t)2
dx i
dsST
i=1,2,3

∼ −d t˜ 2 + ã(t)2

dx

i 2

,

i=1,2,3

ã(t)2 ∼ a02 t˜

(n+1)(2n+5)
(n+2)2

,

(44)

→
with a constant a0 . Since in the case −1 < n < −1/2,
0 when t˜ → 0, the Big Rip singularity could be replaced with a
Big Crunch, where the universe shrinks indeﬁnitely.
Hence, the Big Rip singularity which may occur in some
versions of F (R) gravity may change its structure in the equivalent, scalar–tensor theory. Either it goes to the inﬁnite past or
future (n < −2), or the Big Rip singularity is replaced with a
Big Crunch singularity (−1 < n < −1/2) in the corresponding
scalar–tensor theory. Thus, generically, there is in fact a mathematical equivalence between the phantom scalar–tensor theory
and the corresponding modiﬁed gravity, the Big Rip singularity
region being then the part of the solution where physical equivalence is lost. This may be due to the actual non-existence of
one of the corresponding theories precisely in this region, or
either to a total change of the structure and properties of the
singularity.
a(t)2

4. The FRW instanton with a spatially non-ﬂat metric both
in the phantom theory and in modiﬁed gravity

109

for the scalar–tensor theory was considered. In this formulation the scalar ﬁeld is identiﬁed with the time coordinate. As
we analytically continue the scalar ﬁeld to pure imaginary values (Section 2), the time coordinate could be also analytically
continued. Then one could obtain a kind of an instanton solution. In [13], only the case that the spatial part is ﬂat was
considered, since the spatial part of the observed universe is
approximately ﬂat. In order to obtain a ﬁnite action for the instanton solution, however, we may consider the case when the
spatial part is spherical. But even if the spatial part is ﬂat or a
hyperboloid, dividing the manifold by using a discrete group,
we can also obtain a ﬁnite action. In either way, we are able to
extend the formulation of [13] to the (phantom) case when the
spatial part is not ﬂat
ds 2 = −dt 2 + a(t)2 dΩ 2 .

(45)

Here dΩ 2 is the metric of either the three-dimensional ﬂat
space, the hyperboloid, or the sphere with unit radius. The action of the scalar–tensor theory is chosen to be



√
R
1
μ
S = d 4 x −g
(46)
−
φ∂
φ
−
V
(φ)
.
ω(ϕ)∂
μ
2κ 2 2
By assuming that the scalar ﬁeld ϕ only depends on time, the
FRW equations give
3
1
3k
+ ωφ φ̇ 2 + V (φ) − 2 2 ,
κ2 2
2κ a
1
k
1
0 = 2 Ḣ + 3H 2 + ωφ φ̇ 2 − V (φ) + 2 2 .
2
κ
2κ a
0=−

(47)

If dΩ 2 in (45) is the metric of the sphere, we have k = 2, if
it corresponds to a hyperboloid, k = −2, and in the ﬂat case
k = 0. Since there is freedom in redeﬁning the scalar ﬁeld φ,
we may choose φ = t . Then, we obtain
2
k
Ḣ + 2 2 ,
κ2
κ a
k
1
V (φ) = 2 Ḣ + 3H 2 + 2 2 .
(48)
κ
κ a
As a consequence, if we consider the model where ω(φ) and
V (φ) are given by
ω(φ) = −

ω(φ) = −
V (φ) =

ke−2g(φ)
2
g
(φ)
+
,
κ2
κ 2 a02

1
ke−2g(φ)
2
,
g
+
(φ)
+
3g
(φ)
κ2
κ 2 a02

(49)

there is the following solution
φ = t,

H = g (t)

a = a0 eg(t) .

(50)

First we consider a special (and trivial) example with k = 2
(sphere):
g(φ) = ln cosh

φ
.
a0

(51)

Then by using (50), we ﬁnd that the metric is given by
In Section 2 we have studied the analytic continuation of the
phantom scalar ﬁeld, while in [13], the reconstruction scenario
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ds 2 = −dt 2 + a0 cosh

t
dΩ 2 ,
a0

(52)
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which is nothing but the metric of de Sitter space. In fact, (48)
yields
ω(φ) = 0,

V (φ) =

3
a02 κ 2

.

(53)

Therefore, the scalar ﬁeld φ does not appear in this action (46),
there only appears the cosmological term, where the cosmological constant is given by V in (53). As well known, by Wickrotating the time coordinate t by t → ia0 τ , the metric (52) is
transformed into the metric of the sphere with radius a0 :
ds 2 = a02 dτ 2 + cos2 τ dΩ 2 .

(54)

The solution (54) can be regarded as an instanton.
Let us consider the second non-trivial example, again when
k = 2:


t2
1
1+ 2 ,
g(t) = ln
(55)
2
a0

Eqs. (58) yield the following action



R
1
10
4 √
2 κ
μ
S = d x −g
− ∂μ φ̃∂ φ̃ − 2 cos
φ̃ ,
2
2κ 2 2
a0 κ 2

the action (64) gives the metric in (59). If we start with the action (56), Eqs. (4) and (6) lead to a corresponding F (R) gravity
theory. Even if we start with the action (63), we obtain the same
F (R) gravity action. More explicitly, Eq. (4) gives

which gives
±κ φ̃

2 −2

φ
4
1+ 2
ω(φ) =
2
2
κ a0
a0
V (φ) =

10
φ2
1+ 2
2
a0 κ
a0

R=

,
−1
.

Eq. (55) tells us that

t2 2
a0
1+ 2 .
a(t) =
2
a0

(56)

(57)

We may analyticaly continue the scalar ﬁeld φ as φ = iρ, which
gives

ρ 2 −2
4
,
1
−
ω(ρ) =
κ 2 a02
a02

10
ρ 2 −1
V (ρ) =
(58)
.
1
−
a0 κ 2
a02
In the Euclidean signature, t = iτ , the scalar–tensor theory
leads to the following metric, instead of (57),

τ2 2
a0
2
2
1 − 2 dΩ 2 .
ds = dτ +
(59)
2
a0
This metric seems to be singular when τ → ±a0 . Since the metric behaves as
ds 2 ∼ dτ 2 + (τ − a0 )2 dΩ 2 ,

(60)

when τ → −a0 and
ds 2 ∼ dτ 2 + (a0 − τ )2 dΩ 2 ,

(61)

when τ → a0 , there is no conical singularity when τ → ±a0 .
Therefore, this metric (59) corresponds to the instanton.
By changing the scalar ﬁeld φ to φ̃ as

κ
φ = a0 tan φ̃ ,
(62)
2

(63)

and by analytic continuation of φ̃ as φ̃ = iϕ, the action is transformed into



√
R
1
10
μ
2 κ
∂
ϕ
,
+
ϕ∂
ϕ
−
cosh
S = d 4 x −g
μ
2
2κ 2 2
a02 κ 2
(64)
which corresponds to a phantom ﬁeld. Since, from (62)

κ
ρ = a0 tanh ϕ ,
(65)
2



20e

a02

2
3


2 cos(κ φ̃) + 2 ∓


3
sin(κ φ̃) .
2

(66)

In F (R) gravity, the Lorentz-signature metric has the following
form:



a +it
t2 2
a0
∓i 23 ln a0 −it
0
1 + 2 dΩ 2 , (67)
−dt 2 +
dsF2 (R) = e
2
a0
which seems difﬁcult to continue analytically in the Euclidean
signature.
All the above shows that the properties of the Euclideansignature solution in F (R) gravity are quite different from those
in the corresponding (phantom) scalar–tensor theory. Therefore, this indicates again a certain physical non-equivalence
of F (R) gravity as compared to the corresponding (phantom)
scalar–tensor theory. Note also that the conclusions of the previous section about the Big Rip singularity do not change for
the case of the spatially non-ﬂat FRW universe.
5. Discussion
In summary, we have here demonstrated that any phantom
scalar theory can be mapped into a mathematically equivalent one, which is a complex modiﬁed gravity. The fact that
the mathematically-equivalent theory is complex can be taken,
generically speaking, as an indication of some problems (already well known in fact) concerning the physical properties of
the phantom ﬁeld.
For even scalar potentials, the ensuing modiﬁed gravity turns
out to be real. Nevertheless, even in this case it becomes complex in the region where the scale factor develops the wellknown Big Rip singularity. Thus, the correspondence we have
unveiled helps a lot to clarify the origin of the Big Rip singularity.
From a different perspective, we have also seen that, when
some version of F (R) gravity develops an effectively phantom universe, with a possible future Big Rip, the corresponding

376

A Choice of Papers

Emilio Elizalde

F. Briscese et al. / Physics Letters B 646 (2007) 105–111

scalar–tensor theory is not a phantom one. Moreover, the structure of the Big Rip in the modiﬁed gravity changes to some
other type of singularity in the scalar–tensor theory: it usually
becomes an inﬁnite-time one or has a totally different nature.
Even a transmutation from a Big Rip to a Big Crunch singularity is possible.
As a ﬁnal remark, let us recall the known fact that any
(canonical or phantom) scalar–tensor theory can be presented,
in an equivalent form, as a ﬂuid obeying some equation of state.
This equivalence can then easily be extended to modiﬁed gravity [5]. As a result, using our connection here, an ideal ﬂuid
phantom dark energy model might be also presented as modiﬁed F (R) gravity, and the comparison of the properties of both
theories is to be performed in a way similar to what we have
done in this work.
[3]
[4]
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Abstract
Six-dimensional Einstein–Gauss–Bonnet gravity (with a linear Gauss–Bonnet term) is investigated. This theory is inspired by basic features of
results coming from string and M-theory. Dynamical compactiﬁcation is carried out and it is seen that a four-dimensional accelerating FRW universe is recovered, when the two-dimensional internal space radius shrinks. A non-perturbative structure of the corresponding theory is identiﬁed
which has either three or one stable ﬁxed points, depending on the Gauss–Bonnet coupling being positive or negative. A much richer structure
than in the case of the perturbative regime of the dynamical compactiﬁcation recently studied by Andrew, Bolen, and Middleton is exhibited.
© 2006 Elsevier B.V. All rights reserved.
PACS: 98.80.-k; 98.80.Es; 97.60.Bw; 98.70.Dk

1. Introduction
To realize that the expansion of the universe is accelerating
was one of the most important scientiﬁc discoveries of the last
century. There are several alternative explanations of this remarkable fact (what already means that it is not well understood
yet). A quite appealing possibility for the gravitational origin
of the dark energy responsible for this accelerated expansion is
the modiﬁcation of general relativity (GR) or the corresponding
Einsteinian gravity (see [1] for a review of these approaches).
Such a well-established and successful theory cannot be modiﬁed without a very good reason, and much less in an arbitrary
way. But observe that there is no compelling reason why standard GR should be trusted at cosmological scales. For a rather
minimal modiﬁcation of the same, one assumes that the gravita* Corresponding author.
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tional action might contain some additional terms which would
start to grow slowly with decreasing curvature. A particularly
interesting formulation is obtained by using well-grounded geometrical arguments, speciﬁcally when the modiﬁed gravity action is endowed with a function of the Gauss–Bonnet (GB)
topological invariant, G, as it was suggested in [2].
It must be noted that different types of dark energy may
actually show up in different ways, at large distances. Cold
dark matter is known to be localized near galaxy clusters but,
quite on the contrary, dark energy distributes uniformly in the
universe. The reason for that behavior could be explained by
a difference in the equation of state parameter w = p/ρ. Moreover, the effect of gravity on the cosmological ﬂuid turns out to
depend on w and it so happens that, even when −1 < w < 0,
gravity can act sometimes as a repulsive force. The effect of
gravity on matter with −1 < w < 0 can be shown to be opposite
to that on usual matter, which becomes dense near a star, while
matter with −1 < w < 0 becomes less dense when approaching a star [2]. Dark energy contributes uniformly throughout
the universe, which would be indeed consistent, since the equation of state parameter of dark energy is almost −1. If dark
energy is of phantom nature (w < −1), its density becomes

A Choice of Papers

2

Emilio Elizalde

E. Elizalde et al. / Physics Letters B 644 (2007) 1–6

large near the cluster but if dark energy is of quintessence type
(−1 < w < −1/3), then its density becomes smaller.
Another very important argument in favor of the GB modiﬁed theory is the fact that it can be seen as being inspired by
string and/or M-theory [3]. In fact, speciﬁc models for stringinspired scalar GB gravity, considered as possible forms of dark
energy, have been discussed in [4] and [5]. It was subsequently
shown in [6], that scalar GB gravity can actually be represented
as a modiﬁed GB gravity without scalars, and speciﬁcally that it
can be equivalent to an ideal ﬂuid with an homogeneous equation of state [7].
In the present Letter we will study the case of 6-dimensional
Einstein GB gravity, with a linear GB term. As already advanced, this situation is quite interesting, since the theory that
we will thereby obtain can be shown to be inspired by what is
derived from string/M-theory, after some speciﬁc compactiﬁcation is carried out, when the scale factor of the 2-dimensional
internal space goes to zero. In the course of our study we will
discover a non-perturbative structure of the corresponding theory with either three (for positive GB coupling, ) or one (for
negative GB coupling) stable ﬁxed points. This will exhibit
a much richer structure than the one that follows from the case
of the perturbative regime of the dynamical compactiﬁcation
recently studied by Andrew et al. [8].
2. Dynamical compactiﬁcation of 6-dimensional
Einstein–Gauss–Bonnet gravity
We shall start from the following, string-inspired action in
six dimensions

√
S = d 6 x −g(R + LGB ),
(1)
where  is a constant, and the metric is the product of the usual
metric corresponding to the 4-dimensional FRW universe and
a 2-dimensional surface, namely

2
2
2
ds 2 = −dt 2 + a 2 (t) dx 1 + dx 2 + dx 3

2
2
+ b2 (t) dx 4 + dx 5 ,
(2)
the scalar curvature is
R=

6ȧ 2 12ȧ ḃ 2ḃ2 6ä 4b̈
+ 2 +
+ ,
+
ab
a
b
a2
b

(3)

while the four-dimensional and topologically invariant Gauss–
Bonnet Lagrangian, LGB , has the form
48ȧ 3 ḃ 72ȧ 2 ḃ2 24ȧ 2 ä 96ȧ ä ḃ 24ä ḃ2
+ 2 +
LGB = 3 + 2 2 +
a b
a b
a3
a b
ab2
2
48ȧ b̈ 48ȧ ḃb̈
,
+ 2 +
a b
ab2

(4)

or, equivalently,
LGB =

24
2ȧ 3 bḃ + 3a ȧ 2 ḃ2 + ȧ 2 äb2 + 4a ȧ äbḃ
a 3 b2
+ a 2 ä ḃ2 + 2a ȧ 2 bb̈ + 2a 2 ȧ ḃb̈ .

(5)

Note that, unlike the six-dimensional compactiﬁcation case of
Elizalde et al. [9], the theory under consideration is not multiplicatively renormalizable. The corresponding equations of
motion are obtained by variation of the action with respect to a
and b, what yields
ȧ 2 b2 + 4a ȧbḃ + a 2 ḃ2 + 2a äb2 + 2a 2 bb̈ + 12 ȧ 2 ḃ2
+ 16 ȧ äbḃ + 8a ä ḃ2 + 8 ȧ 2 bb̈ + 16a ȧ ḃb̈ = 0,
3a ȧ 2 b + 3a 2 ȧ ḃ + 3a 2 äb + a 3 b̈ + 12 ȧ 3 ḃ + 12 ȧ 2 äb
+ 24a ȧ ä ḃ + 12a ȧ 2 b̈ = 0.

(6)

These equations can be easily rewritten in terms of the Hubble
rates H = a /a and h = b /b, namely
3h2 + 4hH + 3H 2 + 2ḣ + 2Ḣ + 16h3 H + 28h2 H 2
+ 16hH 3 + 16hḣH + 8 ḣH 2 + 8h2 Ḣ
+ 16hH Ḣ = 0,
h + 3hH + 6H 2 + ḣ + 3Ḣ + 12h2 H 2 + 36hH 3
2

+ 12H 4 + 12 ḣH 2 + 24hH Ḣ + 12H 2 Ḣ = 0.

(7)

In addition, variation over the metric in the above expressions
gives the constraint equation
h2 + 6hH + 3H 2 + 36h2 H 2 + 24hH 3 = 0.

(8)

This equation helps to exclude h and h from Eqs. (7). As a result, one gets an equation for H only:
√
√
H = 3H 2 6 + 4G + (−22 6 + 64G)H 2
√
√
− 24 2 (9 6 − 52G)H 4 + 96 3 (17 6 + 12G)H 6
√ 4 8
− 8064 6 H
√
√
√
× 6 − 12( 6 + 16G)H 2 + 72 2 (3 6 − 32G)H 4
√
√
−1
− 2880 6 3 H 6 + 31104 6 4 H 8 ,
(9)
where

G = 1 − 6H 2 + 24 2 H 4 .

(10)

One can check that this last equation obeys the fundamental
relation (for  > 0):
H 2 (H 2 − p 2 )
f (H ),
(11)
(H 2 − q 2 )(H 2 − r 2 )
where p, q and r are constants, and the function f (H ) < 0. We
start now with its numerical analysis.

H =

3. First case:  > 0
It leads to the following values of the constants, corresponding to constant curvatures in the 4-dimensional and 2dimensional spaces:
√
√
q0 ≈ 0, 4842/ ,
p0 ≈ 0, 7501/ ,
√
r0 ≈ 0, 1023/ .
(12)
Note that p0 is a stable ﬁxed point while q0 and r0 are singular
points. It turns out then, that the initial values of H (t) can be
classiﬁed as belonging to four different regions, which are delimited by these values of p0 , q0 and r0 . The behavior of H (t)
in each of these regions can differ considerably, from one to the
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Fig. 1.

other. We will now consider the different possibilities in detail.
The four different cases corresponding to  > 0 are as follows.
3.1. Case 0 < H (0) < r0 , then H > 0, when H → q0 ,
and in the limit it turns out that H → +∞. Thus, at H = q0
a singularity develops, Figs. 1(a), (b) (for a classiﬁcation of the
different types of future singularities, see e.g. [10]).
Using Eq. (8), we obtain the form of h(t) and h (h),
Figs. 1(c), (d) (remember that h = ḃ/b).
We see that in this case the resulting FRW universe expands
with acceleration while the compactiﬁcation radius of the extradimensional space decreases with time. This indicates that the
higher-dimensional GB term can indeed play the role of dark
energy in this universe. As is the cases in the majority of the
dark energy models currently available, a future singularity occurs.
3.2. Case r0 < H (0) < q0 , then H < 0, when H → r0 , and
in the limit one has that H → −∞. Again, H = r0 corresponds
to a singularity, and the curves are, respectively (Figs. 2(a), (b)).
As in the case before, using Eq. (8) the behavior of h(t) and
h (h) can be obtained (Figs. 2(c), (d)).
We see that in this case the size of the FRW universe decreases, while the 2-dimensional internal space scale factor may
increase. This case cannot thus naturally describe the dark energy universe.
3.3. Case q0 < H (0) < p0 , then H > 0, when H → p0 ,
and then H tends to a constant, after an oscillatory regime
(Figs. 3(a), (b)).

380

Furthermore, the scale factor of the internal space can actually decrease, in fact (Figs. 3(c), (d)).
Hence, the exact solution obtained at H = p0 turns out to
be a stationary stable point. Precise analysis corresponding to
speciﬁc values of the parameters can be further carried out in
a rather simple way.
3.4. Case p0 < H (0), then H < 0 as H → p0 , and the
solution in this case is oscillatory (Figs. 4(a), (b)).
As in the previous cases, using (8) the behaviors of h(t) and
h (h) can be obtained (Figs. 4(c), (d)).
In this situation the FRW scale factor tends to a stationary
point with decreasing H . The dark energy universe can correspond, in this case, to one of the branches of the oscillatory
universe: expansion is turned into contraction, and vice-versa,
with the repeated oscillations. Such universe would explicitly
correspond to the general case described in [11]. The analytic
solution for this case can be obtained.
Thus, it turns that in the FRW universe the scale factor behavior is much less complicated for these models than in the
case of the absence of the GB term. This is certainly rewarding.
In particular, for instance, in order to keep close to the Einstein
regime, the condition of proportionality (perturbative regime)
of a(t) and b(t) was used for the study of dynamical compactiﬁcation in the Einstein–GB theory in Ref. [8]. For comparison,
one can easily check that the situation there gets quite complicated and that different regimes for the Hubble rates appear,
everything being much more simple and natural in our model
above.
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4. Second case:  < 0

being

In√this case there is one stationary stable point H = h =
±1/ 6|| (see Fig. 5).
Notice here that solutions with close initial data tend to the
stationary point in the oscillatory regime. However, both scale
factors have the same sign and no dynamical compactiﬁcation
occurs! The universe, as a whole 6-dimensional object, either
exponentially expands or shrinks. This indicates already that
problems should be expected from a negative- model (indeed,
in the higher-dimensional black hole case this may lead to negative entropy [14]).

√
α = 3 ± 2 6.

(17)

Moreover, in terms of the scale factors:
−1/α

,
a = C2 ±(αt + C1 )
β/α

,
b = C3 ±(αt + C1 )

(18)

where
β =3±

√
6.

(19)

6. Discussion
5. Third case:  = 0
In this case one does recover (as it should be) an explicit
solution. In fact, the equations for a, b are
b2 a 2 + 4aba b + a 2 b 2 + 2ab2 a + 2a 2 bb = 0,
3aba 2 + 3a 2 a b + 3a 2 ba + a 3 b = 0,

(13)

and, from here,
3h2 + 4hH + 3H 2 + 2h + 2H = 0,
h2 + 3hH + 6H 2 + h + 3H = 0.

(14)

From where one gets that
√
H = (3 ± 2 6)H 2

(15)

and the solution is given by
H =−

1
,
αt + C1

(16)
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Summing up, we have investigated in this Letter explicit nonperturbative dynamical compactiﬁcation to a 4-dimensional
FRW universe starting from a model of 6-dimensional Einstein–
GB gravity. The number of stationary points obtained depends
on the sign of the GB parameter, . They correspond in fact to
exact solutions where the curvatures of the 2-dimensional and
4-dimensional spaces are constant. We have found a regime
where the FRW universe does expand with acceleration, at the
same time that the scale factor of the internal space goes to
zero. But the most interesting regime discovered here is the oscillatory case, where a uniﬁcation of an inﬂationary epoch with
a late-time acceleration regime is indeed possible. This was
suggested in [12] and has been explicitly realized here with
concrete solutions and numbers, by combining numerical with
analytical methods. For lack of space, in this Letter we have just
provided a brief presentation of the results. A more detailed
study of the different accelerating universes that are derived

A Choice of Papers

6

Emilio Elizalde

E. Elizalde et al. / Physics Letters B 644 (2007) 1–6

(a)

(b)

(c)
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from the model will be given elsewhere, in particular, details
on the sequence of the matter dominated phase, the transition
to acceleration, and the proper accelerating phases, as was done
for other dark energy models of modiﬁed gravity in [13]. It will
be also necessary to include in our considerations the effects of
scalars (dilaton, moduli) in the low-energy sector of the string
effective action.
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36. E. Elizalde and E. Gaztañaga, Anisotropies in the galaxy distribution and a quasi-Poisson model,
Physics Letters A129, 295 (1988).
37. E. Elizalde, Casimir eﬀects in tori and pairs of plates, Physics Letters 213B, 477 (1988).
38. E. Elizalde, Multiple zeta-functions with arbitrary exponents, Journal of Physics A: Mathematical
and General 22, 931 (1989).
39. E. Elizalde and A. Romeo, Expresssions for the zeta-function regularized Casimir energy, Journal of
Mathematical Physics 30, 1133 (1989).
40. E. Elizalde and A. Romeo, Rigorous extension of the proof of zeta-function regularization, Physical
Review D40, 436 (1989).
41. E. Elizalde and A. Romeo, Regularization of general multidimensional Epstein zeta-functions, Reviews
in Mathematical Physics 1, 113 (1989).
42. E. Elizalde, Spectrum of the Casimir eﬀect on a torus: Zeitschrift für Physik C, Particles and Fields
44, 471 (1989).
43. E. Elizalde, A very simple computation of the Casimir eﬀect, Nuovo Cimento 104B, 685 (1989).
44. E. Elizalde and A. Romeo, An integral involving the generalized zeta function, International Journal
of Mathematics 13, 453 (1990).
45. E. Elizalde and A. Romeo, Heat-kernel approach to the zeta-function regularization of the Casimir
energy for domains with curved boundaries, International Journal of Modern Physics A5, 1653 (1990).
46. E. Elizalde, On the zeta-function regularization of a two-dimensional series of Epstein-Hurwitz type,
Journal of Mathematical Physics 31, 170 (1990).
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